VANDERBILT UNIVERISTY
MATH 8110 — THEORY OF PARTIAL DIFFERENTIAL EQUATIONS
HW 1

1. PROBLEMS
The notation and terminology below is the same used in class.

Problem 1. Verify whether the given function is a solution of the given PDE:

(a) u(z,y) = ycosz +sinysinz, Uy, + u = 0.

(b) (. ) = cosasing, (1) + (uy,)* = 0.

Problem 2. For each PDE seen as example in the first class (Laplace’s equation, Helmholtz’s
equation, linear transport equation, heat equation, Schodinger’s equation, wave equation, eikonal
equation, minimal surface equation, Burgers’ equation, Maxwell’s equation, Euler and Navier-
Stokes equations, Einstein’s equations), state whether it is a scalar PDE (i.e., single PDE) or a
system of PDEs, its order, and whether it is a linear or non-linear PDE.

Problem 3. Write each PDE below in the form P(Dku7 ..., Du,u,z) =0, i.e., identify the function
P. State if the PDE is homogeneous or non-homogeneous, linear or non-linear.

(a) ut — uze = f.

(b) uy + uu, = 0.

(c) aijk(‘)%-kv +v=0,

where 4, j, k range from 1 to 3.
(d) tge + 2%Y2uy, = (z +y)*.
(€) ugy + cos(u) = sin(zy).

Problem 4. Consider a linear homogeneous PDE. Explain why any linear combination of solutions
is also a solution. (Again, use your knowledge of ODE to define linearity here.)

Problem 5. Consider Maxwell’s equations:

dive = 2,
€0
divB =0,
0B
e + curl £ = 0,
8—E — curl B = —iJ.
ot HOEQ €0

Assume that ¢ and J vanish. Show that Maxwell’s equations then imply that F and B satisfy the
wave equation:

0*E 1

— — —AFE =0,
ot eopo
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and
2
- E(LOAB 0.
Interpret your result. Can you guess what the constant ﬁ must equal to?
Problem 6. Consider Euler’s equations:
o + u'9i0 + 00u' = 0,
0(dp? + u'du?) + Vip =0,

where we recall that p = p(p). A fluid is called incompressible if o = constant, in which case we
can set o = 1. In this case, the equations describing the fluid motion are

ou? 4+ w0’ + Vip =0,
6iu" = 0,

which are called the incompressible Euler equations. For an incompressible fluid, however, the
pressure is no longer given by p = p(p), since the pressure would then be constant, but experiments
show that the pressure can vary even if the density remains (approximately) constant. Show that
in the case of the incompressible Euler equations, the pressure is given as a solution to

Ap = —8jui0iuj.
Problem 7. Consider the incompressible Euler equations (see previous question):
e’ + u' 0! + Vip =0,
Ou' = 0.
The vorticity w of the fluid is defined as
w := curlu.

The vorticity is an important physical quantity; it measures, as the name suggests, “eddies” in the
fluid. It is, therefore, important to know how it changes in time and space (i.e., what the dynamics
of the vorticity is). Show that w satisfies the following PDE:

ow +Vyw —Viu=0.

Above, the operators V, and V, are defined as follows. For any vector field X, Vx is a short hand
notation for X -V, i.e.,

Vx =XV,
where we recall that X - V has been defined in class as

XV =X,

2. SOLUTIONS

Solution 1. (a) Compute uy,(x,y) = —ycosx — sinxsiny = —u(x,y), thus u is a solution.
(b) Compute Uz (x,y) = —coszsiny, uyy(z,y) = — cosxsiny, thus

aa (2,9))% + (tyy (2,9))? = 2cos e siny # 0,

hence u is not a solution.
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Solution 2. Laplace’s equation: scalar, second order, linear. Helmholtz’s equation: scalar, second
order, linear. Linear transport equation: scalar, first order, linear. Heat equation: scalar, second
order (first-order in time), linear. Schédinger’s equation: complex scalar, second order (first-order
in time), linear. Wave equation: scalar, second order, linear. Eikonal equation: scalar, first order,
fully nonlinear. Minimal surface equation: scalar, second order, quasi-linear. Burgers’ equation:
scalar, first order, quasi-linear. Maxwell’s equation: system, first order, linear. Euler’s equations:
system, first order, quasi-linear. Navier-Stokes’ equations: system, second order (first-order in
time), quasi-linear. Einstein’s equations: it’s complicated, but when written in a specific “gauge,”
it’s a system, second order, quasi-linear.

Solution 3. In order to find F, it is useful to identify whether the PDE is linear, homogeneous,
the unknown function, etc.
(a) Unknown: u. Independent variables: z,¢. Order: second. We have

P(p1,...,p9) = py —p6 — f(p1,02).

The equation is linear and non-homogeneous.
(b) Unknown: u. Independent variables: z,y. Order: first. We have

P(p1,...,p5) = ps5 + p3ps.

The equation is non-linear (because of the term wuy).
(c) It is instructive to consider a slightly more general case, with ¢, 7, k ranging from 1 to n.
Unknown: v. Independent variables: z', ..., 2" Order: third. We have

P(fL‘l, oy Ty PPy -3 Py P11y - - - s Pramy - - - 3 D111y - - - ,pnnn) - awkngk +p

The equation is linear and homogeneous.
(d) Unknown: u. Independent variables: z,y. Order: second. We have

P(p1,...,p9) = pe + pipape — (p1 + p2)*.

The equation is linear and non-homogeneous.
(e) Unknown: u. Independent variables: x,y. Order: second. We have

P(p1,...,p9) = pr + cos ps — sin(p1p2).

The equation is non-linear (because of cosu).
Solution 4. Sums and multiplication by constants are preserved by linearity.

Solution 5. Under the assumptions, the equations become

divk = 0, (2.1)
divB = 0,
0B
E =+ CuI'lE = 0, (23)
OF 1
—_— = 1B = 0. 2.4
- cur (2.4)

Take the curl of (2.3) and note that curl% = %Cuﬂ to get
ﬁculrlB + curlcurl £ = 0.
ot

But curl B = uoao%—f by (2.4), thus

5?2

o + curlcurl £ = 0.

Hogo
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Recalling the following identity from multivariable calculus
curlcurl f = V(div f) — Af,

and using (2.1), we obtain the wave equation for E. The wave equation for B is similarly obtained.

The interpretation is that the electric and magnetic fields propagate in vacuum as waves. From

the discussion about the wave equation in class, we conclude that \/ﬁ is the speed of propagation

of the electromagnetic waves, which, from physics, we know to be equal to the speed of light (in
vacuum).

Solution 6. Taking the divergence of the momentum equation and using that d;u’ = 0, we find
0 = 0;(0? +u' 0 + Vp)
= 0,0ju! + Oju' i + u'd;0ul + 0;0'p
= Jju' 0! + 0;0'p,
where we denoted 9 := 5% 0j, with & being the Kronecker-delta symbol defined as o4 = dij = 6;- =1
if = j and 0 otherwise. Noting that 0"9; = A, we have the result.

Remark. Note that while Euler’s equations in principle require functions that are only once
differentiable, the above calculation assumed that the functions are in fact twice continuously
differentiable.

Solution 7. Denoting by | - | the norm in R3, observe the following identity:
%Vi|u|2 = %Vi(uew) = uf0uy = WOt + (ugﬁiw — ueagui),
where 0’ is as in the last question. Next, compute
(u x w)i = eTFywy = e"jkuje,f"(?gun
= (8%8T™ — &8 Yu;0puy,
= u"du, — ulopu,
where we used the identity
€% erpn = € e, = 6;}6% — 6?6%,
which can be verified directly. From the foregoing we conclude that
Vyu = %V\u|2 —u X W,
which implies
curlVyu = —curl(u x w).
Let us compute the RHS:
(curl(u x w))" = €%, wy = %9 (e, Dpuy)
= e, "9 upw,, + €% e M0, w),
= (8%67" — §96™)Djupwy, 4 (5785 — 8746 upd;wy,
= "u'w, — ?ﬁgfwi + ui%j—ujﬁjwi
=0 =0
= (Vou)' = (Vaw)',

which implies the result.
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1. PROBLEMS
Unless stated otherwise, the notation below is as in class.

Problem 1. Show that Laplace’s equation is rotationally invariant, i.e., if u solves Au = 0 and we
define

u(z) = u(Mz),
where M is an orthogonal matrix, then Au = 0.

Problem 2. Prove the following fact that we used in the construction of solutions to Poisson’s
equation: let f : R™ — R be continuous, then

1
lim ———— ds = :
r0+ vol(9B,(x)) /aBT(I) fds =)
Hint: Consider the difference f(x) — m faBT(x) fdS and use m faBT(:c) ds = 1.
Remark: The result is valid under weaker assumptions; in fact, it holds for a.e. x¢ if f is assumed

to be locally integrable (this is sometimes known as the Lebesgue differentiation theorem).

Problem 3. In class, we constructed solutions to Poisson’s equation in R" for n > 3. Carry out
the construction in the case n = 2. You do not have to do all the steps. Rather, follow what was
done in class and point out what changes in n = 2. This boils down to slightly modifying some of
the estimates for the fundamental solution.

Problem 4. Let u be a non-trivial harmonic function in R™. Can u have compact support?

Hint: mean value theorem.

Problem 5. Prove the converse of the mean value theorem. ILe., let u € C?(9) be such that
u(z) ! / ds
= — u
vol(0B(z)) Jop,(x)

for each B, (x) CC Q. Show that Au =0 in .

Hint: Assume that Au(z) # 0 for some z € Q. Use the functions f(r), f'(r) used in the proof of
the mean value to derive a contradiction.

2. SOLUTIONS

Solution 1. Write y = Mx. The chain rule gives

o _op o
Ozt Ozt Oy
0

~ Mgy
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and
2 9 0
d(x))2 Ot Oxt

0 0
_< ji@zﬂ)( ﬁif%/)
82
= MMy~
T Dy oyt

where there is no sum over ¢ above. Summing over 4:

82
Be =2 5y

82
B Z MMty sy
5 O
E oy oyt
.
- o(y?)
= Ay7

where we used that MMT =1, i.e.,

> MMy = 8.

(2

Solution 2. We have to prove that given € > 0, there exists a § > 0 such that if 0 < r < § then

1
B gy 78510 <

Write

1 YRS S __J@)

vol(OB,(x)) /BBT(Q;) fv)dsy) ~ 1) vol(0B,(x)) /a&(az)f(y) 15 vol(9B;(x)) /BBT(Q;) 45@)

1
= ) o, T~ S 4.
Thus

1 1
ml@?Br(w))/aBr(x)f(y) dS(y) — f(z)| < ml(aﬁ«(w))/agr(w)my) — f(z)] dS(y).

Fix € > 0. Since f is continuous, there exists a 6 > 0 such that if [x —y| < J then |f(z) — f(y)| < e.
If r < 6, then |z — y| < 0 for all y € 9B, (x), thus

1 1
TTET o, S0 850) =5 < s | eds— e

Solution 3. We use the following estimates in the n = 2 case:

/ IT(y)|dy < Ce*|Ine| — 0 ase— 0T,
Be(0)



Vanderbilt University 3

and

/ IT(y)|dS(y) < Ce|lne| = 0ase — 07,
B.(0)

and the rest of the proof is essentially the same.

Solution 4. No. Let u be harmonic and with compact support and fix an arbitrary x € R™. By
the compact support property, there exists a > 0 such that u(y) = 0 for all y € 9B, (z). By the
mean value formula

1

) = ST /8 o, MA@ =0

so that u = 0 since «x is arbitrary.

Solution 5. If u is not harmonic, there exists a € Q such that Au(x) # 0. By assumption, the
function

1
fr) = 7v01(83r(x)) /83,»(:[:) udS

is constant equal to u(x) on the interval (0, R), where R > 0 is a fixed number such that Br(z) C Q.
Thus f'(r) = 0 for all » € (0, R). On the other hand, by continuity, Au has a definite sign, say
positive, on a ball B, (z) for some r¢g > 0, which without loss of generality we can take such that

ro < R. Arguing as in the proof of the mean value theorem, we find
1
f'(ro) = nl/ Au(y) dy > 0,
By (z)

nwnyr,

contradicting f'(rg) = 0.
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Unless stated otherwise, the notation below is as in class.

1. PROBLEMS
Problem 1. Prove that harmonic functions are analytic.
Problem 2. Prove Liouville’s theorem for harmonic functions in R™.
Problem 3. Prove Harnack’s inequality for (non-negative) harmonic functions.

The remaining questions are about the heat equation in n-dimensions, i.e.,

ur —Au=0 in (0,00) x R".
Problem 4. Look for a solution to (1.1) in the form

u(t,z) =t ot ),

where « and § will be chosen and v will be determined. More precisely, proceed as follows:

(a) Show that plugging (1.2) into (1.1) produces

at= @ y(y) + gt~y Vo(y) + @20 Av(y) = 0,

where y :=t Pz,

(b) Set 8= % in (1.3) to obtain
1
Av(y) + 5y - Voly) + av(y) = 0.

(c) Assume that v is radially symmetric, i.e.,

v(y) = w(r),
where w is to be determined. Show that in this case (1.4) becomes

n —

! / 1 /
w 4+ —w +§’I“U) + aw = 0.

(d) Set a = 5 in (1.6) to find
(e) From (1.7), conclude that

where A is a constant.

(f) Set A =0 in (1.8) and conclude that

where B is a constant.

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)
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(g) Combine (1.2), (1.5), (1.9), and take into account the choices of « and 3, to conclude that

B 2
u(t,z) = 2o~ >0, (1.10)

t2
is a solution to (1.1).

Problem 5. Recall that

2

L e, t>0,zeR"
I(t,x) = (47rt)%6 ) , T )

0, t <0,z e R",

is called the fundamental solution of the heat equation. Note that for ¢t > 0, I'(¢, x) is simply (1.10)
with a specific choice of the constant B. In particular, I'(¢, ) is a solution of (1.1).
This choice of B is to guarantee I' to integrate to 1, i.e., using the fact that

/ e 1P dy = 73, (1.11)
show that for each ¢t > 0
/ [(t,z)de = 1.

(You do not have to show (1.11).)
Problem 6. Consider the initial-value problem for the heat equation:
ur—Au=0, in (0,00) x R", (1.12a)
u(0,2) = g(z), = € R". (1.12Db)

In (1.12), assume that g € C°(R") and that there exists a constant C' > 0 such that |g(z)| < C for
all z € R™
Recall that we showed existence of a solution by defining

u(t,x) = /n I(t,z —y)g(y)dy, t > 0,z € R™. (1.13)

Show that (1.13) is well-defined.

Problem 7. Provide the details of the proof given in class that u € C*°((0,00) x R™), where u is
defined by (1.13).

Hint: Use the following fact, that you do not need to prove. Let a be a multiindex and ¢ > 0. If

A DT (t,x —y)g(y) dy

is well-defined, then

Du(t,x) = / DET(tr — y)oly) dy.

where we write DY on the RHS to emphasize that the differentiation is with respect to the x
variable.

Problem 8. Look up the mean value formula and the maximum principle for solutions to the heat
equation.
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2. SOLUTIONS
Solution 1. See section 2.2.3 of Evan’s book.
Solution 2. See section 2.2.3 of Evan’s book.
Solution 3. See section 2.2.3 of Evan’s book.
Solution 4. These are a sequence of straightforward calculations that are done in the class notes.

Solution 5. Set z = :U/\/It and change variables to find

/ 6_% dr = / 6_|Z‘2(\/@)n dz = 7T§(4t)5.

C |z —y|?
lu(t,z)| < tg/ P dy.
Rn

Making the change of variables z = (y — x)/v/4t we find
Tr—1 2 n
/ e dy = (4t)2/ e 1* dz < 0.

Solution 6. We have

Solution 7. Let o = (o, a1, ..., @y) be an arbitrary multiindex. Then
p(t,x,y) _lz—u?
Dgr(t,x — y) = Te a (21)

where M is a non-negative constant and p is a polynomial on its arguments (If (2.1) is not clear,
take a few derivatives of I'(¢, 2 — y) and see the pattern that emerges.) Then, using the assumption
on g,

DET (L2 — y)g(y) dy\ <c /R DET(t 2 — )| dy

Rn
lp(t,z, y)| _le—ul®
<C - —ar € it dy
t
= /n |q( ’t]:f/’ Z)’e—‘z|2 dZ7

where in the last step we changed variables z = (y — x)/v/4t, N is a non-negative constant, and ¢
is polynomial on its arguments. We claim that there exists a constant C' > 0, possibly depending
on t, such that

!q(t;ﬁ, 122 < o tlel?, (2.2)
For, (2.2) is equivalent to
Weédz <C. (2.3)

For each fixed x and ¢ > 0, the function We_%‘ﬁ is a continuous function of z, and because
the exponential decays faster than any polynomial, we conclude that Mi’%e*az‘z is bounded in

R™ as a function of z for each fixed « and ¢ > 0, which is (2.3). Since the integral of e2l s finite,
we have shown the result in view of the hint and the fact that a, z, and ¢t > 0 are arbitrary.

Solution 8. See sections 2.3.2 and 2.3.3 of Evan’s book.
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Unless stated otherwise, the notation below is as in class. You can assume that all functions are
C*° unless stated otherwise.
1. PROBLEMS

Problem 1. Prove the differentiation of moving regions formula stated in class:

d/ fda::/ 8dea:—|—/ fv-vdS. (1.1)
dr Jae Q(r) o0(r)

(See the class notes for the notation and precise assumptions.) For simplicity, prove (1.1) in the
following particular case. Assume that n = 3 and that the domains Q(7) are given by a one-
parameter family of one-to-one and onto maps ¢ = (7, ) : @ = Q(7) = ¢(7,Q), where  := Q(0)
and ¢(0,-) = idg, where idq is the identity map on €, i.e., idg(x) =z, x € Q.

(a) For each fixed 7, consider the change of variables x = ¢(7,y), so that
J frarae= [ oI (1.2

where J(7,y) is the Jacobian of the transformation z = ¢(7,y) for fixed 7.

(b) Show that there exists a on parameter family of vector fields u(r,-) such that
Orp(7, ) = u(7, p(7, 7).
(c) Explain why u = v on 9€(7).
(d) Show that
O J (1, z) = (divu) (7, o(1,x))J (T, x).
(e) Use (1.2) and the above to compute % fQ(T) f, and do an integration by parts to obtain the
result.

Problem 2. Let u be a solution to the Cauchy problem for the wave equation in R™. Assume that
uo and u; have their supports in the ball Br(0) for some R > 0. Show that u = 0 in the exterior
of the region

I:={(t,z) € (0,00) x R" |z € Br4+(0) }.
I is called a domain of influence for that data on Br(0) (compare with the 1d case).

Problem 3. Let u be a solution to the Cauchy problem for the wave equation and assume that wug
and u; have compact support.

(a) Show that the energy

is well-defined.
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(b) Show that

i.e., the energy is conserved.

Problem 4. Let u be a solution to the Cauchy problem for the wave equation in R? with compactly
supported data (i.e., up and u; have compact support).

(a) Show that there exists a constant C' > 0, depending on ug and u;, such that
C
u(t, ) < = (13)
for t > 1 and = € R3. Thus, for each fixed z, u approaches zero as t — oo, i.e., solutions decay in

time.

Hint: Use the formula for solutions in n = 3. Since the data has compact support, it vanishes
outside Br(0) for some R > 0. This implies an estimate for the area of the largest region within
By (x) where the data is non-trivial.

(b) Is the estimate (1.3) sharp? (I.e., can it be improved to show that solutions decay faster in
time than 17?)

(c) Do we still get decay if the data does not have compact support?

Problem 5. Use Duhamel’s principle to show that a solution to the inhomoegeneous wave equation
in 1d with zero data and source term f is give by

1 t x+s
u(t,z) = 2/0 /z_s f(t —s,y)dyds. (1.4)

To do so, first use D’Alembert’s formula to conclude that

r+t—s
wwmzl/ F(s,y)dy.

2 —t+s
Use the definition of v in terms of us and change variables to conclude (1.4).

Problem 6. Use Duhamel’s principle to show that a solution to the inhomoegeneous wave equation
in 3d with zero data and source term f is give by

u(t,z) = e /Bt(m) oy —al dy. (1.5)

(The integrand in (1.5) is known as the retarded potential.) To do so, first use Kirchhoff’s formula
for solutions in n = 3 to conclude that

t—s
BT 850

Use the definition of v in terms of us and change variables to conclude (1.5).

us(t,x) =

Problem 7. Show that there exists a constant C > 0 such that for any solution u to the 3d wave
equation it holds that

lu(t, )| < (tj/]RS(!DZUO(y)I + [Duo(y)| + luo(y)] + [Dur(y)] + [ur(y)]) dy

for t > 1.

Hint: Use Kirchhoff’s formula, note that for any function f we have

O

on 0B(x), and use one of Green’s identities.
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Problem 8. Consider continuous dependence on the data for the wave equation in 3d, where
smallness on the data part is measured with respect to the norm

I£l2:= | (D?F@)+ DS + 1)) do.

Give a precise formulation of the continuous dependence on the data and prove your statement,
i.e., a statement saying that two solutions are close if their corresponding initial data are close.

Hint: Use the estimate of problem 7 as a basis for your statement, and give a similar proof (now
you have to also account for ¢ < 1).

2. SOLUTIONS
Solution 1. (a) This is simply the change of variables formula from calculus.

(b) For each fixed z, the map 7 + ¢(7,z) is a curve in R3. 8,¢(r,x) is, therefore, the tangent
vector to this curve at ¢(7,x) at time 7. The collection of all such tangent vectors, as 7 and x vary,
forms the vector field u.

(c) The map ¢ sends 02 onto 9€(7) for each 7. Since 0;¢(7,x) is the velocity at time 7 of the
particle that started at x € Q at time zero, u(7, p(7,x)) is the velocity of 02(7) at the point
(1, ) € 00(T).

(d) According to the notation of part (a), we set

i Y iigi_ 9 i
(Pj - 6yj<p ) 8]“ 81’ju )
where we considered ¢ = (¢!, 0% ). In particular, note that when we write gpé- = 8jg0i the
derivative is always with respect to y € €2, whereas when we write Jju’ the derivative is always

with respect to z € Q(7).

Recall the following formula for the determinant of a n X n matrix a with entries aé- = Qgoytiin’

1 o ,
— . edtdn iy i
det(a) = —j€inin €A aj.

In our case, this gives

J(7,y) = gy €iriaia€” "0 07 5
Recall that the definition of J involves an absolute value, which we can omit here since J > 0
because J(0,-) > 0. Compute
87g0§- = BjaTcpi
0
“ oy
= 8€u190§a

%

where in the second equality we used (b) and in the third one the chain rule. Therefore
1 L 0 i . 0 L .y
OrJ(T,y) = 51 €iniain €12 (O0u™ 5, G 05, + 25, 00u 95,05, + @5 03,00y, ). - (21)
Because €;,,i; iS LON-Z€ero only for i1i9i3 all different from each other, for each triple i1igt3, the
term €;,4yis 8gu“cp§1 gpﬁ gpﬁ is non-zero only when ¢ = ;. Similarly for the second and third terms
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on the RHS of (2.1), and we obtain

3
z 3 KA 15 (3 1 (A
o J(1,y) = 3 E €i1igia €927 (9; U + O u’ + Diyu 5)90]'11 %;2()0];;
" iq,ig,ig=1
Ji,j2,93=1

Because the summand is non-zero only if i1i9i3 are all different from each other, the term in
parenthesis is always equal to dju' + dpu? + O3u® = divu, which gives the result.

(e) We have
d
i | rar=o [ ey

= /Q O f(r,o(T,y) (T, y) + Vf(1,0(1,y)) - Orp(T,y) I (T,y) + f(T,0(7,9))0-J(T,y)) dy

:/Q(&f(ﬂ@(ﬂy))J(ﬂy)+Vf(7,s0(7,y))'U(T,sD(T,y))J(T,y)
+ f(m, (1, 9) (divu) (7, o(1, ) J (1, 9)) dy

— /Q( | (Or f(1,2) + Vf(r,2) -u(t,z) + f(7,2)(divu) (1, z)) dz
— /Q( )(aff(T, z) — f(r,2)(divu)(r,z) + f(7,2)(divu)(r,z)) dv
+ /89<T) f(r,z)u(r, z) - v(r,z) dS(z)

= O f(7,x)dx + / flr,z)v(r,z) - v(r,z)dS(x).
Q(r) o0(T)

Above, we the steps are as follows: in the second line we used the product rule and the chain rule;

in the third line we used (b) and (d); on the fourth line, we changed variables back to x; on the

fifth line we integrated V f by parts (equivalently, used on of the Green identities); on the last line,

we used (c).

Solution 2. Let (t,z) ¢ I. Then K;, NI =@, and the result follows from the finite-propagation
speed for the wave equation.

Solution 3. (a) By question 2, the solution v has compact support for each fixed t.

(b) For each ¢y and € > 0, there exists, by (a), a R, > 0 such that u(t,z) = 0 for all t € (tg—e,to+¢)
and |z| > R.. We now follow the proof of the finite-propagation speed property for the wave
equation (see the class notes) using the ball By, , and observe the following. In that proof, we did
an integration by parts, and controlled the boundary term using the Cauchy-Schwarz inequality.
Here, this boundary term vanishes identically by the foregoing. We obtain therefore a sequence of
equalities (rather than inequalities as in the proof done in class), which then gives the result.

Solution 4. (a) The solution is given by

1
U6 = B o, (00 )+ Feoly) (3 =) dS ).

Since the data is compactly supported, there exists a R > 0 such that ug(z) = 0 and u;(z) = 0 for
|z| > R, so that

1

U6 = BB Do (O B (8)+ Vo) (=) dS(0).
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Because the data is compactly supported, we have |ug|, |ui|,|Vug| < C for some C > 0, so that

5 ),
wtz) < — & L+t |y —z|)dS
Ju(t, z)] vol(0By(z)) GBt(:t:)ﬂBR(O)( | )
C / tly — x|
__ ¢ L+t +——")dS
vol(0By(z)) 8Bt(I)ﬂBR(O)( ¢ )
50 .
< v 1+t+41t)dS
vol(0By(z)) 6Bt(I)ﬂBR(O)( )
C(1+1)

Ly
t 8B, (z)NBr(0)

where we used that |y — x|/t = 1 since y € By(x) and that vol(0B;(x)) = 4nt2. Because 0B;(z) N
Bg(0) has area at most 47 R?, we have the result.

(b) Yes, it cannot be improved for arbitrary solutions of the wave equation. To see this, take
ug = 0 and u; to be a non-negative compactly supported function that is equal to 1 on By(0).
Then

1
vol(OBy(x)) /BBt (2) fur{y) d5(y)

o | W dSW) + o |
= ur(y) dS(y) + —mp—
vol(0By(2)) Jop,minmo) vol(0Bi()) Ja,(2)\(B:(2)nB:1(0))

u(t,z) =
u1(y) dS(y).

Note that the second term on the RHS is always non-negative, thus

t t

u(t,x 2/ udey:/ ds.
.2) vol(0B(z)) Jap,(x)nB.1(0) 1(y) d5() vol(0Bt(x)) JaB,(z)nB (0)

For any x on the boundary of the lightcone, i.e., |z| = ¢, and such that |z| > 1, we have that the
area of OB;(x) N B1(0) is > C > 0, so that u(t,z) > C/t.
(c) Not necessarily, e.g., take ug = 0 and u; = 1, then u(t,x) =t is the solution.
Solution 5. Using D’Alembert’s formula, we find
1 T+t—s
wtto) =3 [ fswdy
T

—t+s

where we used the fact that D’Alembert’s formula was derived for data at t = 0; for data at t = s
we have to replace ¢t by ¢ — s in the limits of integration. Thus

T+t—s
// f(s,y)dyds = = // f(t—z,y)dydz,
T—t+s

where we made the change s =t — z.

Solution 6. Kirchhoff’s formula gives

1
%@“:wwwmm»LMMJ“””“””@”
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Thus
)= [ lE)tB_())/aB , fendsds
=[], Ee s
//aB,(x) r )dS( ar

[t —|y—x|y)
47T By(x) ly — |

9

where we made the change of variables r =t — s and then wrote r = |y — z|.

Solution 7. We have

1
ute) = s [ (o) + () + Fuoly) - (5 ) dS(y).
vol(0B:()) JaB,(x)
The unit outer normal to dBy(x) is v = (y — x)/t, so that v - v = 5= . =% = 1. Therefore, using
this and Green’s identities,

I " _ un(y)y - L= E
wol(@B,(@)) /aBtm o) dSW) = B, @) /aBt(m) olgv: 5~ d5w)

- VOl(alBt(fU)) /Bt(;r) divy (uO(y)y ; 33) %

1 Yy— 3
S — Vuo(y) - 2 ay,
TG oy (F000 27+ a7
so that
o | @ dsw| <5 [ (Vu)+ () dy
vol(0Bi(z)) Jop,(x) ’ ~ 12 By 0 ‘
C
<5 [ (Fuolw)] + o)) dy.
R3
A similar inequality holds for the uy integral (with an extra factor of ¢), and for Vug:
1 / t
— Vuy-y—dey—/ Vug(y) - vdS(y
vol(0Bi(z)) Jap,(x) olv) )d5w) vol(0Bi(z)) Jop,(x) olv) )
1
S A
At Bu(z) UO(y)dya

so that

1
vol(9By(x)) /a Bi(o) Vauo(y) - (y — z) dS(y)

Combining the foregoing produces the result.

C
<$ [ 10wty
R3

Solution 8. We formulate it as follows. Let (ug,u1) and (vp,v1) be two data sets for the wave
equation, and let w and v be the respective solutions. Solutions depend continuously on the data
if given € > 0 and t > 0, there exists a 6 > 0 such that if

lluo — voll2 + [|u1 — vill2 < O,
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then
lu(t,z) —v(t,x)| <e

for all z € R3.
We now prove the statement. Set wg = ug — vg, w1 = u; — v1, and w = v — v. By Kirchhoff’s
formula:

1

W) = B oy (I L) Tan(0) - ) dS ).

Proceeding as in problem 7, we find

1 C
vol(ﬁBt(l‘))/aBt(m) wo(y) dS(y)| < ﬂ/RS(’Vwo(y)’+|wo(y)|) dy,

1 C
ST oy 0980 < F [ (Tl )

and

1
TGN o 700 =850

Combining the above we find

C
<% [ IPPwow)dy
R3

11
w(t,z)] < Cmax{~, 5 }(llwoll2 + [lwil2),

which implies the result.
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MATH 8110 — THEORY OF PARTIAL DIFFERENTIAL EQUATIONS
HW 5

Unless stated otherwise, the notation below is as in class.

1. PROBLEMS
Problem 1. Let u € W(Q2). Show that Du = 0 a.e. on any set where u is constant.

Problem 2. Is the converse of the previous question true?

Problem 3. Show that W*=1(Q) c W*(Q).

2. SOLUTIONS

Solution 1. This follows from Du = Dut — Du".

Solution 2. Yes, u will be constant a.e. on connected sets. Using the regularization, from Du =0
we have 0 = (Du): = Du. so u. = ¢. = constant depending on e. Since u. — u in L}OC(Q), the
numerical constants c. converge in the limit e — 0T,

Solution 3. The proof is somewhat technical and long and involves ideas from functional analysis
and distribution theory. We will only provide a sketch.

Let #%P(Q) denote the set of distributions on € with the property that all distributional deriva-
tives of order k belong to LP(£2). Let Q' C Q" C Q be open sets such that dist(9Q',09") > ¢ and
dist (99", 09Q) > ¢ for some fixed £ > 0. Let ¢ € C2°(Q) be such that 1) = 1 on Q”. Let u € #*P(Q)
and set T := Yu. Take ¢ € C°(R") such that supp(¢) C B:(0) and ¢ = 1 in a neighborhood of
the origin.

Consider the polyhamormonic operator A* in R”, whose fundamental solution is

I(z) = {c\x|2k_”, for 2k < n or for odd n such that n < 2k,
clz|?*~"In|z|, for even n < 2k,
where ¢ is a constant chosen such that AFT" = §, where ¢ is the Dirac-delta. Then
AF(el) =6+ ¢
where ¢ € C°(R™). It follows that
T+¢T=) gpa(wr) « DT
o=k
Observe that ¢ * T € C°°(R"™). Using the Leibniz rule for multi-indices we find that over Q"
DT = ¢ D%,
so that
D (pl') * DT = D(I") % (D)
over ). From the theory of singular integrals it follows that the corresponding singular integral

operator applied to ) D%u is continuous in LP(Q). Thus u € L} (Q), i.e., #*P(Q) C L} (Q).

loc loc
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Consider now u € L (Q), so u € LP(Q) for any open Q@ CC Q, and let T = D’u be its

loc "
distributional derivative, |5| = k — ¢, 1 < ¢ < k — 1. By assumption DT € LP(Q), |a| = ¢, i.e.,
T € #5P(Q). By the foregoing T = DPu € LY ().

loc
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Unless stated otherwise, the notation below is as in class.

1. PROBLEMS

Problem 1. In class, we proved that any function in WP (©) can be approximated by smooth
functions up to the boundary if 2 satisfies the segment condition and 1 < p < co. It was left as a
homework to show that the proof can be reduced to the case of functions with bounded support.
Prove this claim.

Problem 2. Prove the change of variables formula stated in class: Let €2 and D be domains in R™.
Suppose that there exists a one-to-one and onto map ¥ : Q — D such that W7, (T~1)7 € C*(Q),
have bounded derivatives, j = 1,...,n, k > 1, and % < |det D¥| + |det DU~ < C for some
constant C' > 1. Given v € WFP(D), 1 < p < oo, define ¥(u) : @ — R by ¥(u)(z) = u(¥(z)).
Then, ¥ transforms W#P(D) boundedly onto W¥*?(Q) and has bounded inverse.

2. SOLUTIONS
Solution 1. Let ¢ € C°(R") satisfy ¢(x) =1 for |z| < 1, ¢(x) =0 for || > 2, and |D¢Y(x)| < C
for |a| < k. Set ¢.(z) = t¥(ex). Then ¢(z) = 1 for |z| < 1, ¢(z) = 0 for |z| > 2, and
|D.(z)| < Celol < C for |a| < kand 0 < € < 1. If u € WFP(Q), then u. := th.u belongs to
W¥P(Q), has bounded support, and
D% < C ) [DuD* Py | <Y [DPul.
BLa B<a
Set Q. :={z € Q[|z[ > 1}. Since u —u. = (1 — ¢h-)u =0 for |z| < 1, we have
[u = uellwrn@) = llu = vellwrr@,) < lullwre@.) + H%wam ) < Cllullwero,)
which goes to zero when € — 0.
Solution 2. The map VU is well-defined for a.e. functions since k > 1. Let {u;} be a sequence of

smooth functions converging to u in W*P(Q). Let |a| < k. Successive applications of the chain
rule and the product rule give

Da‘I/ (us)( Zpaﬁ Dﬁ“J) Zpaﬁ@)‘i’(Dﬁuj)(iﬂ),
BLla BLa

where y = W(z) and p,p is a polynomial of degree < |B| in derivatives of ¥/ of order < |af,
ij=1...,n.
Let p € C°(Q2). We have

0 [ by @D () o = 3 [ posla) WD ) @)pla) do

B<La
But

—1)lel /Q B (uy) () Do) i = /D B (1) (UL () (D) (T ()| det DU ()| dy

=u;(y)
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an

> / Posl@) V(D ;) @)p(w) do = 3 [ oW () B0 ) (8! () (8 ()] det DY )] .

pra asp =DFu;(y)

Since Dﬁu]- — w in LP, we can replace u; by u above and change variables back to get

V[ F@D @ de = 3 [ pas@)FD 0)(@)pta) da.

Q B<a
Thus, ¥(u) € W5P(Q) and
DU (u)(z) = Y pas(@) V(D u)(x).
BLa

Then

[ 10" b @) do < € max swp pas(a)? [ D V@@ ds

1BI<]a| zeQ
=|(DPu)(¥(x))[P

<Cg1<eTxl/ |DPu(y)|P| det DU (y)| dy

< Cllullwrr(py

thus H\il(u)HWk,p(Q) < Cllullwerpy- Repeating the argument with U~! in place of ¥ gives the
result.
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Unless stated otherwise, the notation below is as in class.

1. PROBLEMS

Problem 1. Prove the following lemma stated (but not proven) in class: Let p > 1, kp < n,
p* = nﬁip. There exist a constant K > 0 such that

1 # [l o gy < X1 Gk * fulllor ey < NIGro* [ull| o ey < K lull Legn)

for all uw € LP(R™).
Hint: Adapt the ideas of the proof given in class of a similar, albeit simpler, inequality.

Problem 2. Prove that u € Wol’p(Q) (1 <p < oo, 90 a C! boundary, Q bounded), if and only if
Twu = 0, where T is the trace operator.

Problem 3. Prove the uniqueness statement in the proof of the “Riesz representation for Sobolev
spaces” (the part that was not done in class).

2. SOLUTIONS

Solution 1. All inequalities are a direct consequence of the definitions but the last one. Using
Holder’s inequality we have

Lol =" dy < ey (/ o — y| (b dy>
R™\ Br(x) R™\ B, (z)

1
7

S CHUHLP(R”) </ t(k—n)p’—i-n—l dt) P

E_n
< Cir™ 7 ||ull e rey.

1
I

where ]% + ]% =1 and we used that kp < n.

For 7 > 0, let r be such that Clrk_%HuHLp(Rn) =3 If

G * Jul(z) = /R @)z — g dy > T,

then

WG lul@) = [ Ju)lle— oy > 2.1)

By () 2
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Thus,
.
] G x ful() > 7} < [{z |G x Jul (@) > 7]

< (2) oG il
—= - X’!’ k Lp(Rn)

rp K ?
< =——— | cr*u|?, on
(CIHUHLP(R")> H ||LP(]R)
- CQTna

where we used the similar lemma about convolutions proved in class. Since

L (20 r
"= —lullLrgn)
-

we have that

20 P
oG lul@) > 7 < Ca (2 i)
Therefore, the map
u = Gj * |u

is of weak type (p,p*).
The values of p satisfying the our assumptions form an open set, so we can find p; and po in that
set and 0 < 6 < 1 such that

1_1-0, 6
P D1 p2’
1 1 k 1-0 0

+—.
P p npr P
Because p* > p, the Marcinkiewicz interpolation theorem implies that the map u — Gy x |ul is
bounded from LP(R") to LP" (R™).
Solution 2. Since the trace is continuous from WHP(Q) to WP(9€2) and every element in C°(12)

has zero trace, we conclude that Tu = 0 for u € WO1 P(Q).
Suppose now that u € WHP(Q) satisfies Tu = 0. As usual, we can reduce the proof to the case

Q= {2" > 0}. Extend u to be zero outside 2 and denote @ this extension. Let u; € C*°({2) be a
sequence converging to u in W1HP(2). The difference

/ uiD% — (=1) / Do
n R’VL
is a sum of integrals of the form

/ uj(xl,...,xn_l,())go(xl,...,xn_l,O)
Rn—1

which tends to zero by the assumption of zero trace on u. Hence,
/ D% — (~1) [ Doup =0
n Rn

and @ € WHP(R™). The result now follows from the following claim, which we prove below:
u € Wg’p(Q) if and only if the zero extension of u belongs to WHP(R™).

It is not difficult to see that if u € W(f P(Q) then @ € WFP(R™). To prove the converse, we argue
as in the proof of approximation of Sobolev functions by smooth functions up to the boundary,
producing the functions w;. Translate @; by @;.(z) = @;(x — ty), where y is as in that proof (but
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there we translated by + whereas here we translate by —). The translation z —ty moves the support
of u; to inside € so u;; belongs to Wk’p(]R") since u;; does. The restriction of u;; to {2 belongs to

Wéc P(€2) since u;; vanishes outside a compact subset of Q and these restrictions converge to u; as
t— 0.
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Unless stated otherwise, the notation below is as in class.

1. PROBLEMS

Problem 1. Prove the uniqueness statement in the proof of the “Riesz representation for Sobolev
spaces” (the part that was not done in class).

Problem 2. Prove that

¢
1D ;- - D™ ug| 2y < C > 1D uil| g2y [ T ajll oo (.
i=1 i
for u; € H*(R") N L®°(R") and Y, |oy| = k.
Hint: You can use, without proof, the Gagliardo-Nirenberg inequality

1—1
i

J
| < Cllull g 107l ey

n

ID7ul] 2
LJ (R

Problem 3. In the context of Egorov’s example, prove the lemma that reduces the necessary
condition for existence of weak solutions to

[vllo < ClIL ]l N,
v e CX(N).

2. SOLUTIONS

Solution 1. We follow the notation used in class. Suppose the conclusion holds for v; and vy
attaining the minimum, so

Hvl”LP/(Q(k)) = HfH(kaP(Q))’ = ||,U2HLP/(Q(IC>) =1,
where we can assume = 1 upon redefining f as —~_——, and for all u € W*P(Q),
Hf”(Wk,p(Q))/
flu) = (v, D) = Y (vz, Du).
lo| <K || <k

First, we claim that there exists a unique = € X such that
* — —

Since || f[[wrr (o)) = [[f*[|x» = 1, there exists {x;} C X such that ||z rs(,) = 1 and [f*(z;)] = 1;
we can further assume that f*(z;) — 1 by modifying the sequence if necessary. Because LP(Q,) is
uniformly convex for 1 < p < oo, given 0 < € < 2, there exists a ¢ > 0 such that if Hxi—:EjHLp(Q(k)) >

i+ . i+,
e then || 252 lr(@yy) <1 =0, thus if | 252 ||Lp(Q(k)) > 1 -0 we must have |[z; — 2| 1r(0,,) <&
For large i we have f*(z;) > 1 — ¢ thus for large i, j we also have f*(me]) > 1—0. Hence, as f*

is continuous with norm 1, 1 — § < f*(msz) < Hxl;% lLp () Therefore, [|z; — ;] 1r(q,,) <€

and {z;} is Cauchy, thus z; — z in LP(Q()) and & € X since X is closed. Clearly [|z]|1r(q,,) =1
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and f*(x) = 1. To obtain uniqueness, if there are two such z’s, say, 1 and x2, we can apply the
above argument to the sequence {z1,x2,z1,x9,. ..}, which must converge.

Since v; and ve are two representatives of f*, we have

fix)=1= Z (11)a,Ta) = Z ((V2)a; a)-
o] <k || <k

Consider the following claim: given w € LP(Q)) with [|w| 1r(q,,,) = 1, there exists at most one
€ (LP(Q)))" such that [|€]|(zs(qy,,)y =1 and £(w) =

Let ¥; and ¥ be the extensions of v; and vo, considered as linear functionals on X, to LP (Q(k))
given by Hahn-Banach. Thus ||171H(Lp(g(k)))/ =1= H'(72||(Lp(9(k)))/ (observe taht even though v; =
f* =09 on X, we cannot claim from this that ©7 = 02 because the Hanh-Banach extensions might
not be unique), and by the foregoing we have 01(z) = 1 = 02(z). Thus 93 = U2 by the above claim.

It remains to prove the above claim. Suppose that there are two such ¢'s, ¢1 and fo, {1 # (5.
Thus £1(u) # l2(u) for some u € LP(Q(y)). We can assume that ¢1(u) — ¢2(u) = 2 upon replacing u
by a suitable multiple of itself, and that ¢;(u) = 1 and ¢2(u) = —1 upon replacing u with its sum
with a suitable multiple of w. Thus

b (w +tu) =1+,
lo(w —tu) =14t
t > 0. Since ||€1!\(LP(Q<k)))’ =1= ”gQH(Lp(Q(k)))/’
1+t=0(w+tu) < ||lw+ t“HL"(QUc))’
L+t =b(w—tu) < [|w+tullLe,)-
Recall the LP-parallelogram inequahties'

a—I—b 1 1
| [ e || > §Ha||§,, + §||5H§p, 1<p<2,
l

a+b 1
If1<p<2, we get

1 ,
17 + 155 || (5llallZs + Sl 2 < p < oo

| V

|(w+tu)—|—(w )H H(w—|—tu)—(w—tu)
2 LP( Q) 2

p
“LP(Q(k))

1+ tpHU”Lp Q(k))

P
”w"i‘tuHLp Q) in—tUHLp(Q(k))
> (1 +1)P,
which cannot be true for all ¢t > 0. If 2 < p < 00, we apply the second inequality to get

(w + tu) + (w — tu) (w + tu) — (w —tu)

p/
Ll ) = | . Hm(m H > .

p -1
<,||w+tu||m iy + gl = 1l

> (14t
which again is an impossibility.
Solution 2. From Holder’s inequality and the product rule,
ID* (o) || 2@y < D CIID uD* Pol| L2 (an
B<a

<O Il gy 107

B<a B‘ (&™)
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The Gagliardo-Niremberg inequality gives

N 1-lel 181 1_la=g] ]
1D (o)l any < C S Il oy 10l gy 01 gy [D* 0
B<a
|a—pB| 181
<O (lullpeeen 1D 0l 2@ny) & (1D%ull g2y [[0]] poo rny) &
BLa

< C(H“HLO@(}Rn)||DkUHL2(Rn) + ||U||Loo(Rn)||Dku||L2(R"))
which implies the result.

Solution 3. Using that we now established H—k(Q) ~ (H*(Q))’ for k € Z (this had been estab-
lished initially for £ > 0), the necessary condition for existence be be extended for s,¢ € Z. Thus,
there exist s,t € Z such that

[o]ls < ClIL vz

If s > 0, then we can choose N > t. Otherwise, we can assume ¢t > s since if ¢ < s then we can
choose t > s and work with ¢ (since ||L*v||; < ||L*v||; then). Because D3v € Cg°(R) if v € C(Q),
we can apply the inequality to DSv to get

1Dzvlls < CIIL*Dgolly < Cl| Dy L™0l[e < CIDZL 0]l e4jay,
where we used that L*v = 92v — a(t)02v — b(t)0,v. We also have
17v]ls-1 < CUIL vls—1 + [|070lls—1 + 00v]ls-1) < [IL*0]le41,

where we used || L*v||s—1 < |L*v||¢+1 by s < t and [|0%v]|s—1 + |0xv||s—1 < ||L*v||s31 by the above.
Then
lolls+1 <C(llvlls + 107 v]ls—1 + 1030]ls-1)
< C(IL ol + 1L 0le41)
< [[L*v]f41-

Iterating this argument gives the result.
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Unless stated otherwise, the notation below is as in class.

1. PROBLEMS

Problem 1. Prove the following statement. Let Lu > f(= f) in a bounded domain Q, u €
C?(2) N C%(Q), and assume that ¢ < 0. Then, there exists a constant C' > 0 depending only on

the diameter of 2 and on M sub that
wupo () < supa () + Conp 21 (1)
Q 0 o A A

(f~ =inf{f,0},u™ = sup{u,0}.)

Problem 2. Prove the following statement. Let Lu = f in a bounded domain €, u € C?(2) N
C%(€2), and assume that ¢ < 0. Let C be the constant of the previous problem and suppose that

et
A=1—-Csup— > 0.
o A

Then

sup u| < % (Sgp Jul + ngp K’) :
2. SOLUTIONS
Solution 1. Let Q lie in the slap 0 < 2! < d and set Lo = aijﬁi(?j +b0;. If a > HI)”L%(Q) + 1, then
LoeaaCl = (?al! + ozbl)eazl
> (@A = bl oo (@) )e™®

1

bl 7o
_ (a2A—aAH Iz (@) ot

A
> A.
Set
_ + ad _ _axt ’fi‘
v=supu" + (e e ) sup > 0.
o9 o A
Then
Lv = —(Lge‘ml) sup 177 +cv
o A
<- sSup ‘f7|7
Q
thus

L(v—wu) < —sup|f~|—f<0.
Q
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We also have v —u > 0 on 0f2. Thus, by one of the corollaries of the maximum principle, u < v, so

u < suput + (e — e ) sup ~—— b
20 o A
+ 1
<supu’ + (e — 1) sup “——
20 o A

Solution 2. Write Lu = (Lo +c)u = f as (Lo+ ¢ )u = f —c¢Tu =: f. From the previous problem,

sup lu| < sup |u| + Csup 71

/]

+
< sup lul +C (sup + Sup |ul sup e |>

A

Thus

|t
A

I

<1 - C’sup ) sup |u| < sup |u| + Csup
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Unless stated otherwise, the notation below is as in class.

1. PROBLEMS

Problem 1. Prove the following statement used in the proof of existence of solutions to linear
first-order symmetric hyperbolic systems. Let u € L (J, H k(R”)), where k is a non-negative
integer and J is an open interval. Then there exists a @ € L7 (J x R™) that is k times weakly
differentiable with respect to x and with derivatives in L?  (J x R™) and such that

)= [ pndaat
JxR"™
for all p € C° (J x R™).
2. SOLUTIONS

Solution 1. Consider first £k = 0. Let u; be a sequence of step functions converging point-wise a.e.
to u. Thus

N;
U; = Z fi,fXAi,[a
/=1

where A;, C J are measurable sets and f; o € L?(R™). uy defines a dt x dr-measurable function
which is also measurable in J xR"™ (i.e., measurable with respect to the (n+1)-dimensional Lebesgue
measure, since the (n + 1)-dimensional Lebesgue measure is the completion of the 1 x n measure).

Let B; := {t € J[[Jwi(t)|lp2mny < 2[|u(t)|| L2mny}- Set wi = xp;ui- Then, uj converges dt-a.e. to
u with respect to L? and is measurable in J x R™. Given a compact set K C J x R", let K, be its
projection onto J and set U; = u;X i; Uj is dt X dx-measurable. We have

2
([ 10ite) - vl dr) < OIi) = w0l e
Consider

i (t) — i ()l 2eny < Mwi(8) = u(®)lp2@ny + lut) — w5@)]|L2(Rn)-
Each term on the RHS converges to zero point-wise a.e. (in t) and is bounded by a function in
L>(J); thus, dominated convergence implies that {U;} is a Cauchy sequence in L?(K). Thus, for
each K we have an element Ux € L?(J x R"). Taking an increasing sequence of compact sets we
obtain a locally square-integrable function U in J x R"™. We finally observe that

(¢, u) = lim (@, u) =/ U dt dx
JxR™

1— 00

for all ¢ € C2° (J x R™). This gives the result for k = 0.
For k > 1, we apply the above to the function D% € L>® (J, L2(R")) to obtain U, such that

(¢, D%u) = / wUqy dt dx
JxR"

for all ¢ € C2° (J x R™), which gives the result.
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Unless stated otherwise, the notation below is as in class.

1. PROBLEMS

Problem 1. In class, we defined the concept of a function with local compact support in x, and dis-
cussed that a smooth function f: RxR™ — R? can be regarded as an element of C™ (R, H*(R", R%))
for any m, k > 0. Show that this is not the case if f is assumed only to be such that for each fixed
t, f(t,-) has compact support.

Hint: Let ¢ € C°(R"™) and define f by

f(t,z) = go(a:l—%,a:Q,...,x”), t>0,
’ 0, t<0.

Problem 2. Verify the inequalities My[vg] < C and My[v1] < C in the proof of local existence
and uniqueness of solutions to quasilinear wave equations.

Problem 3. Let {f;} ¢ H*(R™) be a bounded sequence that converges to f in HY(R™), ¢ < k.
Show that f € H¥(R").

2. SOLUTIONS

Solution 1. Observe that f is smooth for ¢t > 0 and for ¢ < 0. For each (0,z), there exists a
neighborhood U of (0,z) in R x R™ such that f =0 in U. Thus, f is smooth. For fixed ¢, f(t,-)
has compact support. For ¢ < 0, [|f(t,)||p2®n) = 0. But for t > 0, [[f(¢,-)[|z2@ny > 0. Thus
f¢C° (R, H'(R",R)).

Solution 2. We have My [vg] = My[ug o] < Cp+1 by assumption, so we can choose C > Cp+1. For
vy, we need N[v;—1] = NM[vg] < 27(C). In the proof, this was obtained using the induction hypothesis
for v;_o, which would give v_; here, which has not been defined. But we have N[vg] < 27(C) directly
from the fact that vg is constant in time and from Sobolev embedding.

Solution 3. Since the sequence is bounded in H*(R"™) it converges weakly to a limit f e H*RM).
Because H*(R") < H(R™) compactly, f; converges to f in H*(R™). Uniqueness of the limit gives
f=1r
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