MATH 2610, EXAMPLES OF SECTIONS 4.6 AND 4.7
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Question 1. Knowing that

y1 =27, and yp = 2°

are two linearly independent solutions of
2 //

—dxy' + 6y =0,
find the particular solution y, of the equation
x2y’ — dxy + 6y = 2> (1)
Question 2. By directly plugging in the formula for y,, namely,
y2(z) f(x) /yz(iﬂ)f(l‘)
= d d 2
wia) = —n(@) [ LD do + (o) [l i )

show that it yields a solution to
y'(x) + p2)y'(z) + q(z)y(z) = f(z). 3)
Solutions.
1. It is important to notice that (2) holds when the equation is written as in (3), i.e., with the
coefficient of y” equal to 1. Thus, we divide (1) by 22, obtaining
4 6
y' =~y + Sy=u,
x x
in which case f(z) = x. We have
W =1y — y2y) = 22322 — 232 ==
(notice that W # 0 since the equation is not defined for # = 0). Then

/y2 /dx—x

4

and

We thus find
yp = 3(Inz — 1).

2. We have to plug (2) into (3). Since we shall differentiate y,, it is useful to remember the
Fundamental Theorem of Calculus, which gives

and
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Using these formulas and the product rule we find
/wf_ 1@+ 2/ylf+ lef

where we write [ % instead of [ %(fmgx) dz in order to simplify the notation (analogously for the
other integral). Taking another derivative

/ /

Using yp, ¥, and ¥, into the equation we find

waf

yo f
Yp + 0y + aqyp = — (v + py1 + ann) / Tt tay) [ 55

y;‘/f( Py1 +2y1)+Wf(pyz+2yz)—y (yf;) + 12 (ylmf) :

Since by hypothesis y; and y» are solutions of the homogeneous equation,
yi +py1 +ayr =0,

and
Ys +pys +qy2 =0,

SO

Y2 f yLf v f ) yif\
Yy + DYy + qyp = — = (py1 + 2¢1) + W(pr +2u5) — 1 () +u2 | ==

By the product rule
wf\'"_ o f ol by
<W> =Vog; tfrt el )

and
yif\ f '
- — /7 /7 JE—
(W> y1W+y1fW+y1f<W)
Therefore
Yp + Py, + qyp = Z%}f (py1 +2v1) + %(pyz + 2y5)

o L 1y
V1275 ylysz y1y2f (W)

1 1Y)
+ yzy’l% + y2y1f’w + vy f (W) -

Notice that the last two terms of the second line cancel with the last two terms of the third line.
We are left with

yof y1f , f /
Yy + Dy + qyp = —W(pyl +2y1) + 7 (P + 202) —yivhgy + vavi gy
ya f yaf yLf yif f , f
= —p2ly — 2222 pEATS
P9 W Yy +p P2 2 + Wz y1y2W+y2y1W
The first and third terms on the last line cancel out, and then
y2f / ylf / f / f

" /
Yp + Y, +qyp = 2Wy + 2W ylyzw +v2u1y;
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f f f f
= —2wy2y/1 + 2W2/12!§ - ylyéw + yzyiw
= iyly’ - iyzy’ = i(yﬂ/ — youh)

WOt T YR Ty W2 !
= f,

where in the last step we used that W = y1y5 — ya1].



