











































































































MATH 2420

Methods of Ordinary Differential Equations














































































































tasty out

DE differential equation
ODE ordinary differential equahu
P DE part'd differential equationIvp initial value problem
I c initial condition
iff if and only if

EX i example

Def definite
Theo theorem

prop proposition

LHS left handside
hits right haul side
LF indicates the end of a proof














































































































what is a differential equation

We are all familiar with algebraic equationse g
2 LX t 3 0

In this case the unknown is the oaniable x and
solution to this equation is a number that satisfies itT in this case x L and x 3 are solutions because
Ik t 2 I 3 O and C 3 2

t 2C 3 3 0
here x s

2 is not a solution since
22 t 2 L J O

We can consider similar situations where the
unknown is a function

Xflex 2 t 3 2 0

Soloingfor fox gives
for 231 x fo














































































































More generally we can have an equation foran a know function f when deniralises of f alsoappear e.g

If scoot to

tofence we want to find a functionfor whosederivative equals 3 coax We know from calculushow to fist such a function
soo x so f dx 3faeoxdx

fix 3 sin x t Ci where G is a

constant of integration

Einstein
ifferentialeguahoslDt














































































































EI These are DE

t y2x o variable function Y you

deff e
t

o variable t function x xLH

These ane net D E i
y 2 4 I o

f co Xlt Lt et t HH

flyer 2 Lt 4 t Sx
DX

the second qualm is called an integral equationcut the third one an integral differential equation














































































































W shdyDE

Lot's investigate the following example
Consider a spray that has length In when it isnot subject to any force One end ofthe sprig isattached to a wall and the other end to a body
of mass 2kg as in the figure below

Suppose you pull the bodyfleet
horizontally stnechiy the4

i n i SN'T 20 am and thei release it The body is
gory to oscillate back andforthwhat is its positionafter 10seconds C regard function between

am the body and theft CowsLenthat the spray has constantb so than I
F no Hook's Law we knw that the force achyon the body due to the spray is F tax wherex is the displacement with rupert to the equilibriumposition what we identify with x o














































































































Since tax is the only force acting on the bodyit equals ma whence n is the black's mass aisleor its acceleration ma k x a 2Sir shem 2kg ail h Sohn
The position x is a function of time tentWe want to know Lo posto at te les Siscathe acceleration is the second time derivative of the positiona dy thus Is tasx 0 This is a DEdf2

for the unknown function we'll learn later on boa to
find For now we can 00117 that 84120.2coscstis the desired solution to the above DE since

µq 0.2coolest t 25 0.2 co Cst 0.2 25coolest t 0.225 coast
0

The futon 0.2 slewfrom thefact that atthezero the bedition ofthe block is Loan 0.2ns so thatXLO I 0 2 cos 5 o 0.2 We can now calculate
X to 0.2 cos S Lo Is 0.19m














































































































terminologytaboos
we'll use fat f etc to denote derivative

Hence particular names given to variables and functioncan change the sane qualms might be written in differentforms Ey
x Sx e al 11,7 staff EY both represent

the same DE

Def The order of a DE is the order of thehighest derivative that it contains
for example Y t try2 0 is a DE of 3horderA soup to a DE is a function that satisfiesthe qualms Eg y 2 3 is a solution oftheD E Y 6 2 0 but y x2 is not Police that arethough it might be difficult to find a solutionof a DE it iseasy to verify whether or not a giverfunction is a solution

simply plug it into the DE au L see if equality issatisfied














































































































Def A DE of orde n is said to be if ithas the form

aitlthIIII tan HH t
t tautifftaootixth galwhere auttl a ctl gott ane given fvwt.vn and anCH oOtherwise the equation is called nonlinear In the linear casethe function or LH aol.tl are called the s of theequation

EI day t etYy costy so and x x logt
one linear while y

2
yEY ah EY t xy o

are non linear

Remake Because anti f o in the definition of alinear DE we can always divide the equation bya ft Thus without lossofgenerality we can say thata linear DE has the fan
d
f tanit t taoxoti gott

The distinction linear ons non linear DE is extremelyimportant Make sure you fully understand it














































































































EI The following are Cinear DE

al 4 t 25 x 0 lb dI t cost tf tf x suit

c t LI t x et t o
dt

a fits the definition of linear equations with 92111 1 9,111 0 a its 241 0 b with a CH L a.it cosct1 aocti t gcf1 sisltl c4 witha CH i t a 111 1 gift et Note that is c we have the condition
C 0 because we want auctt to accordingto the definition Thismeans that we exclude t o from the domain of HH

The following arc non tinea DE

A dg t 25 2 0 B d coset 1 tx sincx

Ci t t t et D x 4 t Gf o

A is not linea because the termwith no derivativesof is not

of the form aolt X for a givenfunction of We can write 25 2

as a function times x namely 25 2 125 1 x butthefunction multiplying
X namely 2sx is not a g function that is known independently

of since it involves the unknown

B is not linear because it involves a functions of the
Usknown namely sine For a function to be linear theunknown














































































































and its derivatives cannot be arguments of a function I e if in the
DE we have flirt fl III fl n for somefunction f the theequation is non linear The only exception is when f i's of the formfits _zsince thenfun x fl I left etc In particular equation invokingsine cosine exponential powers etc of the unknown or its derivative
are always non linear

Ci is not linear because of the term t Kota that this
is a function of the unknown i e fix for foe a Thus as discussedin B this is not allowedfor linear equations

D This is not linear becauseof the fam x 11 The tern
multiplying 11 is not of theform 9,41for a firm function a.CH
Whenever we have products ofthe unknow and or its derivatives the DEwill
be non linear

EI Here are more examplesof non linear DE

X t I 0

X x t t x O

ex t x O














































































































It's important to whee that the unknown function
of a DE ca depend on more than one variable For
example if T is a function that describes the temperatureinside a room then T is a function of space and fineso it depends on the three spatial coordinates x y a.dzand on the time t Therefore a DE gooenning theSchama of T might ihooloedeuirah.ro with noopeutto X y z aut t and in this case we would need touse parties ie

y z eh
Such types of DE are calledparkoldifferenticleof.ua ions PDEs while D E involving only one
variable arc called ordinary differential equation CODES
E g f at to

is a PDEfont whilein

DIY t y O is a ODE for y In this course wedealy

only with ODEs so the tern DE will always mean ODEunless statel otherwise














































































































Initial rake problem
Consider the D E dat x We can find asolution by direct integration f dr Ix dyy t G when G is a constant ofintegration So instead of a unique solution to theb E we have a family ofsolutions i.e a differentsolution for each different choice of G In particularwe have infinitely many solutions Such a family ofsolutions is called a

ge l of the b E
If we want to determine Ci no heelfurtherinformation For example suppose we want

among allsolutions a solution with the property Yoo a S Thaplugging X 0 we have yo out a s Ci a s
So Y In t S is the desired solution In this casewe are not solving only the D E P but rather
the problem x

YCO s














































































































Such a problem is called as.mil
uep1IvPThe extra condition given

in order to determine the constants
appearing inthe general solution are called initial conditions Ic

in the above example Yoo s is the initial condition
The terminology IVP and Ic are used becauseusuallythe variable is time In our first example we investigatednot only the DE x t 25 x
X t 25 x o z I

but then the Ivp

X LO 0.2 initial
X co 0 condition

the initial conditions Xl co O was implicit in thestatement of the problem is that we pulled thestring and released it so its velocity on at
time zero war zero














































































































As we are going to see in detail later on
to solve an IVP we need as many Ic as the
order of the etuation To have an idea of whythis is the case consider the following simple exampley et Since 5 14 t constant we havefy dx Jitter y EE Ci where E is
a constant Integrating again yield y tax TDwhere D is another constant Thus we have twoarbitraryconstants To determine then we need twoconditionsFor example we could have yco 2 and y co 3Then Y co t t O tD 2 D 714 text compute
yex t G so y co s ta t G 3 G s 512 ThuLt
Yuri t x t 7g is a solution to the IVP

Y s e2x
Y lol L

y co 3














































































































potato An arbitrary DE of order is for
the unknown function x xH will be denoted

F Lt x 4 I x'Lt x CH x its 1 0

By an id k IP f a DEof Orden n Flt HH x CH D we mean thefollowing problem Find a s.lu nunx xlts to theDE defined on an interval carb containing thepoint to such that Xlto Io x'Lto a xwhere to I are given numbers

EI solve the IVP

1
so in this example to 0 I S

we write It extol integrate to get
g flat him t t d G constant














































































































The et ta e et E et Removing the absolute
E

value x I E et thus we can write Xlt Aet where
A

A is an arbitrary constant This gives a family of solutions to
the DE but we want the specific solution satisfying no s
Thus Hoi Ae A s thu act Set is the solution to
the IVP

Reganh when we divided by x in the above examplewe assumed that x 40 Note that HH o is a solution tothe DE but it does not satisfy the Ic Thus our assumption
x 0 was justified

Consider how y 2x EY we can verify thate't t 1the function y satisfying the nebula xeYty x isa solution to the DE However we cannot solve thisrelation explicitlyfory In this case we say we havean implicit tothe DE














































































































Generdavlpartution
consten the DE Yy fix where f iu known function of x We can solve this by directintegration you Jfox da t Ci where 9 is anundetermined constant of integration When a solutionto a DE contains such undetermined constants wecall it

ajar When all undeterminedconstants have been found using Ic we call ita partition
A general shhon represents a family of solutionsE 8 tyg 2x y x2 t G Belov we graph someof these solutionsfor different values of G

solution in the familyofsolutions














































































































Notice that a general solution might not
contain all solutions to a DE For example consider

y If y o then dx
ly ext a

y 1 This is a general solution to thet ta
DE But the faction y o ie ya so fo dlxis also a solution to the D E one which is not notLolin the formula y I when a general sottotci
includes all solution then we call it thegonadsolution1 40 We will use the letter Ci to denote

arbitraryconstant in general solutions Sonatina we use the same letter Cto tote a different arbitrary constant Ez consider theDE 3y e then 35 44 fi dx 3y EI tay e t Since G is arbitrary so is We can
call it another constant D G's However it is cumbersometo keep track of all the relabelsofconstants so we denoteoil by Ci again as write y i e d














































































































Ex.sk renfafiegr xn
Ico Suppose that furry and 9 d an continuouson a rectangle RE 1122 containing the pointcarb Thesthe Ivp Y F Y has a unique solution defined4cal b

on some interval I that contains a

This theorem allows us to say whenR i

ii
it resolution coats

finding a formula for the solution may be
very difficultI

Remark To apply the theorem the coefficientof y mustbe oneSo if we are given eg t y costly we have to write y c 41and then fixy i t

EX y
2 esihlct yr

Yeo I

Here fixy x'es Thisfunk is continuo
because it is the composition of continuous functions Garrote














































































































9 2
e

Y
co ex y l n x y which is again

a continuous function Hence the IVP has a argue s.luiosdcfsdis a neighborhoodof X o Note that it will be very hardto find a formula for such solution
rEI Y Y In this case qty 1

YCL L 2 Fywhich is not continuous infact not even defined at 12,2
Therefore the theorem cannot be applied and we cannotguarantee that a

unique solution exists
In the previous example we are zodsaying thata solution does not exist only that we cannot usehe theorem
Re k It is important to verify not only that

exist but also that it is continuous Recall that it ispossible for a function to be differentiable but for itderivative not to be continuous For example the
function for t x o

o s different.dkX 0
but its derivative at x o is not continuous














































































































sepa.at fforLer
Afast outer DE LY FCK7 is called separabledx

if Flay get hey or
equivalently fix y 2

fryIn this case we can find a solution by direct Hegrakos

4 Stanley Syntax

EI Gary FZ G Integrity
14141 3 2 t d up c e t

y i e AIM
When we divided by Y we hate to assume y o We see4 0 is also a solution to tha DE However thesolution 4 0 is included in the family Ai as it
corresponds to A 0

Many times when we solve separable equations we hare1 Livite by a funchbs b of Y boys This excludesthe value where h vanishes These must be analyzed separately














































































































EX
def y2dx

If y o then dx
t tta

Y This is a general solution to the
DE But the fuotio y o i.e yay so fo Nxis also a solution to the DE one which is not molded
in the formula y 1

Therefore the generaltoi
solution is y 1

y O
Xtc

Note the values that are excluded when we divide need
not to be ten E g if xCy 21 and we write

4 di tha y 2 But you 2 is also a solution














































































































Lithuania
consider the D E
e tf e y x mean f work

toting that e
e y Lei y we have

e y x J y da finds
e y y a y e t Cie

Consider now t y a cost In this case itis not true that If y tf But if we
multiply the equahu by et we have

Eddy e y e cost Jface'y dx feast d
exy Therefore e y lzexccooxts.sn g

or y cost tiny t Cie














































































































The ideafor solny then first order DE will besimilar to the above example try to multiply theequation by a suitable function so that the tern ny ca be written as the derivative of a moductA L't order Inear DE can always be written as
t PCHY QLX where P and Q 9k knows

functions

Multiply by pin wherepox is a fund to be determined
M dff t pix potty it Qin

We want the LHS to be the derivative of a product
Mtl ft thin Pony f manycm spy dfytfy trendy W w

d

Thu dff p Pex This is a separable Yukos

Lf Panty Jtf Spandex Luigi JPY4 t Ci

Ip e d removing the absolute value
Mcr EG e

Irondx














































































































We found a family of functions µ thatallow us
to write 1 t dry as the derivative of a
product But we just need one sualfunction so we
can take G O a I take the t sigs Thus

Y Y p in Qin where
ya s el

Integrating i J briny dx fromQin tax so

mix ya fMlnQindt t Ci Dividing by 1h not
that it never vanishes and using its explicit fan

e f am dx tci

This is an explicit formula for thegeneralsolution of Pliny Qu

1 Note that the abovefounda is fo the
equation Y t PLAY Qin ie the coefficient of y mustbe 1 If we have act y t bony con he mustfirstdivide by aon to use the formula














































































































Students should not only memorize theaboveformulafor you but also know how to derive it
EI y n i's yes L

In this case Plt a L Qin floor e The
hey e e Jd fefe.aeHodGx

I e
s

T
Therefore yore e f 315 tci

e l 3,2 e to Plugging yea L we find cis
you Yai's
Remark The formulafor you already include an arbitrary constant CThu there is no need to add a constant whey computing Jpcxidx and

Jef Qu Lx as done in the previous exa role

A legitimate question is whether our formulafory always works This is answered by thefollowing theorem
the existence and uniqueness of solutionsfor 1storder theanDE
Assume that PCHandacts are continuous or an interval ca s thatcontains the point to Then forany yo the IVP
Y t Din y Qu has a unique solution defined on Laib
Y to Yo hoverer the solution can be written a














































































































ya e J amidst a for a suitableconstant d
pref Since Pan and Qin are continuous the integral
fPandi and Jd Quid are well defined and
define differentiable functions on cabs Set
ya e

S Jd aandx td when Ci
is a constant Then Y D differentiable Compute

y ILSE and.to te Gd indxtci

e Spink fer and e te ft aid

Pix Cfd and a e e am
i

y Iwhen we used the product rule in the first linethe chain rule is the second line and the fundamentaltheorem of calculus in the third lineThus Y t Pony Qui and Y satisfies the DEBecause e
JP

here vanishes we can always solvefora and determine it so that you yo LF














































































































Exact equations

Let us introduce this topic with the following example
Consider the DE

Gy t 3 2 3 4442 y 6xy
write it as

6xy y dy Gy1 3 2 3xyL dy 0

Set Mex Y 6 xy y Y ix y Gy t 3 2 Hy so thatthe DE becomes

M Lx y d t t they Ly a 0

Now letus ask is the LHS the differential of a functionIn other words does there exist a Flay such that
LF Mdy t kdy Recall from calculus that by definition
LF Lx t 9 dy If the answer is yes then the DE
become IF O which implies that F is constant
Is this case the general solutionofthe DE will besimply fix y G
Recall from calculus that dF hdxtNdy offY we'll state this move precisely below














































































































We check

6xy y 6x 3y2

If 144 th yr ex a

Therefore there exists a function F Flay soot that
M and 9 N Let's proceed to find f

9 M 6 xy y Integrating with respect to
give Fix y fl 6 4 y dir 3 x y xy tgly
After performing the integration we added a functionyayThis is because we must all a constantof inkgratius Buthere we are integrating a function of x and y with respectto so that anything that depends on y only is tucatel aa constant fu the point of view of f dx Thereforethe constant of integration can is pnnuple be a functionofYTo find goy we use that

N
9y














































































































Tahir of the expression we found for F and setting
the result equal to Ni

fifty Ix y xy tgcy 3 2 3 1 tg'cy tally 3 2 y
x xy tally 4y tix 312 glory 4yw

This is an equation for goy that can be solved
by direct integration Notice how all the x's cancelled
and the equation for goy involve only y Thismostlythe case by construction g is a function of Y only Ifwe end up with an equationfor g noolony x then thereis a mistake somewhere
The equator for g is easily soloedgiving goy 2y2We have not added a constant of integration to g because thesolution of the DE already contain an undetermined constant
Summing up we have fix y 3 2

y xy t2y2 andthe general solution to the DE is foxy G on

3 2
y xy t 2yd Ci














































































































in A1 bare we found the solution 3 4 xy3t2y2 Gbut we have not soloed explicitly for Y In many casesit is impossible to find an explicit expressionfor y Inthese cases i e when the solution is given us Fix y sci withno explicit expresso fo y we say that we have animplicit solution

We will now streamline the ideas ofthepreviousexample
A first order DE written in theform
MIX y dx t Ncriy ly 0

is called exact if there exists a function F Furrysuch that 0 in and 9 N

haler appropriate hypotheses we will show that a DE bexact iff 9,1 Before doing so we will summarize
the method














































































































Methingquation
I Given y fix y write it as Mary dxt tinydy o
2 Test if 0 0 If this is not the case then

the method cannot be applied Otherwise proceed as follows
3 If 9 8 then define F by

Fury Shiny DX t goy
where

J is a function of y only that needsto be determined
4 To determine

g the of F foul is stop 3 a 2

set il fool to µ This gives an equationfor y ofthefour
Y expression is y containing no X

5 Integrate gly to obtain goy and this Faryl
6 The general solution isgiven by Fay Ci where

G is an arbitrary constant

Remarle If the expressionforgly found a step 4 involves
then there is a mistake and we must re checkthe calculation

Remarle In step 3 we can first integrate in y I e if
91g if then 9 N Integrating withnopect toyX














































































































produce Fox y f Vcr y dy t hors where h is a
function of only To find 4 no Liffenculiak Faith
respect to x a I set the resulting expresso equal to M
This will give an equationfor him moolony no y ifit contains y tha Hao is a mistake Integrating we find
h an hence F
In the next example we use this idea of integrating

in y first
Ed y tanxtany
write the equation as ly tanxtanyLx o Multiply

by cox cosy to obtain sin sin y let cosxcosydy o

Mixy Vcr y
compute 9 saxony sixcosy so 0

OFThc N Flay fray dy that a concosydythcyy
cost shy tbh Then 9Fg sin xshy th t Many sintsiny
Therefore h'm so This mean that box is














































































































constant Recalling that we do not include constantsof
integration at this point we can take him so Thus

Fix Y cos xshy Ci or y sis

Remake In the above example if we consider the equation
written as dy ta xtanyby o and take tiny L

many tanxtany then we donot obtain 0 20
Only after multiplying the quake by cosxcosy the conditionis satisfied Thus how we reorganize the terns can natter
The next theonon assures that the steps given tosolvin h Ix tr dy to always work if 9dg 9and suitable hypotheses ane satisfied

Theo Suppose the partial derivatives of Mary and
y exist and are continuous on a rectangle RE 1122

Then her y txt traindy 0 is exact iff the compatibilitycondition 9
cry hold for all Gy ER

Peof Assume that the equation is exact ie that














































































































there exists a F Faryl such that dF Mdx t tidy SinceDF fit DXtoady we have 9 M and a N ByX

assumption the first derivatives of M and N exist and arecontinuous hence the second partial derivatives of Fexist and are continuous Under these circumstances we have
1 8 tn

a i
1 showingthat 9Y

Reciprocally assume the compatibility condition Let
to Yo E R we claim that the expression

chill fyff.hlt.in dt
is a function of y only For compute lucky ftp.ct.yidt

94 q f Enty lot 01
4 0 where we

used tha M and N have continuous partial derivative and the
fundamental theorem ofcalculus Thus as the partial derivative
with respect to of MAY fyfj.nety Lt vanishes
we conclude that it depends on y only














































































































Because of the claim we can define gcy as asolution to guy tiny Init yitt
Xwe now define Fury fluty It tycy A direct
Xo

computation shows that LF Mdx tidy LF














































































































Tank problems compartinental analysis
We are in fencotol is modeling situation as is the

following example

EI A 400 gal tank initially contains 100galof brine containing so lb of salt Base containin
1 lb of salt per gallo enter the task at a rate
5 galls and the well mixed brine flows out at a
rate 3 galls How much salt will the task
contain when it is full

0 s alls Denole by 74 the amount
of salt in the tank at tinet
Not that co So lbaoe

µs we heel to f ul a DE forNfl solve it and computeIt I when tx is the time when the table

fills up
To find the DE let us first think of theprocess as discrete i e imagine constructing a table














































































































with the amount of salt art say every second
t Ht If we denote by At the time

interval between two steps tho He0 XL01 5011

a Iii
f Xt fl hehe DX change in thequalify ofthat xlttist salt between the t and t stObscure that

quantity of salt quantity of salt1 x coming in during going out during
the interval At the interval It

If brine flows out at 324 and the concentrationofthe solution at time t is soft I no
where Vltl a volume V41at time t we have that the amountof salt leaving the tank per second

gag son 31 l

Because the initial volume is toogel Sgal come inand 3gal go out every second we have
t too t st 3 t Loo tat














































































































Therefore the amount of salt leaving the trash
pen sear is 3 Kt This is not yet theLoo tat

amount o salt going out during the intenoal At
as the alter is measured in tb and not tbh
we have

quantity of 3 41salt goingout Ats 3
st e

during the tuna g f
t t 200 21

profice how keeping track of the units lbls s ehis useful to check that we have the rightqualitiesSimilarly
quantity of
salt coming Ye 58 Ats sat ga
duringthe interval At
This Dx S Dt 3 At an100 t2t

xittist rat t S 319 Ht
giving

Dtu s 3

At Loo tat














































































































The process is not infact discrete so we needto take the limit At 0 when we do so
Liu Xlttdt XCH
At o dnt

At It a l he obtain

s I we thus have thatlot too t2t the process is modeled
by the IV's It te tatI

s

The D E is a linear first order cfuation willPct 3 ail Qct S Commute
Loot21

I 2
It In1200 211 141100 211 s we get

el too a
2
The fel actldtisfaootzyd

loot at 2
Therefore

yay Int Jd tactidt tci dooTHI 400141 4
Using Xc so Coo coos tG 153 costa soso 10 lo 5 G G S lo lo lo s s Lo














































































































We obtain Ht loot215 loots 5.104
Recall that we want HH at the time when
the tank is full This happens when Val 400
so loot at 400 t 150 s Finally
Iso 405312 400512 s 204 I 393 7 s lb

We note that there is a more direct way toconstruct the D E we know that the change inXin is 41 in out Keeping track of theunit
it is ears to figure out the in and out quantifies

1 5

1 32 htt shootout
so that 1 s 4 is measured in

How oer student should understand the constructionwillDX and Dt In more complex applications it is hard toreal off all quantities directly and the constructswith Dx Dt etc is more appropriate














































































































jspringosallaton
Suppose a block of mass m is attached

to a spring and the other end of the spring isattached to a well as indicated in the figure
If we pull the spray andfully release it the blockadeL
more back awl forthwe want to find a DE nodding the motion ofthe blah

We assume that the block moves only in thehorizontal direction we choose a cooutinate system withthe x axis is the direction of the block's motionwith X o marking the position when the block isat rest
We denote by x xHI the position of the block at1 inc t The face on the block due to the sprigis given by Hook's Law

Fsp.my hex where
h is a constant depending on the spring Another
fonce acting on the block is caused by the thicko














































































































between the block at the floor Theforce of
friction is usually modeled as proportional to the
velocity so we assume Ffat P dff where
P is a non negative constant Finally we assume that
the Itch is alsosubjectto an externalforce Fen.lt aknown

fucho of t Newton's law gives
ma hi VIT t FenHI where a is theblock's acceleration Since a 11 we have

mdd tr tf thx Fault
This is a second outer linear DE for Xlt AnIvp for this DE must contain two IC Physicallythey correspond to the initial poor tito sco andinitial velocity x'cos of the block
The above example illustrates an important physical situationwhen 2 outer linear equations appear There are many otherphysical scenarios involving 2 order them equations Weall next shly these equations is detail














































































































Homogeneous Lucan second outer equations

Consider the DE
ax t b x't c x 0

where a b cane constants or O and X Xlt is the hishnowhThis equation is called because there isno form without the unknown x Otherwise
we call the efua.hu nonhomogenei on ios

For example 2x t X O and t x'xx on zane be generous whence 2x 1 X t awl x x'xx 20are non homogeneous he will study homogeneous equation

first
EI Considu x X 2x o

Let us show that xLH a ett t a constant
as a solute for appropriate values of d Pluggin is
ett t Ce't Lett o

12 e t l et he t
O Snee e 4 foll twe must have 1,2 1 I 2 O o

I l dt2 to I L or I 2














































































































Then fone et awl e
H

are solution to the
DE In Lachi

et et Let et et Let o
uhl

ett ft 2 e 4 4 e H sett 254 0

we will see that this simple idea of plugging
ebt is the basis for solving a x thx'tcx oonsite again

a t bi t a X 0

Let us try to find a solute of the form x ett
Notice that at this point this is an educated

guessi c we do not really know if e in fact solves the
D E Plugging in

ale't bce't t e e't
al t b t t c ett o Since ett to fall f

he co el de that

att t ble t c O1 1














































































































which is an quarto fo I calledcharacters
1 also called auxiliary equation

The roots of the characteristic efuah.us anc

l and I b 541
La

La

By construction e
t
and e

t
one solution to the

1 E ax tbx to o Are there other solutions How
do we obtain the general solution To answer these
fashions we need to develop the theory of scout ontenlira homogeneous equation further We begin motivatingthe discussion with the follouing example

EI Consider x 2 1 t x o The characteristicefuaho i t 21 t l I 1 2 0 firing 1,212 1tThus x e solve the DE we can verify thatthe
truck x tent is also a s.luyo
t et 2 feet feet etttet acetttetlttet
et et let Let stet t t et o as claimedu u














































































































The solution t et Lil not come solely In the
chanacterish equation Ho do we know if sud extra
solutions exist and how do we find them he aill
now investigate these

questions

Def Two function xect ail tut are said to be
yi on an interval I if neitherofthem is a constant multible of the other on all of IOtherwise X Lt a l tut are called linearly dependentI

Ex The function sat and cost anc lineal independent
on f Ey g Foo suppose that sht acostfor some constant
c This tart a But this would have to hold
f all T E Lutz s what would imply that tart is constant
l Ia Ia

EI The functions sis21 awl 6sintcoot are linearlydependent
on 112 because 6sintcost I 3 2 sitcool 3silent where
we used the trigonometric

identity sinldtp smacosptsispoosa














































































































C we to function X 4 I nut x HI alison
of them is the fucho

Xlt cat 4 I test.lt
where Ce awl awl c anc constants If Xect and
Xslt are solutions of the DE ax tbx torso so
is any linear combination of X and 72 To seethis rly is Xltl to fml

ax tbx tax a c x tax tblcix.tc.to tcCsx.tczxa
a c X t acaXa t be x t boar t ca ti 1 cutew u w
c ax thx tax t Calaxa bra to O

I
0 0

showing that XCH is a solnhos

In particular since we can take q 0 abovewe also conclude that a multiple of a solution isalso a solution














































































































DIE Let x HI al HH betwo differentable faction defied
on an interval I The fundus
W xi x 1H tell1 2147 xa4jxil.tl

is collect the W as of X and Xs

They For any heel hunters ar b c o a to a 40then exist a unique solution to the IVP
ax t bi tox o

Iol Ii
The solution is valid for all T E C ago

teh The throne i plies that if and it durativeboth vanish at so e point to tho x47 0for all tLol t Cti al t.lt be two solution to 14
DE ax thx tax o o C o a o a b c constants

If W c x no 4 so holla at some EEC ad theit vanishes identically and X a l t ane linearly
dependent














































































































proof If xi.la to and x 121 0 they 7,41 0

for all awl 7,111 0 xalt

If X let O the 2Ct 7214 X.lt solve the7 La
D E and 2CT Xzle Moreover
Elle 1 XI E X 121 since Wwe X 21 012

Hence
Zach tall by uniqueness and tattle k1,14Finally if Xena 0 but xliv o thaWl Xe7,1121 0 implies 72121 0 The frolics

ZHI 1 tilt satisfies the DE and 244 richn

s 2La 0 he owlude b
fuses Hot 24 exact

finishing theproof
Et

Thee If t.lt awl t.lt are the linearly independent
solution to the DE ax that tax 20 on C oo o ab cconstants a o then unique constant a ants can alwaysbe found such that NHecexelt carat satisfies the IcXCto Io x Ct I for any Eo ER














































































































proof The fudio toti defuel is the statement
bloc the DE Comida

X lto Cerrito gait It
x Hol i c Hector tgxallto I

we solve this system for C girl i

c t
c Ie tilt tiltx Ito 40 Tilton lb xectosxdltos xiltdx.lt

provided the the denominator in these orphans is notzero By the previous Ieuan and our assumption thatXelt and Xalt are lineal independent this is the
call

LF
we will now derive some important

consequences ofthe above results

We first ask the following question can anys.lunoof ax tbx t ex O be wittes as ax tax fortwo linearly independent function x and ta














































































































Let be a s.luno to ax thou't at o and
T and Xz be two head independent solutions Pack
to E IR By the previous theorem we can find c and
q gurl the Exact g tact Hito andqx.ktoltcatjct.iex'Chi
By hhiquenes of solution to the corresponding IVP we
conclude that X ax t Xz Thus

Let X and xz be two linearly independent Sokka

iii
X c X t CzXz

where c and ca ane constants In particular
the general solution can be written as c X tears

we saw that we can use the Wronohias todetermine that tu sokka are linearly dependent
iftheir Wronski vanishes It follows that if tn solutions

are linearly independent their Wronski'm is not zeno he
can ask the converse if the Wronski'as is not two
ane the solutions linearly independent The answer














































































































is yes nut s summarinet is the following tenner

emma Lol t Cti mi tat k two solution to 14 DE
ax t bi tox o o C o a o a b c constants If WCHxictitohold atfor a C too I the it never Vanishesand X a l ta
ne nearly independent

Remart Vote that in all the above discussion x and te aresolution to a DE and not two arbitrary functions Wecannot conclude forexample that if the Wronshian of twofunctions that are notnecessarily solutionto a b E vanishes they are linearly dependent

Consider now the character.sk
qualm a th t b I t a 0awl let 1 a l da be its two solutions If 1 awl 12 anereal numbers and d f ta the edit and dat ane solutionsto theDE as we have seen We now claim that et t al etatare linearly independent For this we compute the Wronshias

W1et't dat H edit dat Let.tl etat
Iz el'tetat la editedat

ta ti eC Halt o since dit kkah e't't't of all t














































































































It follows that the genal solution can be written as
X t.tl c et't g etat

where C and c ane arbitrary constants

what if 4 1 4 In this can we alnady knowthatett is a solution we claim that te is also a solution
and that ett awl tett are linearly independent

To refry thefinite claim ne plug Ee at the
equation

actettl t Ite't t ate ale Ite't t bletttte't
ate't 1e'tt Ite t de't ble't te't ate't
flat t t ta e't halt b ett o

The last equality hold because athtbttc o since
lo is a nwo of the characteristic equator whereas La tb obecause the root is repeated so 1

aTo verify linear independence we compute the Wnosshiaswie te't Ltl e Cte I ett te't
ett e't tie't te t e't
eat Io fou de t hence the two

solutions are linearly independent














































































































We conclude that the genend solution ca bewritten as
Htt c e t qtett

when c and g are arbitrary constants

Remade student will probably wonder when fett
one from i e how we knew thatwe had to multiply byt This cone from developing the theory of DEfurtherand we will show where it come from when westudy variation of Panameters

It remains to analyze what happens when the rootsofthe characteristic efunhao anc couplet i e when
I z b Fac with b Yao LoLa

In this case we can write 1 L tip and 62 2 ipwhere a baa f I4ac and i is the imaginaryLanumber i2 L Note that x P E 112

The calculations
preciously Lose heman valid hereand no hare that eht eatin t and dat de int

are solutions of the D E ax tbx tax to














































































































These solutions however are complex oalnel and we
would like to have needvalued functions as solutions Todo so we are going to use Euler's formula i

e
o

co O t is in O O E R
we'll prove thisformula below But first let us use itto obtain the desired red solutions

we have from Euler's formulaedit eatin t eattirt extent eat cooptItismptedit elatint It rt Eti't e't cool pelt isnt.ptat
e cospt i shirts

Ga Let 2HI suctitivon be a solution to the DEax t by t ex o where a b c E R and hot and actsare real valued Thc Nfl and wit ane also solutions
proof W nori O a Z t bz tot alutio t blutiot clutir a n t io tb n'tiv t clutio
air tbh t on t i ar t bo t co Sisce a complexnumber vanish iff it red and imaginary parts osunb wehave an t button o awl ar the torso Et














































































































The lenna inplie that it coopot awl eatsspt
ane solutions of the DE Now let us about thatthey
are linearly independent

WlettaoscptJ.etsislptjJH1sedtaoscph

tomcpt1JlledtaoscptDe4siyptzehtoscpt1ledtsmlptltpehtcoscpt11
lrehtcoslpt1

petsiyptDe4tsiyptjefedtJ2fdcoscpf1siYptJtpcos2lpt1r2uslptlsiilpotItpsis2crtiJepedtJ2Ccos4pt1tsn4pt1JspleatJ2

This expression is never zero because
p 0 if p o

then I am I wouldnotbe complex numbers but we are
untying the case where they are

we conclude that the general solution can be written a
Alt C It coscpt t c It sulpt

where c a C are arbitrary constant














































































































Summary of solution to ax tbx tax so

rider ax t bx t ex 0 a b a E R a o Letl au da be the two hoots of the characteristic equate
o t bl t c 0

If d It are red the the general solution is
xlt c e t get't

If t da la the the general solution is
HH i c e t qtett

If 1 and Is he complex then we can write 1 a tip42 2 if d p G IR and the general solution is

e 4 C Itcoscpt t ye'tsculpt
Above a an c are arbitrary constants














































































































P Etfula Recallfrm calculus that
is II Tha e's 415 we separate

the sun into eve awl oLL n's
ii

Notice that io l il i i 2 1 i s i i 4 1is i i s l it i i 8 1 so this patternrepeats every four powers Then

ci iti ti it
i

t t ti fi
lion io tioi ioI tifEi.hEi.tiEY
Recalling from calculus that coso

µhoIand si o 7 uh 02ktI kJ
L

I we have the resultbio














































































































Linear scowl onher non bonogeneous
ctfu

consider the equation

ax tbx tax fits
where a b c ane constants a o and flt is agivesfunction calledthe nonteous orinhomogeneous term Let usfirstproceed by examples
EI find a solution to x t 3 x t 4x It 2
The given foolio flt 3 t t 2 is a polynomialof degree onewe expect that xct will be a polynomial as wellwe wouldn'tget a polynomial by differentiating

say an exponentialThus we seek a solution of the tan trot At TB whereA a L D an constant to be determined Not thatwe ane trying XCH a polynomial of dyne one became
fitis a polynomial of degree one

Plugging
Attn t 3 Attn t 4 Attn It t 2
O t 3 A t 4 At 413 3 t ta

4A t t 34 413 3 t t 2
Two polynomials are cfud iff the corresponding coefficientof the same powers are equal














































































































So we must have 4A 3 and 31 413 2 so that
A 3 413 2 IA 2 3 L D Y
Therefore Xlt 3 t f is a solution

Ex F int a solution to 4 Le't
Here the ishonogencou ten fltln.ae is an exponentialThu we expect Xltl to be an exponential to wewouldn'tget an exponential differentiating

say a trigonometricfunction PuttIt A e when A is to be foul Plugging is
Aest 4Ae't 2e't
9A e't GA e't zest SAe'te ze't A 2g

Hence Xlt 2 It is a solution5
E Fini a solution to 3 x xx 2x 2costItem fltt a Lcost so we might try 741 Acost Howeverwhen we plug this in one will obtain some shot few andHome is no Sint on the RHS to compare with wesee thus the one shall try tht Acool B sat














































































































Then

3 toot t Dsnt t Acoot tbsint 21Acosttbs.net 2cost31 Acost Dsmt t f f si t Boost 21 fast tshirt 2cost
SA t B co t C A SB sint I 2cost

Thus for the equality to hold we must have
SA t D 2 and A SD 20

This is a system of two equations for the tu ask.nuA and B belong if we find A
BitThus Htt cost t snot is a solution

Unfortunately things will notalways be this simple asthe next example illustrates

EI Find a solution to x G s 2ftatwe try XCH A e Plug in

CAedt 4 Ae zest
4 Aeat aeat zed

0 2 e














































































































we see that our method did not work is 14
tcare The pro ten is that E is a solution to

the equation x 4 t o the characteristicequation
is 12 4 0 7 12 and so is any multiple of it
Therefore if He inhomogeneous teen happen to be
a function that solves the same equation when fatsothe the LHS will alwaysgive Zeno when we ply inand this idea will not work We see that to solve
ax t bx't c x 41 we also need to understand
ax thx t ex 0

Deff Given ax tbx careful the giulio
a X bx tax 0 is called the associatcdhom.ge
efuah The general solution to the associated homogeneous

equation will be denoted xh
Observe Lal if 2 solos ax tbx tax f so Leethe Fuchu X x t 2 because ahhh bluth't clantz
an t by t ex t at tbz to z s f

0 If














































































































It follous that then are two types ofsobhato ax tbr tax f those containing arbitrary constants
because contain arbitrary constants and those without

arbitrary constants such as the solution wefound is the
previous examples

Def A solution to ax tbx tox f that doesnot contain arbitrary constant is call.la outsh.osParticular solutions will be denoted by xp
EI Let's go back to x Ex Lett and

try to find a particular solution we saw that
if we put xpit Aeat then it will notwork Letus see that it Ate words

A felt Ate't Afate ft Gate't
A 4 t e t settt 2 it 4Ae2tt Gait 2ft

So we circle that A a Ya and xpIt tate
The idea of multiplying by t can be understood

as follows














































































































We want to satisfying ax tbx tax f and uexpect xp to be of similar type as f since derivative
of polynomial give polynomials of exponential giveexponentials etc But if f is or certain a tenthat solve the associated homogeneous

quota this cannotwork because it will give a zero on the LHS Howcan we find xp containing f in such a way that afterwe plug it into the equation a tern will f renan othe LHS The answer is the product rule since itproduces extra tans containing f Put Xp41 outfitwhen I ha the samefan of f but costars constantto be determined as is the example so f it Att111 is a multiple of ebt ail s o and v is asundetermined fuction Then
Xp if t of Xp o I t 20 f t ofThen a Xp thx to xp a o I t 2 r f t oflol v F tu I t oof flair t bo Lao I

t ol at theft toll














































































































Because I contain xh the tan af tbI tcfwill produce twos For simplicity let us assume weare treating the case when is proportional toXh Then af t BI tcf so text recall thatI is like f ul ne au theoling frictions that
repeat themselves after differentiation like exponentialspolynomials and she or cossire this hothol will notwork for friction that do not repeat themselves is thisY Thus

for the sake of reasoning we canreplace It by f in the term 2ai f Thu
a xp t bxp cxp I I ar tbo Lao We wantthis to be equal to f s law tbo't 2am fIf the ta in parenthesis is a constant the a hareconstant I i f and he can solve for the undeterminedconstant n I The simplest way to accomplish this isto put out t so av thr t hav b tha and

XpLH i t fat














































































































The method outlined above is called themethod
detem.net iaewts summarized as follows givesa X t bx tax fat a b c constants auto we seek fora particular solution Xplt of the form bolon 20 is a integerbin bo am no a b r and to arc constants

fill Xpit

t t bn l t tb.tt bo t But tBin E t t B ft Bo

acoscht t bsin ht t Acuscht t Bsischt

ertcac.mn si a Jsery m
t

te but tbm.it t btho t er But t Bm t t B t B

but t bm.it t tb coslht t but the I t B coolhtant tam t t ta silhtl t t Ant tAn.it t A sachet
e't but'tbn t t i b cscht t e't But'tBn f t Do coschtertfamftan.it t a s.su t'ettlAmFtAn E't tAo si.ckt
where s is the smallest non negative integer such that be ternin Xp duplicate a tern in XL














































































































EI Find the form of xp fo
X t 6 x t 1st e

t
c slat

The characteristic
eye is 12 t 61 t 13 0 di 3121Thu Lt c t
cos 12 t to e sista We see thatwe cannot try xp It A e co lat t Bei'tsi.cat thefirst ten duplicate a term in xls he thus

multiply by t

XpHI i t Ae tco lat t Bei sislatt
EI Find the form of xp for

x 2 x t x et
we have 22 21 t i H 1 2 0 1 1 repealedThe xhitt get t catet If we put xpot a Act

Ithis duplicate the first tern in th Multiplying byt gives Xpitt At et but this duplicate thesecondterm is Xb so we multiply by t again
XpIt i At 2et














































































































The next theorem is known as thesuperposition
principle

If is a sotto to ax the tax af
and x a solo o to a X tbx tax ifs tho the
function x c x tcar is a solution to the DE
a X t by t ex c f ta f where 9 and I are constants
pno Ploggia is

a x t by t ex a Citi tests t b 4h tour t t c Cc t t gxa x t bxi t ex taxi tbh tax aftufaif Et
42

It fella that if the inhomogeneous tennis ofof the form f f tf where the method of undeterminedcoefficient can be applied to f andfa the we canfmlXp by determining Xp andXp the particular solutions to theequationwill inhomogeneous ten s f and f respectively andsetting Xp I Xp t Xpz














































































































EI Find theform of the particular solution to
X 4 1 4x et t Lt

First we find Xh by solving 4x t 4x 0 which gives

Xy c e't t c teat
Uc next use the superposition principle Xp Xp t Xp where

x 4xp t 4xp et
X'p 4Xp t 4xp Lt

we find xp Aet and Xp Bt t G so

Xp Aet t Bt t Ci
EI Find the form of the particular solution to

X 4 x t 4 e't t 2T
This is the same as the previous example except that et is replaced
by ett Thus Xp is the same as before For Xp we try Act
This repeats a fern in xh so we multiply by t Atet Thi stillrepeats a tern in Xh so we multiply byagain Xp A t et Thu

Xp A t t D t t d

EI Find the form of Xpfor x tax a 7 e t 3
We have 4 0 1 2 so Xh C Et t g e t c t g e 4 Thetry xp Ae t

xp Ati't xpi.br IpijTzxpi.Bt so

xp At e H t Bt














































































































Theo Consider ax thor tax f when a b can
constant awl a o Suppose that xp is a particularsolutionto the DE is an interval I containing to and let Ioa L IX be two given numbers Then Hera exists a uniquesolution is I to the DE satisfying the initial conditionXlt Io a l X Ito Is

p By the superposition
pninciple X X t Xp solvethe DE Recall bat th c n t cat where trawl X arelineanly independent solutions to the associated homogeneous equationsand c and C are constants Then we need to gbe

Xlto c XLtd t CzXlto t Xp to ICto c x Holt calilto t Xp'ito I
fon c a I c We find

c Io X'plto x lto xpCt xalto
ol riltol tito x it

ic Xi XpCto x Ito Io xp it x Cts

t.lt ttoxat














































































































The denomination
is these expressions are nos Zenobecause awl ta ne linearly independent so theirWronshia is not two

To check
uniqueness suppose 2 is another sslh.ust the IVP Put u Citi tax t xp Z Then

plugging aw see that w solves an thou t w 0 withalto O wilt o But we have seen that this IVPwhere the IC and the inhomogeneous fern are all zeroadmit only the 2emo solution Thu w o awl
2 c X t C t t Xp

LF

Def we call a solution x th xp thcg l
SoHo to air tbx tax af














































































































Linea second order non homogeneous equation the
thot of variation of parameters

method of undetermined coefficients will notwork if the inhomogeneous tern is not of theform listedon the table that sunmiritel the method This is because
Henopholofundetermined coefficients is based on the propertythat derivatives of the inhomogeneous term repeat themselves
The method we will present now called

variationsdeals with none genund inhomogeneous terms

Consider ax t bi t ex f and let and xbe two lineanly indepentent solutions tothe associatedhomogeneous equation We will seek a solution of tlcfan
Xp t 941 t.lt touts tact

where r and v one function to be determined
Compute

Xp or x t x t rit thx
Text we reason as follows Since v awl or an two














































































































function to be determined we expect to have two
elevations One equation hasto come f on ax t A tax fsince we want xp to be a solution what about the
eco L equation Because we will plug xp to air thor toysfwe will obtain another DE monotony 0 and o that isat least as complicated as the equation we are tryingtosolve unless we impose some condition that simplifies ithe thenefono

require
o x t x owhich gives our sew L equation Thus Xf beans
Xp or y to y

continuing Xp s o r t ra t o x tyra TheaXp tb xp toxp alo t t t te t to xblast thnx t cc oil tea 0 lax t hot t ex
t o lat thx tax t aloixthx

o

ale x t siri f














































































































Therefore we have two equations

X o t X I o

x n t ra ra s

This is an algebaic systemfor o ant Solony itwe find
o fu o

act x x x alxixal x xp
The denominators in these expression are not zero because
X and X are linearly independent Integrating
riot's I ftp.m.tt rain flita wit

we do not add constants to these legal because Xp doesnot contain arbitrary constants Thus really thatXp 9 X thx we find

µ t














































































































EX Find xp for x 4 x tart
that we cannot apply the methodof undeterminedcoefficients here To find Xp wefirst solve the associatedhomogeneous

equation The characteristic
quoho is 12 4 0Yi tai thus ft c slat and tattle sinkt are twolinearly independent solutions The Wronskian isWlcoshtsmat t cos lat Shutt loose shut

2 costly t 25154211 2The
Xplt co cat t It tshirt

tasteglitte
ta t smut court t 1241cost

XpIt sink b coolant t Islcostl costal smut
EI Fist xp for x ar't x et

tVote that we annot on the method of undeterminedcoefficients here














































































































The characteristic
equation is th 2 t 1 0 1 Lrepealed This Xlt a et and salts tet are two true.ly

independent solutions to the associated homogeneous
quartosweek tell et tot Lets'tet etletttet etet e't

It t fittest.tt t

It it f hi
Since the fly is not defined for teo we needto workwith t o o tho we consider t o so tutti Int ThaXpHI t et t tetht
Remarly We made no restriction on thefan offitsI panhecular the method of raniation of parametercan also be applied to equation where foti hasa form appropriate for the use of undetermined

coefficients














































































































Second order linear equations with variable coefficients
So far we studied ax bx cx af under theassumption that a b c ane constants Now we willstudy 0241 X CH t a.lt t4HtaolHt4 lsfcH ve thecoefficients can be function of t he will assume that9,4 1 0 so that dividing by SHI and relabellingthe coefficient and the is homogeneous term we can writethe equation as x 4 It potsx'Al t gettin gal Tobe consistent with our previous notation we will callthe inhomogeneous term fHI is this case as well Thusthe equation we will study is

t petit't gHIX fits
Th Let pits gIt art fits be continuous functions on theinteural Ca b amI to C Ca b Gives any hunters o andI there exists a unique s l fu Xlt defined us Lgbsatisfying x t htt X t grits x fit

F oI iii i














































































































EI consider t 4 x t x t t Xiu o

y 111 L What is the maximal internal cars where
the previous theorem guarantees the existenceof a uniquesolution

After dividing by th 4 we have pots 441
4which are continuous

except at ti I 2 and fat I
d2 4 Ittywhich is continuous

except for t 2 ti L Sisco to Lthe largest interval
containing this point is Capt C 1,2
17fttoil

As is the constant coefficient case we will all thecfraho x t potty t git x 0 the associate1 It can be slow that this equator admits twolineanly independent solution x and ta f pandg are continuousThen the c X t cat where c and c ane arbitrary constantsis also a solution called the general solution to theDE X t pot x t quit o














































































































A solution to X 1 potty tgotta fits thatdoesnot contain anbitrau constant will be called a particularsolution dental xp As in the constant coefficient case any solution
to the DE can be written as a Xy xp providul that
putt and gut are continuous

Many of the theorems for equations with constantcoefficients generalize to the case studied here withtheimportant difference that you state outs mill isgeneralnot hold on C a but o as internal Cars alien
poll and got are continuous

Lemm Let pot a Igot be continuous fuoh.ms on aninterval I Let x.CH and yet be t o solutions oft Petit't got O ou I If the Vuonshia
W Xi Xa t a x tix CH X 4 x H is Zeno atpoint o I sonicthen it vanishes identically and X and ta ane
linearly dependent If Wtxiitalltl is nos zero atsome point on I then it is never zero and the solutions
are linearly independent on I














































































































Then Letpotsgrits and fltt be continuous function
o as interval I awl x it and Xalt be two linearlyindependent solution to x t pot x tgot x O o I Letxpch be a particular solution to x

tpctlxltgltlxs.FI They
given to C I aint the real numbers Ao Ee that exist
unique constant c and a such that A a x t car xpsatisfies x t pitix tgif x fit will initial condition
Xlto I and x to I

The superponsile also hold for equationwith variable coefficients

If we go back to the method of raniaho ofparameterand look at how the formulafor Xp was derived we willsee that nowhere have we used that the coefficienthad to be constants In other words variabo of parameterapplies here as well ie if and x or two Lsearlyindependent solution of the associated homogeneous equationthen a particular solution is given by
Xp It 141 the lat t x it faint ItX it t

Whruxacts














































































































The formula for Xp involves x and xa Is theconstant coefficient aw we have a method fo findingx ant x Here this might be difficult However thenext theorem shows that if u know x then one canalways determine Xa

Theoj Let x41 be a solution to X 1pot x goth zooan interval I where pots and gut ane continuousfunctions Assumethat x is not identically zero The
fpondtXslt x itsJ e Lt
X 41 2

is a second lineal independent solution

Kloof we lookfor a solution of thefanXslt Oct X Lt Plugging in
x 1 pot tatqq.iq fox t Lix to x I tpot ox t O'x t fits ox ol x t pott x't gHixt o t 2x t p t x o o 0

Set o w Then the qualm becomes














































































































x w t 2x t pots x w O
which is a separable equation fo w We find

4 pot

Integrating lulu 2h ix I fpotshot Then
Spot Ltw e

When we removed the absolute valuex d

frou w we picket the 1 sign this suffice since
if w is a solution so i u Integratho againwe fill out giving the desiredformula

By construction Xslt is a solution Let's check thatit is linearly independent

Wlx x htt x x x t a x Lox x toxx x o t x o x ox o xp e
Sr

e Smidt o 7.2
47

EI knowing that cost is a solution toSint x 2cost sint x O o Lt LT
find a second linearly independent solution














































































































Here pot 2Lost 2 cott

Scott dtXalt cost f 1 e Lt
coat In Isis t l In Smt O Lt it

cost fit Lt cost taut tc off

Remarkj The formulas we derived abore variation
of parameters awl second linearly independent sobbos
assume the equator to be written as x tpotix'tgot x µµi c the coefficient of X is one If this is not thecase we have to Invite by the coefficient of x beforeapplying the formulas as in the previous examples
Remade Recall that in the constant coefficient

case when I s Y I a second linearly independentsolution was felt We can use the preoras thanto give an alternative
justificationof this formula














































































































Cauchy Euler equation

The equation

a tax t hotx tax fitwhere a b c ane con tarts and a O is called Cauchy Eulerequation aka egadmensional equations
We will consider the homogeneous Cauchy Eulerefunko

a thx btx ex o t 0

Because the coefficients involve powers of f it makessense to look for a solution Htt t't I aconstant Then

a thill 1 t bt.lt tat o or t o

1 a ol t b a l t c o

which is called thecharacteristihion fo theCauchy Euler equation If t is a root of the characteristicequation by construction t is a solution Denotetheroots of the characteristic equation by 1 and 12














































































































We need to distinguish the followingcases

t da l 1 red Tho t and t anetwo linearly independent solutions
We already know that they are solutions To verifylinear independence

Wct tk lH t H'Y H I'th p Htt't fofou t o

Case 2 I L d Then t and t lat ane tu
meanly independent solutions

We obtain tt listbyapplying our method to find asecond meanly indeper est solution
Ctx in t it t'fi u

t ft t t ft Lt

In the case I id et the feported roots














































































































are given by D 11 so ka 24 1

Thus x HI t ft dt t Lt

Cate I d complex so that I 4 tip and
d a e rip x p E IR Thes tacoslpint and tasis pint are

two linearly independent solutions
We write I ft tip fafip fact feeipht

yEuler's fonnula give t f costpist t it'sincphott In the
constant coefficients case we shared that if 2CH nationis a solution 4,0 real so ane UCHand 041 The sa eproof work here as we conclude that t
coocplutlan.ltdsiilp.intauc solution he check that they are linearly

independent

wltdcoscplnl1 tdsislplntln.thc.scpi.fi tds.scphp the.ph 1It9inlp1nt
fdcoscplnt1 xth sihcp1nt1tttfzcoscplsts Cat complut ftp.sislplstHsu plat f p cookout tsn4pi.tt pt L osince f O and f 40 because otherwise theroots couldnotbe co plex














































































































1 Above we solved the Cady Euler equation
for t o If we want to solve it for t Lo we proceed
as follows Set I t so that z o Tha
x its a xc a x If k 44 4 and

III talkie 1 and the eguaho become
at x t hotx tax l 42 II be e l dfa t CX 0 i.edt2
and dd t bedata tax O t O Kou we can apply
the above algonith to find the solution as fuschus
of 7 and then replace z t to obtain the result














































































































Directionfield
Conside the DE y ferry If fix y is verycomplicated it might be hard to find thefunho y wewill develop a method for studying this equal that willallow us to get a good grasp of boo y looks like evenwhen we cannot write it explicitly
EI consider the equato y We can solve

this equation but for the sake of illustrating the new methodlet us imagine that we do not know the solution what the
equation tells us is the value of the slope of the tangentto the graphof y i e y at each point xy We construct
a table of value Litl enough values we can plot theslope

X i y I the Y plane
r l l l

l l l1µF i r t r fti t lL l Ya T Y t t d t
I L z i l l x
i i i 1

i l i l
i i t t z f I i t

i l l














































































































we call such a picture a dinecho.fifor the coral's y s fix y
Using enough points we can sketch solution Theimportant thing to name ben is that the solution have theirgraph tangent to the line segment we plotted and thatthey vary continuously For example below we draw thesolution
satisfying you 2 and you 2

i

l n Y l I
l i l
l l I i t tl l l
f f a
i l i y

1

I 1 i
i i t t z f I i t

i l i l i














































































































E metot

Consider a D E Y'sfoxy Depending on what f iswe may not be able tofind a formula for the generalsolutionIn this case we can use direction field to obtain some
qualitative information on the behavior ofsolutions Euler's methodis a way offinding approximate solutions that provide furtherquantitative information

The idea of Euler's method is that if we know thevalue of y ycx at x the ycx.tl can be approximated citlthe help of the derivative of y at x
y urgent line to you at x It
iii Etta slope is ycard

Yo Yuro YetYcroth

inX X th
This idea refrine knowing y which in our case we knowbecause we have the DE y fix y Thus

Ycnn.fcxo.y.ie Yl ot4IY ycxomiycxdthflx.no














































































































we can now repeat the process Starting from the p i t
e troth Yin ycx.tl ycx we find Yari Yltrth ylxot2h

Y lx fix ycxu i Yleth Y Yet the ycxntlfcxnycx.it

This formula is not good became we donot know Yael Bywe can use Yee Yin so Yltith i y thflx y
H
Ye

Yin

i f Fi l l
i i

to x X X

We can continue the phoce a L f d Ys yy etcwhat will be approximate Ylx ycral etc where x x t4 to t 44 etc 3h

summary of Euler's method Consider Y's fax y
Yuro Yofix a small number h called thestep size and set inductively

m Xm t h
Yunt Yin th flim ym

The point you will be approximationsfor Ycxm














































































































Remart Because we have to know the initial point x yo
Euler's method is better suited to study IVP Haener aces
use it to investigate thegeneral solution upon onying y
Renaud Typically the smaller the stepsize b the betterthe approximation

EI consider y xTy yell 24 We can solve this
equation exactly Let us compare the values of the exact solutionwith those of Euler's methot with 4 0.1

m Xu Yu Euler'smethod Ycxm exactrate

2 4.21276

iI
4 l 4 4.95904 S 01760

s 27081 5.34766














































































































Higher orderlindifferentidations
We will now study

Antti x Hl t auCHx IH t ta CHx'Cti t a 41 41 141
This is a linear equation We say that the equation has constantcoefficients if all the coefficient a it are constantsandvariablecoefficientsotherwise The equation is called toques if fit o an usotherwise We say that the equation is in standard form if anti I iwhich case we write

IH t p it x t t p LHx'LH t Pult Xlt fitMany of the results for second order equationsgeneralize to the previousfuation awl thus wewill go over themquickly
The Suppose that P.lt Pitt andfit are continuous on the intervalca b Then for any to C a b and any real numbers f o Inthe IVP

X t p Hix t putti t fItt
Xlt Io X to In

has a unique solution defined on the interval aib














































































































Exe Show that for a homogeneous constantcoefficient equation
the interval cab of the above theorem can be taken as c og s

A constant function is continuous on L N o

Def we say that thefunctions f fm are linearly dependentan interval I if them exist constant c cm not all ofthemzerosuch that

c fCH t t amfmlH 0

for all T E I otherwise the function are called linearlyinter
EI Thefunction fLH t facts 2 St and f 41 5 ane linearlydependent on l a a because

f HI ta fitt Isf Itt 3t t ca att g s OC az cm
3

EI The function t t and t are linearly independent oL o
If a s and c are such that c t tont t gtb 0for all T E L o then we have a t t c t t c to of tot t Otwe polynomials are equal iff their coefficients are equal Thus4 4 4 0 But the definition of linear dependence does not allowall oils to be Zeno so the functions are linearly independent














































































































It is useful to know that the followingfunctions are
linearly independent on any interval aib

I t th El
1 cost sit cos1211 si lat coscutt sisCutt

eh't eh't e l h Lm all distinct

An expression of the form c fLH t t.cm mltl whene c cnare constants is called a linear combination of thefunctions filthfmlt Thus to say that certainfunctions are linearly dependentmeanthat one of the function is a linear combinationof the others
Def Let f fu be in function that ane n L times differentiateThe function

uranium ii I

where del mean determinant is called the Wronskiof thefunctions fi fun














































































































Remarh Recall that

Lett ad ba

sett iit.a.net d arietta Itami
Theo Let t Xu be solutions to

t pLt x t t Pitt x o
on the interval ca b and assume that p Pu are continuous os aibThe following statements are equivalent

i X X are linearly independent on en la b
Kil Wl t tatLtd 0 for some to E cabi
Iii W x tall 11 0 for all t C aib

Moreover thefollowing statement are also equivalent
I t Xu ane linearly independent o aib
II w x Xn fo f 0 for some to C carb
Wl ti tn ltl f 0 for all T E Cain

EI Knowing that I et e t are solutions to x 0 showthat
hey are linearly independent

We compute














































































































wueiiti.at iI I f.tetI I
L.at eett eeIiI etutfoo eiIItetutl t.no

2 0 o

so by the previous theorem the functions are linearly independent

Remarh Only computing W 0 would not be enough to
conclude that I et e t are linearly independent We need to know that
they are solution to a linear DE

Similarly to the case of second order equations we call asolution to X tp x t t put f without arbitrary constant a particularsolution denoted xp The equation with f replaced by ten is calledthe associated homogeneous equation

theo Let xp be a particular solution to
X t p IH x t t putti x flt Hln the interval asb where p Pu f ane continuous on carb Let

Xi Xu be n linearly independent solution to the associated homogeneous
equation Then any solution to on the internal cam can bewritten as X c X t t c X t xp where G cn are constants














































































































The expression C X t thx t Xp in the above theorem withGi Cy arbitrary constants is called theolutionofthe DE whereas
c t t t axis is called the generalsolution of the associated homogeneous
equation also called the fundamental solution

The superposition.pk alsogeneralizesto equationsoforder h














































































































tianya.at ant icienb

The theory of constantcoefficienthomogeneouslineauDE is similartoto the case of secondouter equations and we summarizeit below
Consider the equation
a X t au x t t a X t a x O

where a a are constant and an o It te tiou is
a t t ay Y t t a t t a 0

Let 1 l be the n roots of the characteristic equation
Distinct red roots If I l ane all distinct and red the

1 t inte e
ane n linearly independent solutions

Complex roots For each complex root I a tip p o the
function

e
t
co pt and e'tsiscpt

are two linearly independent solutions

Repeated roots If l is a realroot ofmultiplicity in then

ett te't t e't
ane m linearly independent solutions














































































































If I a tip pto hasmultiplicity m so a ip multiplicity m
as well and I a tip total 2ns hoots 1 then

e'tcoseph tedtco.pt t e'tcoslett
e't sisCpt t e toocpt th e't siscpt

are Lm linearly independent solutions

EI Fist the general solutions to
2x X t 2x o

The characteristic
equation i 13 21 I t 2 0 By inspectionwe see that Lil is a root so factoring 1 l i

y 21 h ta t l Y t 2 H i Clt 1 I 21 0So the roots ane l I 2 and

Xlt c et ta e
t
c e't

Ed Find the general solution to
y 3 x thx to

The characteristic equation is

y 3,12 t 4 0

By inspection we see that L is a root Factoring htt

1 3 t 4 H ti l 41 t 4 htt t 212














































































































The roots are L and 2 twice so

HH e c e
t
t c e't t c feat

EI Find the general solution to
t 10 x t 9x 0

The characteristic equation is

1 t lo l t 9 0
we can factor 1 t 101 t g t't i t't g so the roots
are t i and t.si Thus

XCH c costt t Casi.lt tczcosl3t1tcqsihl4t

Remart Recall that if the order of the equation is n we

must have n linearly independent solutions

EI Below all rootsof the characteristic equation for a
constant coefficient homogeneous linear D E ane fires State theorder of the equation and unite thegeneralsolution

9 I 3 I 21 3 i t 2 twice

b I I 1three times I I i twice I Iti twice
c 1 0 twice 1 2 I I














































































































a There five roots in total so the equation is of ordersThe general solution is

HH c e't t C ettconst t c e sis1st t c I t c t e t

b There an seven roots in total so the order of the equation is7 The general solution is

Htt c et t c t et t c t et t c e'tcost i g etsist
t c f e tcost t c t e tsis t

K There are four roots in total so the orderof the equatio
is 4 The general solution is

HH n c e t cate't t c e t c e't c tat i c e tget

h We can also generalize the method of undetermined
coefficients and variation of parameters us DE oforder is See the textbookfor details














































































































transform

we will now develop a new methodfor solving 1 E
Before introducing formal definiens let us illustrate with an example

EX consider the IVP

x t X cosCst
Hot L
X lo 0

We have already learned how to solve it but let us consider a
different approach Multiply the equation by e t where s 0 and
integrate from o to a

J estrict It t f estart Lt e stoosestidt k

atUsing f e atco Cbt It I f acoscbtitbsislbt we findat 1 b
s tf E't cost f I
g
f scool3111 3 silat

S

s t 9
when we usel that e t I e o so that by thet a

squeeze theorem C scoscstltbsinlsl.lt
f

0 Note that














































































































we have to use that sso otherwise we would have et

Next recall the integration by pantsformula

flag'llIdt f 41gal let t fCHgott l
and compute

f estylet It e f e Hail dt e f e strict If t e x'CHI

O
Ns fo e

st x'Hill t e x'all s l f I'x4 let e tact I
t e s

x'all s f Is HH H t si ut l t e trail
s f IstHH tat t s e utile s e

txctily.to e strict lt
estylet I

o by e o

t o

s'T e start Lt siri IT safe xy It s

Plugging the above computation isto Hj gi re

s f e
s
ut tat s t e t Htt Lt

gigO














































































































At this point we havenotyetfound xcts but note that
whatever tht is the integral J e tritidt is a fm io ofs
Indeed we are performing a definite improper integral in thevariable t but s can be any number 0 Let us callthis function of s by F is so we base

s 2 Its s t Ils I
S2 g

Itis Is't 11 t s Ics
µ gj

t

pot that
s s s ta s s't i

too too c os't 9 s't11 8 s't9 s t 11

Elst 7 too

But

f e
at coslbtldt a.IT so

9 9 f e start Lt
8 8

t.ua a t f e co cst let














































































































an we can write

e t fdt is Iq stcositidt tool e cosistidt

J e St Eq cont too c shots dt

Comparing both sides we find
Htt Iq cos It to cost t

which is the solution to the DE

The idea of the previous example was to transform theDE for the unknow Htt into an algebraic equationfor theunknown Ics We could then easily solvefor is as algebraic
equations are easier to solve then DE Once we knew is
we were able to recognize from calculus formulas what HHneeded to be

We will deodop this idea further we see that the
function

Iis To e stxcti It

when Htt is the to befound solution to the DE plays
an important role motivatioating the following definition














































































































Def Let f be a function defined on o 1 The

Laplant of f is the function F definedby the
integral

F is Joe fit Lt
The domain of F is all the valuesof s such that the
integral converges

Nota We also denote the place transform of f byL ff When use the notation F we usually employ capital
letters for the Laplace transform So the Laplace transformoffHI HH yeti 2htt is denoted by L f L x L ly 2121or Fist Its Ics 2 is respectively

From the previous example we alnedy knowthat

L coslatt I s o
Sh t at

EI Find L th

Computing the integral we find














































































































L t2 J e tf Lt e t s't 1st 2 a

I 2

s
O

for S SO The integral diverge for s fo so

Ll t't s o

Since we will use the Laplace transform to solve DEwe will be computing Klf for different function f It istherefore convenient to catalog the Lapka transformof themostcommon functions

FIH Fts L flat domain of Fcs

o

at
e I s a

s a

t 4 1,2 h
s o

sht1

sisCbt b s o
s tbh

co Cbt 5
s yo

s t b

eat th h
s a

s a htt














































































































eatsina.tt b
s a

s a t b

e'tcoscbt s ar
s a 2 t bt

These formulas are proved by directly computing the
integrals e fitidt for each fusatios Htt

A very important property is that the Laplace transform
s linear if c and c anc constants then

L Iaf tsf c Ll fil t call fat
To see this simply compute

L c f t cafe e c fictitcafactildt

c ffestf.ctidttc.fjestf.it It
L If L fa

c Ll f t c Llfall
An advantage of the Laplace transform oven other methods

for soloing DE that we learned is that with the Laplace














































































































transform we will be able to solve DE with discontinuous
functions Thus let us see an example of how to compute the
Laplace transform of discontinuous functions

E Find 21ft if

JI
t

Fis f e fit Lt fit dt t e fit Lt

g e
t e't let i f e

t
I dt n Joe 1 It I e st Lt

2 s t

Il Is't I I i s

t e
s 2 T l for

Sf 2 For s 2 we base

Fts f Et e tt t f e Lt 3 t

The integral diverge for s s o














































































































Therefore

Fis t s a

b S O
3 t e s 2

2

A function as in the previous example is called piecewise
continuous More precisely a function f is pi on an
interval a b if it is continuous exceptfor a finite numberofpoints
A function is piecewise continuous on 0 a if it is piecewise
continuous on O N for every N O A function f is called
ofexponentier if there exist positive constant M and
T such that I fittlk Meat for all TST

EI The function f defined on C 2,23 by
2 L E t c i L

fill 0 i l t O
I

is piecewise continuous since it is discontinuousonly al ti l and
t L note that f is continuous at t o














































































































E The function tf is It piecewise continuous on

any interval containing the origin

EI The function fit 3e'too.lt is of exponential
order 2 with M 3 andany T because Iflt 1 13e'tooCHIE 3 e't

EI The function ftp.et is Lot of exponential order
in for any a If it were then I fall let l E Me
for some a O and M 0 and all 1 IT Thu
12e f M But since this is supposed to boltfor all 1 2T weeat
can take the limit t so arriving at a contradiction because

t t atMI lin ez lim e too
C a t so

The basic idea of a piecewise discontinuousfunction is thatit is allowed to jump but not to bare infinite jumps
a If does when t passes throybzero The idea of an exponential
function of order 2 is that it cannot growfaster than an ordinary
exponential eat














































































































The following theorem giros conditionsfor the existenceof the Laplace transform i.e condition such that the integral
defining the Laplace transform converges

the condition for existence of the Laplace transform
If fat is piecewise continuous on 90 as L of exponential
order in then L f is Fist exists for s x

propertiesoftlclaplaatrau.fm

The Laplace transform satisfies the following properties

Lift g L If t L IN
L Icf 3 c L f c constant

L eatfit c si n L f is at

L f lis s L fl fu
L I f is s L f is Sfio f lo
L f is s Ll f csi 5 fin 5 f'in f II
L thfittest til d Lifton














































































































see the textbookfor a proof of these properties

EI Find L I e't t sitti
Let feltI sinLtt The Lifeless

s Fuss Let
fallI t sis Itt By the above properties

L fa is L It sisttills
s a Fat

Using again the properties

L e tfsinctilis L etf its is L faithCst1 F I stil

2

sty t 1 2














































































































Tleinvectaf.ru
we saw how tofind the Laplace transform Fcs of afire functionfits We now ask whether we cando the inverse

price i e gree Fis find a fat suit that LI f I

Def C ion a function Fess if there is a function fitsthat is continuous on o d and satisfies

L f F
then we say that f is the intransform of Fand write f L F's

If every faction f satisfying y f F is discontinuous
then we can take any of them to be the inverseLaplace transformof F indeed which one we take will be inconsequential for studyyDE and still write f L F's

EI Find L l Fit
Since L t't we see that

L l L I I t














































































































EI Find L l s s

Write s l Using L const 5

5 s e t 4 s t b
and y catfit Fcs a he find

L ss 1 2 I.es tg etcoscati

A very important property of the inverse Laplace transform
is that it is linear i e

L c f 1Caf c L felt c L Ifs
where q and c are constants

We also have the properties

L 121ft f
L L I FIL F

EI Find L l
The function does not appear in our list of Laplace

transform nor does it correspond directly to one of the properties














































































































applied to a function in our list But we can unite s t s 2

si 1 Is 21 and try to split

s 7 s 7
s t s a IE 5 t.dz

Applying partial fraction we find A L B 3 tho
s t 7

2
so

L't 1 2 L II I
L l I 3L I 1

Since L eat we find

L l III 1 2 e
t seat

As the previous example illustrates partial fractions are veryuseful to find the inverse Laplace transform so it is useful to brieflyrecall how to apply it

The method of partial fractions Let Pcs and Qis be
polynomials and consider PCI

Qcs














































































































Ca Qin can be factored as

Qls s t s t l S K
where all ti's are different Then the partial fraction has theform

fit
where Ae A are real numbers to be determined

CaselI Qcs has a faction s 1 l Then the corresponding
portion of the partial fraction is

to t tss I e
where Ay Ae ar real numbers to be determined

C I Qcs has a quadratic factor s H't p thatcannot be reducel to read linear factors with l being the highest
power of CS al t p that divides class Then the correspondingportion
of the partial fraction is

A s Ll t Bi Ads al t Ba t t Ae is a 1 Be
IS 2 t t p s a d t p

2 t
µ

where Ai Ae Be De are real numbers to be determined














































































































Ex Write the form of thepartialfractionfor

F is 1
H t s 2 S2 list13 s't lostg t

write s't s 2 s 21472
LSh Gs t 13 S 2 t 3

s't lost9 St 3 d thus

I I
Sht s 2 S2 list13 Cs Gstg

d s insta S al't9 st3

The portion is 111512 correspond to case I d 2 9 2 to case III
with 1 2 and Cst3 to case II with 1 4 Thus

i t.IT Tta7i
As

t gA t A s 2 t Ao Agis 2 tho
s 2J t 32 Cs 212 t 3212














































































































Solving IVP with the Laplace transform

Let us go back to the example

x t x cost311
Xco I
x'co a 0

We found Htt by multiplying the equation by e t integrating from
O to O finding F in and finally identifying a function Htt such
that f e t xitidt is tow that we develop the Laplace transform
we see that what we did was to use the Laplace transform to sole
the IVP Applying L we convental the DE for xit into an algebraic
equation for Iris Affe finding Is we found XLH using L
Thus repeating what he did before but now using the terminology of the
Laplace transform we have

L x t x L cool't Ssht 9
It

L x t L x s'Ll s not X'cos by properties of
the Laplace transform

Using Xco I Heo o and denoting L 1 34 Cs

S2 ist s t F s
g














































































































Thus I i t 1 too

Applying L

Htt L I sit L l too to
s I

of L l I t.ie I I
of cacti cos it

The Laplace transform allows us tochangethDEfonxottist
algebraisiffontiss

usual method foDE fo Nti solution rotsolving DE

t Isi
algebraic equation simple algebra solution is

for Its to find Eui














































































































Soloing IVP with the Laplace transform
1 Take L of the DE
2 Use the properties of L and the initial condition toobtain an algebraic equation for is Find is

3 Find XCH by Xlt a L I is

Exe Sole the IVP below using Laplace transform
X t 4 x t x Gx 12

Hot L
x'lol i 4
x lol i 2

L x t 4 t t x 6 1 LE la she

s Is ilo

L Ix I t 421 x t Ll x 1 641 1
Y WI is

s II s s Xion s x Lo x co

s is S X lol X'Lol
So i 4 2E E E Es is s Hol sx'Col x lol t 4 s is s xco x'cos

t s IS XLo 6 ILS IL sI














































































































Its s t 4s t s 6 1,1 s t 8 is s t Oos't Iss 12

s S3 t 8s t 155 12

s s t 4s t s 6

we see that 5 1 is a root of s t4s21s 6 so

s th s t s 6 s l s't5st6 d 1 St2 Lsts
is s3t8st As t E t f ts s l its lots

partial
fractions

Solving the partial fractions A 2 D 1 Ci 3 D I

I'm f t t

xlt L I sit L l It
LL l fl t L l 3L I It L l I
L t et s e 4 e

t

E Use Laplace transform to solve
x 2x t x 6 t 2

XL l 3

X'c 11 7














































































































This problem is notgive with initial condition at t o which
we need to use properties of theLaplace transform So we changevariables yet x c t 11 By the dais rule y it x et ri
y in x I t Ll Then 4101 H il y co x'i i Evaluating
the equation at t l i e replacing t by t l

x I t l Lx't t l t Xlt i 6 t l L 6 t 8 so

y Et Ly'll I y Ifl 61 8

YLol 3

ylcos I 7
Then

Lly 221 y I t L YI L Gt 81 Esa Es
3

s II s sylo y co h s'Ils Yoo I t Ils by EgIs 7 7
S2 21111 I s Esa E t 3 ti Is t Sh Eos 1 6

ss 1 d partial
fradiofI 3s'ti 8

It Is t E t Is2 s 1,2
Sy's

We find As 4 D b G L D 2














































































































Then Iim Et f t

Htt 4L Ift tbh Il L II I 2L I I
4 tat et tat et

Since yal xlt i we have Xlt YAH so

Xlt 4 t 6 ttl ett 24 1 ett
lo t Gt ett zfetti

Renate In the above example once we deco rose Icsi intopartial fractions

I ss'ts2_o
Es t Fa t E tS2 S 1,2

we can find yet except for the rakesof A B c and D a

441 L Ics AL Its t BL l's t G L I ft DL l
A t Bt ta et t D tet

Since the process of determining A B Gand D is a simplebut tedious
algebraic computation

you may be asked to solve a problem usingthe Laplace transform without determiningthe constants ofpartial fractionsleaving themindicated as above














































































































Usipctfomwhfhinit.comarenot given at to o

As in the prerios example if the initial condition gives atf f o we need to make a changeof variables beforeapplying L a follow
L Define Ylt Htt t so that yeol Xlt
2 Compute y it x'et toy y Itt x ttt
3 Find the initial conditionsfo y yw Nfo 4401 x'Ltd4 Evaluate the DE ut tt to i.e replace t by ttt in theDEincluding in Xltl t Ltl
S Replace xctttol.NL tto byYIH Hct in the DE6 Use the Laplace transform to find yet
7 Find WH by WH YLE to

Remark It is recommended that student understand the above
steps rather than memorize them
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The Laplace transform will allow us to solve BE with hiscontinuo
terms This is important to model for instance an electric circuit with an
on off switch

current

I i

We will use the following three important discontinuous functions

Stefan n

I

ont't
shiftelsterion n

nach ult a
t

If g
I t sa

ta



Rectangularwination

o t L aTa s IH a ult al ult b 1 acts b
t s

n

1 9
i ita b t

Using these function we ca unite a given discontinuousfunctionwitha single equality

L The function

gift 2 O Ct c 2

th 2 L t

can be written as

gift 1 To CH t ttt ult 2

3 O
i
i

t



Laplautraniftfunction
For thefunction ult al defined above

LI ult a less If
s

fou s 0 and a 20

If Fis n L f is exists for s a 0 then

L fit a act a e
a Fis

and

L e Fis fit a ult a

R From the Laplace transformof ult a we find
LI Tasiti LI ult al Ll ult bi

T e
a

e bs

g

E Find the Laplace transform of

JCH
2 o c tea

1 ti 2 Ct

First we write gal as see example above

gill To cH t ttt ult 2
so

L got ta Ll To.it t L Ht 1 act H



For thefirst torn we have

L Toact e e
s e

T

For the second term we want to use the propery Ll flt a ult ale a Fiss with a 2 But for this thefunction multiplying ult al
i e t t l in our case has to be a function of t 2 So wewrite

t t I t 2 t 3

and consider the function fit t t 3 so that

fl t 2 t 2 t Ttl

Hence ttl ult al fit 2 ult 21 and we find
f CttHult all L I fit 2 hit nil e Fib

where Fln is the t ff andnot the Laplace
transform of the wefind

L full L It 3s L Itt t 32111 t t

Thu L Itt 1 ult al e stat Combining the above calculation
we find

Ligitil t j t e tat



The above example illustrate a general procedure to compute
Laplace transform of 2CH ult al namely

L Write 2CH ult al as

2 t alt a 2 Lt a a ult al
2 Define fit by fat 2 Itta so that
f It a 21 It al ta 2 t a ta 2It

3 Compute

Ll 2LH ult al L flt a uit ni e Fist
where Fist is the Laplace

transform of fit and not 4 Htt

Remarly It is recommended that student understand the
above steps rather than

memorizing them



Laplacetransformotifunctions

Def A functionfit is called p i if there exists a T o
such that fit T fit for all t is the domain off The smallestsuch T is called the peril of f

Informally a function is periodic if it repeats itself
EI cos f is periodic because costtt 24 cont cool1t4T costa

costt t 2in cosIH h 12,3 Theperiod is 21T because it is the smallestvalue with this property

EI The function graphed below hasperiod 2

Vote that a periodic function need not to be continuous as theabooc example shows

To specify a periodic function it suffices to give it rahneover a period I e one period of the function contains all its



information

EI Guarh the function

fit
o s t ca

3 a f c o flH
hasperiod 4

r

o o 0 03 o o

0 o o y 0 0 o_0

tote that a perioticfunction neelnot tobe definedfor all t E.gthe function in the previous example is not defined fo t even
Because all information of a periodicfusation is contained in oneperiodit is convenient to introduce a function that it is not zeroonly overthe corresponding period as well as its Laplace transform Thus iffl ti ha period T we define ftitt by

FIH o Ct LTftltl ftttto.tl
o otherwise



The Laplace transform of filth is

FTls f estfu It estfitidt

Relation between Fossand Itis we have thefollowing

Fis FT is
pL e

EI Fi l Itis fo fit coolth

In this case T 2g and Flo L costHfcs L Then
s't2

Fails L e Ts



othe.to conputingtheLapransforn

Forfunctions that admit a Taylor expansion we can use the
linearity of L and the formula L E Csi n to compute the
Laplace transform

E Find 21ft for

fit f
i t o

L t o

Because Lin s H L we have that fit is continuous or 901 o

Moreover flf is of exponential order Thus L f is welldefined
Using the Taylor series for sistt

II f t t t I I t I t o Sinas
s

H I t fIo l t t tf L the expansion alsorepresents5

fit for t o The

L fail Ll l t t tf I
LILI I L this Ll t l



Is
s

1

sts
arctal

when in the last stop we used anatascx x t x't y with
ring

As important fusution whose Laplace transform we have yet studiedis the power function fr when r n is a nonnegative integer we have
seen that Ll t't n To compute Lf t't we need a

generalizationof the factorial for non integer numbers

Def The gammato Icn is defined by

Icr f e
t t It r 0

It can be showed that the above integral converge for so
To evaluate Iori for a given valueof r we have toperformthe above integral Some values of Icr are

L L I C 12 TILL 1121 L
I c5121 I 31T Ics L 1141 64



Two important properties of Icn acne

I l r t 1 r I l r

I l n t 1 n l where n is a non negative integer

We can now state the Laplace transformof E
L I tr is Il rt 11

Tt i r I

Note that when r n we obtain

21 th fY 1 agreeing with the previousformula
for the Laplace transform of th

EI Find L t e't

By properties of the Laplace transform
Lf t e't L t s si

But Ll t Ii I I Usingpropertiesof Iori wefind
Il Eat1 Eat1 1 Ea If It when we used thegreen value
of Ilsa above Thus

L t e't lso.IT L
S 3 Ha



C tion

Suppose L f is Fls and Llg is CCss Howdo we
find L FisGish The first thing to pointout is that

L l Fcs Gcs L l Fin L lGail

In o de to answer the question we need thefollowing

Def Let f and g be continuous on 90 The convoktion
of f and g denoted flag is defined by by

IftgICH J fit a guide

EI Find the co volutionof tant t
t t t f K o o dr f Ltd o't do

it list
pr.pe je
eoootioilasfkggxf
b f cgth fkg tf h
lo ftg th f Ig H
Id f to 0



We can now answer what L FinGcs is

Theorem convolution theorem Let f al g be piecewise
continuous and of exponential order Set Fly L fbls C is L Ig usThe

a L fixgloss Fin Gcs

b L Fcs Gcs Ctl ftg ft

EI Use convolution tofind L l gal
Since L l I sit we have that

Y l ga I L I 1 sint sit

How we compute Sint sint J sin f o sish do Recalling
thatcos AIB co AcoB Isin As D so thatsisAs D cosCBA costBTA
we find with Aa t o B o

sin f sin f tf scar ti cost Idr ta s HI Loco.tl
Sist fcost

2

We cill now see a very useful application of convolutions Considerthe IVP



ax t bx t ox fat
x lol Io
y lol Ii

where a b c are constants a Io Io I s e given burners and fat isa given function To solve this IVP we begin noticing that by thesuperposition principle we can write
X y t 2

where y and t ane solutions to respectively

aY t by t cy I fit a z t be to Z o

4Lol o 2cot Io
Yco I o 2 lol i I

we have already learned that 2Ctl can befound using the characteristic
equation so let us focus on YIH Taki the Laplace transform wefind

a Lly I t b L y I t c LSyl Lift
a styes syeol y co tb sics ylo I t CI is I FisIo Io o

S
as t bs t c Ils Fts

on

Ils
asktbs to



Consider His 1 Its intense Laplace transferas t bs te
denoted htt is called thi fionof DE i e

hit L Him L la.sn E
Sina L I Fail fit we have

YCH L l
I L l His Fon hits fHIas'tbsto

Therefore the solution XH is given by

JHtl hltttfltttza.ie hlt olflo1dot2

This formula is useful because Ziti is easy tofind while for a giraDE Litt needs to be compute In other words htt does
not involveFIH it only depends on a band c by the simple formula4111 L assists Then if we want to solve the same DE but
with different fit ferns all we need to do is to plugfits into theabove formula Moreover changing the initial condition will onlyaffect2Lt which as said is not difficult to find



As another application of convolutions let us shoe ha theycan be used to solve equations that are more general than DE
Ef Find yet such that

y Itt I J yet v e do Yeo L

An equation of this type is know as as integro differential equation
To solee it write it as

y it I yal k e and apply Li

LI y'all LILI L l yal e H

s Icsi Yoo Is Icsi 1
I Sta

where we used Ll f kg Fcs Gos and L Edt
2
This

s t Icsi Is 11 which
gives s2tdy In o

yet I is I lst2 st2jc Sta
s s t Lst s 1st F 1

where we used partialfractions in the last step Then
YCH L III it L Fl L l I

2 e t



Let us now prove the formula Ll fkg FistGcs theother convolutionformula L l Fis tail flag follows from this onewrite

ft gets f fit oigio do so

Because this integral is only between o and t we can write it as

1 flt a girldo tofit olgcoidrtffof.ltrigor do
f L fit o gloido t f o fit wigwido

Since ult ol L for t J we can replace 1 by ult v is thefirst integral because o c o c t is thefirst integral Similarly
since ult v O for f Lt we can replace 0 by ult o is the
second integral because o t is the second integral Thus

f flt signdo f ult ol f It oigcoidrtffhlt oy.lt e guido
f ult ol fit e girl do

Next we compute

L If gets f e stcfxglctidt fjestffotflt.orgwide It



Using the above expressionfor f fit o gusto
L fight f e t f ult rifle o geo Lo tt

f J e t ult rift vigiosdodt
Nowwe change the order of integration

f f e stult wiftt oigividt to

f If e tact ol fit oigioidt do
Since the second integral is in t andgeo does not depend on t we canmove it outside

J gio J e ult rifle o H do

L I hit a fit o e
so
Fis by

propertiesofthe Laplace transform
i f glo e s Fis do Fcs If e you do

Fist Gcs L Ig



Thedeltion
In many situations it is important to describe a situation where afunction is very large over a small periodof timeof lengthof space

H putin f tattered
with thisgoal in mind consider

on the parameter as

fact it i
O otherwise

fI E
2

Note that fact Lt L for any value of a If we consider

finofaltl we find

la afatti a f
i t o

O t 1 0

we see that the limit laino fa is not strictly speaking



a function But if we insist in treating it as a function we could
write lain

of faith SCH where

s't and It s

It can be showed that no friction can satisfy both criteria legit can be shown that if a function fitt is such that flH o

for all t fo then necessarily I fit Lt 0 regardlessof thevalue of flo But it is still useful to treat 841 satisfyingthe above properties as a function We think of ditt as representingsome sortof limiting process e.g a Ot as above
although thelimit object itself i e Sitt in a function

Renarh The object Siti is something more general than
a function called a istrian we donot have in this course
all background necessary to precisely define distribution andfortheremainder of the course we will continue to refer to 847 and
manipulate it as a function



The reason why we donot need to worry toomuch about
841 not being a function is that in practice it will always appearin expressions such as ftjf.lt say It when 141 is continuous Such
integrals are well defined as we now illustrate

Taittoutlet lain
o fftifacts It ta fits It

Because flft is continuous it has a maximum value for some
th E 1a q and some minimum valuefor some th E l g gthiswould not be true ifflf were not continuous the eg the function

Ii

t t.nu Htt fit

IIIfitidt I fun it HII it Html



Hence

9

film E fHilt e flth
I
2

Because tu th E C ay I when a Ot n must have two
and th 0 Since f is continuous we then have fItu fco
and f th 0 Therefore by the squeeze theorem we have

Isotta ftHdt food
We conclude that

figo If HaHdt foo
f on any continuous function f This motivates thefollowing

Def The delta aha Dirac delta function ischaracterized by the properties

out
o

and ftfftioctittnf.co

for any function fit that is continuous or an open interval
containing f o



l h Again we stress that 841 is not a function strictly
speaking

Shifting the argument of Oct we see that

Slt a
t

and f fit sit a It flago t ta

The delta function provide a model for the type offriction
we mentioned earlier i.e very large over a small time intervalFor instance suppose we have a DE modeling a mechanical systemwith an external force FHt

ax tbx t cx Flt
Suppose that F i zero exceptfor a tiny time intervalwhen itis very large For example I could be the forceof hitting thesystem with a hammer In this case the time over whichthe force acts i e the hammer touches the system is so smallthat in practice we can say it happens at a single timesay t a And since the force at t a is so large compared toother forces acting on the system we can say that at t a wehave Fiat no Thus we can take Flt Jct al

Since dlt a is zero for tea and for t a and



J it a Lt L we conclude that

ft.lt a It t a

ult al because
I t a

f It a It It a It Int a It L Ight a Lt and dit al in
the second integral is zero for f a

The function ult a is not differentiable but if we pretend it werend differentiate the above equality and invoke thefundamental theorem
f calculus we wouldfind

ult al d I t a

Although this formula is notquite correct since ult al is notdifferentiableal Et al is not a function it can be made mathematically soulusing the theory of distribution mentioned earlier It is in any caseinteresting to interpret thisformula for t a ult al is constantso its derivative should be Eero This is exactlywhat the above equalitysays since Jct a o for 1 ta Butfor tea ult a jumps
instantaneously from zero to one so its rate of change i e its
derivative should be infinite Again this is what the equality sayssince 81 t al a fo t a

we now turn to the Laplace transform of ret al Itis straightforward to compute



Lf dot all J e stat a It e
as

We also obtain

L I e as a sit a

In particular with a o we find
L 111 dit

We can now study DE involving SH al
E Solve the Ivp

x t x rt T
Hot O
x'co 0

Applying L we find
Sh Ils stool X co t Iris L fit Il e

T
w I
Io Io

th Iis Since L 1 si't and

L f e Fts fit a ult al we find
Htt L Ies silt 5 ult II

Recall that gvon a DE ax tbh tox fit we defined
the impulse response function by



htt L lasttbs c l
441 can also be computed as a solution to the Ivp

ay 1 by t ay Sitt
YLo 0

yco 0

Indeed applying 2 we find
as tbs 1 c Iis Ll Sitt a 1 so that

Yeti L 1
tbs I htt



Series solution to DE
we will now study a method that produces solution to DE inthe form of a power series I e a solution will begives i the

form
I

Y1 1 2 an X
h 0

Before discussing the method in detail let us illustrate it vithan example

EI Use power series to solve

Y t 44 0

Not that we can solve this equation with the method we learned
so far but let us use power series

we seek a solution in the form
a

4cm an X
4 0

The
y ex II nani tot that thefirst ten i this

series corresponding to 4 0 is Zero so we can startthe sun
from na l i y I ha x

is I



Taking another denimtire
a

y x na na th h
h

Again the first fern in the sun ranshe so we can start at
he 2 Then

a

Y cx Hu Da x
n 2

Plugging i to the DE Y t 4y 0 we have
a

aZ nth 1 an X h
t 4 a x O

4 2 4 0

The first sum is a power series in Xh 2 We want to write itas a power series is so that we can combine it with thefirstsum For this we make the change of variable man 2 son m ta Then

Mt 2 In N th m a

T n 2

L n n man x
m

taJlmt2 tlamtaXm_mIfmt21lhHlam.i'm
h 2
cm

Mt2 2
me o



The DE becomes

a
a

Z Cmt2Cmt'tam ax t 42 an X Om o
h Io

Bul m in the first sum is a dummyindexmt.es i.e itonly serves to label the terms is the order first term second term etcand we can label it any way we want Thus we can call it is
a

aZ 4 2 att ant x t 4 a x Oh O
is 0

We can now group both sums a
q
Z f Cnt2 htt an x t 4 an O i
n o

or
a

4talent'taut t 4 as X O
n i 0

For this equality to hold the coefficientof each x has tovanish

2 htt ant t 4an 0

thus 4 an
n t z

n 12 htt



This recursively determines all coefficient a except a and a
u 0 a e GI

2 I

I a a GI
3 2

n 2 au 4q t.la I a
43 2 I

3 as 4
La I a

SGs 2

4 a
a I aG5g3 z

n's a

s It's
Continuing this way we recognize the following pattern for neven in which case we can write an with us 24,6 as anwith h i l n s we have

aan tµj a t'l a n 1,2 s2b

For ur odd in which case we can write an with 4 35,7 a

as with 4 0 1,2 we have



anti t a 2
a t'ii a2411

Lsts 2

The constants a and a are undetermined i e they are arbitrary
Set c so c ad so that co and c are also arbitrary2
constants Then

a
7 a441 2 a x aux t aux

n so 4 0 neo
neven u odd

a
7 e a

o

L F
a t I 2

5 It
24

4 0 4 0

nT f 2x antico 2 t c I l l 2x
4 0

2n
so anti

co cost2 1 t c sis l2X

Re Above we recognized theserve ya as a sun of siscax and costaIs particular the series converges But we investigate covergence directly Letuse the ratio test Then for the era term
art 242 yastz

I f in iih h n afit
cans



and for the old term

Intl 22413 24 3

a'in

i
Htt

and we conclude that the series converges with a radiusof con agence
R a



Brief review of power series

Defy A powerseric.ca ereda aha a p i o or
power series or simply serie where is Xo is a fixednumber is an expression
of the form so

I a X Xo
is o

where the infinite sun is vilestool as the limit
µ

Lin LT a ex xo
µ n o

µwhich may or may not converge The sun Z anti Xo ane called
sothe pants of the series We say that the series converges atif the lin a co x i exists and that the serie diverseN a

at tic otherwise not that a power series always converges at t XoThe power series is called absolutely convergent if alaulx x it converges
theo Given a power series IIoa.cxx.is there exists a 1270such that the series convenesabsolutelyfor such that IX x I L R andrerge for IX tot R If the series convoyfor all we write 1202is called theradiverresa of theseries



Note that 12 0 if a series converges onlyfor x o
The theorem does not say anything about what happens when I t tol R

theoremgive
no information

Heoen gree
no information

dir'T I go.name f f diverge

Xo R fo to tr

Renmark If a series converges absolutely then it is convergent I.ef x is such that IIolanCx x it converge then IIgaultroth converges aswellheconverse is not true e.g II x converge at I butII It Idiverges

Wh a series converges diverges for certain x we call it c ntt The largest interval about to snot thattheseries convergesfor all points on theinterval is called themedOfconougenceahaas the Et Thus the intervalof convergence may or maynotuol.la the endpoints where Ix xD R

Beloware someseries with their x radiusandintervalof convergesN
7L I to O R a C o a
o conveys

a r
I H 21 Xo L R L L 3
n o Y 1 2 I

diverge diverge



so

I nxh x o 12 0 O
4 0 converge

5 an f guerreT l t 8 to 2 R too II4 0
1 2 I

discuss

The following is a very useful criterion to determine the radius
of convergence

Rattest Consider the series
of
Z 9
420

where the Cu's are real numbers Suppose that

final I L

Then the series converges absolutely if L L L and diverge if I LIf L L or if the limit doesnot exist the the test is inconclusive
To apply this to power series we use the testwith

q an X Xo

EI Determine the radius of convergence of l Cx ish



we put a t3
y a I compute

u t 2

final Is H u

I fi I a 31 11
tix it

So in this case L 31 11 we want L L l so

31 11 L L Ix Ll L t

So the radius of conveyerge i Ig i.e the series conveys forsuch that Ix 11 Lt and diverge for x such that It it l

Information about the radius of convergence thus in particular
information derived from the ratiotest as in the above example doesnottell us what happens at the endpoints i e fo suds that I x x R
For this we need to investigate the endpoints directly

Elf Determine the interval of convergenceofa
7 H x ish

4 0

we already knowfrom the previous example that R YgThus the endpoints i.e the point such that It It R ane43 113x 41 and X 21 i
4 I 41



Plugging xn 4 we find
a

2T c3 C f l 5 c y g a h

n o 4 Z
n t 2 n o o ht 2

Using the alternating series test from calculus we see that thisseries
converges Thus x 1 belongs to the intervalof convergence

Plugging X l we find

EHIi i au o h e o

Using the integral test from calculus we see that this series divergesThus X t does not belong to the interval ofconvergence
we conclude that the interval of convergence is l 4g

Remarhy If the radius of convergence is RSO we know that
the series always converge abolutelyfor Ix x I L R But at the
endpoints i e for It x I R even if the series converges it maynotconvey absolutely E g in the previous example the series convergesat 4g but it does not converge absolutely since

i il n a

diverges



EI Find the interval of convergence of
a

a cx n
h Io

wewanttobe less
than1

Wc first find R

ti I fin 1 fixnil ix na
2 Lx ly

S R h Test the endpoint I X 11 2 i e t 3 te L
X 3

I a which diverges say by the inlayn o

tat
X l

d n

I which coneages say by thealternatis4 0

series test

Thu the intervalofconocyesa is C L 3
Let us look again at the ratio test he hare

final I fi I fi I Ihr H
Ix tot fins.la I

For convergence we cant the limit to be less than one so



ix xolfin.la Ill he iaT
But because we are assuming the limit to exist otherwise theratio
test could not beused in the first place we have

tis final l
and our condition becomes

anIx roll fin I I
9which tells us that the radio of convergence is R lui I

Summarizing

Rati Test part21 he rateI us of convergence ofa

27 anti xo
4 0

is given by
a fin.l I

Warning Is thefirst version of the ratio test as we originally
stated above we compute the limit involving nth d oiled by n
and the limit is not the radius of convergence we still have



to solve for Ix x I L as in the above examples In
the second part2 version of the ratio test we compute a

limit involving n divided by ntr rather than htt divided
by b as before and the answer is the radius ofcosreyesce

Propertiesofpow.es Suppose that fix II a.lt xo and

gut obslx x I have radius of convergence 12 0 Then for IX x I CR
Las flexi Z haul X xo t

n o

b ffinds ex x it t Ci

k fin o fo all X C t R x R iff ah 0 for all n
d fix girl anCx tos where Cn i oajbn j

Because we will be dealing cill power series it is importantto distinguish function flat can be written as a power series This is the
purpose of the next definition



Def A function f is said to beanalytical if in anopen interval about to f is equal a power series 2 nix xd thathas a position radius of convergence In other words there exists a 1270such Hat for all E x R x th it holls
a

fix I an Ix tot
is o

when a function is analytic at x for any Xo we say simplythat it is analytic If it is analytic at x forany x on an openinternaib we say that it is
b

when we express a girenfunction as a power series i e givenfcxlwcfi.IEoancx xoisuol that fix IIoa.hr rot we call II a ex xoa power series representation about x 1 offin
EI The function et cost and sint are analytic For xo o

we have

ii II asx II x six x

and these expressions are validfor any i e R D It is importantto note that the power series representation change with Xo For example
replacing by X 2 in et



ex d
2.1 so e ex xo which is

another way of writing et as a power series

EI tax is analyticfor x o A power suis representationabout to L i
a

lax ex e with R L
h

EI Any polynomial a tax t tan x is analytic sinceit equal the series ahxh where ah o fo Uh n A rationalk o

function Pf where Poti and Qu are polynomials without a common

factor is analytic at any to where Quro 0

EI From the properties of differentiationof powerseries it
follows that if f is analytic at then it is infinitelymanytimes
differentiable at x Consequently if a derivativeofsome orderoff doesnot exist at x ther f is notanalytic at x Eg fix 1 21is not analytic at 2 because f ca does notexist fix x is notanalytic at 0 because f co doesnot exist



The following result is very useful if fix is analytic at
Xo then the coefficients of its power series representationabout x are
given by a f exo

Tt i so

f Eofn ex x i

Remark we noted above that if fix is analytical x theall its derives at to exist The converse is not true For example consider

fix
e
t

x o

O X 0

One can show that all Leriration f at zero exist and infact fYo o
for all n If f were analytic they

fix of x o

which is true only for x o and to beanalytic a function heats
to equal the powe serie o an open interval about Xo

Properties of analytic functions The sum products
and composition of analytic function are analytic



Differentiationwitalyticefficient
we will study the DE

aacxly t a x y t a CHy 0

linear second order homogeneous which we write a

Y t pox y t girly 0

with pix aim 7 1

agent

Def A point x is called an ordinary of theDE y t pox y t fix y 0 if per and qui are analytic atko If Xo is not an ordinary point then it is called a singularpoint
EI Determine the singular pointsof

xy t x'txt 1 y t y o
X1 I

write the equation as y t 4t y t.si yopcxsXIXftll xlxtl which is a polynomial henceanalytic For
guy the denominator is Zeno at zero But this ZenoXCX1 l

is removable in the sense that



t x E t Ent
I I t t

showing not only that si is well defined at zero but it is in
fact analytic at zero Since 1 and six are separately analytic
at any o we conclude that sin is analytic for any
product of analyticfunctions The function 1 is analytic atx t I
any except x I Thus gun is analytic forany except
x 1 and we conclude that L is the only singular pointof the DE

EI Find the singular points of e y t y 0
write

Y t te Y 0

Thus pox o which is analytic1 and ya e e
We saw that e is not analytic at zero But it is analyticfo my X f o since it is the composition of e analytic with 4 2
analytic for x o Thus x o is theonly singular point



T existence of analytic solutions Suppose that Xo is
an ordinary point of the DE

Y t pox y t geny 0
Then the D E has two linearly independent solutions of theform

5Yen 2 an Cx x i
u o

The radios of convergence of any power series solution of the aboveform is at least as large as the distance of x to the neareastreal or complex singular point of the DE
Remarty Recall the example y t 4y o we found our

power series with a and a a bituatuy which we then separatedinto two power series giving two linearly independent solutions Somethingsimilar happens in general a L another way of stating the theoremis that the DE has a solution in the formN

Yuri 2TanCX x
4 0

ith ao al a arbitrary constants



EI Do the DE

la Y t Hy't y 0

b I t x I Y t y 0

c Y t py t Y 0

admit a power series solution about x o If yes what can be
said about it radius of convergence

a we have pox x and gCx L which are analyticfor allthus in particular at x o Therefore the DE admits a powerseriessolution of the form yet anx to o The DE has no singular
point so the distance between the ordinarypoint x o and a singularpointis infinite and the radius of convergence of the solution is a

b we have part 0 analytic and get
µ

Thesingular
point occur when It O X Ii Thus x 0 is not a singularpoint and the DE admits a solution IIoan x 1 0 0 Sisce the
distance between Zeno and the singular point ti is one the

f t
theoremwhether it is equal to one only thatit is at least one



c We already know that is analytic at zero
is analytic for all except when I 3 x so x Ys

Thu x O is an ordinary point and the DE admits a solution

II aux x o The distance between X o and the nearest

singular point is 1 3 so the radius of convergence of the solutionsis at least 43

if

R The distance between twocomplex numbers 2I a t iband Z a t i b is 19 a l t bi ba

The above theorem essentially says that if we are given a DEwith analytic coefficients we are justified in seeking a power solutions
knowing ahead of time that this will produce a solution with a positiveradius of convergence

Let us now see how this works in practice



EI Find a general solution to

Ly t x y t y 0

vote that even though this is a very simple looking equation noneofthe method we developed prior to power series is applicable here
we write

Y t Ia y t tay 0

Since I and 2 anc analytic function we can lookfor asolution as a power series

Yin I anH x I
4 0

In doing so we need to decidewhat to choosefor Xo Sisce Ia and 2 areanalytic for any Xo we are free to pickany X we want so we choose

for simplicity to 0 so

YLx I an X
n to

Compute i a

Y ai hani
n Io
s

y Lx non i a x t

h o



Plugging into the equation

II t I ant t ta a i o

non lah x 2
t tana x t 2 Iza x o

we can start the first sum at me 2 and the second sun at n Ii

ana ant t thanx t II faux o

we shift the indices in the first sun by setting in n 2
tallhtt m

aZ h n l 9 x h
12 htt an Xwn 2 mta m Io

mt2 2 m o

Sina m is a dummy indexof summation we can relabel it is so

oxtailht't anax tEFtha th t faux o

Ve cant to group all sun into a single one For this we need allSuns to start at the same value so we expand thefirstand laSumi

ht 2 htt ant y 2 a t 2 thth nti 9 2 X



and

II tax Lao t faux Thu

La t Chi2 Cutisant th t II nahth t ta t2 t a x 02
or

gLa t taar t Z 12 htt any t nti a X O
n

Since the coefficient of all powers of must vanish separately
2 a tLao 0

ht 2 htt ant t ta htt q O h L
The first equation correspond to the second with n 0 so we combineboth as

t 2 htt ant t that1 an I O 720
Thus

Antz 12 ah h O

From this relation we can determine all coefficients except a and9 We find



a a t a f a a
a au 9

as as
2 91 96 2494

2
97 fy's f l Continuining ee findthepattern

92N go.tl aoi92ntl 21

Thus
a a

YCx i a x Z aux t Z a x
u o n na i

n era isodd

a x a II i
Y ex 4211

So
y cxi aoY Xt t 9,421 1

Because the equation has no singular point theradiusofconvergence is inWe also see that YCH and Y Ix are linearly independent since one
involve even andanother odd powers of X



Remarle when dealing withpower series it is natural toask
how we can compute things in practice Forexample suppose that
in some application we need to compute y is the above example
We have

a
4 Ln

4,131 2 s
2 n

O

while we know this to be a real number thesonic convergeit might be very difficult to determine which number it is
However in most application a good approximation to 4,13 would beµenough Recall that the partial sum an ex xo become closer

isto the actual value the large N is Thu
µ s
T L l 2hYin e 2 3

u o
2 n

for some large fixed µ How large µ should be depends on howgood
we want the approximation tobe For example if we refine accuracyonly up to the second decimal digit we can test a few rakesof µuntil the

corresponding values of y.cz differ only at the third decimaldigit There are much better
ways to get a good approximation

by getting precise estimates for error incurred upon truncating the



series at the Nth term Student are referred to the theory
of power series for details The important point here is thatµ
I 3 is a finite sun that can easily be computed with
4 0

the help of a computer regardless of howlarge µ is
Rema Suppose that in the above example we are given

the initial condition

yes 4

Y 131 I 2
We can then determine the constant 9 and a is ycxi aoy.cn tayzcx
by solvinr

yes 4 aoY l 3 ta yal3
y is 2 a y Csl ta yat3

for no and a To do so we need the Oakes Y1st Yacs Y csand Ya is As remarked above it can be very difficult to determine
such values exactly but we can find themapproximately This will
give an approximation for a and a However a better approachis the following Instead of looking for a power series solitio
of the form on x i e centered at 0 we solve the DE



using a

Yul I a x 3
h

h Io

i e a power series centered at 3 Then

2Y x ao t a x 31 t a Cx s t a CX s f
9hL

Y CH a t La C x 3 t 3 a I X 3
d
t

So that Y 3 no and y is a In this case accan
determine exactly what a and a are Therefore ial
conditions at x we lookfor a power series solution centeredat
to i.e in the fo n yo x I a Cx x

Some terminology
Solving DE with power serio typically

involve finding a relation that express the coefficient an in term
of it predecessors

e.g a a ta a in the previous example Arelation of this type is called crecurrence relation
Many time we have to rearrange a sum to write a seriesh powers of Xh h a a series in power of or someother

power as for instance



h n 1 a x h

oath htt a ax
in the above example We refer to this procedure as shiftingI at ex

Sometimes it is difficult to determine the completePattern of the coefficient an in which case we leaee then
indicated by the recurrence relation as illustrated in the nextexample

EI Find a power seriess.br io about Zeno to

Ctx'ly y t y 0

We have pox L and gas I so 7 0 is an ordinaryItx I t

point
Therefore u can express the general solution as

a

Yeti a x

n o

so

111 1
on
aux y in ouch la th

h



Plugging in

Itv
on
in na

faux t II a x o ou

tr't
jin na x II aux t

oanx o

so

I no ya i d t a

LI hanx t II aux o
I 2

Shifting the summation i der in the first and third sums

IIIt ant II ax
EIai.ua xh Ioa.xu oI I I

Expanding the first third andfourth sun up to n i
N
n a2 la t s 2a x t L 4thCht 9 2 t t non ya s

4 2

x
a

a La X Cityay x t not a t En a aux O
n 2

Grouping the terms in sane powers of ti



2as a t ao t Ga La ta x

t

I th IchH ant htt a t n n it t 1 an x 0

from which we derive the following recurrence relations

La a t a 0
6 a 292 ta O

kth htt 942 Cutijoint t bCh l 1 1 a O n 22
or

9 a o

L

9 Laz a

6
9 htt anti n n l l t l an

h 2
n12 Ntl

Because the recurrencerelations are somewhat complicated Chih an involving
twocoefficients a and a rather than only a as in the previous example
w do not attempt to find a general pattern for a Instead we
state the solution as follows the general solution is given by



he

Yu I a x
is O

with a and a arbitrary and the remaining coefficientsdetermined
by the above recurrence relations The radius of convergenceof thepoorer serve is at least one because this is the distancefrom zerotothe nearest singular points see previous examples above

It is useful to compute thefirst few ternsof thesolution to get an idea of how it looks like he hare
9 I 9 90

T
a k 1 H

4 ama
4 I 9

24as as a a
sos 4 40

4th a t a t t o

af x t d9o x
24

t 3ao a s
I t t

ao l tax tax t fax t fo t't
t a x t ta t too Yo is t



I yet more complicated equations finding the recurrencerelation
is itself a daunting task In thesecases we typically restrict
ourselves to filing the first fewtermsof the solution

Ex Find the first seven tons of the solution to
Y t e y t Xt x'ly 0 4101 1 y cos 0

Because the initial condition is give at zero we lookfor apower series solution about Zeno This can be done because the equationhas no singular points Thu

YCH 7,9 x with radiusofconvergence R D

We compute y ex ona x ha x

a
Y Cx I n I n 1 a x h Z NG 1 aux 2is id

plug in 4 2

2 Ch tan x d t e ha x t Ctx a x 0

But
ex It x t ta If t If t so

II a t ft t I te't IE na.i tc xynEgi o



Expand each sum

2La 1Gast t 121 t t 20asx't309Gt t

Atxt tf't t a thorax 1 Iast't 4qx't sass't

1 txt a t a x ta x ta x ta t Ou

La t 69 x t 129g X t 20asx t 30A X t
a t 292 x t 3937 t agr t 59 x t

a x t 29 x t sa x t 4aqx t

Lait t ast t za x't
l ta X t aax t

Iga x't
ao t al t t ast t a x t aux t

a x t a x t nax t I
D



We now group the terms with the same power of x andset them equal to zero
XO term 292 1 a t so 0
x Tum Ga tha t La 0

yd term I 2ac t a t Saa t t a t a O

y term 20as t 494 t Gaz t a t Iga so
term 3096 t Sas t sac t a t 4 a t ate a 0
The initial conditions

give a L a 0 so

2 a t o t I O a I
2

69 I to O a I
6

Lao t ta z to t l o ac O

20 as to th ta to O as I
120

309 at t O t t O so a 1 Hence
a 720

Yin I a x L tax t t x x't x'th Io

note that the second and fifth teams are zero



1 It is also possible to use themethod ofpower series to solve non homogeneous equations see the textbook



Themettius
We will now present a method that allows us tofind a

power series solution about X in certain cases when X is not as ordinarypoint Before formalizing the method let us illustratewith as example

EI Find a power series solution about X o to

XtHx2y xy t d thy o X o

We have pix I I 71 112 x Xlxth x21 2

he see that pox anL qu ane not analytic at X o i.e Eero is a singularpoint of the DE Thu the method we have been noisydoesnotapplyBut if instead of 4,7 a x we seekfor a solution of the form
a

Yeti x I a x 2,7 a intr
h Io ne o

the the bad term I and I in pox andyou will cancel withxn provided we choose in appropriately Let us try this Compute
411 1 Intria x y cx intr Intr 1 a x 2



Plugging is

Kt2j 2 tr Intr Ma x
tr h

X
ochtr aught i

1 I txt I a x o
h Io l

och
1 r cut man tht

t
glutnicutr c a tht

r

ya
t

b n toTt Z a t a yuthtl on o 4 0

We group the first and last those in powerof xhtht andthe second
third and fourth sums so

Cutrichtr it t 1 an X t flatulentr l intr t 1 aux 0

The neo term in the second sum involves whereas all terns is
the first sun involve at least x't all higherpowers so the neo term
in the second sum cannot cancel withany other power of x Separating
this town we find

a
7 ntrti2 r i r 1 1 ao x t chthilntr 1 1 1 a X

h Io

t Hutu Intr is 414 1 a x p



As mentioned the turn 2rcr n r 1 1 a will notcancelwith
any other term so it must vanish on its own if we want the lefthand side of the equation to be equal to zero Since we cannot set a pwe must choose r such that

2 n l r l n t l O

Thi's fire r I ou n la For reason that we will explain laterwe take r L Then
plugging rn l ne here

2 htt n ti la th
t 2cut n n a x on O
n

Shifting the summation index male manta is thefirst sunand f httin the second one

H 1 In 21 1 an ax t 2 Lulu it Cn b an x O

or

n 1 Is 2 t l l an a t Lh 1 Ln 1 am x O

From which we derive the recurrence relation

n l h 2 t lan as a h Z 2G 1 2n l



Setting n 2 s we find
in 2 A ly ao
u 3 a Foa a

n 4 as ta Joao

and so on Thus recalling that r I we have
a

YCX 2T au Xhth a x ta y t a x ta x tis o

a x t x't fox fox t X o
whoa a is an arbitrary constant

Renard strictly speaking we still have to obeahthe convergence
of the above solution We will state a theorem later on that will deal
with this tote also that we found only one arbitraryconstant Since we
need two lines.ly independent solutions we see that we are missing one he
will see how to determine a second linearly independent solution later0

Let us now see why we choose r L insteadof r Yz in theabove example Let us go back to
Lo
T n tr tiLv r i r t 1 ao x t chthilntr 1 1 1 a X

h Io

t Hutu Intr is 414 tita x p



which he can write as

a
4h n t r tiJao t h ith h tr 2 1 an x

n l
a

t 12 ntr h tr i ntr ti la O
n

or

2n r l r t 1 go

ft L C Ch l th h tr h 1 1 an t 24 tr h tr l ch tr t 1 a IX t On

This the gives the recurrence relation

h i tr ntv 21 tlas an 1 4212 Intr Intr l thtr t

If we choose the smallest root then it may happen that when we
consider 4 1 2,3 etc for some valueof n we find that ntr is also
a root so that the denominator in the recurrence relation will be two

roots htt rata

L and r2 Tt
r f r I t 4th 413 r n r

This cannot happen however if we take the largestroot since
in this case the values rtn will be to thenight of bothroots



In the above example we have

pox 1 and fixx1 2 x 1 2

As we saw thesefunctions are not analytic at x o However if weremove the problem terms t frompox and I fromgox by multiplyingthem by and x respectively we find
pox I x'quiX th Xt2

which are analytic at x o So in particular we can take the limit
him xp ex lyinof t
o 2 L

E'I H o II
Let us call these values Po and go respectively i e poi ta fo t
If we look again at the equation that determined r namely

2 n l r l n t l 0
we see that it can be written as un 1 tah t t o ou

r r l t Pon t fo 0

This is not a coincidence We will nowformalize themethodof theprerioexample a I we will see that it it will alwaysgive an equationof this typefo r



Def Let x be a singularpointof the DE y t party'tqcxsy o
We say that x i a regulasingint if xpart and x'pox are both
analytic at x Otherwise x is called an irregulansingit

Def Let be a regular singularpointof y party'tqcsy o
The indicationfor thispoint i

r r L t port of 0
where Po lying ex xopox and go fijz.fr eight The rootsof
the indicial equation are called the exponents or indicesof xo

sumnanyofthcmeth.de Fnoben Lot x be a regular singularpoint of the DE

orality t a lily t a city O X Xo
To find a power series solution about to proceed as follows
a Set pan 9

Y fix a Compute Po din xpox anda cx
x x

fo lin x'gIn if one ofthese limits doesnotexist the is not a
x Xo

regular singular point and this method cannot be applied
t

ya ex x.intoa.cx.xoi fIa.cx xoitt
when v is to be determined



c Compute y ex and y cx1 and plug Y in y on and yet
into the DE Shift the summation index and or rearrangethe term if
necessary in order to obtain an equation of the form

An Cx x it htt O
n o

where J is some fixed number that comes from the procedure of
shifting the summation index and or rearranging the terms Each A is
an expression involving r n and au Explicitly

A x x i t A x x i Aix x it o
d Set An O n o l tote that A 0 is just a multiple
of the indicial equation

A M r r n t por t g O where h a constant

In particular if A O does not reproduce the indicialequation there
is a mistake

e Use the equation A O n 0,2 tofind a recurrencerelation for the coefficient a IV to that at this pointthe recurrence
relation involve r which has notyet been determined
f Solve the indicial equation and take r r where r is the

larger root of the indicia equation Use the r r into the recurrence



relation of part e to determine a recurrence relationfor the
coefficient au If possible find a patternfor the ah's

g A series solution to the DE is given by

yer x ri a ex ri a x x It x
h O u o

where ao is arbitrary Note that hen r is replaced by h

Remarh The above
gives one solution to the DE we will

see how to get a second linearly independent solutio later on We will
also investigate the convergence of the power series later on Finally
we will explain why in stop les we fist recurrence relationforgeneraland only after that in step f we replace r by K

EI Find a power series solution about X o to the DE

Xy t 4y x y 0 x 0

Let us follow the steps can cgi from above
First set pits Gy ga 1 and consider xpox 4X gill x These are analytic function so X o is a regular singularposit Sit p lyingoxpox 4 go gin 0



a aset yix x a x a x'tr
neo is o

a
Compute y ex 4th as x y c urgent ya Ith Io n

Plugging in

x
outrichtr 1 a x t 4LIcniria.xht xf a x't o

µ Catullustr 1 aux t o4cutria tht II a ht ti
o

Expanding the first two sums
r ih r l a X t rn ra t Lntrichtr iya x

4 2

r l O
t Gra x t 441119 x t I 4 ntr a It

s n 22
7 htt 1
2 an X O
4 0 h 4 2

Shifting the summation index in the last sum and grouping theternr iin and x i

r i toµ I t 4h ao X t I rtt 4trja x t ostrichtr iya
n

h ez
n a
2 4th triant a htt

on L 4 2



Grouping the sums

Hr 1 1 4b a Y t r till Gtr a X
t.LYLChtr1 htVl 3 ah ah a X 0

Set the coefficients to two tofind
fir I t 4r ao o

rtt 4th a 0

h tr htt 13 au au I O n 72
Sisco a is arbitrary the first equationgives tlr I 1Gr o Notehat this is simply the indicial equation rin ist por of o as it m'tbetherwise there is a mistake Solving Vcr 1 three wefind r o and3 Sncc rtt Gtr 0for both r o 9hL r s the second equationires a o The third equation gives a

intr h tr z s 22
We now choose r to be the largest root i e r o so that

a KI h 22n lh t 3
Since a 0 this recurrence relation implies that all all coefficientsvanish Fo the eoe ones

9 no 94
5.790

b 94 z.q.ie z.g9oiaoo gT96 2 g.aoo.sI.a.i



and we observe the pattern

na I 1 no
2 4 12h s 7 ants

I
ao h l

L n S 7 2413

Sisco a O h 20 we find
a

y cx i a x I a x a I Ih Io h o 2 h S 7 cantsn I l

The next theoremgives information aboutthe radius of convergenceofa solution found via the Frobenius method

the Lot to be a regular singular pointof the DE
921 1Y t 9 it y t a In y O X Xo

Lct r be the largest rootof the i dicial equation Then there exists a
power series solution of the form

a
YCH a ex x it

neo
which converge for all such that 0 L X x L R where R is
the distance from ko to the nearest other singular point real or complex
of the DE



Findingasecondlineaulyisdependentsolutioniuthancth
of Frobenius

The method of Frobenius seen abovegives solution to the
DE Since the general solution involve two lineauly isdependent solutions
a second linearly independent solution needs to befound
Th Let x be a regular singular point of the DE

Y t pox y t girly 0
Let n and r s the rootsofthe indicial equation with r Ira
a If r r is not an integer then then existtwo linearly independenolution oftheform

a

Y ex I an ex x it a fo
n o

Y ex I b l r x It bot O
4 0

b If r L then there exist to lines.ly independent solutions
of the form

Y ex I a x x it a O
n o

Y txt y cxiklx x.lt b x x It



c If ri h is a positive integer then there exist to linearly
independent solutions of the form

h trY LXi I anCX xo no 0

h Io
a n trY txt Ay ex lulx x I t I b x X I b Fo

n sowhere A is a constant that needs to be determined i.e A is notan arbitrary constant A could turn out to be Zero

Ren Note that y take the sameform in all three
cases Y is the solutionfound by the methodof Frobenius see above

them In case KJ the sum in Y start at andnot at 4 01 Also it isnot sail that thefirst coefficient in theseries by cannot be Zero

Re Because any multipleof a solution willalso be a solution
C Y and Czyz where C and ca are non zero constants are two lineanly
independent solution as well The general solution is He c Y t c ya with cand as arbitrary constants Since we can always multiply by arbitrary constantslater on it is sometimes

useful to set a and b to somefixedvalue sayao el bo l especially in case b and co where we need to use Y intoYa Example below will clarify thispoint



EI Find the general solution to
Hty x'y Xy t l ith y 0 x 0

We found a power solution to this equation in a previous example Referringto that example we had p t and f L so that the inticial
equation is

Lr l LL t t I 0

giving r i l and 42 We hadalsofound the recurrencerelations2

h i tr ntv 21 1 Ias I ah l h I l2 Intr Intr l thtr t1
Because r r l t La is not an integer we are in case Kj The
solution

corresponding to r I was in the referred exampleand reals
Y l t ao t t t tYo x Yo x t X 0

Because we can multiply y and y by arbitrary constants toformthegeneral solution we can get a above s yex x t t tYo x Yo t tTo find ya we put r r 11 is the recurrence relation to f i L
Cn 112 h 312 t lb bn 4212144 n 1h Lhth t l2where we now call the coefficient by since they are thecoefficientsfor r L ltheads were the coefficientsfo r n L



Computing the b we find
b Igbo bae 75bo b

g
So th

Y Ix
u.LIobnxhtk bo x I x fax Y x t x o

As with a we can set b L so yjxi x I x fax g
x t

The general solution is this

Yuri c YCH t C Y LX X 0

Remarh The previous example shows why it is advantageous to first
devise the recurrence relation fo a general r plugging a specific valueofr only late o we already have a formula can we can use for r andrn If we replace r at the very beginning and Hos we need a recurrencerelation for r we have to nodeuire it again

EI Find the general solution to
Xy t 4y x y o x 0

We studied this equation is a previous example fi dig 4 0 1 3and
a

Y in a I t I I
In 5.7 antshe 1

Because h r O l d 3 is a positive integer we are is case cc

Therefore ya has the form



Yawl Ay ex l x t I b th
n o

Ay its lax t I bnx
J

n 0

To f.nl Y we need to determine thecoefficients Aand bn This is donebypluggiY into the equation tofind recurrence relation between Aand the bn's Because
Ya involves y and y has thearbitraryconstant a it is convenient to
set ao I to simplify the computations As we saidabove we can always
multiply y by an arbitrary constant later on

Computing
a

Y Ay lis t Ay t t I Cn s b
is so

42 Ay lax t 2Ay Ly Ay t t IIou Il 4 b X S

Plugging i i

X Ay lux t 2Ay t Ay t t oh sich 4 b x
S

l I

l t t IIoasis x xlAY tI x 7 0

Rearranging the terms

A lax Xy t 4y x y t 2Ay t SAY t t x n Da 4 b x

4IIoh 3 b x x f
b x O o



Aluxlxy t 4y xy t 2AY t SAY t t f n na 4 b xp
at 4 in 3 b x I b x O

n Io n to

The parenthesis in the first term vanishes because y is a solution i.e

Xy 14y xy 0 so

2Ay t SAY t t II.cn sun 4 b x 4
in 3 b x

f
b x 2

0

Expanding the first two sumo

LAY t SAy t t 12 t Gb X t I Cn Don ons x
2

85 X t.LI 4cn3 b x II b x 2 0

Shifting the summation index in the first two sun and groupingthe ternsinb 3

2AY t SAY t 2b x t cn mln 2 b ax t 44 1 by
t

byXh 2 0 on grouping the Sunsn o

LAY t SAY t 24 3
t Z l n l nta but b x O
is 0

Next we plug in y recall that u set a i



Htt i t Allt i It
2b x t In 1 Luthbut bn X 0

a II T.si I t
ms c7

2b X t Ch 1 cut2 but bn X 2
O

h 0

Combining the first two sums

2b X t 3Ax t 4h 1 3 A
Tisza t untilb b x to

We need to combine power of so we expand thesums

2b X 3 t SA r t 7A x 11A X t2 L s L L S 7

t C 2b so x d t t 4by ba t lobs b Xl
t 1856 be xd t Looby bg t

Combining the same poemsof X and setting the coefficients equal toZeno we find



X 3 2b o

2 2b bo O

x i 3A t 08 b 3A b O

Xo Gbc b 0

X 7 A lobs b 7A t lobs b o
2 I 5 10

X d i I 8bo bo 0

X I f 28by by t 285 by o222 5 7 280

Solving these equations ce find
b O
b Lbo2 2
3A b 3A so 7 0

by I b tooso

7 t lobs b loss S o by Yob

b Youby so

11A t 285 by 28by by O by Lgb 2
b

280

We knee that bo is arbitrary but note that the above relations



do not determine b either so bs is also arbitrary We conclude
o

Ya Ay lux s
w t Z b box t b x 2 t bat t b x
o n o

t byY t b 2 I 4
g X t b t t by X t

box 3 box t b x tobox t yob y L box
144

t I b 4
280

b x
s
tax to x fu x tbs It tox tat t n

The general solution is thengives by

Yin c Y ext t caYaar
Remark Because b and b in Y are arbitrary it seen H t we

ended up with three arbitrary constants in Y c Cabo andcab while weknow that we should have only two arbitrary constants Upon close inspectionwe see that I t Yo x't x t Y 1 1 so this fern in Y can be
grouped with y alternatively we can set 4 0

EI knowing that y.cm IIo ax is a solution to

y xy t l Hy o X 0

find a second linearly independent solution



First we need to verify that the methodgiven as.ve can beapplied Set pox If t and f't 1 Because Y is given
as a power series centered at o we want to find y also as a poorerseries centered at x o pox and gov are not analytic at zero butX pct L and fix l x arc so Zeno is a regular singularpointand the above method can be applied

Compute

p lin Xpix l fo trig x'qui Io

so the indicial equation neat
Mr I t por go Mr i r t l O

which has r I as a tube root We are therefore in case b and
we seek 4 in the form

a
Y C't 4exilisx t I b th

h 21Compute

Ya y ki t y t t cut.gs x

II Y but t 2yity Y t t nun b x O
n

Plugging in

Y lat t 2yity Y t t untilbut

Xl 4 th t y t t int'sbath t l t Y ex lux t b x 1 a



lux x'y xy t l x y t 2Xy Ly t ninths x't
o

ft b x t II b x II b x o

Expanding the first three sums
2 4 ay t t

anlstilbnx
2
ftp.lutyb x't

d z
t b x k I b JZ b x't O4 2 u

we combine the first three sums

Hy Ly t b r t nd b int I b x'th on I 2 4 1

Shifting the summation index in the first sun
2 4 ay t b x t tht'tb b x't o on

a
2 xy Ly t b x t Z C int't but bn x O

n
plugging Y i

2 1 o
ax a of ax t b x

gt 2 Inti but b x o
h s



II a II ax t b x't C intr but b Ix o
h

combining the first two sums

II Ii t b x t 47 I cutis b b x't o

Expanding the first sun

Yo a t t II a t b r't Unnib b x o

Cvotingthe tern is y and shifting the summation index in the firstson
12tho Ix t It t II duty but b Ix so on

4th t
IITs cut but b x o

Setting the coefficient equal to Zeno 2 tb o b 2
2Cati

at Cht's by b O but µb 2
h L

htt Citi 12
counting bi F Y s

at soonThu

Yawl Y Ix hex t but yexilsx 2x tax x t



function

There are a few equation that our frequently in physics and
engineering and whose solutions given as power series are studied in detail
Such solutions are knownas specialfunctions Here we briefly investigatesomeof them

lcgenlrdsq.ua

Th DE

l x y 2xy t l let 114 0

where l E 191,2 is a fixed parameter is called Legendre's equation
We can verify that L is a regular sing.la point thus we can findpone series solution about x L The indicial equation i's

t l tr 0

which has r r 0 as roots To find a solution Ycry wet
y

g
ex ish to

oak h

Applying the Frobenius moth 1 we find
Yin It

fit



where for a non negative integer l

l l LH dt2 ltu 1 n I I
e o I l O

l l f lk ti 1 C et21 l l th l
and we set a I

Not that l l will be zero for n t et l Th Y.cn isa polynomial of degree l For each l the solution Y H is known as

he d of degree l denoted Pelini
l

Pe 1 1 I t 1 b u let'In
ne tf

We can rewrite Pe in power of obtaining
1 2 yl Le 2n l 2bPech 2 l

x
n Ll b h e 2h11

where f is the greatest integer less than or equal to f Eg 17,1 3
E 4 The first Leyenda polynomial an

Pohl L P ix X Paix 22 2 ta
The Legendre polynomial enjoy thefollowing property know as

orthogonalition often used in applications



PecxiPmcm dx O for t.fm

To prove this we first rewrite Legendre's equationfor PeandPma
4 x21Peter I t lCen Petti 0

11 x 1pmex t mcmt Paul 0

Multiplying thefirst equation by Ken the second by Pelts and
subtracting

Pincus c x JPetch PeLx Ll x 1pm 111 t lcltijpeixipn.ly mint'tPettiPhai 0
we have that

µ v2 Pnw Pelt PewPm'lx Pinch Li x 1Peas

t Prix l x 2 Pelli PeIx CI x 1pm'txi Peter Ci 2 Prix

Poncet Li x 1Petits Pech CI x 1pmox
so flat
I x PrixPe'cx PennPicts I Lm l't m e PecxPaix

m l m tl.tl
Thus

I th PmcmPeter PeltPutin m l att ti Pehr Pula



We now integrate from 1 to Ii

l v2 PuriPelt PearlPaki tax m l h te ti PecsPmlxDx

The integral on the left handsidegires
ll x 1 PhinPeters PattiPitts 1 0 so
l

m l mtl 11 pecx PmLx d x 0

If m e th n e Instlti fo recall that m l 01 thus

Pelt PmCtsdx O my l as desired

One can show that the Legendre polynomial also satisfythefollowing
recurrence formula

ft petCx 2 htt xPelt l Pe c
and the followingformula known as Rodrigues formula

Pent I Ix Il



D io

The DE

x'y try t x v ly 0

where 020 is a fixed parameter is known as DesignX O is a regular singularpoint and the indicid equation is
r l t r v 0

with roots r V r v If r Ra Lu is not an integer two
linearly independent solution ane

a h 2hTV4 ex a I x
2 n C l 1Hh i

n O
n h 2n v

Y H b X
2 h C l ul

h o

Using the relation 4th I
t where I is theGaunafaction

941 choosing go 1
b 1 we can write

2 Il Itv1 L v Ili v

the two linearly independent solutions as
a h

L l 2htuJun I Fal i
n 0

awl






