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ABOUT THESE NOTES

These notes have been typeset almost verbatim from my handwritten class notes. The latter
have been written for my own use in class and are not intended as a primary source for the course.
Thus, the presentation that follows is rough and schematic at some points. Nevertheless, students
might find useful to have direct access to my class notes. We warn the reader that these notes
have not (yet) been carefully checked for typos, mistakes, etc. Please do let me know if you find
inconsistencies, wrong signs, missing factors, or other errors. In particular, if you are confident that
your calculation is correct but it does not match what is given here, it is likely that there is a typo
in the notes.

ABBREVIATIONS USED THROUGHOUT
The following abbreviations are used in the text and/or in class:

DE = differential equation(s).

ODE = ordinary differential equation(s).

PDE = partial differential equation(s).

IVP = initial value problem.

IC = initial conditions.

iff = if and only if.

EX = example.

Def = definition.

Theo = theorem.

Prop = proposition.

LHS = left hand side.

RHS = right hand side.

= means “implies,” e.g., A = B reads “A implies B.”
[0 = indicates the end of a proof.

We write f = f(x) to mean “f is a function of z” and similarly, e.g., z = z(¢) for “z is a
function of ¢,” etc.
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1. INTRODUCTION

1.1. What is a differential equation? We are all familiar with algebraic equations, e.g.,
> +22+3=0

In this case the unknown is the variable x and solution to this equation is a number that satisfies
it. In this case x = 1 and x = —3 are solutions because

124+2-1-3=0and (-3)>4+2-(-3) -3 =0,
where x = 2 is not a solution since
2242.2-3#0.
We can consider similar situations where the unknown is a function
zf(z) —2+ 322 = 0.
Solving for f(x) gives
2327

f(x)

More generally, we can have an equation for an unknown function f where derivatives of f also
appear, e.g.

(x #0).

d
% —3cosz =0.

Here, we want to find a function f(x) whose derivative equals 3 cosz. We know from calculus
how to find such a function:

df—S(zosx:O:>/dfda::3/cosa:dm
dx dx
= f(

x) = 3sinz + C, where C is a constant of integration.

An equation relating an unknown function and one or more
of its derivatives is called a differential equation (DE).

Example 1.1. These are DE:

d
dfy + 4%z =0 variable: z, function y = y(x),
x

d
ditc +e ¥ =0 variable: t, function z = x(t),

These are not DE:

2?2 —4=0,
t2
e y(t) dt =logt — 4,

[ do= 450,

(The second equation is called an integral equation and the third one an integral-differential
equation.)
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1.2. Why do we study DE? Let’s investigate the following example. Consider a spring that has
length 1 m when it is not subject to any force. One end of the spring is attached to a wall and the
other end to a body of mass 2 kg, as in the figure below:

- 0000

1m
0 09 9 |
: » T
20 cm

Suppose you pull the body horizontally, streching the spring 2 cm, and then release it. The
body is going to oscillate back and forth. What is its position after 10 seconds? (Disregard friction
between the body and the floor. Consider that the spring has constant £ = 50 N/m.)

From Hook’s law we know that the force acting on the body due to the spring is F' = —kz, where
x is the displacement with respect to the equilibrium position, which we identify with x = 0.

Since —kx is the only force acting on the body, it equals ma, where m is the block’s mass and a
its acceleration:

ma = —kx = a= —25z (since m =2 kg and k=50 N/m).

The position z is a function of time, x = x(t), we want to know z(10) (position at ¢ = 10s).
Since the acceleration is the second time derivative of the position,

d’x d’x
= —,thus — +25x =0

dt?’ dt?

This is a DE for the unknown function z. We’ll learn later on how to find z. For now, we can
verify that x(t) = 0.2 cos(5t) is the desired solution to the above DE since:

a

2

d
ﬁ(OQ cos(Ht)) + 25 - 0.2 cos(bt)) = —0.2 - 25 - cos(bt) + 0.2 - 25 - cos(5t)
=0.

The factor 0.2 stems from the fact that at time zero the position of the block is 20 cm = 0.2 m,
so that z(0) = 0.2cos(5 - 0) = 0.2. We can now calculate

x(10) = 0.2 cos(5 - 10) ~ 0.19 m.

1.3. Some terminology and notation. We'll use %,%,’ etc. to denote derivative. Hence
particular names given to variables and functions can change, and the same equation might be
written in different forms. E.g.

d’y  dy

1 / x
2" —5xr' =€” and —= — 5— = €Y both represent the same DE.
az ~ dt P

Definition 1.2. The order of a DE is the order of the highest derivative that it contains.
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For example, 4" + zy? = 0 is a DE of 3¢ order.

A solution to a DE is a function that satisfies the equation. E.g., the function y = 223 is a
solution of the DE. y/ — 622 = 0, but y = 22 is not. Notice that even though it might be difficult to
find a solution of a DE, it is easy to verify whether or not a given function is a solution: simply
plug it into the DE and see if equality is satisfied.

Definition 1.3. A DE of order n is said to be linear if it has the form:

d™xz(t) d"ta(t) dz
an(t) e an_l(t)w o a,l(lt)E + ag(t)z(t) = g(t),
where ay(t),...,ao(t), g(t) are given functions and a,(t) # 0. Otherwise, the equation is called non-
linear. Observe that x = z(t) is the unknown. In the linear case, the functions a,(t),. .., ao(t)

are called the coefficients of the equation.

d?y

dt?
1!

e¥ + xy = 0 are non-linear.

Example 1.4. + etdy costy = 0 and 2" — 2’ = logt are linear, while (y/)? = ye? and

Remark 1.5. Because a,(t) # 0 in the definition of a linear DE, we can always divide the equation
by a,(t). Thus, without loss of generality we can say that a linear DE has the form
d"x Az

e et () ——
g T 1) G

where we omitted the ¢ dependence in x for simplicity. The distinction linear vs. non-linear DE is
extremely important. Make sure you fully understand it.

+ - +ao(w) = g(t),

It’s important to notice that the unknown function of a DE can depend on more than one
variable. For example, if T" is a function that describes the temperature inside a room, then T is
a function of space and time, so it depends on the three spatial coordinates x,y, and z and on
the time t. Therefore, a DE governing the behavior of 7" might involve derivatives with respect to
x,y,z, and t, and in this case we would seek to use partial derivatives, i.e., g—i:, %, %—Z, %—f etc.
Such types of DE are called partial differential equations (PDEs), while D.E. involving only
one variable are called ordinary differential equations (ODEs).

Example 1.6. amg + %Zr‘g + %g = da—j; is a PDE for T, while 512712/ +y =01is an ODE for y.

In this course we deal only with ODEs, so the term DE will always mean ODE unless stated
otherwise.

2. INITIAL VALUE PROBLEM

Consider the DE % = 3. We can find a solution by direct integration:

d 4
/ W e = /:B3dx =>y= % + C where C'is a constant of integration.

So, instead of a unique solution to the DE, we have a family of solutions, i.e., a different solution
for each different choice of C'. In particular, we have infinitely many solutions. Such a family of
solutions is called a general solution of the DE.

If we want to determine C, we need further information. For example, suppose we want, among
all solutions, a solution with the property y(0) = 5. Then, plugging x = 0 we have

4

y(O):%+C = wC =5
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Soy = % + 5 is the desired solution. In this case we are not solving only the DE % = 23 but

rather the problem:
=,
y(0) = 5.

Such a problem is called as initial value problem (IVP). The extra condition(s) given in order
to determine the constant(s) appearing in the general solution is (are) called initial conditions
(IC) (in the above example, y(0) = 5 is the initial condition).

The terminology IVP and IC are used because usually the variable is time. In our first example
we investigated not only the DE z” 4+ 252 = 0 but rather the IVP:

" 4+ 252 =0, — DE
0) =02

QU/( ) ' % initial conditions

z'(0) =0.
(the intial condition 2/(0) = 0 was implicit in the statement of the problem in that we pulled the
string and released it, so its velocity v = dt at time zero was zero.)

As we are going to see in detail later on, to solve an IVP we need as many ICs as the order of
the equation. To have an idea of why this is the case, consider the following simple example:

y// — 623;

Since [ g dx = dy + constant, We have [y"dr = [e*dz = ¢ = ZI + C, where C is a constant.
Integrating again yields Yy = T + Cx + D, where D is another constant. Thus, we have two
arbitrary constants. To determine them we need two conditions. For example, we could have
y(0) =2 and ¢/(0) = 3. Then y(0) = 1 +0+ D =2 = D =% Next, compute y'(z) = % +C,
soy(0)=3+C=3 = C=23. Thus y(z) = esz + 22+ 7 is a solution to the IVP:

y// = g2z
y(0) =2,
y'(0) = 3.

Notation 2.1. An arbitrary DE of order n for the unknown function x = z(t) will be denoted
F(t,x(t),2'(t),..., 2" V@), 2™ (#) = 0.

Definition 2.2. By an initial value problem (IVP) for a DE of order n
F(t,a(t),2'(t),...,a" (), 2" () =

we mean the following problem. Find a solution x = z(t) to the DE defined on an interval
(a,b) containing the point to such that z(to) = Xo,2'(tg) = Xi1,...,2 D(ty) = X,,_1 where
Xo, X1,...,X,—1 are given numbers.

Consider now y' = iﬁy_ﬂ We can verify that the function y satisfying the relation ze¥ + y = 22

is a solution to the DE. However, we cannot solve this relation explicitly for y. In this case we say
we have an implicit solution to the DE.

2.1. General and particular solutions. C0n51der the DE dy = f(x), where f is a known function
of z. We can solve this by direct integration: y(z) = [ f(z dm + C, where C is an undetermined
constant of integration. When a solution to a DE contains such undetermined constants we call
it a general solution. When all undermined constants have been found using IC we call it a
particular solution. A general solution thus represents a family of solutions.
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Example 2.3. dy =2 = y=22+C
Below we graph Some of these solutions for different values of C:

If we want y(0) = 0, then we are selecting one solution in the family of solutions.

Remark 2.4. Notice that a general solution might not contain all solutions to a DE. For example,
consider
dy 2
dr 7
d — _
If y # 0, then 5 =dr = 71:$+C = y= x+1C"
This is a general solution to the DE. But the function y = 0 (i.e. y( ) = 0 for all z) is also a
solution to the DE, one which is not included in the formula y = +C When a general solution
includes all solutions then we call it the general solution.

Notation 2.5. We will use the letter C' to denote arbitrary constants in general solutions. Some-
times we use the same letter C to note a different arbitrary constant. E.g. consider the DE
3y’ = e3*, then

3 3

Since C is arbitrary so is g. We can call it another constant D = % However, it is cumbersome

d 3z 3z
/ ydx—/e‘%dx = 3y:e—+0 = y:%+g.

to keep track of all the relabels of constants, so we denote % by C again as write y = % +C.

2.2. Existence and uniqueness theorem for first order equations.

Theorem 2.6. Suppose that f(z,y) and %Z’y) are continuous on a rectangle R C R? containing
the point (a,b). Then, the IVP

y' = flz,y),

y(a) =0,

has a unique solution defined on some interval I that contains a.

This theorem allows us to say when an IVP admits a unique solution, even though finding a
formula for the solution might be very hard.

Example 2.7. Consider the problem:

Y = z2esinle—9)?]
y(0) =1.
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Here f(z,y) = z2esinl@=9)? | This function is continuous because it is the composition of continuous
functions. Compute

0 .
O 2o cosl(z — )] - (-2)(x — )
Y
which is again a continuous function. Hence, the IVP has a unique solution defined in a neighbor-
hood of x = 0. Note that it will be very hard to find a formula for such solution.

Example 2.8. Consider the problem:

y =z -y,
y(2) = 2.
of _ -1

In this case 3y = /iy
the theorem cannot be applied and we cannot guarantee that a unique solution exists.

which is not continuous (in fact, not even defined) at (2,2). Therefore,

In the previous example we are not saying that a solution does not exist, only that we cannot
use the theorem.

Remark 2.9. It is important to verify not only that ? exist but also that it is continuous. Recall

that it is possible for a function to be differentiable but for its derivative not to be continuous. For
2 (1

zesin(=) ,x#0 . . . . .. .

example, the function f(z) = { (z) 7 is differentiable but its derivative at x = 0 is

0 , T =
not continuous.

3. SEPARABLE EQUATIONS OF FIRST ORDER

A first order DE % = F(xz,y) is called separable if F'(x,y) = g(x)h(y), or equivalently, F'(z,y) =

?(—mg. In this case, we can find a solution by direct integration:

(y
DI~ [ sty = [ g(wrs

dz f(y)
Example 3.1. % = —6xy ? ‘;—y = —6x. Integrating:
y
Inly| = -322+C = |y| = eCe3 =y =4eCe ¥ = Ae” where + e = A.

When we divided by y, we had to assume y # 0. We see y = 0 is also a solution to the DE.
However, the solution y = 0 is included in the family Ae37" as it corresponds to A = 0.

Many times when we solve separable equations we have to divide by a function h of y, h(y). This
excludes the values where h vanishes. These must be analyzed separately.

Example 3.2. % =92

Ify;éo,then%:dm = =24+C = y= 7%
This is a general solution to the DE. But the function y = 0 (i.e., y(z) = 0 for all z) is also

a solution to the DE, one which is not included in the formula y = xjrlc Therefore the general
-1

z+C"

solution is y = y=0.
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4. LINEAR FIRST ORDER EQUATIONS
Consider the DE

3 .
— — e %y = z° (linear, first order
Noting that e xdy

ety = %(e_ y) we have:

i(e*"’“"y) =3 = /d(e:”y)dx = /x3dx = e ‘y= x—4 +C = y= ljez + Ce”
dx dx 4 4 ’
Consider now 3% +y = cosx. In this case it is not true that dy 4 Yy = %(. ..). But if we multiply
the equation by e® we have:

i(e”“"y)al:c = /e’” cos zdx
x

Therefore,

1
ey = §em(cos:c +sinz)+C or y= §(cos:1: +sinz) + Ce™™
The idea for solving linear first order DE will be similar to the above example: try to multiply
the equation by a suitable function so that the terms in =,y can be written as the derivative of a
product.

A first order linear DE can always be written as

Z—y + P(x)y = Q(x), where P and @ are known functions

Multiply by wp(z), where p(x) is a function to be determined

Y
pl) S+ ) Py = p(2) Q)
We want the LHS to be the derivative of a product

dy d
P Bl
pla) o +u@)P(e)y = - (u(2)y)
a dy
G
dp
P _ o
= pa)P(z)y = -y
Thus, £ = pP(x). This is a separable equation
du

r)dr = / / x)dr = In|p| = /P(x)dx+0:>]u|:ecefp(x) w

removing the absolute value:

u(z) = +Cef Pl@)dz

We found a family of functions p that allow us to write ,u% + Py as the derivative of a product
But we just need one such function, so we can take C' = 0 and take the 4 sign. Thus
7 (1(@)y)

1(z)Q(x), where p(z) = el @
Integrating;:

[ sw@wis = [ u@)Q)ds s we get wl)y(a) = [ u()Qa)ds +C
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Dividing by p(x) (note that it never vanishes) and using its explicit form:

y(a:) _ e—fP(x)dx(/ efP(x)de(x)dx + C)

This is an explicit formula for the general solution of % + P(z)y = Q(x).

Remark 4.1. Note that the above formula is for the equation 3+ P(x)y = Q(z), i.e., the coefficient
of ¥/ must be 1. If we have a(z)y’ + b(z)y = c¢(z), we must first divide by a(z) to use the formula.
Students should not only memorize the above formula for y(x), but also know how to derive it.

Example 4.2. % —y= %6_1/3,3;(0) =1

In this case P(z) = —1,Q(x) = %6_m/3. Then

11 x —33 -4
M($) = efP(x)dx _ e—x7/efP(ac)da:Q(x) _ e e 5 dy = 7€T4.
8 32
Therefore,
y(l’) = 6_(_x)(_373236%41 + C) = em(_gi323@%41 —+ C)

Plugging y(0) = 1 we find C = 582, so y(z) = Be” — %e%.

A legitimate question is whether our formula for y always works. This is answered by the
following theorem:

Theorem 4.3 (existence and uniqueness of solutions for 1st order linear DE). Assume that P(z)
and Q(x) are continuous on an interval (a,b) that contains the point xo. Then, for any yo, the I[VP

y + Py =Q)
y(zo) =Y
has a unique solution defined on (a,b). Moreover, the solution can be written as
() = e—fP(x)da:(/ e P@Q@) | )
for a suitable constant C.

Proof. Since P(z) and Q(z) are continuous, the integrals [ P(z)dz and [ e/ P@4Q(z)dx are well-
defined and define differentiable functions on (a,b). Set y(z) = e~/ P@de( [ ] P@)drq(3)dz) 4 C),
where C' is a constant. Then y is differentiable. Compute:

y/ _ (efP(z)dx)/(/ efP(x)de(I)dx + C) + efP(:v)dz(/ 6fP(x)dm + C)/

_ _e—fP(x)dz(/ P(x)dx)'(/ eP(x)de(a:)dac + C) + e—fP(r)dx(/ efP(a:)de(x)dx)/

_ —P(:L‘) e—fP(ac)d;r(/ efP(m)de(x)dl, + C) _|_e—fP(m)d;refP(a:)dac Q({L‘),

=1

=y
where we used the product rule in the first line, the chain rule in the second line, and the funda-
mental theorem of calculus in the third line.
Thus, 3 + P(x)y = Q(z) and y satisfies the DE. Because e~/ P(#)4 never vanishes, we can
always solve for C' adn determine it so that y(xg) = yo. O
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5. EXACT EQUATIONS

Let us introduce this topic with the following example. Consider the DE:

d
(4y + 322 — 3xy2)£ =y — 6xy

write it as
(6zy — y3)dx + (4y + 322 — 3zy*)dy = 0
set M(z,y) = 6xy — >, N(x,y) = 4y + 32 — 3292, so that the DE becomes:
M(z,y)dx + N(z,y)dy =0

Now let us ask: is the LHS the differential of a function? In other words, does there exist a F'(z,y)
such that dFF = Mdxz + Ndy? If the answer is yes, then the DE becomes dF = 0, which implies
that F'is constant. In this case the general solution of the DE will be simply F(z,y) = C.

Recall from calculus that dF = Mdx + Ndy iff % = %—g (we’ll state that this more precisely
below). We check:

Gy = a6y —y®) = 6z — 3y _ M _ 0N
%—JX = 8%(43/ + 322 — 3zy?) = 62 — 3y? dy Ox

Therefore, there exists a function F' = F(x,y) such that g—i = M and %—5 = N.
Let’s proceed to find F'.

F
a—:M:6xy—y3
ox

Integrating with respect to x gives
F(z,y) = /(69321 —y)dz = 32y — xy” + g(y).

After performing the integration, we added a function g(y). This is because we must add a
constant of integration. But here we are integrating a function of x and y with respect to z so
that anything that depends on y only is treated as a constant from the point of view of [ ---du.
Therefore, the “constant” of integration can in principle be a function of y.

To find g(y) we use that %—5 = N.

Taking 8% of the expression we found for F' and setting the result equal to N:

0 0
Bl A
oy y

= 22— 3xy? + d(y) =4y + 322 — 32y° = J (y) = 4y

This is an equation for g(y) that can be solved by direct integration. Notice now all the z’s
cancelled and the equation for g(y) involves only y. This must be the case: by construction, g
is a function of y only. If we end up with an equation for g involving x, then there is a mistake
somewhere.

The equation for g is easily solved, giving g(y) = 2y%. We have not added a constant of integration
to g because the solution of the DE already contains an undetermined constant.

Summing up, we have F(x,y) = 322y — 2> + 2y? and the general solution to the DE is:

F(x,y)=C, or 3z%y —ay®+2y°> = C.
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Remark 5.1. Above, we found the solution 322y — xy® +2y? = C, but we have not solved explictly
for y. In many cases, it is impossible to find an explicit expression for y. In these cases, i.e., when
the solution is given as F'(z,y) = C, with no explicit expression for y, we say that we have an
implicit solution.

We will now streamline the ideas of the previous example.
Definition 5.2. A first order DE written in the form
M(z,y)dz + N(z,y)dy =0

is called exact if there exists a function F' = F(x,y) such that %—5 = M and %—5 = N.

Under appropriate hypotheses, we will show that a DE is exact iff %—J‘; = %—Jz. Before doing so,
we will summarize the method.

5.1. Method for solving exact equations. .
1. Given y' = f(x,y), write it as M (x,y)dz + N(z,y)dy = 0.

2. Test if %—]\; = %—];7. If this is not the case, then the method cannot be applied. Otherwise,

proceed as follows:

3. If %4 = 9N then define F by

F(z,y) = /M(:r,y)dac +9(y)

where g is a function of y only that needs to be determined.

4. To determine g, take 8% of F found in step 3, and set it equal to N. This gives an equation
for y of the form:

¢ (y) = expression in y containing no x

5. Integrate ¢'(y) to obtain g(y) and thus F(x,y).

6. The general solution is given by F(z,y) = C, where C is an arbitrary constant.

Remark 5.3. If the expression for ¢’(y) found in step 4 involves x, then there is a mistake, and
we must re-check the calculations.

Remark 5.4. In step 3, we can first integrate in y. Le., if %—J‘; = %—Ji, then %—5 = N. Integrating

with respect to y produces F(z,y) = [ N(z,y)dy + h(z), where h is a function of z only. To find
h, we differentiate F' with respect to x and set the resulting expression equal to M. This will give
an equation for A/(x) involving no y (if it contains y, then there is a mistake). Integrating we find
h, and hence F'.

In the next example, we use the idea of integrating in y first.
Example 5.5. Consider the problem:
Yy =tanxtany
Write the equation as dy — tanxz tany dxr = 0. Multiply by cos x cosy to obtain

—sinzsinydx + cosxzcosydy =0

:M(w»y) :N({E,y)
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Compute
oM sin x cos ON inx cosy, so —8M oN
= —SsInx — = —SInx - -
Oy ¥ Oy ¥ oy Ox
Then
OF .
i N = F(z,y) = /N(m,y)dy + h(x) = /cosxcosy dy + h(z) = cosxsiny + h(x).
Y
Then,
F
8(;23;) —sinzsiny + h'(z) = M (z,y) = —sinzsiny

Therefore, h'(x) = 0. This means that h(z) is constant. Recalling that we do not include constants
of integration at this point, we can take h(x) = 0. Thus,

<

F(z,y) = coszsiny = C or y=sin"'(
cos

Remark 5.6. In the above example, if we consider the equation written as dy —tanztany dxr = 0
and take N(x,y) = 1,M(z,y) = —tanztany, then we do not obtain %—]\; = %—JX. Only after
multiplying the equation by cosx cosy the condition is satisfied. Thus, how we reorganize the

terms can matter.

The next theorem assures that the steps given for solving Mdx + Ndy = 0 always work if
OM __ ON

By = ox (and suitable hypotheses are satisfied).
Theorem 5.7. Suppose the partial derivatives of M(xz,y) and N(x,y) exist and are continuous
on a rectangle R C R%. Then M(z,y)dx + N(z,y)dy = 0 is ezact iff the compatibility condition

OMiey) — ONED) holds for all (x,y) € R.

Proof. Assume that the equation is exact, i.e. that there exists a F' = F(z,y) such that dF =
Mdx + Ndy. Since dF = 83: L —|— dy, we have —I; = M and %—Z = N. By assumption, the first
derivatives of M and N exist and are continuoius, hence the second partial derivatives of F' exist

. . 2
and are continuous. Under these circumstances, we have gyé; = gxé; Thus,

0*F 0 oF oM O*F 0 OF 0N L that oM  ON
= = ——, showing that — = —.
Oyax Ay x Oy Oacﬁy Oz oy~ Ox’ & oy Oz

Reciprocally, assume the compatibility condition. Let (x¢,y9) € R. We claim that the expression

8 T
N - 5 / Mt y)dt
zo

is a function of y only. For, compute

0 GN(;E y) 0 0 [* ON(z,y) OM(z,y)
M(t,y)dt) - M(t,y)dt = - =0
6:6( Y) oy / Ox dy 0z J,, (t.9) ox oy ’
where we used the M and N have continuous partial derivatives and the fundamental theorem of
calculus. Thus, as the partial derivative with respect to x of N(z,y) fxo M (t,y)dt vanishes,

we conclude that it depends on y only.
Because of the claim, we can define g(y) as a solution to ¢'(y) = N(x,y) — 8% f;o M (t,y)dt.

We now define F'(z,y) = f;; M (t,y)dt+g(y). A direct computation shows that dF' = Mdx+Ndy.
U
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6. TANK PROBLEMS (COMPARTIMENTAL ANALYSIS)

We are interested in modeling situations as in the following example.

Example 6.1. A 400 gal tank initially contains 100 gal of brine containing 50 [b of salt. Brine
containing 1 b of salt per gallon enters the tank at a rate of 5 gal/s and the well-mixed brine flows
out at a rate 3 gal/s. How much salt will the tank contain when it is full?

5gal /s

400 gal

3gal /s

Denote by z(t) the amount of salt in the tank at time t. Note that xz(0) = 50 Ib. We need to
find a DE for z(t), solve it, and compute z(t.), where t, is the time when the tank fills up.

To find the DE, let us first think of the process as discrete, i.e., imagine constructing a table
with the amount of salt at, say, every second.

t x(t)

0 z(0) = 50 1b
1 x(1)

2 x(2)

t x(t)

t+ At| z(t+ At

If we denote by At the time interval between two steps, then the amount of salt in the next step
is:

z(t+ At) = x(t) + Ax
where Ax = change in the quantity of salt between time ¢ and ¢ + At. Observe that:

Ax = quantity of salt coming in during the interval At

— quantity of salt going out during the interval At

If brine flows out at 3 gal/s, and the concetration of the solution at time ¢ is S(t) = - = %,
where v(t) = volume at time ¢, we have that the amount of salt leaving the tank per second.
Ib  3z(t)1b

3 gal/s S(t)@ o0 s

Because the initial volume is 100 gal, 5 gal come in and 3 gal go out every second, we have

v(t) = 100 + 5t — 3t = 100 + 2t
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Therefore, the amount of salt leaving the tank per second is 1?)3521&%' This is not yet the amount

of salt going out during the interval At, as the matter is measured in Ib and not 1b/s. We have:
3xz(t) b 3x(t)

2P T At = N

100+2ts 0 100+2t

Notie how keeping track of the units (Ib/s, s, etc.) is useful to check that we have the right
quantities. Similarly,

quantity of salt going out during the interval At = At 1b

11b 5 gal

quantity of salt coming in during the interval At = el Ats = 5At gal
ga,
Thus, Az = 5At — lgg%tAt and z(t + At) = z(t) + (5 — 1gg(+t)2t)At’ giving
z(t+A) —zt) 3z(t)
At B 100 + 2t

The process is not, in fact, discrete, so we need to take the limit At — 0. When we do so,
lim x(t+ At) — x(t) _ dx(t)
At—0 At dt

and we obtain:
dx 3z

@~ 00+
we thus have that the process is modeled by the IVP:

dx 3 _
{dt+100+2t T =5

z(0) =50
The DE is a linear first order equation with P(t) = ﬁﬁt and Q(t) = 5. Compute:
/Bdt — 3100100 4 2| = In]100 + 2|3
100 + 2t 2
So we get
el POt — (100 + 2¢)2
Then
/efp(t)Q(t)dt = 5/(100 +20)3dt = (100 + 2t)2
Therefore,
a(t) = e/ PO / el POLQ()dt + C) = (100 + 2¢) 72 ((100 + 2¢)2 + C)
using
2(0) = 50 = 100~ 2 (1002 + C) = 1073(10° + C)
SO
50-101 =10 =C,C =5-10" —10-10* = =5 - 10™.
We obtain

2(t) = (100 + 2) 2 ((100 + 2¢)3 — 5 - 10%)

Recall that we want z(t) at the time when the tank is full. This happens when V(¢) = 400, so
100 + 2t = 400, ¢ = 150 s. Finally,

_3 5 4
2(150) = 40072 (4003 — 50 - 10%) ~ 393.7516.
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We note that there is a more direct way to construct the DE. We know that the change in x(t)

is Cé—”t“" = in - out. Keeping track of the unit, it is easy to figure out the “in” and “out” quantities:

de  1lb bgal x(t) Ib 3gal

g8 nh 2, V(t) = 100 + 2t
dt  gal s V(t)gal s’ ®) +

1b

de _ r 3z dz C )
so that G =5 — 15055, (G 1s measured in 7).

However, students should understand the construction with Az and A¢. In more complex ap-
plications, it is hard to “read off” all quantities directly, and the construction with Az, At, etc. is
more appropriate.

7. THE MASS-SPRING OSCILLATOR

Suppose a block of mass m is attached to a spring and the other end of the spring is attachd to
a wall as indicated in the figure: If we pull the spring and release it, the block will move back and
forth.

- 0000

We want to find a DE modeling the motion of the block.

We assume that the block moves only in the horizontal direction, we choose a coordinate system
with the = axis in the direction of the block’s motion, with £ = 0 marking the position when the
block is at rest.

We denote by = = z(t) the position of the block at time ¢. The force on the block due to the
spring is given by Hook’s law, Fy,iing = —h -z, where h is a constant depending on the spring.

Another force acting on the block is caused by the friction between the block and the floor. The
force of friction is usually modelded as proportional to the velocity so we assume Fiiction = —pfl—f,
where p is a non-negative constant. Finally, we assume that the block is also subject to an external
force Fext(t) (a known function of t). Newton’s law gives:

d
ma = —hx —p % + Fext(t), where a is the block’s acceleration.
Since, a = CU%”, we have:
d?z dx
midtQ +p$ + hx = Foxt(t)

This is a second order linear DE for 2(¢). An IVP for this DE must contain two IC. Physically,
they correspond to the initial position (0) and initial velocity 2/(0) of the block.

The above example illustrates an important physical situation where 2" order linear equations
appear. There are many other physical scenarios invovling 2" linear equations. We will next study
these equations in detail.

8. HOMOGENEOUS LINEAR SECOND ORDER EQUATIONS
Consider the DE
ar” +bx' +cx =0

where a, b, ¢ are constants, a # 0, and = = z(t) is the unknown.
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This equation is called homogeneous because there is no term without the unknown z. Oth-
erwise, we call the equation is non-homogeneous (or inhomogeneous).

For example, 22" + x = 0 and 2’ — 2/ + = 0 are homogeneous, whereas 22" + z = t? and
" — 2’ + = 10 are non-homogeneous. We will study homogeneous equations first.

Example 8.1. Consider 2" + 2’ — 22 =0

Let us show that z(t) = e*, A\ = constant, is a solution for appropriate values of A. Plugging in:
(e)‘t)// + (eAt)/ _9eM
A M —2eM =0
Since e # 0 for all t, we must have A2 + A —2=00or (A= 1)(A+2)=0=A=1lor A = —2.

Therefore, e and e~% are solutions to the DE. Indeed:
(et)//+(et)/_2 t:et+et _26t =0
and

(6_2t)” + (6_2t), _ 26_2t — 4et _ 2€t _ 2€t =0

We will see this simple idea of plugging e is the basis for solving az” + ba’ + cxz =0

Consider again
a +bx' +cx=0
Let us try to find a solution of the form z = e*. Notice that at this point this is an “educated
guess”, i.e., we do not really know of e* in fact solves the DE. Plugging in:
a(eM) +b(eM) +ceM =0
(aX2 +bA+ c)eM =0

Since eM # 0 for all t, we conclude that

a2 +b\+c=0

which is an equation for A called characteristic equation (also called auxiliary equation).

The roots of the characteristic equation are

—b+Vb? — 4dac —b—Vb? —dac
A = and \g =
2a 2a
By construction, e*? and e*?! are solutions to the DE a” + bz’ +cx = 0. Are there other solutions?

How do we obtain the general solution? To answer these questions we need to develop the theory
of second order linear homogeneous equations further. We begin motivating the discussion with
the following example:

Example 8.2. Consider z”/ — 2z’ + 2z = 0.

The characteristic equation is A\ — 2\ +1 = (A — 1)?2 = 0 giving A = Ay = 1. Thus, 21 = €’
solves the DE. We can verify that the fuction z9 = te is also a solution:

(te!)” — 2(te!) + te! = (e + te')’ — 2(e’ + te') + te
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= el + el tel —2e! —2tel + tet
—— I
= 0 as claimed.

The solution te! did not come solely from the characteristic equation. How do we know if such
“extra” solutions exist, and how do we find them? We will now investigate these questions.

Definition 8.3. Two functions z;(¢) and z2(t) are said to be linearly independent on an interval
I if neither of them is a constant multiple of the other on all of I. Otherwise, z1(t) and x2(t) are
called linearly dependent.

Example 8.4. The functions sin¢ and cost are linearly independent on (=57, 5). Suppose that

sint = ccost for some constant c. Then tant = c. But this would have to hold for all ¢t € (5, 5),
which would imply that tant is constant on (57, 7).

Example 8.5. The functions sin 2t and 6sint cost are linearly dependent on R, because
6sintcost = 3-2sintcost = 3sin(2t),
where we used the trigonometric identity sin(a + ) = sin «cos 5 + sin /3 cos a.
Given two functions z1(¢) and x2(t), a linear combination of them is the function
x(t) = c1z1(t) + cowa(t)

where ¢; and ¢ are constants. If z1(¢) and x2(t) are solutions of the DE ax” + bx’ + cx = 0, so is
any linear combination of z1 and x5. To see this, plug in z(t) to find:

ar” + bx' + cx = a(c1x1 + cax2)” + b(c1w1 + cows) + c(c121 + cox2)
= ac1 2 + acoxly + bey ) + beaxly, + ce1x1 + ceomn
e o 0 o el N~

= ¢1 (ax{ + bz + cx1) +co (azh + brhy + cx)

=0 =0

=0
showing that z(t) is a solution.
In particular, since we can take cy = 0 above, we also conclude that a multiple of a solution is
also a solution.

Definition 8.6. Let x1(t) and x2(t) be two differentiable functions defined on an interval I. The
function:

W (21, 22)(t) = 21 (t) w5 (t) — zo(t)2) (1)
is called the Wronskian of z; and zs.

Theorem 8.7. For any real numbers a,b,c, X1, Xa,tg,a # 0, there eixsts a unique solution to the
1VP

ar” +br' +cx =0

z(to) = Xo

.’El(to) = X1
The solution is valid for all t € (—o00,00).

Remark 8.8. The theorem implies that if  and its derivative both vanish at some point ¢y then
x(t) = 0 for all .
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Lemma 8.9. Let x1(t) and xo(t) be two solutions to the DE az” + bz’ + cx = 0 on (—o00,0),
a # 0,a,b,c constants. If W(x1,x2)(T) = 0 holds at some T € (—00,00), then it vanishes identically
and x1 and xo are linearly dependent.

Proof. If x1(7) = 0 and 2 (7) = 0, then x1(¢t) = 0 for all t and x;1(t) = 0 - za(t).
If x1(7) # 0, then z(t) = m(T)a:l(t) solves the DE and z(7) = z2(7). Moreover,

z1(T)

(1) = 2t () = () simee W1, ) () = 0

Finally if z1(7) = 0 but z{(7) # 0, then W(x1,22)(7) = 0 implies 25(7) = 0. The function
z(t) = 2'28331( satisfies the DE and 2/(7) = z(7). Since z(7) = 0, we conclude by uniqueness
1

t)
that z(t) = x2(t), finishing the proof. O

Theorem 8.10. If z1(t) and x2(t) are two linearly independent solutions to the DE ax” +bx'+cx =
0 on (—o00,00), a # 0,a,b,c constants, then unique constants c¢1 and ca can always be found such
that x(t) = c1z1(t) + cawa(t) satisfies the IC x(ty) = Xo,2'(to) = X1, for any Xo, X1 € R.

Proof. The function x(t) defined in the statement solves the DE. Consider:
z(to) = crw1(to) + cawa(to) = Xo
a'(to) = 121 (to) + c2wy(to) = X1
We solve the system for ¢; and co:
Xoxh(to) — X122(to) ey — Xiz1(to) — Xox (to)
a1 (to)xh(to) — ' (to)22(to)’ 1 (to)w5(to) — 2 (to)x2(to)

provided the denominator in these expressions is not zero. By the previous lemma and our assump-
tion that z1(t) and x2(t) are linearly independent, this is the case. O

Ccl =

We will now derive some important consequences of the above results.

We first ask the following question: can any solution of ax” +baz’+cx = 0 be written as c1x1 +coxs
for two linearly independent functions z; and o7

Let x be a solution to az” + bx’ + cx = 0 and x1 and x5 be two linearly independent solutions.
Pick top € R. By the previous theorem, we can find ¢; and ¢y such that ¢y (to) + caza(to) = z(to)
and c12 (to) + coxh(to) = 2'(tp). By uniqueness of solutions to the corresponding IVP, we conclude
that x = c¢iz1 + coxo. Thus,

Let 21 and x9 be two linearly independent solutions to az” + bz’ + cx = 0, where a,b,c are
constants and a # 0. Then any other solution z(¢) can be written as

T = 121 + C2T2

where ¢; and co are constants. In particular, the general solution can be written as ciz1 + coxo.

We saw that we can use the Wronskian to determine that two solutions are linearly dependent if
their Wronskian vanishes. It follows that if two solutions are linearly independent, their Wronskian
is not zero. We can ask the converse: if the Wronskian is not zero, are the solutions linearly
independent?

The answer is yes, and is summarized in the following lemma.



20 Diff Eq

Lemma 8.11. Let x1(t) and x2(t) be two solutions to the DE ax” + bz’ + cx = 0 on (—o0,0),
a#0, a, b, ¢ constants. If W(x1,x2)(T) # 0 holds at some T € (—o0,00), then it never vanishes
and x1 and xo are linearly independent.

Consider now the characteristic equation aA? 4+ b\ + ¢ = 0 and let A\; and Ay be its two solutions.
If A1 and Ay are real numbers and Ay # Ao, then er and e*? are solutions to the DE, as we have
seen.

We now claim that e and e*? are linearly independent. For this, we compute the Wronskian:

W(eM, ) (1) = M () — (M)e
— A26)\1t6)\2t . )\16)\1t6)\2t
= (A — )\2)6()‘1+>‘2)t # 0 since A1 # A\ and e(MtA)t =0 for all ¢.
It follows that the general solution can be written as
z(t) = creMt + cpe?t
where c; and cy are arbitrary constants.
What if \{ = A2 = A? In this case, we already know that e is a solution, we claim that te* is
also a solution and that e’ and te™ are linearly independent.
To verify the first claim, we plug te* into the equation:
a(te™)” + (teM) + cte = a(eM + Ate ) + b(eM + teM) + cte
= (MM + N2teM 4 NeM) + b(eMN + teM) + cteM
=t(aX® + X+ )M + (2a\ + b)eM =0

The last equality holds because aA? + b\ + ¢ = 0 since ) is a root of the characteristic equation,

whereas 2a\ + b = 0 because the root is repeated (so A\ = 5—;’)

To verify linear independence, we compute the Wronskian:
W (M, teM)(t) = M (1) — (M)t
— MM 4 iAM) — AN
= €2 £ 0 for all t, hence the two solutions are linearly independent.
We conclude that the general solution can be written as:
z(t) = creM + coteM
where ¢; and ¢y are arbitrary constants.

Remark 8.12. Students will probably wonder where te* came from, i.e., how we know that we
had to multiply by ¢. This comes from developing the theory of DE further, and we will show where
it comes from when we study variation of parameters.

It remains to analyze what happens when the roots of the characteristic equation are complex,
i.e., when

A with b% — 4ac < 0.

b= Vb2 — 4ac
- 2a

In this case we can write Ay = a + 18 and Ao = o — i3, where a = 5—3,[3 = 7”’22;4"0 and 7 is the

imaginary number i2 = 1. Note that o, 8 € R.
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The calculations previously does remain valid here and we have that e*t = e(@ 18t and erot =
ela=iB)t are solutions of the DE az” + bz’ + ¢z = 0.

These solutions, however, are complex valued, and we would like to have real valued functions
as solutions. To do so, we are going to use Euler’s formula:

e = cosf +isinf, § € R

We’ll prove this formula below. But first let us use it to obtain the desired real solutions.

We have, from Euler’s formula:
Mt = latiB)t — pattiBt _ ot oift — ot (cos(Bt) + i sin(ft))
et = elatiB)t — pat=ift _ pato=ift _ oot (cog(—Bt) 4 i sin(—pt))
= e (cos(Bt) — isin(Bt))

Lemma 8.13. Let 2(t) = u(t) +iv(t) be a solution to the DE ax” + bx’ + cx = 0, where a,b,c € R
and u(t) and v(t) are real valued. Then u(t) and v(t) are also solutions.

Proof. We have:
0=az"+bz +cz=a(u+iv)" +blu+iv) + clu+iv)
= a(u” + ") + b(u' +iv") + c(u + iv) = (au” + bu' + cu) +i(av” + v’ + cv)

Since a complex number vanishes iff its real and imaginary parts vanish, we have au” +bu'+cu = 0
and av” + bv' + cv = 0. O

The lemma implies that e® cos(8t) and e® sin(ft) are solutions of the DE. Now let us check
that they are linearly independent:

W (e cos(Bt), e* sin(Bt))(t)

= ™ cos(Bt) (e sin(Bt)) — (e cos(Bt)) e sin(St)

= e cos(Bt) (e sin(Bt) + Be® cos(Bt)) — (e cos(Bt) — Be™ sin(Bt))e™ sin(t)
= (e“")?(arcos(Bt) sin(Bt) 4 B cos?(Bt) — a cos(ft) sin(Bt) + Bsin’(Ft))

= B(e™)?(cos?(Bt) + sin? (1)) = Ae)?

This expression is never zero because 3 # 0 (if, 8 = 0, then A; and Ay would not be complex
numbers, but we are analyzing the case where they are).

We conclude that the general solution can be written as
z(t) = c1e* cos(Bt) + cae™ sin(Bt)
where ¢; and co are arbitrary constants.

8.1. Summary of solutions to az” + bz’ + cx = 0.

Consider az” +bx'+cx = 0,a,b,c € R,a # 0. Let A1 and A2 be the two roots of the characteristic
equatoin

a2 +b\+c=0

e If Ay # Ao are real, then the general solution is

At Aot

x(t) = c1e™" 4 coe
e If Ay = Ao = ), then the general solution is

z(t) = c1eM + cote
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e If A\ and A9 are complex, then we can write A\ = a + 18, Ao = a — i3, «, 3, € R, and the
general solution is

z(t) = c1e® cos(Bt) + coe™ sin(Bt)

Above, ¢; and co are arbitrary constants.

8.2. Proof of Euler’s formula.

Recall from calculus that e* = $.°° /7. Thus

n=0 nl"*

|
NE
-2
+
M8
2
3

n=0, n even n=0, n odd
0 -\ 2k & -n\2k+1
10 10
-S> G+ Y G
k=0 ) k=0 )
Notice that i© = 1,i' =4,i> = —1,i3 = —i,i* =1, = 4,i% = —1,{" = —4,i® = 1, so this pattern
repeats every four powers. Then:
> (w)Qk N 0 (i9>2k+1 B (iOHO N 202 N 404 N ;696 N )+ (i191 N 303 N i°0° N o7 N )
(20 = (k1 ol 2! 41 6 1! 3! 5! o
00 62 o+ o1 63 6° 07
U T R T TR TR B

> 02k ' & f <i0)2k+1

@R Zkzzo(_l) 2k + 1)

Recalling from calculus that cosf = Ziio(—l)k(gi;)! and sinf = Zﬁo(—l)k%, we have the
result.

9. LINEAR SECOND ORDER NON-HOMOGENEOUS EQUATION

Consider the equation
ax” +ba' + cx = f(t)

where a,b, ¢ are constants, a # 0, and f(t) is a given function called the non-homogeneous or
inhomogeneous term. Let us first proceed by examples.

Example 9.1. Find a solution to " + 32’ + 4z = 3t + 2. The given function f(t) = 3t + 2 is
a polynomial of degree one. We expect that z(¢) will be a polynomial as well (we wouldn’t get a
polynomial by differentiating, say, an exponential). Thus we seek a solution of from z(t) = At + B,
where A and B are constants to be determined. Note that we are trying x(¢) a polynomial of degree
one because f(t) is a polynomial of degree one. Plugging in:

(At + B)" +3(At + B)' + 4(At+ B) = 3t + 2
0+3A+4At+4B =3t +2
4At + (3A+4B) =3t +2
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Two polynomials are equal iff the corresponding coefficients of the same powers are equal. So we
must have 44 = 3 and 34 + 4B = 2, so that

3 3 1
A=> 4B=2-34=2-3.2= s
) 3 31 = 16

-1
4

S

L is a solution.

Therefore, z(t) = 3t —

Example 9.2. Find a solution to z” — 4z = 2e3.
Here the inhomogeneous term f(t) = 2e3! is an exponential. Thus we expect z(t) to be an

exponential too (we wouldn’t get an exponential differentiating, say, a trigonometric function).
Put:

z(t) = Ae’, where A is to be found
Plugging in:
(Ae3)” — 4Ae3 = 2¢3
9Ae3 — 4463 = 2¢3 = 5AH =23 = A= %

Hence z(t) = 23 is a solution.

Example 9.3. Find a solution to 32" + 2’ — 22 = 2cost.

Here f(t) == 2cost, so we might try z(t) = Acost. However, when we plug this in we will
obtain some sint term, and there is no sint on the RHS to compare with. We see, thus, we should
try z(t) = Acost + Bsint. Then,

3(Acost + Bsint)” + (Acost + Bsint) — 2(Acost + Bsint) = 2cost
3(—Acost — Bsint) + (—Asint + Bcost) — 2(Acost + Bsint) = 2cost
(—=bA+ B)cost + (—A —5B)sint = 2cost
Thus, for the equality to hold, we must have
—-5A+B=2 and —A—-5B=0.
This is a system of two equations for the two unknowns A and B. Solving it we find A = I—g, B =
. Thus z(t) = 75 cost + {5 sint is a solution.
Unfortunately, things will not always be this simple, as the next example illustrates.

Example 9.4. Find a solution to 2" — 4z = 2¢%.

We try z(t) = Ae?. Plugging in:
(AeZt)// _ 4A62t — 262t
4Ae? — Ae? = 2%
0= 2¢* 777
We see that our method did not work in this case. The problem is that e* is a solution to the
equation 2” — 42 = 0 (the characteristic equation is A2 — 4 = 0, A = +2), and so is any multiple of
e?t. Therefore, if the inhomogeneous term happens to be a function that solves the same equation

when f(t) = 0, then the LHS will always give zero when we plug in, and this idea will not work.
We see that to solve az” + ba’ + cx = f(t) we also need to understnad ax” + bz’ + cx = 0.
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Definition 9.5. Given az”+bz'+cx = f(t), the equation az”4+bz'+cx = 0 is called the associated
homogeneous equation. The general solution to the associated homogeneous equation will be
denoted xj,. Observe that if z solves az” + bx’ + cx = f, so does the funnction z = xj, + z because
a(zp + 2)" +b(xp + 2) + c(zp + 2) = ax) + bx) + cxp+az’ + b2 +cz2 = f
N———
=0 =f

It follows that there are two “types” of solution to az” + bz’ 4+ cx = f: those containing arbitrary
constants (because xj, contains arbitrary constants) and those without arbitrary constants, such as
the solutions we found in the previous examples).

Definition 9.6. A solution to az” + bz’ + cx = f that does not contain arbitrary constants is
called a particular solution. Particular solutions will be denoted by x,,.

Example 9.7. Let’s go back to " — 42 = 2e% and try to find a particular solution. We saw that
if we put x,(t) = Ae? then it will not work. Let us see that z(t) = Ate? works:

(Ate®)" — Ate® = A(2te® + %) — 4 Ate®
= A(4te® + 2% + 2e%) — 44t = 4Ae* = 2%

So we conclude that A = § and z,(t) = ge?.

The idea of multiplying by ¢ can be understood as follows.

We want to satisfy az” +bz’+cx = f and we expect x,, to be of similar type as f (since derivatives
of polynomials give polynomials, of exponentials give exponentials, etc.) But if f is or contains a
term that solves the associated homogeneous equation, this cannot work because it will give a zero
on the LHS. How can we find z,, containing f in such a way that after we plug it into the equation,
a term with f remains on the LHS?

The answer is the product rule, since it produces extra terms containing f. Put z,(t) = v(t) f(t),
where f has the same form of f but contains constants to be determined as in the examples (so
f(t) = AeFt if f(t) is a multiple of e and so on), and v is an undetermine function. Then:

1:;7 = v/f—l—vf,xg = v”f—l—Qvlf'—va".
Then
" / "y Iy £l Iy Y F
azy +bx' +cxp = a(W"f + 20" f +uf") + 00 f +vf') +cvf
= flav" 4+ ') 4 2a0" f' + v(af” + bf +cf).

Because f contains zj,, the term a "+ bf" + cf will produce zeros. For simplicity, let us assume
we are treating the case when f is proportional to x;. Then af” 4 bf’ + cf = 0. Next, recall
that f is like f, and we are treating functions that “repeat themselves” after differentiation, like
exponentials, polynomials, and sine or cosine (this method will not work for functions that do not
repeat themselves in this way). Thus, for the sake of reasoning, we can replace f’ by f in the term
2av’ f’. Thus,

ax, + bx), + cxp = f(av” 4+ v’ + 2av").
We want this to be equal to f so: f(av” 4+ bv’ 4+ 2av’) = f. If the term in parenthesis is a

constnat, then we have (constant) - f = f, and we can solve for the undetermined constants in f.
The simplest way to accomplish this is to put v(t) = ¢ so av” +bv'+2av’ = b+2a and z,(t) = tf(¢).
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The method outlines above is called the method of undetermined coefficients, summarized
as follows: given az” +bx’ + cx = f(t),a,b, c constants, and a # 0, we seek for a particular solution

xp(t) of the form below (m > 0 is an integer, by, ..., by, @m, ..., a0, a,b,r and h are constants):
f(®) zp(t)
b t™ + b1 t™ L 4o+ byt + by t5(Bpt™ + By 1t™ 1 + -+ + Bit + By)
acos(kt) + bsin(kt) t*(Acos(kt) + Bsin(kt))
e (a cos(kt) + bsin(kt)) tSe" (A cos(kt) + Bsin(kt))

e (bt™ + b1t 4 -+ byt + bo) 5" (Bpt™ + By 1t + -+ + Byt + By)

(b t™ + by 1t™ L+ -+ + bg) cos(kt) t5(Bmt™ + B 1t™ "t + -+ + By) cos(kt)
F(amt™ + a1t + -+ ag) sin(kt) 5 (Apt™ + Ay 1t 4 -+ Ag) sin(kt)

e (bt™ + by 1t™ L - 4 bg) cos(kt) | e (Bpt™ + By 1t 4 -+ + By) cos(kt)
Fe" (amt™ + a1t - ag) sin(kt) | e (Apt™ + A1 t™ 4+ -+ Ag) sin(kt)

where s is the smallest non-negative integer such that no term in x, duplicates a term in xy,.
Example 9.8. Find the form of z,, for
2" + 62’ + 13z = e 3 cos(2t)
The characteristic equation is A> 4+ 6\ +13 =0 = X = —3 4 2i. Thus
xp(t) = cre 3 cos(2t) + coe 3 sin(2t)
We see that we cannot try x,(t) = Ae 3! cos(2t) + Be 3! sin(2t) the first term duplicates a term in
xp. We thus multiply by ¢:
2, (t) = t(Ae™3 cos(2t) + Be 3 sin(2t)).
Example 9.9. Find the form of z, for

2 =2 +x=¢

We have A2 =2\ +1 = (A= 1)2 =0 = )\ = 1 (repeated). Then x,(t) = cie! + catel. If we put
z,(t) = Ae', this duplicates the first term in xj,. Multiplying by ¢ gives z,(t) = Ate’, but this
duplicates the second term in zp, so we multiply by ¢ again:

z,(t) = Atel.
The next theorem is known as the superposition principle:

Theorem 9.10. If z1 is a solution to ax” +bx'+cx = f1 and x2 is a solution to ax” +bx'+cx = fo,
then the function x = c1x1 + caxo 15 a solution to the DE ax” + bx’ + cx = c1f1 + cafo, where ¢
and cy are constants.

Proof. Plugging in:
ar” 4+ bx’ + cx = a(c1z1 + cax9)” + b(c1w1 + cows) + c(c121 + cox2)

= ax| + bz + cx1 + axl + bxh, + cxo = c1f1 + cofo.

-~

=cfi =caf2
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It follows that if the inhomogeneous term is of the form f = f; + fo, where the method of
undetermined coefficients can be applied to fi and fa, then we can find x, by determining x,, and
Zp,, the particular solutions for the equation with inhomogeneous terms fi and fa, respectively,
and setting x, = xp, + Tp,.

Theorem 9.11. Consider azx” + bx’ + cx = f, where a,b, c are constants and a # 0. Suppose that
xp 18 a particular solution to the DE in an interval I containing to, and let Xo and X1 be two
given numbers. Then there exists a unique solution in I to the DE satisfying the initial condition
x(to) = Xo and x(ty) = X;.

Proof. By the superposition principle, x = xj, + ¥, solves the DE. Recall that x), = c1z1 + coxa,
where x1 and x5 are linearly independent solutions to the associated homogeneous equation and c;
and ¢y are constants. Then we need to solve

z(to) = c1z1(to) + caza(to) + zp(to) = Xo
.%'/(t(]) = Cl.%'ll (to) + 021‘,2(750) + l’;(to) =Xi
for ¢; and co. We find
o (Xo—z(to))ws(to) — (X1 — a3 (fo)22(to)
1 =
z1(to)x5(to) — o7 (to)w2(to)
NS zp(to))z1(to) — (Xo — 2 (to) 21 (to)
2 =
z1(to)x5(to) — 7 (to)z2(to)
The denominator in these expressions are non-zero because x; and xo are linearly independent
(so their Wronskian is not zero).
To check uniqueness, suppose z is another solution to the IVP. But w = c1x1 + cow2 + xp — 2.
Then, plugging in, we see that w solves aw” + bw’ + cw = 0 with w(ty) = 0,w'(tg) = 0. But we

have seen that this IVP, where the IC and the inhomogeneous term are all zero, admits only the
zero solution. Thus w =0 and z = c1x1 + coxo + . ]

Definition 9.12. We call a solution x = z, + x,, the general solution to az” + bz’ + cx = f.

10. LINEAR SECOND ORDER NON-HOMOGENEOUS EQUATIONS: THE METHOD OF VARIATION OF
PARAMETERS

The method of undetermined coefficients will not work if the inhomogeneous term is not of the
form listed on the table that summarized the method. This is because the method of undetermined
coefficients is based on the property that derivatives of the inhomogeneous term repeat themselves.
The method we will present now, called variation of parameters, deals with more general inho-
mogeneous terms. (We will see later that this method applies when a, b, and ¢ are not constants,
but we will take them constants for now.)

Consider az” + bz’ + cx = f and let 21 and x2 be two linearly independent solutions to the
associated homogeneous equation. We will seek a solution of the form:

zp(t) = vi(t)z1(t) + va(t)z2(t)
where v; and ve are functions to be determined. Compute:
x;, = viml + ’Uél‘g + vlmll + ’1)2.7)/2

Next, we reason as follows. Since v; and v are two functions to be determined, we expect to have
two equations. One equation has to come from az” + bx’ + cx = f, since we want z, to be a
solution. What about the second equation? Because we will plug z, into az” + bz’ + cx = f, we



Disconzi 27

will obtain another DE involving v; and vy that is at least as complicated as the equation we are
trying to solve, unless we impose some condition that simplifies it. We therefore require:

viz] + vhwy =0
which gives our second equation. Thus m;) becomes:
I / + /
:L'p — 7}1371 7}2372
Continuing, x, = viz] + vyzy + v17] + voxy. Then
//+b/+ _ (//+//+ //_|_ //)+b( /+ /)_|_( + )
ax, + bx, + cxp = a(viz] + very + V127 + V2T V127 + V2xy) + c(vi121 + cax2

= v (az] + bx) + cx1) + va(axh + bxh + cxo) +a(vix] + voxh)

=0 =0
/i /aw
= a(vyz) +vyah) = f
Therefore, we have two equations:

V] + 2205 =0

! i f
T1vy + Ty =
a
This is an algebraic system for v} and v}. Solving it, we find:
! 7f'1“2 /o fﬂfl
Ul = U2 -

a(zah, — 2hxg)’ a(z1ah, — 2 xg)

The denominators in these expressions are not zero because x; and zo are linearly independent.

1
/ /

We do not add constants to these mtegrals because x, does not contain arbltrary constants. Thus,
recalling that z, = viz1 + v2x2, we find:

dt dt
il /W$17$2 += /W (@1, 22)(

Example 10.1. Find z, for 2" + 4z = tant.

Note that we cannot apply the method of undetermined coefficients here. To find x,, we first
solve the associated homogeneous equation. The characteristic equation is A\ + 4 = 0, A = +2i.
Thus x1(t) = cos(2t) and z2(t) = sin(2t) are two linearly independent solutions. The Wronskian is

W (cos 2t,sin 2t)(t) = cos(2t)(sin(2t)) — (cos(2t)) sin(2t)
= 2cos?(2t) + 2sin?(2t) = 2

Then,
tan ¢ sin(2¢ tant 2t
wp(t) = — cos(2t) / mnteme) 52““( ) dt 4 sin(21) / o) ‘;OS( ) at
=1 lsin(2t) = —1 cos(2t) + 1 In | cost|

(

sin(2t) — t) cos(2t) + %(ln | cost| — %cos(?t)) sin(2t).

M\)—‘
N =
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Example 10.2. Find z, for 2" — 22/ + 2 = %

Note that we cannot use the method of undetermined coefficients here.
The characteristic equation is A2 =2\ +1 = 0, A = 1 (repeated). Then 1 (t) = e’ and z2(t) = te!
are two linearly independent solutions to the associated homogeneous equation.

Wi(e teh) = el(te!) — (e')'te! = ef(e! + te') — elel = e*

) /e tet
dt = ffdt—t
/W:L’l,xQ (t
) /e te! dt
= —;dt = =Inlt
/W:m,xa t nlf

te

Since the f(¢) is not defined for ¢t = 0, we need to work with ¢t > 0 or ¢ < 0. We consider ¢ > 0 so
that In[t| = Int. Then:

&
~

7,(t) = —te’ +te' Int.

Remark 10.3. We make no restriction on the form of f(¢). In particular, the method of variation
of parameters can also be applied to equations where f(¢) has a form appropriate for the use of
undetermined coefficients.

Remark 10.4. Inspecting the derivation of the formula for z;, using the method of variation of
parameters, we notice that we need not to assume a, b, and c to be constants. If they are not, the
only difference is that in the expression for z,, the term é has to be inside the integral.

11. SECOND ORDER LINEAR EQUATIONS WITH VARIABLE COEFFICIENTS

So far, we studied ax” + bx’ + cx = f under the assumption that a,b,c are constants. Now
we will study as(t)z”(t) + a1 (t)x'(t) + ao(t)z(t) = f(t), i.e., the coefficients can be functions of
t. We will assume that as(t) # 0 so that, dividing by ao(t) and relabeling the coefficients and
the inhomogeneous term, we can write the equation as x”(t) + p(t)z'(t) + q(t)x(t) = g(t). To be
consistent with our previous notation, we will call the inhomogeneous term f(¢) in this case as well.
Thus, the equation we will study is

o+ p(t)a’ +q(t)z = f(t)

Theorem 11.1. Let p(t),q(t) and f(t) be continuous functions on the interval (a,b) and ty € (a,b).
Given any numbers Xo and X1, there exists a unique solution xz(t) defined on (a,b) satisfying:

" 4 p(t)a’ + q(t)z = f(t)
l‘(to) = Xo
x'(tg) = Xi

Example 11.2. Consider (2 —4)2” + 2’ + 1 = t%,x(l) = 0,2/(1) = 1. What is the maximal
interval (a,b) where the previous theorem guarantees the existence of a unique solution?

After dividing by ¢? — 4, we have p(t) = q(t) = ﬁ, which are continuous except at ¢t = +2, and
ft) = m, which is continuous except for t = +2,¢ + —1. Since ty = 1, the largest interval
containing this point is (a,b) = (—1,2).

o n
2 1 to=1 2

~v

As in the constant coefficients case, we will call the equation z” + p(t)x + ¢(t)z = 0 the associ-
ated homogeneous equation. It can be showed that this equation admits two linearly indepen-
dent solutions x1 and x2 (if p and ¢ are continuous). Then, xp = c121 + caz2, where ¢; and ¢ are
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arbitrary constants, is also a solution, called the general solution to the DE x” +p(t)z+q(t)z = 0.

A solution to z” + p(t)z + q(t)z = f(t) that does not contain arbitrary constants will be called
a particular solution, denoted ;.

As in the constant coefficients case, any solution to the DE can be written as z =z}, + ),
(provided that p(t) and ¢(t) are continuous).

Many of the theorems for equations with constant coefficients generalize to the case studies here,
with the important difference that now statements will in general not hold on (—oco, 00) but on an
interval (a,b) where p(t) and ¢(t) are continuous.

Lemma 11.3. Let p(t) and q(t) be continuous functions on an interval I. Let x1(t) and x2(t) be
two solutions of " +p(t)x+q(t)x = 0 on I. If the Wronskian W (x1,x2)(t) = x1(t)xh(t) — 2] (t)x2(t)
1 zero at some point on I, then it vanishes identically and x1 and xo are linearly dependent. If
W (z1,x2)(t) is non-zero at some point on I, then it is never zero and the solutions are linearly
independent on I.

Theorem 11.4. Let p(t),q(t) and f(t) be continuous functions on an interval I and xi(t) and
x2(t) be two linearly independent solutions to x” + p(t)x +q(t)z =0 on I. Let x,(t) be a particular
solution to x" + p(t)x’ + q(t)x = f(t). Then given to € I and two real numbers Xo, X1, there exist
unique constants ¢i and ca such that v = c1x1 + cawa + xp satisfies " + p(t)a’ + q(t)x = f(t) with
initial conditions x(ty) = Xo and 2'(ty) = X1.

The superposition principle also holds for equation with variable coefficients.

If we go back to the method of variation of parameters and look at how the formula for x, was
derived, we will see that nowhere have we used that the coefficients had to be constants. In other
words, variation of parameters applied here as well, i.e., if 1 and xo are two linearly independent
solutions of the associated homogeneous equation then a particular solution is given by

— dt dt
r o /W (21, 22)( T /W (21, 22)(

The formula for z, involves x; and x2. In the constant coefficients case we have a method for
finding x; and x2. Here, this might be difficult. However, the next theorem shows that if we know
x1, then we can always determine xo:

Theorem 11.5. Let z1(t) be a solution to x” + p(t)x’ + q(t)x = 0 on an interval I, where p(t) and
q(t) are continuous functions. Assume that x1 is not identically y zero. Then

e~ Jp(t)dt
xa(t) = xl(t)/(xl(t))th

1s a second, linearly independent solution.
Proof. We look for a solution of the form x2(t) = v(¢)z;(t). Plugging in:
xh + p(t)xh + q(t)xe = (va] + 20'x) + v"x1) + p(t) (va] +v'x1) + q(t)vay

= v (2] +pt)2’ + q(t)z) 210" + (22 + p(t)x1)v' =0
=0

Set v/ = w. Then the equation becomes:

riw’ + (22 + p(t)z1)w =0
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which is a separable equation for w. We find

dw 22
— = ———= = —p(t
" o~ P
Integrating: In|w| — 2In|z1| — [ p(t)dt. Then:
B e~ Jp(t)dt
w = po

When we removed the absolute value from w we picked the + sign (this sufficies since if w is a
solution so is —w). Integrating again we find v(t), giving the desired formula.

By construction, x2(t) is a solution. Let’s check that it is linearly independent.

W (z1,22)(t) = 2125 — 2)29 = 21 (v11) — 2] (v27)

) e~ Jp(t)dt

= z1(z1V + zhw) — 2oz = 23 = 22 = ¢ /Pt £,

Ty

Example 11.6. Knowing that cost is a solution to

sintz” —2costa’ —sintr =0, 0 <t <,

find a second linearly independent solution. Here, p(t) = _sifl‘ft = —2cott

1
To(t) = cost 762fc‘)“dtdt,where cott dt =In|sint| =In(sint),0 <t <7
2¢
cos

(2

t

= cost/ Sm2 dt = cost(tant —t)
cos“t

Remark 11.7. The formulas we derived above (variation of parameters and second linearly inde-
pendent solution) assume the equation to be written as 2”4+ p(t)a’+q(t)z = f(t), i.e., the coefficient
of z” is one. If this is not the case, we have to divide by the coefficient of 2" before applying the
formulas, as in the previous examples.

Remark 11.8. Recall that in the constant coefficient case, where Ay = Ao = A, a second linearly
independent solution was te*. We can use the previous theorem to give an alternative justification
of this formula.
12. CAUCHY-EULER EQUATION
The equation
at?z” + bta' + cx = f(t)
where a, b, c are constants and a # 0, is called Cauchy-Euler equation (aka equidimensional equa-
tion).
We will consider the homogeneous Cauchy-Euler equation
at’z” + btx' +x =0, t >0

Because the coefficients involve power of ¢, it makes sense to look for a solution z(t) = t*, A a
constant. Then:

at’ X\ — D2+ bt 4 et* =0, or (t #0)
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a4+ (b—a)A+c=0

which is called the characteristic equation for the Cauchy-FEuler equation. If A is a root of the
characteristic equation, by construction ¢* is a solution. Denote the roots of the characteristic
equation by A; and Ao.

We need to distinguish the following cases:
Case 1. A\| # A9, Ay, Ay are real numbers. Then t* and t*2 are two linearly independent solutions.

We already know that they are solutions. To verify linear independence:
WM, 122) (1) = M (£2) — ()12 = Ay — M)t T2 £ 0, for ¢t £ 0

Case 2. \; = Ay = \. Then t* and * Int are two linearly independent solutions.

We obtain ¢* Int by applying our method to find a second linearly independent solution.

— [p(t)dt -2 [
e e a t
IL‘Z(t) = t)\ / Wdt == t>\/ t2>‘ dt

b

t a
:tk/tﬂdt - tA/tZ”dt

In the case \; — A2 = A, the (repeated) roots are given by \ = 7(2;@, SO —2 —2A = —1. Thus

To(t) :t”\/t_ldt:tk/t_ldt:tklnt.

Case 3. A\j, Ay complex, so that A} = a+if and Ay = a — i, «, 5 € R. Then t* cos(S1Int) and
t*sin(f1Int) are two linearly independent solutions. We write

A — taJriE — tatiﬁ — ta(elnt)iﬁ — taeiﬁ Int

Euler’s formula gives t"\t = t®cos(B1Int) + i t*sin(3Int). In the constant coefficients case we
showed that if z(f) = w(t) + iv(¢) is a solution, u,v real, so are u(t) and v(t). The same proof
works here, as we conclude that ¢“ cos(f1Int) and t“sin(3Int) are solution. We check that they are
linearly independent:

W (t* cos(BInt), t*sin(B1Int)) = t* cos(BInt)(t*sin(B1Int)) — (t* cos(BInt)) (t* sin(BInt))
= t%cos(B1Int)(at® Lsin(BInt) + to‘g cos(BInt)) — (at* ' cos(BInt) — to‘g sin(f1nt))
t*sin(B1nt) = t2* 71 B(cos? (B 1Int) + sin?(B1nt)) = ft2*71 £ 0, since t > 0 and 8 # 0

(because otherwise the roots could not be complex).

Remark 12.1. Above, we solved the Cauchy-Euler equation for ¢ > 0. If we want to solve it for
t < 0, we proceed as follows. Set 7 = —t, so that 7 > 0. Then

, dx dmdl__dﬁ’ and

) =l = = T T w
, d’xr d dv dr d’z
e

= I(E)E =2 and the equation becomes
T T

d? d d? d
at’s” + bta' + cx = (—T)2d—7_:§ + b(—T)(—%) +cxr =0, ie., aTQd—:; + bT% +cx=0,7>0
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Now we can apply the above algorithm to find the solutions as functions of 7, and then replace
T = —t to obtain the result.

13. INTERCONNECTED TANKS

Let us study the following situation. Two tanks containing 24 [ of brine are connected by two
pipes. Free water flows into tank A at a rate of 6 [/min, and fluid is drained out of tank B at the
same rate. 8 [/min of fluid are prumped into tank B from tank A through one pipe and 2 I/min
from tank B into tank A. Initially tank A contains 1 kg and tank B 4 kg of salt. Find the amount
of salt in both tanks as a function of time.

- - 8 1/min

L

2 1/min

241
lkgatt=0

241
4kgatt =0

6 1/min

Denote the amount of salt in tanks A and B by z(t) and y(t), respectively. We have

dx ) dy .
a: 1n—0ut,E:1n-out
dx l kg l y kg l z kg
at = Omin VT T min 241 " Smin 241
dy g L xkg , U ykg 1 ykg
dt min 24 1 min 24 1 min 24 1
Thus
m/:—lx—f-iy
3 12
Y = xz— 2y
3 3

This is a system of DE, i.e., we have two DE for two unknown functions. The second equation
gives x = 3y’ + y. Plugging this into the first equation:
1 1 1 1
3/ I — (3¢ oy 3 ) = =) — Sy — 3y" +2¢ + ~y =0.
3y +y) S8y +y)+ 5y 3Ty =y - oy oy or YT+ 2+ Ty

This is a second order linear equation with constant coefficients. The characteristic equation is
3A2+2X+ 1 =0, s0

1 -1 -1
A=(-2+£4/4-4-3-- A =—, = —.

Then, y = cle*%t + CQe*%t. We can now plug this into z = 3y’ + y to find

1

_1 _1 _1 _1
x=3(cre” 2" + coe76Y) + crem 2! 4 cpe 6!,
3

_ 1y 1 _ 1y 14 _ 1y
= ——c1e 2" — —cg€ 6 4 c1e 2"+ cge 6
2 2
1 1 1,
SO, X = ——=c1e 2 + —cge ©

2 2
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To find ¢; and ¢, we use the IC:

1 1
2(0) = —=c1+ =co =1, y(0) = c; + co = 4. This gives, ¢; = 1 and ¢y = 3.

2 2
1 I 3 A Y I
Hence, x(t):—§e 2 +§e 6", y(t) =e 2" +3e" s

Many important problems involve systems of DE. We will develop a systematic method for
studying systems.
14. THE METHOD OF ELIMINATION FOR SYSTEMS

We will now study systems of DE, i.e., when we have more than one equation and more than
one unknown.
We can think of the derivative 2’ = ‘fl—f as the operator % acting on z. Let us denote the operator

% by D. Similarly, % can be thought as D acting on %f = Dz, so ‘jl% = D(Dz) = D?z. We call

D, D?, etc., differential operators to emphasize that they involve derivatives.

We note that we can factor expressions in D in a similar way as we do for numerical expressions.

Example 14.1. Show that D? + D — 2 is the same as (D + 2)(D — 1).

For any twice differentiable function z:
(D+2)(D—1)x = (D +2)(Dz — 2) = D*x — Dx + 2Dz — 2z
=D?¢+4 Dz — 22 = (D*+ D —2)x
The same is not true, however, if the coefficients are not constant.
Example 14.2. Show that
(D +4t)D # D(D + 4t)x
We have:
(D + 4t)Dx = D%z + 4tDx
D(D + 4t)x = D(Dx + 4tx) = D>z + D(4tx) = Dz + 4z + 4tDx
and D%z + 4tDx # Dz + 4z + 4tDx
Example 14.3. Show that
(D+2)(D—t)#D*+(2—t)D—2t
We have:
(D +2)(D —t)x = (D +2)(Dx — tz) = D*x — D(tz) + 2Dz — 2tz
= D%z —tDz —x + 2Dz — 2tz = D*z + (2 — t)Dz — (2 + t)z
=(D*+(2-t)D—(2+1)x
4 (D*4 (2—1t)D — 2t)z

The method we will present now is for systems with constant coefficients. Consider a 2 x 2 system
of DE with constant coefficients of the form:

a1’ + agx + azy’ + asy = f1(t)
asz’ + agx + ary’ +agy = fo(t)



34 Diff Eq

We can write it as

(asD + ag)x + (a7D + ag)y = fa
Denote L1 = a1D + ag, Ly = asD + a4, Ls = a5 D + ag, Ly = a7 D + asg.

{ (CLlD + ag)(L' + (CL3D + a4)y = f1

Note that L1, ..., Ly are differential operators and that they commute, i.e. L;L; = L;L;,i,j =
1,2, 3,4 (this would not be true if the coefficients were not constant). Thus

Liz+ Ly =fi
L3z + Lyy = f2
Applying L4 to the first equation and Lo to the second one, and using that the operators commute:
LiLyx + LoLyy = Lafy
LoLsx + LoLyy = Lafo
Subtracting, gives
LyLyx — LoLgx = Laf1 — Lafo
Similarly, applying L3 to the first equation, L to the second, and subtracting,
L1L4y - Lngy = L1f2 - L3f1
Let g1 = Lyf1 — Lofo and g2 = L1 fo — L3f1 (g1 and g2 are known functions). Then
(L1Ly — LoL3)r = g1
(L1Ly — LoL3)y = g2

We obtain two separate equations for z and y only. These are differential equations with con-
stant coefficients that can be solved with methods previously learned. Moreover, the associated
homogeneous equation is the same for  and .

Example 14.4. Solve

¥ —3r+4y=1

y —dx + Ty = 10t
Write

—437+(D—|—7)y:10t, L3:—4,L4:D+7
Then LyiLy — LoLs = (D —3)(D+7)—4-(—4) = D?>+4D — 5.

{(DS)x+4y:1, Li=D—3Ly=4

Characteristic equation: A2 +4\ —5= (A —1)(A+5) =0,\; = =5, \a = 1.
There are two possible ways we can proceed now:

Method 1. Solve z and y separately. First we solve (L1Ly — LaL3)y = g2
y1=e " yy=e' go=Lifo— L3fi = (D —3)(10t) —4-1 =10 — 30t — 4 = 6 — 30t.
We seek y, = At + B. Applying the method of undetermined coefficeints gives y, = 6t +2. Thus
Yy = cre ot + coel + 6t + 2
Next, we find 2 solving (L1 Ls—LoL3)x = g1. We already know that 21 = e =%, 29 = e’ (recall that
the associated homogeneous equation is the same). g1 = Lyf1 — Lofo = (D+ 7)1 —4-10t = 7 — 40t.
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We seek y, = At+ B. Applying the method of undetermined coefficients gives x, = 8t +5. Thus
z=kie o + koet + 8t +5

We are not done yet. We obtain four constants, cq,c2, k1 and k. But we should have only
two arbitrary constants because the system we are trying to solve involves two equations of first
order (giving one arbitrary constant for each equation). Indeed, an initial condition for the system
will contain only two values, z(0) = Xy and y(0) = Yj, hence we only determine two arbitrary
constants. This means that there is a relation between ki, ks and cq, cs.

To find the relation, we plug our solutions into the first equation of the system:
¥ —3r+4y=1
(k1e™" + koe! 4+ 8t +5) — 3(k1e ™" + koe!+8t +5) + 4(cre ™ 4 coe! + 6t +2) =1
(—8ky + 4c1)e ™ + (—2kg 4 4eg)e! + (8t +5) — 3(8t +5) +4(6t +2) =1

=1

Thus
(—8k1 4 4c1)e ™ + (—2ky + 4cz)e! = 0

Since e~ and et are linearly independent, we must have —8k; +4c; = 0 and —2ky 4+ 4c2 = 0, so
k1 = %cl, ko = 2c¢o. The general solution of the system is

1
x(t) = 5616_& +2coe’ + 8t +5
y(t) = c1e™® + coet + 6t 42

Method 2. Plug in one solution into one of the equations.

In this approach, we first find one of the unknowns as in the previous method. We have y =
c1e7 5 4 coe! + 6t + 2. We now plug this into the equation y’ — 42 + 7y = 10t. We find

—10 T —10 1 7
T = Tt+ yz + Zy = Tt+ Z(cle_‘:"f + o€l + 6t +2)" + 1(016_5': + o€’ + 6t 4 2)
—5 e, 6T T, o217
— 7t_ _ _“ — —_ — 775 —
2 4c1€ +4e +4+4C1e —1—402@—1—2 —1—2
S Y ¢
= 2016 + 2coe” + 8t +5

Remark 14.5. It may seem that the second method is simpler than the first one. This was the
case in the previous example because we could solve directly for x in y' — 4z + 7y = 10t. But if
both equations involved z’, as it is the case in the general situation, then the resulting equation for
x (after plugging in y) will still be a differential equation.

Remark 14.6. We can use similar ideas to solve systesm with more unknowns and also with higher
order equations.
15. DIRECTION FIELDS

Consider the DE ¢/ = f(z,y). If f(z,y) is very complicated, it might be hard to find the function
y. We will develop a method for studying this equation that will allow us to get a good grasp of
how y looks like, even when we cannot write it explicitly.

Example 15.1. Consider the equation ' = =Y.
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We can solve this equation, but for the sake of illustrating the new method, let us imagine that
we do not know the solution. What the equation tells us is the value of the slope of the tangent to

the graph of y (i.e. ¥) at each point x,y. We construct a table of values. With enough values, we
can plot the slope, on the zy-plane.

zlyly ==
1[0 0
101 1
2|1 —1
12 2

We call such a picture a direction field for the equation 3’ = f(z,y).

Using enough point, we can sketch solutions. The important thing to remember is that the
solutions have their graphs tangent to the line segments we plotted, and that they vary continuously.
For example, below we draw the solutions satisfying y(1) = 2 and y(1) = —2.

16. EULER’'S METHOD

Consider a DE ¢/ = f(z,y). Depending on what f is, we may not be able to find a formula for
the general solution. In this case, we can use direction fields to obtain some qualitative information
on the behavior of solutions. Euler’s method is a way of finding approximate solutions that provide
further, quantitative information.

The idea of Euler’s method is that if we know the value of y = y(x) at xg, then y(xo+ h) can be
approximated with the help of the derivative of y at x.
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tangent line to y(z) at zg. Its slope is y/'(z)

Y1

y(xo + h)

Yo = y(l’o)

v
8

) x0+h

This idea requires knowing y’, which is our case we know because we have the DE ¢/ = f(z,v).
Thus,

y(wo + h})L —ylwo) _ y(zo + h) ~ y(20) + hf (20, yo)

We can now repeat the process. Starting from the point

x1 =0+ h,y1 = y(xo + h) = y(z1), we find y2 ~ y(z1 + h) = y(zo + 2h)

Y (z0) = f(x0,y0) =

() = flaery(en) ~ DO ZIE) ) s ym) 4 (e)

This formula is not good because we do not know y(x1). But we can use y; =~ y(x1) so

y(x1 + h) = y1 + hf(z1,91)

Zo x1 €2

We can continue the process and find ys, y4, etc., which will be approximate y(z3),y(x4), etc.,
where x3 = x¢ + 3h, x4 = 2o + 4h, etc.

y' = fz,y)
y(zo) = yo
Fix a small number h, called the step size, and set, inductively:

16.1. Summary of Euler’s method. Consider {

Tm+1 = Tm + h
Ym+1 = Ym + hf(xn’u ym)

The points y,, will be approximations for y(x,,).
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Remark 16.1. Because we have to know the initial point (x¢, y9), Euler’s method is better studied
to study IVP. However, we can use it to investigate the general solution upon varying yp.

Remark 16.2. Typically, the smaller the step szie h, the better the approximation.

Example 16.3. Consider 3’ = z,/y,y(1) = 4. We can solve this equation exactly. Let us compare
the values of the exact tolution with these of Euler’s method with A = 0.1.

m | T, | Ym (Euler’s method) | y(z,,) (exact value)
0] O 4 4

111.1 4.2 4.21276

2 11.2 4.42543 4.45210

3113 4.468878 4.71976

4 114 4.95904 5.01760

5115 5.27081 5.34766

17. NUMERICAL SOLUTIONS OF SYSTEMS
A system of first order DE with h equations for k£ unknown functions z1(t), z2(t),. .., zk(t) can

be written as
zy(t) = filt, 1, ..., 7k)
x’z(t) = fQ(t, Tlyeo- ,.Z‘k)

I’%(t) = fm(ta-rb s ,l’k)

When the system is written in this form, i.e., with the coefficients of all },i = 1,2,...,k, equal

to one, we say that the system is written in normal form.
y'x =cosw
/

y o o=zty

¥ =2r+y

/ 1s not.
y =y

Example 17.1. The system { is in normal form, while {

The IVP problem for a system as above has k IC:
561(0) = Xo’l, .’EQ(O) = X072, e ,:Em(O) = Xk70

The Euler method for systems is done in the same way as for a single equation. We set:

tm—i—l - tm + h
Tlm+l = Tim + hfl(tm7 T1m,L2,my -+ 7$k,m)
Tom+1 = Tam + th(tm7 T1m,L2,my - - - 7$k,m)
Tkm+1 = Tkm + hfk(tm; T1msT2,my - -+ 7xk,m)

where h is the step size. Notice that these formulas assume that the system is in normal form.

We can write the above formulas in a compact way upon introducting the vectors:
z(t) = (z1(t), z2(t), ..., xk(t))
f(t,(L') = (fl(t,l'l, - ,xk), fg(t,wl, - ,(L‘k), ey fk(t,xl, RN :ck))
so that we have

tme1 =tm +h and i1 = T + A f (G, Tm)-
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18. HIGHER ORDER EQUATIONS AS SYSTEMS

Besides the fact that systems of DE are common in applications, there is another reason to study
them: a DE of order k can always be written as a system of k DE of first order. The procedure is
as follows. Given

yP@t) = flt,y oy y*Y)
Set

Then

So we have the system

] = T2
xh =13
Ty, = Tg
zy, = f(t, 21,72, .., Tk 1)
Solving this system, we find x1, x2, ..., zk, so in particular we find y because y = x1. If the DE for

y come with IC:
y(to) = Yo,y (to) = Y1,...,y" D (to) = Vi1,
then we have IC for the system:
z1(to) = Yo, z2(to) = Y1,.. ., 2k(to) = Y1

Since Euler’s method can be applied to systems, as a consequence it can be applied to equations
of order k as well.

19. THE MATRIX FORM OF LINEAR SYSTEMS

We are going to develop method for studying linear systems of first order DE, i.e., systems of DE
where each equation in the system is linear. A linear system of n first order DE for m unknowns
can be written as:

2y = an(t)zy + arp(t)ze + - + a1 (E)zm + f1(t)
oy = a9 (t)z1 + a(t)ze + -+ + agm ()@, + falt)

2 = an1 ()11 + an2(t)wa + - + @ ()T + fr(t)

where a;;(t),i =1,2,...,n,5 =1,2,...,m and fi(t),..., fn(t) are given functions. The system is
called homogeneous if f; =--- = f,;, = 0 and inhomogeneous otherwise.
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To deal with sytems, it is convenient to introduce the following concept.

Definition 19.1. A n x m (n by m) rectangular array of numbers is called a (m by n) matrix.
If m = n, we say that the matrix is square. A m by 1 matrix is called a column vector. If a

matrix A has entries a;;,1 =1,2,...,n,7 =1,2,...,m, we write A = [a;;].
1 2 3 1 2 N
Example 19.2. [4 5 6] is a 2 by 3 matrix, [3 4] is a 2 X 2 square matrix, and |2| isa3d x 1
3
matrix and a column vector.
Definition 19.3. An order m-tuple of numbers (uy,ug,...,uy) is called a vector with m compo-
nents.
Definition 19.4. The dot product of two vectors u = (uj,ug,...,Uy) and v = (vi,v2,...,Un),

denoted wu - v defined as

m
U-v= Zujvj = U1V + U2V2 + + -+ + Uy U -
j=1
Remark 19.5. All the properties of vectors and of the dot product learned in calculus for 2 and
3 component vectors hold for m-component vectors.

Remark 19.6. The dot product is only defined between two vectors with the same number of
components. Note that the dot product of two vectors is a number, not a vector.

Remark 19.7. Given a vector u = (uj,ug,...,un,), we can construct out of it the column vec-
u1 U1l
Uz Uz

tor | . |. Reciprocally, given the column vector | . | we can construct out of it the vector
Um, Um,

(u1,u2,...,upy). Thus, we will not distinguish between column vectors and vectors, referring to

column vectors simply as vectors.

Definition 19.8. Let A be a n X m matrix, which we can write as

ai; a2 ... Gim

agr G2 ... G2m
A=

an1 an?2 e Anm,

We can think of each row of A as a m-component vector, so we write

ai
ag
A=
an
where a; = (a1, a:2,...,aim),i =1,2,...,n. Let  be a m-component vector, = (1,%2,...,Tm).
We define the product of A by z, written
a; aip ... A1m, I
a1 a2 ... ao2m, xTo

Ax =

apl Anp2 ... GOpm Tm
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as the n-component vector given by

Remark 19.9. Note that Az is only defined if the number of vectors of A equals the number of
components of x.

Example 19.10. Find Az if A = 1 _21 (2)

In this case a1 = (1,-1,2),a2 = (1,2,0) and
ap - x=1-2+(-1)-1+2-(-2)=-3
azg-x=1-2+2-140-(-2)=4

and z = (2,1, -2).

so Ax = [_43} Consider the system

l',l = all(t)xl + alg(t)l'Q +---+ alm(t)mm + fl (t)
;UIQ = a21(t):1:1 —+ azg(t)l'z + -+ a2m(t)xm + f2(t)

2 = ap1 ()21 + ana(t)xe + -+ + A () Tm + fu(t)

We can write it as [z]}, = Az + f, where

au(t) alz(t) - alm(t)
as1(t agg(t B ) (t)
A=A(t) = = ) "

an1(t) apa(t) ... apm(t)

3} N |

T2 f2 T

is called the coefficient matrix, = | . |,f=|". | and [z],, = | .”|. The system is said then
T, In x)

to be written in matrix form.

Remark 19.11. Above, we write [z]/, to emphasize this is the vector of the derivatives of the first
!/

Ty zh

T2 zh
n components of x. This is generally different than ', as the latter is z = | . =

T, xl,

!/

' = 2/ and we can then

In most cases, we will deal with systems where n = m, in which case [z]
write

¥ =Ax+ f

¥ =2x+6y+6
Yy =2tr+y+el

= Bl

Example 19.12. write { in matrix form.
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20. LINEAR ALGEBRA AND ALGEBRAIC EQUATIONS
A set of equations

a1171 + a12%2 + - - + a1pTy = by

a1 1 + a9 + -+ - + a9, T, = by

Am1T1 + Ama®2 + -+ ApnTn = by,

is a linear system of m algebraic equations for n unknowns x1, o, . . ., £,. These systems are studied
in linear algebra. Here, we briefly review how to solve such systems by Gauss-Jordan elimination.

2rx1 4+ 6x9+ 8x3 =16
Example 20.1. Solve | 4x1 + 15z + 1923 = 38
2$1 + 33)3 =6

Denoting by L; the i line of the system, we write AL; + BL; — L; to indicate the operation
where the j% line is replaced by AL; + BL;.

2x1 4 622 + 8x3 = 16
—2Ly + Ly — Ly PR
Ly 4 Lo — L = 3xo+ 313 =06
! 3 3 L — 629 — 5r3 = —10
2z + 223 =4
2194+ Ly — Lj ! 3
= 3o +3x3 =06
—2Lo + 211 — 14
.%'3:2
2%1 =0
—2Ls+ Ly — Ly
= 39 =0,21 =0,29 =0,23 = 2.
—3L3+L2—>L2
333:2

201 +4x0 + 23 =8
Example 20.2. Solve 2x1 + 4xo =6
—4x1 — 8xg2 + 23 = —10
211 + 4o =6
Arguing as above we find — T3 =-2
0=0
We see that x4 is not determined, it is “free” so the system has infinitely many solutions, given by
r1 = 229+ 3
r3 = 2
o €R

21. MATRICES AND VECTORS

The addition of matrices and multiplication by scalars is done entry-wise, i.e., if we denote
A = [aij], B = [bjj], then A+ B = [a;j + b;;] and nA = [na;;] (assuming that A and B have the
same size).
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2 10 n 1 1 0] |3 0
1 01 1 1 0] |2 1
2 1 0
3 [1 0 1 3]
With the above operations, and defining the zero matrix to be the matrix with all entries equal

to zero, we have that the set of m x n matrices forms a vector space. In particular, the defining
vector space properties (associativity, etc.) are satisfied.

Example 21.1.

o
[ I —
Il
[
w
S W = N

If Ais a m x n matrix, and B is a n X [ matrix, the product AB is defined as the m x [
matrix whose j* column is given by Abj, where b; is the 4t column of B. So, if A = laij], B =
[b1,ba, ..., b)) = [bij], then AB = [Aby Aby --- Ab],or AB=C with c¢;j =3 awbs;.

If Ais a m x n matrix, its transpose, denoted AT, is the n x m matrixd defined as
T
[aij]nxm = [aji]an
The inverse of a square matrix A, denoted A, is a matrix such that AA=" = A='A = I, where

I is the identity matrix, defined as the matrix with 1 in the diagonal entries and zero everywhere
else. If A~! exists, we say that A is invertible.

A linear system:

a11x1 + a1awe + -+ - + a1pxy = by

a1 1 + a2 + -+ - + a2,y = by

121 + Am2T2 + - 4 QpnTn = by,

can be written matrix form as Ax = b, where

aill ai19 e A1n T b1

asy a9 e aon T2 bg
A = . . . . b x == . b b ==

Aml Am2 .- Gmn Tn bm

If n = m, and A is invertible, x is then given by z = A~!b.

By a row operation on a matrix, we mean any one of the following:

(a) Integrating two rows of the matrix.

(b) Multiplying a row of the matrix by a non-zero scalar.

(c) Adding a scalar multiple of one row of the matrix to another row(and replacing one of the
rows by the result).

If the n x m matrix has an inverse A~!, the latter can be determined as follows: we write the
n x 2n matrix [A : I], and perform now operations until we obtain [I : B]. Then B = A~
If A= |91 912 , its determinant is defined as
a1  G22

det A = aj1a22 — arzan
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a1l a2 a3
If A= |as1 a9e a0z, its determinant is defined as

a3l asz2 as3
det A = ayydet |92 98 _qadet |92 9| g pdet |7H 922
a32 ass as] ass as]  ass
The determinant of a n X n matrix can be defined inductively, i.e., the determinant of 4 x 4

matrices is written in terms of determinants of 3 x 3 submatrices and so on. These are called
cofactor expansions (see Linear Algebra).

Theorem 21.2. Let A be a n x n matriz. The following statements are equivalent:
(a) A is singular (does not have an inverse).
(b) det A = 0.
(¢) Ax = 0 has non-trivial solutions (x #0).
(d) The columns (rows) of A form a linearly dependent set.

We recall that we say that the vectors ai,ao,...,a, are linearly dependent if it is possible to
find numbers ¢, ca, ..., ¢y, not all zero, such that ciaq + - - - + cpa, = 0.

Let A be a n x n matrix. If A is not singular, then the system Az = b always has a unique
solution (given by z = A~!b). If A is singular, either Az = b has no solution, or it has infinitely
many solutions. In the latter case, the solutions are given by x = x, + x,, where z,, is a particular
solution satisfying Az, = b and zj, are solutions of the homogeneous equation Az, = 0 (note that
there are infinitely many xp’s in this case).

21.1. Calculus of matrices. If the entires a;;(t) of the matrix A are functions of ¢, then we say
that A = A(t) is a matrix function of ¢. We say that A(t) is continuous (differentiable) at ¢ if
each a;;(t) is continuous (differentiable) at ¢y. The derivative and integral of A(t) are defined as

b b
GAW0 =20 = [0, [ At = [ aiy(tyan

It follows that:

d

%(CA) = C'A, where C is a constant matrix,
d dA dB

YAy =242

dt( +B) a

d dB dA

—(AB)=A—+ —8B

dt( ) a " ar

In the last formula, note that the order in which the matrices are written matters.

22. LINEAR SYSTEMS IN NORMAL FORM

We say that a system of n first order linear DE for n unknown functions zi,xo,...,2z, is in
normal form if it can be expressed as

2'(t) = A(t)x(t) + f(t)

where x(t) = (z1(t),z2(t),...,2n(t)), A(t) = [ai;(t)] is the coefficient matrix, and f(t) =
(f1(t), f2(t), ..., fn(t)) is the inhomogenous term. The system is said to have constant coeffi-
cients if the matrix A(¢) is a constant matrix.

The initial value problem for the system ' = Az + f, with initial condition x(¢¢) = xq, consists
in finding a solution z(t) defined in a neighborhood of ¢y such that xz(tg) = xg.
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Theorem 22.1. Let A(t) and f(t) be continuous on the interval I that contains ty, where A(t) is
n x n. Then, for any xq there exists a unique solution x(t), defined on the whole interval I, to the
IVP o’ = Az + f,z(ty) = 0.

If we define L(xz) = Lx = 2/ — Az, then the system can be written as Lz = f. We remark that
for any differentiable function, z(¢) and y(¢) and constants a and b, we have
L(az + by) = aLx + bLy

This means that L defines a linear operator. In this case, L maps differentiable functions to
continuous functions and this mapping is linear. As a consequence, if x1, o, ..., x; are solution, of
the homogeneous system Lz = 0, then cix1 + coxo+ - - -+ cpxy is also a solution, where ¢, co, ..., cg
are arbitrary constants.

Definition 22.2. The vector functions x1, xo, ...,z are said to be linearly dependent on an
interval [ if there exist constants c1,co,...,cg, not all zero, such that

c1z1(t) + caza(t) + - - -+ cprp(t) =0 for all t € 1.
Otherwise, they are said to be linearly independent.

Example 22.3. We can see that z1(t) = (sin(2t), cost) and 25(t) = (sint cost,  cost) are linearly
dependent on (—oo, 00) since (sin 2¢, cost) = (2sint cost,cost), so x1(t) — 2z2(t) = 0.

Example 22.4. We say that z1(t) = (e!,0,¢e'), z2(t) = (e!, €', —e'), x3(t) = (et, 2¢, et) are linearly
independent on (—o0, 00).
To see this, let ¢, c2, c3 be constants such that
c1r1 + cawo 4 czxg = 0 for all t € (—o0, 00)

Then this holds in particular for t = 0, so

1 1 1
c1 |0 +c2| 1| 4+ec3|2| =0
1 -1 1

Solving for ¢1, ¢ and ¢3 we find ¢; = co = ¢35 = 0, and we conclude that x1, x2, and x3 are linearly
independent on (—oo,00). In fact, this shows that they are linearly independent on any interval
containing zero.

Example 22.5. z(t) = [‘id and za(t) = [’i’] are linearly independent on (—o0, 00).

To see this, note that x1(t) = z2(¢t) for t > 0 and x1(t) = —x2(t) for t < 0. If cy21(t)+coz2(t) = 0,
then, for t > 0 we have ¢y = —co, and for t < 0 we have ¢; = co, hence ¢; = cg = 0, giving linear
independence.

Remark 22.6. Note that linear dependence/independence depends on the interval. E.g., Li’] and

[‘iq are linearly independent on (—o0, c0) but they are linearly dependent on (0, 00).
Definition 22.7. The Wronskian of n vector functions 1 (t) = (x11(t), z21(t), ..., zn1(t)),. .., zx(t)
(z1n(t), x2n(t),. .., Tpn(t)) is defined as the function:

:L'H(t) IElz(t) e :L'ln(t)

W(ml 9 T )(t):det £U21(75) 1‘22(0 ffzn(t)

2ot (8) Taa(t) .. (D)
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Theorem 22.8. If W(x1,xz2,...,2,)(to) # 0, then x1,x9,...,x, linearly independent on any in-
terval (a,b) containing to.

Proof. Consider ciz1 + - -+ + cpx,(t) = 0. If this holds for any ¢ € (a,b) then in particular it holds
for t = tg, so c1x1(tg) +- - -+ cpx(to) = 0. If not all ¢;’s are zero, this means that the system Ac =0

has a non-trivial solution ¢ = (¢, ca, ..., ¢y) # 0, where
x11(to) xi2(to) ... xin(to)
B x91(to) wo2(to) ... wan(to)
Tni(to) xn2(to) ... zpn(to)
But then det A = 0 (by a previous theorem), contradicting the assumption. O
Theorem 22.9. Let A be a n X n continuous matrix function. If x1,xo,...,z, are linearly inde-

pendent solutions of ¥’ = Ax on an interval I, then their Wronskian never vanishes on I.

Proof. Suppose that W (x1, z2,...,xy,)(to) = 0 for some ty € I, then the vectors zi(tp),. .., zn(to)
are linearly dependent, so we can find ¢y, ca, ..., ¢, such that ciz1(tg) + - -+ + cpzn(to) = 0. The
functions c1z1(t)+- - - +cpzn(t) and z(t) = 0 are both solutions to the IVP 2/ = Az, z(t9) = 0, so by
uniqueness we have z(t) = c1z1(t) + - - - + cpxn(t) = 0 for all ¢ € I, contrary to the assumption. [

Theorem 22.10. Let x1,x9,...,x, be solutions to x' = Ax defined on an interval I. Then either
their Wronskian vanishes identically on I or it is never zero on I.

Definition 22.11. An expression of the form cjxi(t) + -« - + ¢,z (t), where ¢, ca, ..., ¢, are con-
stants, is called a linear combination of x1, x2, ..., Ty.
Theorem 22.12. Let x1,22,...,x, be n linearly independent solutions to ¥’ = Az on an interval

I, where A is a n x n continuous matriz function. Then, any solution to ¥’ = Az on I can be
written as a linear combination of x1,x2,...,Ty.

Definition 22.13. A set of {x1,29,...,2,} of n linearly independent solutions to ' = Az, (A
n X n) is called a fundamental solution set to ' = Az. The linear combination

z(t) = crx1(t) + - - + cpan(t)

where c1, ca, ..., c, are constants, is called the general solution to 2’ = Az. The matrix
:Zin(t) l’lg(t) - {L‘ln(t)

:Iigl(t) X292 (t) .. Top (t)

Tn1(t) Tpa(t) ... xpn(t)
is called the fundamental matrix of 2’ = Az.
Note that the general solution = can be written as x(t) = X (t)c, where ¢ = (¢1,c¢2,...,¢,) is a

constant vector, and that W(xy,za,...,x,)(t) = det X(¢).

The superposition principle for linear systems says that if x; and x9 are solutions to a} =
Axy + f1 and 2, = Azg + fo, then @1 + cox is a solution to ' = Ax + ¢1 f1 + cafa, where ¢; and
co are constants.

Theorem 22.14. The fundamental matriz X (t) satisfies:
X'(t) = A(t)X (t)
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Proof. We have
X'(t) = [21(t) ... 23, (t)]
Each x;(t),7 = 1,2, ..., n satisfies «}(t) = A(t)z;(t), so
X'(t) = [AW)z1(t) ... A(t)zn (t)]
from the formula for multiplication of matrices we see that
[A(t)x1(t) ... A(t)xn(t)] = A)[z1(2) ... 20 ()] = A() X (2).
O

Definition 22.15. Given 2/ = Az + f, we call 2/ = Ax the associated homogeneous system. The
general solution of the associated homogenous system is denoted xy,.

Theorem 22.16. If z,(t) is a particular solution to ' = Ax + f on the interval I, where A is a
nxn continuous matriz function, and {x1(t),...,zn(t)} is a fundamental solution set to the system
x' = Az on I, then every solution to ' = Ax + f on I can be written as x(t) = xp(t) + xp(t).

23. HOMOGENEOUS LINEAR SYSTEMS WITH CONSTANT COEFFICIENTS
Here we will study the system
¥ = Ax
where A is a n x n real (constant) matrix. We first recall some definitions from linear algebra.

Definition 23.1. Let A be a n x n matrix. The eigenvalues of A are those (real or complex)
numbers A for which the equation (A —AI)u = 0 has at least one non-trivial (i.e., non-zero) solution
u, where [ is the n x n identity matrix. Note that u is possibly a complex vector. Any non-trivial
u satisfying (A — Al)u = 0 is called an eigenvector (associated to the eigenvalue A) of A.

For A to be an eigenvalue of A, the equation (A — AI)u = 0 needs to admit non-trivial solutions,
so its determinant must vanish. The equation

det(A—AI)=0
is called the characteristic equation of A. It is a polynomial of degree n and its roots are eigen-
values, so we find the eigenvalues by finding the roots of the characteristic determinant.

A

Returning to 2/ = Az, we try a solution of the form z(t) = e*u, where A and u have to be

determined. Plugging in:
(eMu) = XeMu = AeMu = (A—Au=0

Thus, A is an eigenvalue of A and u an eigenvector. Said differently, if A is an eigenvalue of A
and wu is a corresponding eigenvector, then z = e Mu solves 2/ = Ax.

Theorem 23.2. Suppose the constant n X n matric A has n linearly independent eigenvectors
UL, U, ..., Uy. Let \j be the eigenvalue corresponding to u;. Then {e’\ltul,e/\QtuQ, .. .,e)‘"tun} s a
fundamental solution set for ' = Ax on (—oo,00). Thus, the general solution of ' = Ax is

Tr = cle)‘ltul + -+ cne)‘”tun, where c1,co, ..., cpare arbitrary constants.
Proof. Set X (t) = [e*Mtuy  e*tuy ... e*tu,]. Then
det X (t) = eArtAat+An)t qop [ul Uy ... un]
which is never zero since wuq,uo,...,u, are linearly independent, hence the result by one of our

previous theorems. O
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We now recall some useful results from linear algebra. In what follows, A is a constant n x n
matrix.

o If A\, o, ..., \, are distinct eigenvalues of A, then the vectors wuq,us,...,u, are linearly
independent, where u; is an eigenvector associated with A;.

e Any non-zero multiple of an eigenvector is also an eigenvector.

o If A is real and symmetric, i.e., all entries of A are real and AT = A, where AT is the
transpose of A, then A admits n linearly independent eigenvectors.

24. THE CASE OF COMPLEX EIGENVALUES

Consider ' = Az, where A is a n X n real (constant) matrix. We saw that if A is an eigenvalue
and v an associated eigenvalue, then z = e*u is a solution. We can write

z = el (g 4 ib)

where «, 8 € R and a and b are real vectors. The complex conjugate of A\, A, is also an eigenvalue
and z is a corresponding eigenvector, so we write

7 = el (q —ib)
Using Euler’s formula, we can write
z = e (cos(Bt) + isin(Bt))(a + ib)
= e™(cos(Bt)a — sin(Bt)b) + ie™ (sin(Bt)a + cos(Bt)b)

giving two linearly independent real solutions (note that the same conclusion holds if we use Zz).

Summarizing: if a real (constant) matrix A has complex conjugate eigenvalues o + i3 with
corresponding eigenvectors a & ¢b, a, b real vectors, then two linearly independent real solutions are
given by

z1(t) = e cos(Bt)a — e sin(Bt)b, z2(t) = e sin(Bt)a + e cos(Bt)b.

25. THE METHOD OF UNDETERMINED COEFFICIENTS FOR SYSTEMS

We will now discuss methods for solving non-homogeneous systems of DE, starting with the
method of undetermined coefficients.

The method of undetermined coefficients for systems of DE is very similar to the case of a single
equation. We will illustrate the method with examples.

Example 25.1. Find the general solution of
1202 n —4 cost
T 702 2T | —sint
2

. . . 2 . 2
First, we solve the associated homogeneous equation 7’ = [2 NEZ The matrix A = 9

2
9 has
. . . 1 1
eigenvalues A1 = 0 and Ay = 4. Corresponding eigenvectors are u; = 1 and uy = 1l We
1

conclude that z; = e% [ J = [_11] and z9 = e* [ﬂ are two linearly independent solutions of

' = Ax.
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We now seek for a particular solution x,. Mimicking what we have done for single equations,
we look for a solution of the form x;, = cost a + sint b, except that now a and b are vectors to be
determined rather than real valued constants, i.e., a,b € R?. Compute

), = —sint a + cost b
We want this to equal Az, + [_4 cos t] 80
—sint
—sint a+cost b= Afcost a+sint b)+ [__4;?18:]
\W_/

—4 . 0
= cost [ 0 ] +sint {_1]

which we write as
(Aa — b) cost + (Ab+ a)sint = cost [3] +sint [(1)]

Setting the coefficients of cost (and sint) on both sides equal to each other gives:

4 0
Aa—b= [O] and Ab+a = [1]

Recalling the definition of A, we can write this explicitly as:

-2 2- _al bl- -—4- 2a1 + 2a2 — b1 =4
— e i
_2 2_ a2 b2_ 0 2a1 + 2as - bQ =0
2 2] [b a;] [O] a +2b; 4+ 2by =0
+ = =
12 2] |bo a2 -1 az +2by +2bp =1
where a = [Zl} ,b= [21 . This is a system for the unkowns aq, a2, b; and bs:
2 2
2a1 + 2a9 — by =4
2a1 + 2as — b2 =0
al +2b1 +2by =0

as + 2b1 4+ 2by =1

using Gauss-Jordan elimination, we find: a; = 0,a3 = 1,01 = —2,by = 2, i.e., a = [(1)] ,b= [_2].
Thus

0 . —2
Tp = cost [1] +sint { 9 ]

cl {_11} + 8264t [ﬂ + cost {(1]] +sint [_22]

c1 + coe*t — 2sint
—c1 + coe* + cost + 2sint

and the general solution is

X
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Example 25.2. Give the form of the particular solution to
-4 2 et
r_
7= |2 Al
(you do not need to find z,.)

First we solve the associated homogeneous equation:

—4 2 1 2
$,:|:2 _1:|$:>)\1:O,)\2:—5:>’LL1:|:2:|,UQ:|:_1:|

1] 2
_ 0t _ _ =5t
et F R R b}

The non-homogeneous term does not repeat any term in the homogeneous solution, thus

a
zp = el = et [ 1}
az

Example 25.3. Find z, in the previous example.

We plug z,, in:
a|arly |4 2| a1 a et
L et 1 A g b

Canceling e** we can rewrite this as:

8 -2 1 N 8a1 —2as =1
-2 “ 5 2= 3 —2a1 + 5ag = 3
Solving the system we find a1 = % and ao = %. Then:

11
36
T, =€
13
18
Remark 25.4. A multiple of a particular solution is not, in general, a particular solution. Thus,
in the previous example we cannot multiply z;, by, say, 36, to get rid of the fractions.

Example 25.5. Find z, for 2’ = Az + f, with

2 -2 3 e?
A=10 3 2(,f(t)=1 2
0 -1 2 1
After some algebra, we find that the solution of the associated homogeneous system is
1 11 —3V7
Tt , Tt
z, = cre? [0] + cz(e% COS(L) 2| —e% sin(i) —2V/71)
0 2714 2 0

[11 —3V/7
7t 5 7t
+ 63(6% sin(L) —2| +e? COS(L) —2V71)
2 4 2 0

Now, write

1 0
f)y=12|=e"[0| + [2]| = fi(t) + fo(t)
0 1
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By the superposition principle, we seek x,, in the form x, = xp1 + 2, where z, is a particular
solution associated with f1 and xp2 a particular solution associated with fa.

a1
/1 is an exponential that does not repeat any term in z, so we put z, = e‘a = €' |ay
as
f2 is a polynomial of degree zero (i.e., a constant vector) that does not repeat any term in zj,
b1
so we put xp2 =b= [ba|.
b3
Plugging x,, into the equation and proceeding as in the above examples, we find:
r_ 1t 11
—3¢ Tt 15
_ 1
Tp = i
_5
L 8

Remark 25.6. By the superposition principle, we can first find z,1 upon plugging it into z’ =

[—1/3
Az + f1. In this case, we will find z,; = € 0 |. Similarly, we plug z,2 into 2’ = Az + fo,
0
11/16
finding 0 = | —1/4
—5/8

Example 25.7. Find ), for 2/ = [_24 _21] x+ E] e 5t

The associated homogeneous equation for this system was solved in an example above. We found:

1 _ 2
e[

_ 2 . .
Because e %t [ 1 solves the associated homogeneous system, we suspect, based on our experience

with single equations, that z, = ae " will not work. Let’s verify that this is indeed the case.

e[ 2

which gives, after differentiating and canceling the exponential:

Plugging in:

a1 +2as =1
201 +4as =1

Multiplying the first equation by —2 and adding to the second yields:

a1 +2a1 =1
0=-1

which is of course inconsistent.
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ai

Based on our experience with single equations we are tempted to try z, = te [a
2

} . However,

this will not work either. Indeed, plugging te=> [21} into the equation gives:
2
o = |01 o5t _ oy [0 ot g | TAer + 202 s (1) st
p a9 a9 2a1 — a9 1

Setting the terms with and without t on each side equal to each other gives two systems:

ay| 1 —4aq1 + 2a9 _ —oaq

|:a2:| o |:1:| and |: 2&1 — ag :| o |:5CL2
It is impossible to satisfy both systems at the same time: the first system gives a1 = a2 = 1,

which is not a solution of the second system (although each system, separately, is consistent).

The difference from the single equation caes is that for systems the terms in ¢ do not necessarily
cancel out. This is because we know we have two constants a; and ag (or more if the vectors had
more components) leading to more conditions necessary for cancelation.

Let us show that

Tp = te ™ ta + e Oth = te o [al] + et {bl]
as bQ

works.

Plugging in gives:

B LY T Y by o5t ¢ —4ay + 2az ety —4by + 2by o5t
ag ag bg 2a1 — a9 2b1 — bg

Setting the terms with and without ¢ on each side equal to each other:

a1 + 2a2 =0
2a1 + 4ao =0
aq — bl — 2b2 =1
a2—261—4b2:1
solving, we find a; = %, as = %, by = —2by — % and by is a free variable. Thus:
2 3
5 —5¢ —22 3 —5t
Tp = te " + e .
_1 b
5 2

Because we want the particular solution to contain no free variables, we set by = 0. Alternatively,
we can write

—2bo — % —5t _ 21 s —% —5t

[ by e = —by _1l€ + 0 e
3 } e~ with zj,. Thus:

and combine —by [_1
2 _3
Ty = [_51] te 2t 4+ [ 05} e o,
5

[\
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25.1. Summary of the method of undetermined coefficients for systems.

Consider the system
a'(t) = Ax(t) + f(t)
where A is a n X n constant matrix and
f(t) = e cos(Bt) P (t) + e sin(Bt)Qum ()

where a and  are real numbers and P,,(t) and Q,,(t) are vector polynomials of degree m, i.e.,
Po(t) =ao+ait+ -+ amt™, Qm(t) = by + bit + - - - + by t™, where ag, a1, ..., am, bo,b1,...,bm
are n component vectors.

Under the above conditions, the form of the particular solution z,(t) is given as follows:

o If 3 =0, then z,(t) = e* Ry, x(t), where Ry, 1x(t) is a vector polynomial of degree m + k,
with £ = 0 if « is not an eigenvalue of A, and k£ = multiplicity of « is an eigenvalue of A.

o If 3 +# 0, then z,(t) = €™ cos(Bt) R+ (t) + e sin(Bt) Spik(t), where Ry ik () and Sy, (1)
are vector polynomials of degree m + k, with k = 0 if o + ¢ is not an eigenvalue of A, and
k = multiplicity of o + i if a4 i/ is an eigenvalue of A.
26. VARIATION OF PARAMETERS FOR SYSTEMS

Now we show how to generate the method of variation of parameters to systems of DE.
Consider 2/(t) = A(t)z(t) + f(t).
Suppose that X (¢) is a fundamental matrix for z’'(t) = A(t)x(¢).

Following what we did for single equations, we look for a particualr solution in the form z,(t) =
X (t)v(t), where the vector valued function v(t) is to be determined. Plugging in:
2, = (Xv) = X'uy+Xv' = Azp + f = AXv+ f
=AX
Canceling AXv on both sides: Xv = f. Thus v/ = X~ f.

Integrating we find v(t) = [(X(t))~!f(t)dt, where we do not add a constant since we only need
to find a particular solution. Therefore, we have:

Next, consider the IVP #'(t) = At)z(t) + f(t)
z(to) = o

From the previous formula and the fact that the general solution to the associated homogeneous
equation can be written as z;, = Xe¢, where ¢ = (c1,¢2,...,¢,), we have that the solution of the
IVP can be written as:

£(t) = X(t)e + X(2) / (X(1) f(s)ds

to
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where ¢ is to be determined. Plugging t = ¢y we find

x(tg) = X(to)e + X (t) /t(X(s))_lf(s)ds =29 = ¢c= (X(to))_lxo

to

=0
Thus

£(t) = X(1)(X (t0)) 0 + X(0) / (X(5))" f(s)ds

to

Example 26.1. Use variation of parameters to find z; for

,_172 _5t
33—3451‘ 86

Using the technique we learned for homogeneous systems, we find: We find:
t 3t

—e' e _ 1 [—et —et
X0 = |y0 s =3 5

_ —et e3 1[—et —¢ 5]
Lp :X/X 'f= [Qet 634 /3 {26—315 6—34 (— [8_ )eldt
_et e3t -1
= [26t 634 / [_66—215] dt
_[—et et —t | [(t+3)e
T 2et e | =372 T [(3—2t)e!
Remark 26.2. Above we employed the following useful formula for the inverse of a 2 x 2 matrix:
a b7" 1 [d —b
c d  ad—bc|—c a

27. THE MATRIX EXPONENTIAL FUNCTION

Then,

If a € R, the solution to 2’ = az is x(t) = Ce®. For a system z’ = Az, where A is a constant
matrix, we would like to make a similar statement. The first step is to define e when A is a
matrix.

Definition 27.1. If M is a n x n matrix, we define eM by

o
Mk M2 M3
M _ _
e’ = I =I+M+ o1 + 3l + ...
k=0

where M? = I = n x n identity matrix.

To show that this definition makes sense, we need to show that the series converges. For this,
need some way of talking about the “length” or “size” of a matrix. We do this by defining a norm
on the space of n x n matrices (recall that the space of n x n matrices is a vector space, so it makes
sense to talk abour a norm).

Definition 27.2. For a n x n matrix M we define its norm, denoted || M]||, by

[M]| = sup ||Mz]|

llz]l=1
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Proposition 27.3. ||M|| is indeed a norm, i.e., it satisfies:
a) | M|l € R
b) [laM|| = fa| [[M]],a € R
¢) |M|| >0 and [|[M| =0 iff M =0
d) |[M + N|[ < [|M] + ||V

Moreover, || MN|[ < [|M]|[|N]|

We can now show that e is well defined:
M* = IIM’“II - HMH'“
=13 5 < S B < 5 I o<,
k=0 k=0 k=0

where we used the above proposition (in particular in the step ||[M*|| < ||M]|F)

27.1. Some properties of the exponential matrix. If M and N are n xn matrices and ¢, s € R,
then

d) eM+N)t — MLeNt 3¢ NN = N M

e) elt = eI

. . o : 2
For diagonal matrices, it is easy to compute the exponential. For example, let M = [0 g] .

Then M? = [4 0] JM?B = [8 O], etc. Then

09 0 27
eM:“1[2 or_[ Sodr 0 ]:[ )
o103 0 YLkl L0
Now we compute:
d a  d SN AR X Ak iAk 1pk—1
dt dt — k! — k! (k—1)!

Consequently, e is a solution of the matrix DE X’ = AX. Because e*'? is invertible, its columns
are linearly independent, thus et is a fundamental matrix for the system x' = Ax, where A
is a n x n constant matrix. If X and Y are two fundamental matrices for ' = Ax, there always
exists a constant matrix M such that Y = X M. In particular, e’ = X (¢)(X(0))~'. If A has n
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linearly independent eigenvectors ui,us, ..., un, then

At — [6)\175 Aot

e up e ug ... e/\"tun} [ul uy ... un]_l

27.2. Solving x’ = Ax when A does not have n linearly independent eigenvectors.
In what follows, A is a (constant) n X n matrix.

We saw that e Mtuy, e tuy, ..., e My, give n linearly independent solutions to z/ = Az if
U1, Uz, . .., Uy are n linearly independent eigenvectors corresponding to the eigenvalues A1, Aa, ..., Ap.
Now we will see how to use e’ to solve z’ = Az when A does not have n linearly independent
eigenvectors.

Definition 27.4. A non-zero vector u satisfying
(A=X)"u=0
for some A\ and some integer m is called a generalized eigenvector of the matrix A.

Remark 27.5. The number ) in the above definition must be an eigenvalue of A since (A—\I)™ 1
is an eigenvector associated to A. Every eigenvector is a generalized eigenvector.

A matrix that does not have n linearly independent eigenvectors is called defective. A defective
matrix always has n linearly independent generalized eigenvectors. In fact, if A is an eigenvalue of
multiplicity k, then there always exist k linearly independent generalized eigenvectors associated
with A.

If u is a generalized eigenvector associated to A, then

eAtu — e)\lte(A—)\I)tu
tm—l tm
_ At . v . m—1 v . m
=eM[Tu+t(A—M)u+ +(m—1)!(A M) u+m!(A )™My + 0]
—_—— -
=0
At ! -1

(Note that we computed ey without knowning e4?.

On the other hand, e*u is a solution to 2’ = Az. This is because e/ is a fundamental matrix,
thus the general solution is e4fc, where ¢ = (ci,¢a,...,¢,) is an arbitrary non-zero vector. In

particular, we have a solution upon choosing ¢ = u.

From the above we conclude the following: let uy, us, ..., u, be n linearly independent generalized
eigenvectors (which always exist) corresponding to the eigenvalues Aj, Aa, ..., A, (not necessarily
distinct). Then z1(t) = e?uy, ..., 2,(t) = etu, are n linearly independent solutions to =’ = Az,
where each eu; is computed as above (without the need to know e4?).

27.3. Summary for solving x’ = Ax.
1) Compute the characteristic polynomial p(A) = det(A — AI).

2) Find the roots of p(A) = 0. Let the distinct roots be A1, Ao, ..., Ag, and let mq,..., my be
their multiplicaties.
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3) For each A\, i =1,2,... K, find m; linearly independent generalized eigenvectors by solving
(A= X)™u=0.

4) Form n = mq + - - - + my, linearly independent solutions to 2’ = Az’ by computing

2
z(t) = eMu = eMu+ t(A — AX)u + Q(A —A)u+...]
for each generalized eigenvector u, corresponding to each eigenvalue A, found in part 3. If A has
multiplicity m, the series terminates after m terms.

0 01
Example 27.6. Find a general solution to 2’ = Az’, where A= |0 1 2
0 01
The eigenvalues of A are \; = 0 and Ay = 1 with multiplicity two.
1
u; = | 0| is an eigenvector associated with A\; = 0, then
0
1 1]
z1=¢e" 0| = |0]| is a solution.
0 0
Let us compute the eigenvector for Ay = 1:
0 0 1] -1 0 1
A—XI=10 1 2(=]0 0 2
0 0 1 0 0 0
-1 0 1| |a 0
Thus | 0 0 2| [b| = |0 givesa=¢,bfree,c=0 = a=0
0 0 0f|c 0
0
Hence there is only one linearly independent eigenvector, uo = |1|. Since Ao has multiplicity 2,
0

a generalized eigenvector can be found by solving (A — Ao )?u = 0. Compute:

2

-1 0 1 1 0 -1
(A=XD*u=|0 0 2/ =]0 0 0
0 0 0 0 0 O
1 0 —1| |a 0 a 1 0
solve [0 O O bl =10 = a=c¢b,cfree, thus, u = |b| =c|0| +b|1|. This gives us
0 0 O c 0 1 0
1 0
two linearly independent generalized eigenvectors, [0| and |1|. We already knew that the latter
1 0
1
is a generalized eigenvector since it is an eigenvector. We can thus take ug = |0].

—_
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Now we compute

t2
At, ot _ T (A — 2
eus = e ug + t(A — Aol )usg + 2!(A Aol ) us + 0 |
_—
=0
1] -1 0 1] [1
=e[[o] +t| 0 0 2| |0]]
11 0 0 0] |1
1] 0 1]
=e'[|0| + |2t|] =€ |2t
11 0 1]
The general solution is
1 0 1
z(t) =c1 [0] 4 coe! [1] 4 cze’ |2t
0 0 1

where c¢1, co and c3 are arbitrary constants.

tu, and write the “solution” corre-

1
sponding to a generalized eigenvector u as e*u. In the above example, it would be e* |0|, which
1

Remark 27.7. A common mistake is to forget to compute e

is not a solution.

28. THE PHASE PLANE

dr = f(x,y,1)

d
= flz.y1)

When f and g do not depend explicitly on ¢, the system is called autonomous. We will focus
on autonomous systems.

Consider the system

Notation 28.1. We will often denote time derivatives by a dot, i.e., ‘fl—f = 1.

&= f(z,y)
j=g(zy)

Let (z(t),y(t)) be a solution defined on some interval I. A plot in the xy-plane of the parametrized
curve z = xz(t),y = y(t), along with arrows indicating the direction of increasing ¢, is called a

trajectory of the system. In this context we call the zy-plane the phase plan and a representative
set of trajectories in this plane is called phase portrait of the system.

Definition 28.2. Consider the autonomous system {

Example 28.3. The system i = —2x,9 = —8y has solutions z(t) = cie™ 2!, y(t) = c2e™%, ¢1, o
arbitrary constants. To draw the trajectories, we write

dy

d 8 d d
j—i:—y:—y = Yoy Inly|=Inz*+C=y=Cax'
& dr 2z Y T

The phase portrait is illustrated in the following figure:
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AY

The arrows indicating the direction of time (increasing t) all point toward the origin becase
z(t) = cre™ — 0 and y(t) = coe™® — Oast — oo.

To draw the phase portrait, it is useful to note that we can rewrite © = f(z,y),9 = g(z,y), as

dy
— 4 — dy _ 9(=@y) ; ;
= =3 = Fay) 85 in the previous example.

dt

8.

If (z(t),y(t)) is a solution to an autonomous system, so is the time-shifted pair (z(t+c),y(t+c))
for any constant c.

To see this, set X(t) = z(t + ¢), Y (t) = y(t + ¢) and note that

X(t) = it +c) = fla(t +0),y(t + ) = f(X(), Y (1)
Y(t) = g(t+ ) = g(a(t + o), y(t + ) = g(X(1), Y (t))

If (x0,90) is a point such that f(xg,y0) = 0 = g(xo,y0), then the constant functions z(t) =
x0,y(t) = yo are solutions. This is a solution that does not change over time, motivating the
following definition:

Definition 28.4. Consider the system @ = f(z,y),y = g(x,y). A point (zg,y0) such that
f(xo,y0) =0 = g(x0,yo) is called a critical point of the system and the solution x(t) = g, y(t) =
Yo is called an equilibrium solution (or simply an equilibrium).

We are interested not only in determining the equilibrium /critical points of autonomous systems,
but also in studying their stability properties. For example, in the example above, (0,0) is a critical
point with the property that all trajectories converge to it as ¢ — co. Such a critical point is called
asymptotically stable.

Consider now & = 22,9 = 8y. The x(t) = c1e* and y(t) = c2e®. The trajectories can be found
by solving % = A;—y, which again gives y = Cxz*. The point (0,0) is a critical point for this system,
but now the trajectories move way from (0,0) as t — oo, so the arrows are reversed as compared

to the previous example:
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In fact, no matter how close to the origin we start, the trajectories will move away from (0, 0)
as t increases. Such a critical point is called unstable.

Example 28.5. (ex 3, sec.5.4) Find the critical points of the system
T=4r—-3y—1
Yy =05 — 3y — 2,

and sketch the phase portrait.

To find the critical points (zo,yo), we solve f(xo,v0) = 0 = g(xo,v0), i.e.,

dxg—3yo—1 =0
o 7 2Y0 = xo=1Lly =1
5x0—3y0—2 =0

To draw the phase portrait, we sketch the direction field of the system:

\
N
AN
AN
\\\
\
\
\

ol 7

By
8

From the sketch, we see that if we start very near the critical point, trajectories will move away
from it as the time passes (i.e., as ¢ increases), with one exception: trajectories converge to the
critical point along the line y = 2z — 1. Such a critical point is unstable (because most trajectories
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flow away from the critical point) and is called a saddle point.

We will give the precise definitions of the critical points illustrated above, and others, later on.
For now, let us simply illustrate the types of critical points we will encounter with the following
pictures:

A

N

-

\/

LN

7N

Node ral saddle
(asymptotically stable) (unstable) (unstable)

' o
»
' o

[
- (- =~
center spiral Node
(stable) (asymptotically stable) (unstable)

When we draw phase portraits, it is useful to remember that % = % admits unique solutions

with initial conditions within a region R of the plane if % is continuously differentiable there.
Therefore, under these conditions, trajectories of the system cannot intersect.

The following theorem is useful to determine critical points:

Theorem 28.6. Let x(t),y(t) solve & = f(z,y),y = g(x,y), where f and g are continuous. If the
limits xo = limy_o0 2(t) and yo = limy_,o0 y(t) exist (and are finite) then (xg,yo) is a critical point.

Example 28.7. (sec. 12.1) Consider the system
& =2xz(a1 — bz — 1Y)
¥ =ylaz — by — c2y)
where aq, as, b1, ba, c1, co are positive constants. This system models the dynamics of two compact-
ing species with populations = and y.
Let us find the critical points and analyze the system. The critical points are solutions to
z(ag — bz —c1y) =0
y(ag — boy — cox) =0



62 Diff Eq

There are four possibilities:
r=0,y=0,0r x=0,a2 — boy — cox = 0,
ora; —bjx—ciy=0,y=0o0r ag — bix — c1y = 0,as — boy — cox = 0,
giving
as al a1b2 — agCq a2b1 — a1C2
070)07777507 )
(0,0, bz) (bl ) or (blb2—0102 biby — cico

This last critical point is well defined for biby — c1ca # 0. It corresponds to the intersection of
a1 —bix —c1y =0 and as — boy — cox = 0. If by1bs — c1co = 0, these lines do not intersect.

To analyze the dynamics, let us indicate the regions in the phase plane (i.e. the xy-plane) where
x and y increase/decrease, i.e., the region where &, 7 are positive/negative. Because x,y > 0 (as
they represent populations), we consider only the first quadrant.

AY AY

(Llfbll‘*cly:()
a1 a2
c1 / by /

a1 —bix—cy <0

ag —box —coy =0

az —box —coy < 0

y decreases

x decreases
N < T

X increases y increases

a1 —bix—criy >0 a2 — by — c2y >0

sy

az

sy

I

Consider first the case when a1 —bix—c1y = 0 and as —boy—cox = 0 do not intersect and Z—j > %
This gives regions I, IT and III as in the picture. The blue (red) horizontal (vertical) lines indicate
the directions that x(y) increases or decreases. The combined result of z,y increasing/decreasing
is indicated by the green triforks. The critical points are colored in pink.

AY
BN IIT

o’ I A

< =
TN
/]\4 < <—
——
>
a1 a2 I
by c2

For any initial condition in region III, trajectories will move toward the line ay — boy — cox = 0
(red line) as indicated by the trifork A.
These trajectories cannot cross the z-axis because this requires y # 0 on the z-axis, but y =0

when y = 0. Since y is decreasing in region III, we see that all trajectories in the region III will
eventually cross into region II. For initial conditions in region I, trajectories will move away from
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it (trifork N) eventually entering into region II. For initial conditions in region II, trajectories will
move up and to the left (trifork Z)

These trajectories cannot cross into region I as this would contradict the analysis we did for
region I. They cannot cross into region III either, as this would require x to be increasing in region
IT (which it is not) or y to increase across the line ag — bz — coy = 0 (red line), which it cannot
because y decreases in region III. We conclude that for any trajectory starting at (zg,yo) with
xg > 0,y9 > 0, it will converge to the critical point ‘;—;. Thus, the population z will die off and the

population y will approach the value ‘g—;.

The analysis for the case when lines a; — b1z — c¢1y = 0 and as — ey — cox = 0 do not intersect
and ‘g—; < %11 is similar. The picture below illustrates the situation.

The conclusion in this case is that solutions starting with xg,yo will converge to (%,0): the
population y will die off and the population z will approach %.

Consider now the situation where the lines do intersect (so now there are four critical points),
and let us take ¢ > 2.

The triforks in the picture show that for any initial condition (zg, y9) with zg, yo > 0, trajectories
will converge to

arby — azcr asby —aico

p=(

biby — cica” biby — cico
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This is an equilibrium where both species survive.

Finally, for % > Z—i with the lines intersecting, it is possible to show that there exist a line
(called separatrix) dividing the plane into two regions A and B, such that trajectories starting in

A approach (0, ‘;—;) and trajectoires starting in B approach (%’ 0)

29. LINEAR SYSTEMS IN THE PLANE
Consider the autonomous system
T = a1+ apy + b
Y = a127 + azy + by

where a11, aj2, a1, azs and by, be are constants. Suppose that (xg,yo) is a critical point for the
system above. Setting T =z — xg,9 = y — yo, we find

T =12 =ap17+apy+b =an+ a2y + a11xo + a12yo + b1
=0 because (z0, yo) is a critical point
U=y =anx + axpy+ by = a2 + a2y + a127o + a2y + bo

=0 because (z0,yo) is a critical point
Thus, without loss of generality, we can assume that the system is written as
T = axr + by
y=cxr+dy

a,b,c,d constants, in which case (0,0) is a critical point. We will henceforth assume that
ad — be # 0, which implies that (0,0) is the only cirtical point.

The methods previously developed give that solutions = and y are of the form z(t) = AeM, y(t) =
Be, where u,v, \ are constants. Plugging in:

(AeM) = aAeM + bBeM (A—a)A-bB =0
(BeM) = cAeM + dBAN —cA+(A-d)B=0

which is a system determining the eigenvalues A and corresponding eigenvectors.

We are interested in questions of stability of the critical point (0,0). E.g., Do solutions that start
near (0,0) remain close to (0,0)? If they do, do they converge to (0,0) as ¢ — co? And if they
don’t, what happens when t — 00? As we will see, answers to these questions depend on the nature
of the eigenvalues. We will consider separate cases.
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Case 1: 0 < A1 < Ay (i.e., A1, Ao real, distinct, and positive)

In this case solutions are given by

T U v
[@J = [ 1] Mt 4 C [vl} et = clueAlt + 021)6)\2t
2

where ¢y, ¢y are constants and u = (uj,u2) and v = (v, v9) are linearly independent eigenvectors
corresponding to A1, A2. (Note that such eigenvectors exist because \; # A2). Each choice of ¢, ¢o
corresponds to a different initial condition.

Because A1, Ay > 0, we see that any trajectory not starting at (0,0) will move away from the
origin, indicating that the critical point is unstable. We also see that for initial conditions such that
co = 0, trajectories remain on the line spanned by u, and for initial conditions such that ¢; = 0,
trajectories remain on the line spanned by v. Furthermore, if ¢; and ¢o are both non-zero, then
trajectories tend to become parallel to v when ¢ becomes large (A2 > Ap).

Finally, to understand what happens near (0,0) , we look at the limit ¢ — —oo, because in this
limit trajectories will converge to (0,0) (since, A1, A2 > 0). Because Ay > A1, the component of
trajectories in the direction of v vanishes faster than the component in the direction of u (except
when ¢; = 0). Therefore, unless ¢; = 0, trajectories become tangent to u at (0,0). The phase
portrait is illustrated below.

=Y

The critical point (0,0) is called an unstable improper node in this case. The lines spanned by u
and v are sometimes called the transformed axes.

Case 2: Xy < A1 <0 (i.e., A1, A9 real, distinct, and negative)

The analysis in this case is like in case 1, but now trajectories converge to (0,0) as t — oo. The
origin is an asymptotically stable improper node. The phase portrait is illustrated below.

T
[y} = clueAlt + CQ’UG)\Qt
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=Y

As before, each choice of c1, co corresponds to a different initial condition.
Case 3: A\ <0< Ay (i.e. A1, A9 real, distinct, opposite signs)

At A2

Solutions are given by ﬂ = crue?t + cove???t, where u, v are linearly independent eigenvectors

associated to A\; and Ay (which we know to exist because A\; # A2) and ¢1, 2 are constants, each
choice of ¢y, ¢ corresponding to a different initial condition. Trajectories stay on the line spanned
by v if ¢; = 0 and on the line spanned by w if ¢ = 0, and they move away from (0,0) along the
line spanned by v (because (A2 > 0) and toward (0,0) along the line spanned by u (because A1 < 0)).
Since e*? — 0 and e*?! — 0o as t — oo (since A; < 0 and Ay > 0), trajectories tend to become
parallel to v for large times. Moreover, for any initial condition with cy # 0, trajectories will move
away from the origin. The critical point (0,0) is an unstable critical point. The phase portrait is
illustrated below.

Ay

=Y

/;)

Case 4: A\ = Ay (i.e., A1, A2 real and equal)

Let us first consider Ay = Ay = A > 0. If there exist two linearly independent eigenvectors v and
v, then we can write

xT
[y] = crueM + cpve = (cru + cov)et
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We see that for each ¢p,co, not both zero, trajectories move away from (0,0) along the line
c1u + cov. The critical point is called an unstable proper node and the phase portrait is illustrated
below.

=y

If a second linearly independent eigenvector does not exist, then solutions are written as

B] = crue + co(v + (A — X)v)eM

= (cru+ cov + cot (A — M)v) M
—_——

=W

At
= ((cqu + cov) + cotw)e™,
where v is a generalized eigenvector.

As t — oo, all trajectories move away from (0,0). They do so along the line spanned by u for
initial conditions such that ¢ = 0. To understand the behavior of trajectories near (0,0) we look at
the limit ¢ — —oo. In this limit, the term cotwe* dominates the term (ciu+cov)elt (for cp # 0), so
trajectories tend to become parallel to w for very negative t. But we know that w is an eigenvector
of A (since (A — A)w = (A — AI)*v = 0) so it must be parallel to u. But at the same time, in the
limit ¢ — —o0, trajectories converge to (0,0). We conclude that trajectories must be tangent to
the line spanned by u at the origin.

Finally, considering the trajectories in the form y = y(z), we see that along each trajectory
there exists one, and only one, point 2y such that yo = vy'(z¢) = 0 and y"(z¢) # 0, thus tra-

jectories, always turn around at (zg,yp). Indeed, % = Z%gi so ¥'(x) = 0 iff ‘2—? = 0. But

y(t) = (crur + cova + Czth)e)‘t, thus y(t) = Aciug + coug + catws + Cng)e’\lt and we find one,
and only one, ty such that ¢(tg) = 0. We also see that 3/(t) changes sign at tg, so it increases
(decreases) before (after) ¢, preventing y”(xo) = 0.

The phase portrait is illustrated below. The critical point is an unstable improper node.

The case Ay = A2 = A < 0 is analyzed in the same fashion and gives an asymptotically stable
proper /improper node (it corresponds essentially to inverting the arrows in the case A > 0).
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By

Remark 29.1. Above, we used ws # 0 when we solved for ¢y to find y(tg) = 0. If wy = 0, then we
consider z = z(y) and find 2/(yp) = 0 instead, thus computing & (tg) = 0 (w1 # 0 in this case since

w # 0).
Case 5: A\=a+if,a#0,8#0

In this case
[ﬂ = c1e™(cos(Bt)a — sin(Bt)b) + c2e™ (sin(Bt)a + cos(5t)b)
where a+ib are eigenvectors corresponding to a=£i3. Let us write the system in polar coordinates:
12 = 22 + 9% = [cre™(cos(Bt)ar — sin(Bt)by) + coe® (sin(Bt)ay + cos(Bt)b1)]>

+ [e1e™(cos(Bt)as — sin(Bt)bs) + coe™ (sin(St)ag + cos(t)ba)]?

= 2] ]

where a = (a1, a2),b = (b1,b2) and the term [...] is a positive function of ¢ (unless ¢; = co = 0).

We see that r — oo or 0 depending on whether a@ > 0 or o < 0. The periodic character of the
solution also tells us that the term [...] causes z and y t ooscillate between a positive and negative
value. The critical point (0,0) is an unstable spiral for & > 0 and an asymptotically stable spiral
for o < 0.

sY
sy
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Case 6: A ==+i3,6#0

The analysis in this case is similar to case 5, but now r remains bounded. The trajectories in
this case are closed and we have a stable center.

AY

2

Remark 29.2. Note that we do not have any case with A = 0 because ad — bc # 0.

sy

29.1. Summary of stability analysis for linear systems.

. . bl . . o
Consider the system & = Az, where A = [Z d] is a real matrix, and let A1, A2 be its eigenvalues.

The stability of the critical point (0,0) is as follows:

Eigenvalues Type of critical point Stability
0< A <A improper node unstable
Ay <A1 <0 improper node asymptotically stable
A1 <0< Ag saddle point unstable
Al=X=A>0 proper or improper node unstable
Al=X=A<0 proper or improper node | asymptotically stable
A=axif,8#0,aa>0 spiral unstable
A=atif,8#0,a<0 spiral asymptotically stable
A=+i8,8#0 center stable

Above, the terms on the second and third columns are defined by the given conditions on the
eigenvalues listed in the first column.

30. ALMOST LINEAR SYSTEMS

Definition 30.1. Consider the autonomous system & = f(z,y),y = g(z,y). Let (zo,y0) be a
critical point. The system is called stable if, given any € > 0, there exists a § > 0 such that every
solution z(t), y(t) of the system that satisfies

V(@(0) = 20)% + (y(0) — y0)? < &
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also satisfies

V(@) —z0)2 + (z(t) —po)2 < &
for all t > 0.

If (0, yo) is stable and there exists a n > 0 such that any solution x(t), y(¢) that satisfies

V((0) = 20)2 + (y(0) — y0)? < 7
also satisfies limy_,oo(2(t), y(t)) = (0, ¥yo), then the critical point is asymptotically stable. A
critical point that is not stable is called unstable.

(Sometimes a critical point (zg,yo) is implicitly understood, e.g., (xo,yo) is the only critical
point, and then we simply talk about the system being stable (unstable).

The interpretation of this definition is as follows. A critical point is stable if any trajectory that
begins near (within 6 of) (2o, yo) stays near (within € of) (xg,yo). If trajectories not only stay near
but converge to (zg, ) as t — oo, then the critical point is asymptotically sable.

(x(0),4(0)) (2(0),4(0)) (2(0),9(0))
o
Y
N L/
asymptotically stable stable, but not asymptotically stable unstable

For linear systems, the definition of (asymptotically) stable/unstable critical points based on the
eigenvalues of the system agrees with the previous definition.

Example 30.2. Suppose that (0,0) is a center of the linear system & = ax + by, y = cx + dy. Show
that (0,0) is stable in the case of the above definition.

Let z(t) and y(t) be a solution. Then
(2(t) = 0)* + (y(t) — 0)* = (z()* + (y(¢))”
= [e1(cos(Bt)ar — sin(Bt)b1) + co(sin(Bt)ar + cos(Bt)by)]?
+ [c1(cos(Bt)ag — sin(Bt)ba) + c2(sin(Bt)az + cos(Bt)bs)]?,

where a 4 ib = (a1, a2) + i(b1,b2) is an eigenvector associated to the eigenvalue i3, 8 # 0, and ¢;
and cy are constants. Using AB < A; + %2, (A+ B)? < A2 + B? 4 2|A||B| < 2(A? + B?), we have

[c1(cos(Bt)a; — sin(Bt)by) + co(sin(Bt)a; + cos(Bt)br)]?

< 2¢2(cos(Bt)ay — sin(Bt)by)? + 23 (sin(Bt)a; + cos(St)by)?

< 4¢2(cos?(Bt)a? + sin?(Bt)b?) + 4¢3 (sin’(Bt)a? + cos?(5t)b?)

< 4(c2 + 3)(a? 4 b?), where we used cos?(ft) < 1,sin(5t) < 1.
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Similarly,
[c1(cos(Bt)ag — sin(Bt)by) + ca(sin(Bt)as + cos(Bt)b2)]? < 4(c? + c3)(a? + b?)
so that
(@(0)* + (y(1)* < 4(c] + &3)(at + a3 + b] + b3)
We also have:
x(0) = cra1 + c2b1, y(0) = craz + cabs.

Solving for ¢1, ¢2 in terms of x(0), y(0)

aq b1 Cc1 _ CE(O) N 61:%
az ba| |c2 y(0) ¢y = —922(0)Fa1y(0)

a1bs—bias
Thus,
(@(t))* + (y(t)* < 4 (¢ + 3)(af + a3 + b7 + b3)

a? + a2 + b? + b2

<8 (@3 + W) + (df + B (o)

(af + a3 + b7 + b3)? > 2
< (a1bs — a2 ((z(0))” + (y(0)?), which gives
2 | 12
VEOP T GOF < V8 Mt et i bl oG
la1be — b1a2]
Let e > 0 be given, want to find § > 0 such that /(z(t))2 + ( 2 < eif \/(a( (y(0))? < 6.

|a1172 —agb1|
V8 \a1+b2+a2+b2u

From the above we see that this is the case if we choose § < £.

In practice, determining the stability (instability of non-linear systems can be very difficult. For
almost linear systems, defined below, however, the stability /instability can in general be determined.

Definition 30.3. Let (0,0) be a critical point of the system
& = az + by + F(z,y),
y = cx+dy+G(x,y),

where a,b,c and d are constants and F' and G are continuous in a neighborhood of the origin.
Assume that ad — bc # 0. The system is called almost linear near the origin if

M—>0and Gy —0as V22 +y2—0
Va2 +y? Va2 +y?
The assumption ad—be # 0 implies that the corresponding linear system (obtained by setting
F = G = 0) has only (0,0) as critical point. The definition implies that F'(0,0) = 0 = G(0,0).
Moreover, if F' and G are differentiable and we write the system as # = f(z,y),9 = g(z,y),
then the partial derivatives of F' and G vanish at (0,0) and from Taylor’s expansion we have that
f2(0,0) = a, f,(0,0) = b, 9,(0,0) = ¢, g,(0,0) = d. Given & = f(x,y),y = g(x,y), the linear system

Yy 9z (07 O) 9y (07 0) Yy
iS Called the linearization Of the system.

Typical examples of almost linear systems involve powers of x and y.
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Example 30.4. Show that & = 2z +y + 2% + y?,9 = x — y + 3> is an almost linear system.

We have F(z,y) = 22 + y%, G(z,y) = y>. We have \5% =22+ y2 = 0as V2 +y2 — 0.
x4y

For G(z,y), we have, for |y| < 1,|y?| < %2, thus

G 2 2 2
o< G@ Yl v Y P 0

TV T VR T Vet

Example 30.5. st =2z 4+y+ 22 +y>, 9= —y+ % ;;JQF;?Q almost linear?

sin 0

No. Because T = lasfd — 0.

The idea of almost linear systems is that they are a perturbation of the corresponding linear
system (or, if we write & = f(z,y),y = g(z,y), that the full system is a pertubation of its lineariza-
tion). It is reasonable to expect that in this case the stability of the system should be the same of
very similar to that of the corresponding linear system. This is the case (with one exception).

Theorem 30.6. Consider an almost linear system and let A1, Ao be the eigenvectors of the cor-
responding linear system. Then the stability properties of the critical point (0,0) for the almost
linear system are the same as those of the corresponding linear system, with one exception: if A\
and Ao are purely imaginary then the stability of the almost linear system cannot be deduced from
the corresponding linear system.

Example 30.7. Show that the system
T = —2x + 2zxy
j=x—y+a’

is almost linear near the origin and determine its stability.

We have F(z,y) = 2zy, G(r,y) = 22. We find

F D) 2 2
o< E@yl _ 2ellyl _ 27y T 0
\/1.2_'_y2 \/372+y2 /$2+y2
G 2 2 2
0< G@y) _ @ TV S0
\/:172 + 42 \/$2 + 2 ) + 2
The corresponding linear system is £ = —2x,y = = — y. Its eigenvalues are -2 and -1, giving

an asymptotically stable improper node. By the above theorem, (0,0) is an asymptotically stable
critical point for the original (almost linear) system:

Example 30.8. Show that the system
& = sin(y — 3x)
= cosx —e¥

is almost linear near the origin and determine its stability.

To write the system as & = ax+by+ F(z,y), ¥y = cx+dy+G(x,y), we consider the linearization.
Put f(z,y) = sin(y — 3z), g(x,y) = cosx — e¥ and compute f,(0,0) = -3, f,(0,0) =1, g,(0,0) =
0, 94,(0,0) = —1. Then

t=-3x+y+ Br—y+sin(y —3z)) = -3z +y+ F(z,y),
g=-y+{y+cosz—e’)=—y+Gzy).
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To study the limits \5% and \7% as /22 + y? — 0, we use Taylor’s expansion:

sm0=9—§+0(05)
yé
ey:1+y+§+0(y3)

62
cosf =1-— o1 +0(6%

where O(z") means terms in powers of at least 2. Then,

(y — 3x)?

S+ Ol(y = 32)7)

F(z,y) =3z —y+sin(y—3z)=3z—y+y— 3z —

We can assume that |y — 3z| < 1 so that O((y — 32)%) < O((y — 3z)?) thus

_ 3 3 3 2 2
_ AF@l _ Oy =32®) _ Oy +1af’) _ OG> +y)

VR T VR T VR T Ve

where we also used that we can assume |y| < 1, |z| < 1. Thus

F
@Y s /27752 0. Similarly,

G(z,y) =y +cosz — &’

z? 4 92 3
:y—l—l—g—kO(x)—(l—l—y—i—a—i—O(y )
22 2

= —— —Z 4+ 0(z%) + O(y*) and arguing as above we find

and arguing as above we find

G
Gy —0as a2 +y? — 0.
Va2 +y?

The eigenvalues of the corresponding linear system are —3 and —1, giving an asymptotically
stable improper node. Thus, (0,0) is an asymptotically stable critical point for the orginal system.

Remark 30.9. Recalling that a second order DE can be written as a 2 x 2 first order system, we
can also analyze the stability of second order DE.

30.1. Summary of stability for almost linear system.
Consider an almost linear system near the origin and let A;, A2 be the eigenvalues of the corre-

sponding linear system. The table below summarizes the stability properties of (0,0). We underlined
the cases that are different than linear systems.
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Eigenvalues Type of critical point Stability
0< A <A improper node unstable
Ay <A1 <0 improper node asymptotically stable
AL <0< Ao saddle point unstable
AM=X=2A>0 proper or improper node or spiral unstable
Al=X=A<0 proper or improper node or spiral | asymptotically stable
A=axif,8#0,aa>0 spiral unstable
A=axif,8#0,a<0 spiral asymptotically stable
A=+4i8,8#0 center or spiral indetermine

31. ENERGY METHODS

Consider Newton’s law (force = mass x acceleration):
' =ma =mz.

When the force F' = F(f,z,d) depends only on z, F = F(z), the system is called conservative.

In this case we define the potential energy U = U(z) by digﬂ) = —F(x) or

m@:_/nmm+n

where k is a constant. k is chosen according to a pre-determined convention of where one sets
the value of the potential energy to be zero. (Only differences of potential energy are physically
meaningful thus one is free to choose a Z,ero such that U(z,er0) = 0).

We can now rewrite Netwon’s law as

We now compute:

Show that the quantity £ = Sm(#)? + U(z) is constant during the motion. The quality $m(i)?
is called the kinetic energy of the system and FE is called the total energy.

In other words, to say that E is constant means that it is conserved (hence the name conservative)
_ Ul=)

=, we obtain

Defining g(x)
E+g(x)=0
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which is called the standard form of the DE for a conservative system. We can rewrite this
equation as a system in the phase plane for x and v = &:

{ b= —g(x)

We now introduce the potential function G(z) = [ g(z)dz+ C, where C'is a constnat, and the
energy function F(z,v) = %112 + G(z). The constant C' is chosen according to a pre-determined

convention for the values where F equals to zero.

The fact that the total energy is conserved means that the level curves of E(z,6), i.e., the
curves in the zv — plane satisfying E(x,0) = k, where k is a constant, contain the phase plane
trajectories of the system. (Note that different trajectories can have different energies. E.g., if
(z1,v1) and (x2,v2) are two different solutions, then E(x1,v1) = k1, E(x2,v2) = ko where ky and
ko are constants, but in general k1 # k3).

Example 31.1. Consider the motion of a frictionless pendulum of length [ in the figure. The
evolution of the angle 6 with the vertical is described by

' é—i—%sinG:O

where ¢ is the gravitational acceleration (see page 208 of the textbook for a derivation of this
equation).

Assume that g/l = 1. Find E(0,v) and choose it so that F(0,0) = 0.

We have g() = sinf, so G(0) = —cosf + C. Thus
Lo
E(G,U)Z§U + C —cosf
Plugging # =0 =v we find £(0,0)=C—-1=0=C=1, s0
L 5
E(G,v):iv +1—cosf

The critical points (zg,v9) of & = v,0 = —g(x) are given by vg = 0, g(xg) = 0. So the critical
points of the system are always along the x-axis, i.e., (zg,0).
Recalling that g(z) = %dlcjlgf) = G'(z), we have g(z9) = 0 = LU'(29) = G'(20). Thus, zo must
be a critical point (in the sense learned in calculus) of the potential function G(z) and the potential
energy U(z). We will now see that how to use this information to sketch the trajectories of the
system.
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Example 31.2. Sketch the phase portrait of a conservative system with potential function whose
graph is

AY

\\/ G(x)

/
=Y

We draw the phase plane below the graph of G and recall that the critical points of the system
are those (xo,0) with G'(zo) = 0.

We see that the system has two critical points, A and B. Let us look at the level curves of the
energy function:

Jvo Gz)=k
Since v = £4/2(k — G(z)), v exists (is red-valued) only for k — G(x) > 0.

Consider a strict local minimum of G at z, and take a level curve E(x,v) = k4, where ky is
slightly greater than G(x1). There is an interval (a,b) containing z; such that G(a) = k4 = G(b)
and G(z) < kg for a <z < b.
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Note that v = 0 for z = a and x = b, and that v = £1/2(k4 — G(z) is well defined and non-zero
for x € (a,b) (and undefined for x ¢ [a, b]).

Thus the two curves
v=4++/2(ks — G(z)) and v = —/2(ks — G(2))

join at £ = a and x = b to produce a closed curve about A.

This is the case for any k such that G(z1) < k < ks, such as k3 in the picture, where the value
ks is indicated in the picture (red line). Hence A is a center.

For the level curves with E(z,v) = ky4, there is a region that corresponds to no curve because
G(z) > k4 there (between z = b and x = d). But for x > d, v is well-defined, with |v| increasing
without bound as x increases and v = 0 at x = d. Similarly for ks.

Consider next the strict local maximum x5 and the level curve E(z,v) = ki, with k1 > G(x2).
We see that v is not defined for x < ¢, thus the trajectory lies to the right of x = ¢. v =0 only for
T = ¢, i.e., the trajectory only touches the z-axis for z = c.

For the part of the trajectory with v positive, v = +4/2(k1 — G(z)), as x varies from = = ¢ to x;
and then from z; to x2, G(z) decreases and then increases, hence v increases and then decreases.

From x5 on, G(z) decreases without bound.

Similarly, for v negative, v = —/2(k1 — G(x)), v decreases from z = ¢ to z; and increases from
x1 to xe, decreasing again for x > x9. The corresponding trajectory is illustrated above.

Consider now values k such that k < G(x1), such as k5 and kg in picture. We see that trajectories
exist (v is red-valued) only for x to the right of the intersection of y = h with G(x).

Finally, we see that ko corresponding to a “limiting case”, separating the closed curves from the
unbounded ones. We see that B is a saddle point.

Remark 31.3. To draw the arrows indicating the direction of increasing time, it is useful to recall
v = &, thus v > 0 gives that = increases along the trajectory and v < 0 that x decreases along the

trajectory.

Example 31.4. Sketch the phase portrait of the pendulum
0 +sinfd =0

We take E(0,0) =0, so G(f) =1 — cos¥b.

G has strict local minimum at 6 £+ 2nw, n = 0,1,2,... and strict local maximum at 8 =
+(2n+ )m,n=0,1,2,...

Arguing as in the previous example, we conclude that the critical points (+2nm,0) are centers
and (+(2n + 1)m,0) are saddle points. Level curves E(0,v) = k with k£ > 2 do not cross the 6 axis
and correspond to trajectories that are not closed curves.
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32. LYAPUNOV’S METHOD

For consertive systems, we saw that a great deal of information can be obtained by considering
the energy function E(z,v). The Lyapunov method generalizes the energy method to autonomous
systems & = f(x,y),y = g(x,y). In this case we no longer have an energy. Instead, we look for an
appropriate function that generalizes FE.

Definition 32.1. Let W = W (x,y) be a function that is continuous on a disk D containing (0,0)
and assume that W (0,0) = 0. We call W:

e Positive definite on D if W(z,y) > 0 for all (z,y) € D, (z,y) # (0,0).
e Positive semi-definite on D if W(x,y) > 0 for all (z,y) € D.
e Negative definite on D if W(z,y) < 0 for all (z,y) € D, (x,y) # (0,0).

e Negative semi-definite on D if W (z,y) <0 for all (z,y) € D.

The theorems below apply to systems & = f(z,y), ¥ = g(x,y) where the origin is an isolated
critial point. Le., f(0,0) = 0 = ¢(0,0) and there exists a disk D about (0,0) such that no other
critical point other that (0,0) exists within D.
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Theorem 32.2 (Lyapunov’s stability theorem). Let V' be a positive definite function on an open
disk D containing the origin. Suppose that (0,0) is an isolated critical point for the system & =

f(z.y),9=g(z,y). Set
(1) If W is negative semi-definite on D, then (0,0) is stable.

(2) If W is negative definite, then (0,0) is asymptotically stable.

The idea behind this theorem is very simple. Let (z(t),y(t)) be a solution starting near the
origin. Compute:

iV(l‘(t), y(t)) = Va(2(t),y(1)a(t) + Vy (x(1), y(£))y(t)

dt
= Vi (x(t), y(0) f(2(1), y(8) + Vy (2(1), y(1))g(x(t), y (1))
= W(x(t),y(t))
If W is negative semi-definite on D, this means that %V(m(t),y(t)) < 0. Hence, the function
F =F(t)=V(x(t),y(t)) is a non-increasing function of t.

On the other hand, V' is positive definite, V increases when x and y move away from (0,0). Now,
if a trajectory (z(t),y(t)) were to escape the vicinity of (0,0), then the function F(¢) would have
to increase with ¢, contradicting the fact that F’(t) < 0. Moreover, if W is negative definite then
F(t) has to be strictly decreasing, and this cases trajectories cannot be closed about (0,0) and the
only possibility is that they converge to (0,0). These ideas are illustrated in the picture below.

graph of V

V(x(ta), y(t2))

t1 < to
Vi(x(t1), y(t1)) < V(x(t2), y(t2))

<V

(;1?(1‘,1)71/(151))\ ty <ty
; * (2(t2), y(t2))

trajectory moving away from the origin

The function V in the theorem is called Lyapunov function.
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The main drawback of the theorem is that it gives no idea of how to find the V. However,
experiences shows that in many cases, expressions of the form V(z,y) = az' + by™ with I,m
positive even numbers and a, b constants appropriately chosen, produce Lyapunov functions. Note
that such V’s are positive definite for a,b > 0.

Example 32.3. Consider # = -2y, 9 = = — 3y°.

We see that the origin is a critical point and in fact the only critical point since
—23 =0,z -3y =0 = (2,9) = (0,0), so the critical point is isolated.
We seek a Lyapunov function in the form V(x,y) = ax? + by?. Then,
W(z,y) = Valz, y) f(2,y) + Vy(z, y)g(z, y)
= 2ax(—2y°) + 2by(x — 3y°)
= —4axy® + 2bxy — 6by?
This is not negative semi-definite because along the line y = z we have:
W(x,—x) = —4az* + 20z — 6bx?
For x very small, z* is much smaller than 22 and the term +2bz? dominates the remaining ones,
giving W(x,z) > 0 (recall that a,b > 0).
We now try V(z,y) = ax?® + by*. Then
W (x,y) = 2ax(—2y°) + 4by*(x — 3y*)
= —dazxy> + 4by3z — 12by°

If we put a = b = 1, then W(z,y) = —12y°% which is negative semi-definite. By the above
theorem, (0,0) is a stable critical point.

Remark 32.4. We could of course have chosen any positive a = b. This shows that Lyapunov
functions are not unique.

Remark 32.5. The last example cannot be treated with the method of almost linear systems. This
is because the corresponding linear system is & = 0,9 = x, which does not satisfy ad — bc # 0. In
other words, although (0,0) is an isolated critical point of the system, it is not an isolated critical
point of the corresponding linear system.

The next theorem is a criterion for instability.

Theorem 32.6 (Lyapunov’s instability theorem). Suppose that the origin is an isolated critical
point for the system & = f(x,y),y = g(z,y). Let V. =V (x,y) be a continuous function defined on
an open disk D containing (0,0) and assume that V' (0,0) = 0. Suppose that

W(z,y) = Ve(z,y) f(2,y) + Vy(z,y)9(z,y)

is positive definite on D. Finally, assume that for every disk D' centered at the origin, there exist
a (zo,y0) € D' such that V(xo,y0) > 0. Then (0,0) is unstable.

As in the previous theorem, the main difficulty to apply this theorem consists in finding the
function V.

3

Example 32.7. Show that # = —y3,9 = —23, is unstable using V (z,y) = —zy.

First, note that (0,0) is an isolated critical point.
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The function V(z,y) is continuous, V(0,0), and every disk about the origin contians a point
where V' is positive (any point where x and y have opposite signs). Compute:

W(z,y) = Va(z,y) f(z,y) + Vy(z,9)9(z,y)
= —y(—¢*) + (—2)(—2?)
= y* 4+ 2* , which is positive definite.

Hence, (0,0) is an unstable critical point.

33. LIMIT CYCLES AND PERIODIC SOLUTIONS

Definition 33.1. A non-critical closed trajectory with at least one other trajectory spiriling into
it (as time approaches plus or minus infinity) is called a limit cycle. When nearby trajectories
approach a limit cycle, we call it stable, and unstable when they recede. If trajectories approach
a limit cycle from one side and recede from the other, it is called semi-stable.

Remark 33.2. In the above definition non-trivial means not a single point (since critical points
are closed trajectories).

limit cycle stable limit cycle

unstable limit cycle semi-stable limit cycle

An importnat fact about limit cycles is the following:
A limit cycle must enclose at least one critical point. Moreover, any critical point
enclosed by a limit cycle cannot be a saddle point.

For the next theorem, we recall that a simply connected domain in the plane is an open connected
set that has no “holes”.
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simply connected not simply connected not connected

(thus not simply connected)

Theorem 33.3 (Bendixson negative criterion). Let f(x,y) and g(z,y) have continuous first partial
derivatives in a simply connected domain D and assume that f.(x,y) + gy(x,y) does not change
sign in D. Then there are no non-constant periodic solutions to & = f(x,y),y = g(x,y) that lie
entirely in D. In particular, if D = R?, then the system has no non-constant periodic solutions.

Example 33.4. Show that # = —2x —y — 29%,9 =  — 3y — 2%y has no closed trajectories (other
possibly than critical points).

Since a closed trajectory corresponds to a periodic solution, we will apply Bendixson’s criterion
with D = R2. Compute:

fe(z,y) + gy(z,y) = =2 — y* — 3 — 2

which is always negative, so by Bendixson’s criterion the system cannot have (non-constant) peri-
odic solutions.

The next theorem gives a sufficient condition for the existence of periodic solutions (i.e., closed
trajectories) that are not constants.

Theorem 33.5 (Poincaré-Bendixson theorem). Consider the system & = f(z,y),y = g(z,y), and
assume that f and g have continuous partial derivatives on a closed bounded region R. Suppose
that there are no critical points within R. Then any solution that stays within R for all t > to for
some tg is either a periodic solution or it approaches a limit cycle. Consequently, the system has a
non-constant periodic solution.

To apply this theorem, we need to find a region R that “traps” trajectories as illustrated in the
next example.

Example 33.6. Show that the equation
i+ (42 + ()2 — )i+ 23 =0

has a non-constnat periodic solution.

We set y = & and write the equation as the system:
T=1y
§= "~ (42> + 47 — )y
The origin is the only critical point of this system. To find the region R, we will construct a
function V(z,y) that increases in x and y, and such that %V(m(t),y(t)) is > 0 inside a curve ~
enclosing the origin and < 0 outside . This implies that trajectories outside v move toward it

from the outside and trajectories inside v move toward it from the inside. Thus, trajectories have
to remain in an annulus containing v (see picture).
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Put V(z,y) = tz* + 1y, Then

iV(w(t), y(t) = 2% + yy = 2%y — y(2® + (42 + y* — 4)y)

dt
= —(42” +y* — 4)y?

Thus, the function V(z(t),y(t)) is increasing in the variable ¢ inside the ellipse 7 given by
422 4 y? = 4 (since 422 + y? — 4 < 0 inside 7) and decreaseing outside v (since 422 + y?> —4 > 0
outside 7). Pick a number A such that the ellipse C4 given by 422 + y? = A lies inside v. A
trajectory starting outside C'4 but inside 7 cannot cross Cy4. For, suppose that (z(t),y(t)) lies
outside C4 and inside v at time ¢, and inside C'4 at a later time to. Then, since V' is increasing in
x,y, we would have

Vi(x(t),y(tr)) > V(x(ta), y(t2)),
but this contradicts V' (z(t), y(t)) being increasing in ¢ inside 7.

AY
(z(t1),y(t1))

(z(t2), y(t2))

A/

Similarly, choosing B such that the ellipse 422 +y? = B is outside 7, we conclude that a trajectory
starting inside C'p but outside v cannot cross Cg. Thus, a trajectory that is outside C4 and inside
Cp has to stay between these two curves for a U future time. Taking R to be the annular region
between C'4 and Cp, the Poincaré-Bendixson theorem now gives the result.

Remark 33.7. We are not saying that such a closed trajectory is given by the ellipses v,C'4 or
Cp.

34. STABILITY OF HIGHER DIMENSIONAL SYSTEMS

We will now generalize some of the stability results discussed for 2 x 2 systems to n x n systems.

For x € R, instead of working with the usual norm given by /3 + 23 + - - + 22, it is convenient
to define

]l = max fa;|
= n

=1,...

where max;—i ., means the maximum when ¢ varies from 1 to n.

For a n x n matrix A we define

|All = max |ai;|, where a;; are the entries of A.
1,j= n

ey
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It follows that

n n
|Az|| = max [Y ay 2| < max > |ay| |z]
#=L...m =1 =L =1

< DO lAN =l < D IAI =] =l Al =)
=1 =1

Definition 34.1. Consider the system & = f(¢,x), where = z(t) is a n-component vector
function, f(t,z) = (fi(t,z),...fn(t,z)) with each f;(t,z) a real valued function with continuous
partial derivatives. We say that a solution ®(¢) to this system is stable (also called Lyapunov
stable) for ¢ > t, if for any £ > 0 there exist a § = §(tp,&) > 0 such that if ||z(tg) — P(¢o)|| < 9,
where z(t) is any solution & = f(¢,x), then ||z(t) — ®(¢)|| < € for all ¢t > ¢y. If in addition, for any
such x(t) we have that lim;_oo||z(t) — ®(¢)|| = 0, then ®(¢) is called asymtotically stable. If ® is
not stable, then we call it unstable.

stable

asymptotically stable unstable

This definition generalizes the stability of critical points previously introduced. Indeed, when
the solution & is a critical point and tg = 0, the above definition reduces to that of a critical point,
except that the norm ||.|| employed is different. This is not an issue because both norms in question
are equivalent, i.e., there exist constants A, B, C' and D such that

A x%+x%+o'-+$%§i:nllz}.gn|mi|§3 22+ ad+ a2

and C' max |x;| < \/ZL‘%—I—J'%—F“'—I—QS‘% < D max |z
i=1,....,n i=1,...,n
Theorem 34.2. Consider & = A(t)x(t) + f(t). A solution ®(t) is stable (asymptotically stable) if
and only if the zero solution is a stable (asymptotically stable) solution to @(t) = A(t)x(t).

Theorem 34.3. Let A = A(t) be a n X n continuous matriz function. Let X be a fundamental
matrix for the system & = Ax,t > to. If there exists a constant k > 0 such that || X (t)|| < k for
all t > to, then the zero solution is stable. Moreover, if lim;_,o || X (t)|| = 0, the zero solution is
asymptotically stable.

We conclude this brief description of higher dimensional systems with almost (higher dimen-
sional) linear systems.

Definition 34.4. Let A be a n X n matrix with non-zero determinant. Let f = f(¢,x) be contin-
uously differentiable for ¢ > 0 and ||z|| < & for some x > 0. Suppose that f(¢,0) =0 for all ¢ > 0.

Assume that for every € > 0 there exists a > 0 such that 0 < [|z]| < § implies || f(¢, 2)||/||z]] < €
Ifel

B 0 uniformly in ¢). Under these conditions, we call the system

for all £ > 0 (i.e., lim, 0
& = Ax + f almost linear.
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Theorem 34.5. Let & = Az + f be an almost linear system. If all eigenvalues of A are negative,
then the zero solution is asymptotically stable. If at least one eigenvalue of A has positive real part,
then the zero solution is unstable.
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