VANDERBILT UNIVERISTY
MATH 8110 — THEORY OF PARTIAL DIFFERENTIAL EQUATIONS
HW 1

Unless stated otherwise, the notation and terminology below is the same used in class.
Problems 1-4 are very basic, feel free to skip them if you think they are not edifying.

1. PROBLEMS
Problem 1. Verify whether the given function is a solution of the given PDE:

(a) u(z,y) = ycosx +sinysinz, uy, +u = 0.

(b) u(z,y) = cosxsiny, (u:,;x)2 + (uyy)2 = 0.

Problem 2. Determine whether the PDEs below are linear or nonlinear:

0*z 0z
(c) ﬁ—l—e 8—x+cosz—0.

(d) (um>2 + (uyy)2 =1

Problem 3. Write each PDE below in the form P(x,u, Du, ..., Dfu) = 0, i.e., identify the
function P. State if the PDE is homogeneous or non-homogeneous, linear or non-linear.

(a) ut — gz = f-
(b) uy + uu, = 0.
(c) aijkﬁf’jkv +v=0,

where i, 7, k range from 1 to 3.

(d) uge + x2y2uyy = (z+ y)Q.

(€) gy + cos(u) = sin(zy).
Problem 4. Consider a PDE P(z,u, Du, ..., D*u) = 0. Show that P is a linear map if and
only if it can be written as

> aaDu=f.

| <k

Thus, an equivalent definition of a linear PDE is that the map P is linear.
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Problem 5. Consider Maxwell’s equations:

divE =2,
€0
divB =0,

0B
a5 +curl E =0,

6_E — ! curl B = —lJ.
at  pogo €0

Assume that ¢ and J vanish. Show that Maxwell’s equations then imply that £ and B
satisfy the wave equation:

’F 1
IE 1 Ap_y
o> eopo
and
’B 1
IB_ 1 Ap-o
ot2  eopo

Interpret your result. Can you guess what the constant ﬁ must equal to?

Problem 6. Consider Euler’s equations:
O+ u'd;0 + 0diu’ = 0,
0(0? + u'o?) + Vip = 0,
where we recall that p = p(g). A fluid is called incompressible if o = constant, in which case
we can set p = 1. In this case, the equations describing the fluid motion are
o + o’ + Vip =0,
&ui = O,
which are called the incompressible Euler equations. For an incompressible fluid, however,
the pressure is no longer given by p = p(p), since the pressure would then be constant, but
experiments show that the pressure can vary even if the density remains (approximately)

constant. Show that in the case of the incompressible Euler equations, the pressure is given
as a solution to

Ap = —0;u' 0.
Problem 7. Consider the incompressible Euler equations (see previous question):
o + o’ + Vip =0,
ou’ = 0.
The vorticity w of the fluid is defined as
w = curlu.

The vorticity is an important physical quantity; it measures, as the name suggests, “eddies”
in the fluid. It is, therefore, important to know how it changes in time and space (i.e., what
the dynamics of the vorticity is). Show that w satisfies the following PDE:

ow + V,w — Vyu = 0.
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Above, the operators V, and V,, are defined as follows. For any vector field X, Vx is a
short hand notation for X - V| i.e.,

VX =X V,
where we recall that X - V has been defined in class as
X -V = X,

2. SOLUTIONS

Solution 1. (a) Compute u,,(z,y) = —ycosz —sinxsiny = —u(x,y), thus u is a solution.
(b) Compute . (z,y) = — coszsiny, uy,(r,y) = —coszsiny, thus

Uz (T, y))2 + (uyy (2, y))2 = QCOSQZESiDQy £ 0,

hence u is not a solution.
Solution 2. (a) Linear. (b) Nonlinear. (¢) Nonlinear. (d) Nonlinear.

Solution 3. In order to find P, it is useful to identify whether the PDE is linear, homoge-
neous, the unknown function, etc.
(a) Unknown: u. Independent variables: z,t. Order: second. We have
P(p1,...,p9) = po — s — [(p1,p2)-
The equation is linear and non-homogeneous.
(b) Unknown: u. Independent variables: x,y. Order: first. We have
P(p1,...,p5) = ps + papa.
The equation is non-linear (because of the term wu,) and homogeneous.
(c) It is instructive to consider a slightly more general case, with 4, j, k ranging from 1 to
n. Unknown: v. Independent variables: !, ..., 2. Order: third. We have
P(xh e Ty Py P1y -5 Py P11y - - -5 Pamy - - -5 P11y - - - 7pnnn) = a’wkpl]k +p
The equation is linear and homogeneous.
(d) Unknown: w. Independent variables: z,y. Order: second. We have
P(p1,. .., p9) = ps + pipspe — (p1 + p2)*.
The equation is linear and non-homogeneous.
(e) Unknown: u. Independent variables: z,y. Order: second. We have
P(p1,...,py) = pr + cosps — sin(pipa).
The equation is non-linear (because of cosu) and non-homogeneous.

Solution 4. Denote by Py the homogeneous part of P.
Suppose the PDE is linear. Thus,

k
Py (x,u, Du, ..., DFu) = Z P,(x,D"u), (1)
m=0

where each F), is a sum of linear functions on derivatives of u of order m, i.e.,

nm

Po(, D™u) =Y Pog(z,ul?), (2)

(=1
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where each u©) represents one of the n™ possible derivatives of u of order m. Let u and v
be two functions for which P(x,u, Du, ..., D*u) and P(x,v, Dv, ..., D*v) are well-defined,
but are otherwise arbitrary, and let a and b be two arbitrary constants. Then

P(x,aD™u+ bD™v) = a Z Pz, u?) + bz Po(z,v9)
=1 =1

by the linearity of Py,. Hence
Py(z,au + bv,aDu + b, ..., aD"u + bD*v) = aPy(x,u, Du, ..., D*u) + bPy(z,v, Dv, ..., D").
Writing for simplicity Pu = Py (x,u, Du, ..., D*u), we conclude

P(au + bw) = aPy(z,u, Du, ..., D*u) + bPy(x,v, Dv, ..., D*v) = aPu + bPv,

as desired.
Reciprocally, suppose that P is a linear operator. Then it can be written on the form

_ ivizeim ok
Pu=a Oiig-iy,

4 giii2ghl o 01292y 4 dl D + au.

1102+ Tk, 12

u—+ a’”?'"’“*laf;;_,,ikl U

This implies that Py has the decomposition (1) with each P,, satisfying (2).

Solution 5. Under the assumptions, the equations become

divE =0, (3)
divB =0, (4)

B
8(9_15 +curl E = 0, (5)

OF 1
— — ——curl B=0. 6
o e cur (6)

Take the curl of (5) and note that curl 2 = 2 curl to get

0
e curl B 4+ curlcurl £ = 0.

But curl B = g% by (6), thus
82

E
uoeoﬁ + curlcurl £ = 0.

Recalling the following identity from multivariable calculus
curlcurl f = V(div f) — Af,

and using (3), we obtain the wave equation for . The wave equation for B is similarly
obtained.

The interpretation is that the electric and magnetic fields propagate in vacuum as waves.
From the discussion about the wave equation in class, we conclude that \//% is the speed
of propagation of the electromagnetic waves, which, from physics, we know to be equal to

the speed of light (in vacuum).
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Solution 6. Taking the divergence of the momentum equation and using that d;u’ = 0, we
find

0= Gj(ﬁtuj + u' o’ + Vip)
= 8t3juj + @ui(%uj + ui@-@juj + 0,0
= Jju' 0 + 9;0'p,
where we denoted 0' := §70;, with & being the Kronecker-delta symbol defined as 6 =
6;; = 85 = 1if i = j and 0 otherwise. Noting that 9'0; = A, we have the result.

Remark. Note that while Euler’s equations in principle require functions that are only once
differentiable, the above calculation assumed that the functions are in fact twice continuously
differentiable.

Solution 7. Denoting by | - | the norm in R3, observe the following identity:
%Vi|u]2 = %Vi(ueug) = w0y = 'O’ + (u' 'y — u'Opu’),
where 0° is as in the last question. Next, compute
(u x w)" = e uwy, = e u e, O,
= (887" — 876" Yu;Opun,
= u"0"u, — u‘Ou’,
where we used the identity
€ eppn = eMepy, = 8187 — 876°
which can be verified directly. From the foregoing we conclude that
Vau = %V\UF —u X w,
which implies
curl V,u = — curl(u x w).
Let us compute the RHS:
(curl(u x w))" = €9%0;w,, = €7*0; (e, puy,)
= e'*e, 0w, + €%e,Muy0;w,
= (887 — 87°6™)0jupw,, + (587" — 8716 )0, W,
= "'w,, — %wi + u' O™ —u! O’

——
=0 =0

= (Vou)' = (Vaw)',

which implies the result.
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