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About these notes

These notes have been typeset almost verbatim from my handwritten class notes. The latter
have been written for my own use in class and are not intended as a primary source for the course.
Thus, the presentation that follows is rough and schematic at some points. Nevertheless, students
might find useful to have direct access to my class notes. We warn the reader that these notes
have not (yet) been carefully checked for typos, mistakes, etc. Please do let me know if you find
inconsistencies, wrong signs, missing factors, or other errors. In particular, if you are confident that
your calculation is correct but it does not match what is given here, it is likely that there is a typo
in the notes.

Abbreviations used throughout

The following abbreviations are used in the text and/or in class:

• DE = differential equation(s).
• ODE = ordinary differential equation(s).
• PDE = partial differential equation(s).
• IVP = initial value problem.
• IC = initial conditions.
• iff = if and only if.
• EX = example.
• Def = definition.
• Theo = theorem.
• Prop = proposition.
• LHS = left hand side.
• RHS = right hand side.
• ⇒ means “implies,” e.g., A ⇒ B reads “A implies B.”
• □ = indicates the end of a proof.
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• We write f = f(x) to mean “f is a function of x” and similarly, e.g., z = z(t) for “z is a
function of t,” etc.

1. Introduction

1.1. What is a differential equation? We are all familiar with algebraic equations, e.g.,

x2 + 2x+ 3 = 0.

Here, the unknown is the variable x, and the solution of this equation is a number that satisfies it.
In this case, x = 1 and x = −3 are solutions because

12 + 2 · 1− 3 = 0 and (−3)2 + 2 · (−3)− 3 = 0,

whereas x = 2 is not a solution since

22 + 2 · 2− 3 ̸= 0.

We can consider similar situations where the unknown is a function:

xf(x)− 2 + 3x2 = 0.

Solving for f(x) gives

f(x) =
2− 3x2

x
(x ̸= 0).

More generally, we can have an equation for an unknown function f where derivatives of f also
appear, e.g.,

df

dx
− 3 cosx = 0.

Here, we want to find a function f(x) whose derivative equals 3 cosx. We know from calculus how
to find such a function:

df

dx
− 3 cosx = 0 ⇒

∫
df

dx
dx = 3

∫
cosx dx

⇒ f(x) = 3 sinx+ C, where C is a constant of integration.

An equation relating an unknown function and one or more

of its derivatives is called a differential equation (DE).

Example 1.1. These are DE:

dy

dx
+ y2x = 0 variable: x, function y = y(x),

dx

dt
+ e−t2 = 0 variable: t, function x = x(t).

These are not DE:

x2 − 4 = 0,∫
cos(x(t)) dt = et + x(t),∫ (
y(x)

)2
dx =

dy

dx
+ 5x.

(The second equation is called an integral equation and the third one an integral-differential
equation.)
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1.2. Why do we study DE? Let’s investigate the following example. Consider a spring that has
length 1 m when it is not subject to any force. One end of the spring is attached to a wall, and
the other end to a body of mass 2 kg, as in the figure below:

1 m

20 cm
x

Figure 1. Mass attached to a spring Before and After stretching

Suppose that you pull the body horizontally, stretching the spring 20 cm, and then release it.
The body is going to oscillate back and forth. What is its position after 10 seconds? (Disregard
friction between the body and floor. Consider that the spring has constant k = 50 N/m.)

From Hooke’s Law, we know that the force acting on the body due to the spring is F = −kx,
where x is the displacement with respect to the equilibrium position, which we identify with x = 0.

Since −kx is the only force acting on the body, it equals ma, where m is the mass of the block and
a its acceleration:

ma = −kx ⇒ a = −25x , since m = 2 kg and k = 50 N/m.

The position x is a function of time, x = x(t). We want to know x(10) (position at t = 10s). Since
the acceleration is the second time derivative of the position,

a =
d2x

dt2
, thus

d2x

dt2
+ 25x = 0.

This is a DE for the unknown function x. We’ll learn later on how to find x. For now, we can
verify that x(t) = 0.2 cos(5t) is the desired solution to the above DE since:

d2

dt2
(
0.2 cos(5t)

)
+ 25 · 0.2 cos(5t)) = −0.2 · 25 · cos(5t) + 0.2 · 25 · cos(5t)

= 0.

The factor 0.2 stems from the fact that at time zero the position of the block is 20 cm = 0.2 m, so
that x(0) = 0.2 cos(5 · 0) = 0.2. We can now calculate

x(10) = 0.2 cos(5 · 10) ≈ 0.19 m.

1.3. Some terminology and notation. We will use d
dt ,

d
dx ,

′ etc. to denote the derivative. Hence,
particular names given to variables and functions can change, and the same equation might be
written in different forms. E.g.,

x′′ − 5x′ = ex and
d2y

dt2
− 5

dy

dt
= ey both represent the same DE.
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Definition 1.2. The order of a DE is the order of the highest derivative that it contains. For
example, y′′′ + xy2 = 0 is a DE of 3rd order.

Definition 1.3. A solution to a DE is a function that satisfies the equation. E.g., the function
y = 2x3 is a solution of the DE. y′ − 6x2 = 0, but y = x2 is not.

Notice that even though it might be difficult to find a solution of a DE, it is easy to verify
whether or not a given function is a solution: simply plug it into the DE and see if equality is
satisfied.

Definition 1.4. A DE of order n is said to be linear if it has the form:

an(t)
dnx(t)

dtn
+ an−1(t)

dn−1x(t)

dtn−1
+ · · ·+ a1(t)

dx

dt
+ a0(t)x(t) = g(t),

where an(t), . . . , a0(t), g(t) are given functions and an(t) ̸= 0. Otherwise, the equation is called
non-linear. Observe that x = x(t) is the unknown. In the linear case, the functions an(t), . . . , a0(t)
are called the coefficients of the equation.

Example 1.5. d2y
dt2

+ et dydt − cos ty = 0 and x′′′ − x′ = log t are linear, while (y′)2 = yey and

ey
′′
+ xy = 0 are non-linear.

Remark 1.6. Because an(t) ̸= 0 in the definition of a linear DE, we can always divide the equation
by an(t). Thus, without loss of generality, we can say that a linear DE has the form:

dnx(t)

dtn
+ an−1(t)

dn−1x(t)

dtn−1
+ · · ·+ a0x(t) = g(t).

The distinction between linear and non-linear DE is extremely important.

Example 1.7. The following are linear DE

(a)
d2x

dt2
+ 25x = 0

(b)
d2x

dt2
+ cos(t)

dx

dt
+ tx = sin(t)

(c) t
dx

dt
+ x = et (t ̸= 0)

(a) fits the definition of linear equations with

a2(t) = 1, a1(t) = 0, a0(t) = 25, g(t) = 0;

(b) with
a2(t) = 1, a1(t) = cos(t), a0(t) = t, g(t) = sin(t);

(c) with
a1(t) = t, a0(t) = 1, g(t) = et.

Note that in (c) we have the condition t ̸= 0 because we want an(t) ̸= 0 according to the definition.
This means that we exclude t = 0 from the domain of x(t).

Example 1.8. The following are non-linear DE:

(A)
d2x

dt2
+ 25x2 = 0

(B)
d2x

dt2
+ cos(t)

dx

dt
+ tx = sin(x)

(C) t
dx

dt
+

1

x
= et

(D) x
d3x

dt3
+

dx

dt
= 0
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(A) is not linear because the term with no derivatives of x is not of the form a0(t)x for a given
function of t. We can write 25x2 as a function times x, namely,

25x2 = (25x)x,

but the function multiplying x, namely, 25x, is not a given function that is known indepen-
dently of x since it involves the unknown.

(B) is not linear because it involves a function of the unknown, namely, sin(x). For a function
to be linear, the unknown and its derivatives cannot be arguments of a function. I.e., if in
the DE we have

f(x), f

(
dx

dt

)
, . . . , f

(
dnx

dtn

)
for some function f , then the equation is non-linear. (The only exception is when f is of
the form f(z) = z, since then f(x) = x, f

(
dx
dt

)
= dx

dt , etc.) In particular, equations involving
sine, cosine, exponential, powers, etc., of the unknown or its derivatives are always non-
linear.

(C) is not linear because of the term 1
x . Notice that this is a function of the unknown, i.e.,

f(x) for f(z) =
1

z
.

Thus, as discussed in (B), this is not allowed for linear equations.

(D) This is not linear because of the term

x
d3x

dt3
.

The term multiplying d3x
dt3

is not of the form a3(t) for a given function a3(t). Whenever we
have products of the unknown and/or its derivatives, the DE will be non-linear.

Example 1.9. Here are more examples of non-linear DE:

x′′ +
√
x′ = 0

xx′′′ + x′ + x = 0

ex
′
+ x = 0

It’s important to notice that the unknown function of a DE can depend on more than one
variable. For example, if T is a function that describes the temperature inside a room, then T is
a function of space and time, so it depends on the three spatial coordinates x, y, and z and on
the time t. Therefore, a DE governing the behavior of T might involve derivatives with respect to
x, y, z, and t, and in this case we would seek to use partial derivatives, i.e., ∂T

∂x ,
∂T
∂y ,

∂T
∂z ,

∂T
∂t etc.

Such types of DE are called partial differential equations (PDEs), while D.E. involving only
one variable are called ordinary differential equations (ODEs).

Example 1.10. ∂2T
∂x2 + ∂2T

∂y2
+ ∂2T

∂z2
= ∂T

∂t is a PDE for T , while d2y
dx2 + y = 0 is an ODE for y.

In this course, we deal only with ODE, so the term DE will always mean ODE unless stated
otherwise.

2. Initial Value Problem

Consider the DE dy
dx = x3. We can find a solution by direct integration:∫

dy

dx
dx =

∫
x3dx ⇒ y =

x4

4
+ C where C is a constant of integration.
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So, instead of a unique solution to the DE, we have a family of solutions; that is, a different solution
for each choice of C. In particular, we have infinitely many solutions. This family of solutions is
called a general solution of the DE.

If we want to determine C, we need further information. For example, suppose that we want,
among all solutions, a solution with the property y(0) = 5. Then, plugging x = 0 we have

y(0) =
04

4
+ C = 5 ⇒ C = 5.

So y = x4

4 + 5 is the desired solution. In this case, we are not only solving the DE dy
dx = x3, but

rather the problem: {
dy
dx = x3,

y(0) = 5.

This kind of problem is called an initial value problem (IVP). The extra conditions given to
determine the constants appearing in the general solution are called initial conditions (IC) (in
the above example, y(0) = 5 is the initial condition).

The terms IVP and IC are used because the variable is usually time. In our first example, we
investigated not only the DE x′′ + 25x = 0, but rather the IVP:

x′′ + 25x = 0, → DE

x(0) = 0.2

x′(0) = 0

}
initial conditions

(The initial condition x′(0) = 0 was implicit in the statement of the problem in that we pulled the
string and released it, so its velocity v = dx

dt at time zero was zero.)

As we are going to see in detail later on, to solve an IVP we need as many ICs as the order of
the equation. To have an idea of why this is the case, consider the following simple example:

y′′ = e2x

Since
∫ d2y

dx2dx = dy
dx +constant, we have

∫
y′′dx =

∫
e2xdx ⇒ y′ = e2x

2 +C, where C is a constant.

Integrating again yields y = e2x

4 + Cx + D, where D is another constant. Thus, we have two
arbitrary constants. To determine them, we need two conditions. For example, we could have

y(0) = 2 and y′(0) = 3. Then y(0) = 1
4 + 0 +D = 2 ⇒ D = 7

4 . Next, compute y′(x) = e2x

2 + C,

so y′(0) = 1
2 + C = 3 ⇒ C = 5

2 . Thus, y(x) =
e2x

4 + 5
2x+ 7

4 is a solution to the IVP:
y′′ = e2x,

y(0) = 2,

y′(0) = 3.

Notation 2.1. An arbitrary DE of order n for the unknown function x = x(t) will be denoted

F
(
t, x(t), x′(t), . . . , x(n−1)(t), x(n)(t)

)
= 0.

Definition 2.2. By an initial value problem (IVP) for a DE of order n

F
(
t, x(t), x′(t), . . . , x(n−1)(t), x(n)(t)

)
= 0,

we mean the following problem. Find a solution x = x(t) to the DE defined on an interval

(a, b) containing the point t0 such that x(t0) = X0, x
′(t0) = X1, . . . , x

(n−1)(t0) = Xn−1 where
X0, X1, . . . , Xn−1 are given numbers.
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Example 2.3. Solve the IVP 
dx

dt
= x,

x(0) = 5

So in this example t0 = 0, x0 = 5. We write

dx

x
= dt (x ̸= 0),

integrate to get ∫
dx

x
=

∫
dt ⇒ ln |x| = t+ C, C = constant.

Then
|x| = et+C = eC︸︷︷︸

=C̃

et = C̃et.

Removing the absolute value,
x = ±C̃︸︷︷︸

=A

et.

Thus we can write x(t) = Aet, where A is an arbitrary constant. This gives a family of solutions
to the DE, but we want a specific solution satisfying x(0) = 5.

Thus, x(0) = Ae0 = A = 5, so x(t) = 5et is the solution to the IVP.

Remark 2.4. When we divided by x in the above example, we assumed that x ̸= 0. Note that
x(t) = 0 is a solution to the DE, but it does not satisfy the initial condition. Thus our assumption
x ̸= 0 was justified.

Consider now y′ = 2x−ey

xey+1 . We can verify that the function y satisfying the relation xey + y = x2

is a solution to the DE. However, we cannot explicitly solve this relation for y. In this case, we say
we have an implicit solution to the DE.

2.1. General and particular solutions. Consider the DE dy
dx = f(x), where f is a known function

of x. We can solve this by direct integration: y(x) =
∫
f(x)dx + C, where C is an undetermined

constant of integration. When a solution to a DE contains such undetermined constants we call
it a general solution. When all undermined constants have been found using IC we call it a
particular solution. A general solution thus represents a family of solutions.

Example 2.5. dy
dx = 2x ⇒ y = x2 + C. Below we graph some of these solutions for different

values of C:

2

1

0

−1

c = 2

c = 1

c = 0

c = −1
x

Figure 2. Family of Solutions

If we want y(0) = 0, then we select one solution in the family of solutions.
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Remark 2.6. Notice that a general solution might not contain all solutions to a DE. For example,
consider dy

dx = y2. If y ̸= 0, then dy
y2

= dx ⇒ −1
y = x+ C ⇒ y = −1

x+C . This is a general solution

to the DE. But the function y = 0 (i.e., y(x) = 0 for all x) is also a solution to the DE, which is
not included in the formula y = −1

x+C . When a general solution includes all solutions then, we call
it the general solution.

Notation 2.7. We will use the letter C to denote arbitrary constants in general solutions. Some-
times we use the same letter C to note a different arbitrary constant. E.g., consider the DE
3y′ = e3x, then

3

∫
dy

dx
dx =

∫
e3xdx ⇒ 3y =

e3x

3
+ C ⇒ y =

e3x

9
+

C

3
.

Since C is arbitrary, so is C
3 . We can call it another constant D = C

3 . However, it is cumbersome

to keep track of all the relabels of constants, so we denote C
3 by C again and write y = e3x

9 + C.

2.2. Existence and uniqueness theorem for first order equations.

Theorem 2.8. Suppose that f(x, y) and ∂f(x,y)
∂y are continuous on a rectangle R ⊆ R2 containing

the point (a, b). Then, the IVP {
y′ = f(x, y),

y(a) = b,

has a unique solution defined on some interval I that contains a.

x

y

R

a

b

I

Figure 3. A rectangular region R in the first quadrant.

This theorem allows us to say when an IVP admits a unique solution, even though finding a
formula for the solution might be very difficult.

Remark 2.9. To apply the theorem, the coefficient of y′ must be one. So if we are given, e.g.,

xy′ = cos(xy), we have to write y′ = cos(xy)
x and then f(x, y) = cos(xy)

x .

Example 2.10. Consider the problem:{
y′ = x2esin[(x−y)2],

y(0) = 1.

Here f(x, y) = x2esin[(x−y)2]. This function is continuous because it is the composition of continuous
functions. Compute

∂f

∂y
= x2esin[(x−y)2] cos[(x− y)2] · (−2)(x− y),
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which is again a continuous function. Hence, the IVP has a unique solution defined in a neighbor-
hood of x = 0. Note that it will be very hard to find a formula for such a solution.

Example 2.11. Consider the problem: {
y′ =

√
x− y,

y(2) = 2.

In this case ∂f
∂y = −1

2
√
x−y

, which is not continuous (in fact, not even defined) at (2, 2). Therefore,

the theorem cannot be applied and we cannot guarantee that a unique solution exists.

In the previous example we are not saying that a solution does not exist, only that we cannot
use the theorem.

Remark 2.12. It is important to verify not only that ∂f
∂y exist but also that it is continuous. Recall

that it is possible for a function to be differentiable but for its derivative not to be continuous. For

example, the function f(x) =

{
x2 sin( 1x) , x ̸= 0

0 , x = 0
is differentiable but its derivative at x = 0 is

not continuous.

3. Separable equations of first order

A first order DE dy
dx = F (x, y) is called separable if F (x, y) = g(x)h(y), or equivalently, F (x, y) =

g(x)
f(y) . In this case, we can find a solution by direct integration:

dy

dx
=

g(x)

f(y)
⇒

∫
f(y)dy =

∫
g(x)dx.

Example 3.1. dy
dx = −6xy ===⇒

y ̸=0

dy
y = −6x. Integrating:

ln |y| = −3x2 + C ⇒ |y| = eCe−3x2 ⇒ y = ±eC︸︷︷︸
=A

e−3x2
= Ae−3x2

.

When we divide by y, we had to assume y ̸= 0. We see that y = 0 is also a solution to the DE.

However, the solution y = 0 is included in the family Ae−3x2
as it corresponds to A = 0.

Many times when solving separable equations, we have to divide by a function h of y, h(y). This
excludes the values where h vanishes. These must be analyzed separately.

Example 3.2. dy
dx = y2. If y ̸= 0, then dy

y2
= dx ⇒ −1

y = x + C ⇒ y = −1
x+C . This is a general

solution to the DE. But the function y = 0 (i.e. y(x) = 0 for all x) is also a solution to the DE,
and it is not included in the formula y = −1

x+C . Therefore, the solutions to the DE consist of the

family y = −1
x+C , together with the singular solution y = 0.

Note the values that are excluded when we divide need not to be zero. E.g., if dy
dx = x(y−2) and

we write dy
y−2 = dx, then y ̸= 2. But y(x) = 2 is also a solution.

4. Linear first order equations

Consider the DE

e−x dy

dx
− e−xy = x3 (linear, first order)
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Noting that e−x dy
dx − e−xy = d

dx(e
−xy) we have:

d

dx
(e−xy) = x3 ⇒

∫
d

dx
(e−xy)dx =

∫
x3dx ⇒ e−xy =

x4

4
+ C ⇒ y =

x4

4
ex + Cex.

Consider now dy
dx + y = cosx. In this case, it is not true that dy

dx + y = d
dx(. . . ). But if we multiply

the equation by ex, we have:

ex
dy

dx
+ exy︸ ︷︷ ︸

d
dx

(exy)

= ex cosx ⇒
∫

d

dx
(exy)dx =

∫
ex cosxdx.

Therefore,

exy =
1

2
ex(cosx+ sinx) + C or y =

1

2
(cosx+ sinx) + Ce−x.

The idea for solving linear first order DE will be similar to the above example: try to multiply the
equation by a suitable function so that the terms in y can be written as the derivative of a product.

A first order linear DE can always be written as

dy

dx
+ P (x)y = Q(x), where P and Q are known functions.

Multiply by µ(x), where µ(x) is a function to be determined.

µ(x)
dy

dx
+ µ(x)P (x)y = µ(x)Q(x)

We want the LHS to be the derivative of a product:

µ(x)
dy

dx︸ ︷︷ ︸+µ(x)P (x)y =
d

dx

(
µ(x)y

)
=

dµ

dx
y + µ(x)

dy

dx︸ ︷︷ ︸
⇒ µ(x)P (x)y =

dµ

dx
y

Thus, dµ
dx = µP (x). This is a separable equation:

dµ

µ
= P (x)dx ⇒

∫
dµ

µ
=

∫
P (x)dx ⇒ ln |µ| =

∫
P (x)dx+ C ⇒ |µ| = eCe

∫
P (x)dx,

removing the absolute value:

µ(x) = ±eCe
∫
P (x)dx.

We found a family of functions µ that allow us to write µ dy
dx + µPy as the derivative of a product.

But we just need one such function, so we can take C = 0 and take the + sign. Thus,

d

dx

(
µ(x)y

)
= µ(x)Q(x), where µ(x) = e

∫
P (x)dx.

Integrating:∫
d

dx

(
µ(x)y

)
dx =

∫
µ(x)Q(x)dx , so we get µ(x)y(x) =

∫
µ(x)Q(x)dx+ C.

Dividing by µ(x) (note that it never vanishes) and using its explicit form:

y(x) = e−
∫
P (x)dx

(∫
e
∫
P (x)dxQ(x)dx+ C

)
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This is an explicit formula for the general solution of dy
dx + P (x)y = Q(x).

Remark 4.1. Note that the above formula is for the equation y′+P (x)y = Q(x), i.e., the coefficient
of y′ must be 1. If we have a(x)y′ + b(x)y = c(x), we must first divide by a(x) to use the formula.

Students should not only memorize the above formula for y(x), but also know how to derive it.

Example 4.2. dy
dx − y = 11

8 e
−x/3, y(0) = 1.

In this case, P (x) = −1, Q(x) = 11
8 e

−x/3. Then

µ(x) = e
∫
P (x)dx = e−x,

∫
e
∫
P (x)dxQ(x) =

∫
11

8
e−xe−

x
3 dx =

−33

32
e

−4x
3 .

Therefore,

y(x) = e−(−x)

(
−33

32
e

−4x
3 + C

)
= ex

(
−33

32
e

−4x
3 + C

)
.

Plugging y(0) = 1, we find C = 65
32 , so y(x) = 65

32e
x − 33

32e
−x
3 .

Remark 4.3. The formula for y(x) already includes an arbitrary constant C. Thus, there is no

need to add a constant when computing
∫
P (x)dx and

∫
e
∫
P (x)dxQ(x)dx, as done in the previous

example.

A legitimate question is whether our formula for y always works. This is answered by the
following theorem.

Theorem 4.4 (existence and uniqueness of solutions for 1st order linear DE). Assume that P (x)
and Q(x) are continuous on an interval (a, b) that contains the point x0. Then, for any y0, the IVP{

y′ + P (x)y = Q(x)

y(x0) = y0

has a unique solution defined on (a, b). Moreover, the solution can be written as

y(x) = e−
∫
P (x)dx

(∫
e
∫
P (x)Q(x)dx+ C

)
for a suitable constant C.

Proof. Since P (x) and Q(x) are continuous, the integrals
∫
P (x)dx and

∫
e
∫
P (x)dxQ(x)dx are well-

defined and define differentiable functions on (a, b). Set y(x) = e−
∫
P (x)dx(

∫
e
∫
P (x)dxQ(x)dx)+C),

where C is a constant. Then y is differentiable. Compute:

y′ =
(
e−

∫
P (x)dx

)′(∫
e
∫
P (x)dxQ(x)dx+ C

)
+ e−

∫
P (x)dx

(∫
e
∫
P (x)dxQ(x)dx+ C

)′

= −e−
∫
P (x)dx

(∫
P (x)dx

)′(∫
e
∫
P (x)dxQ(x)dx+ C

)
+ e−

∫
P (x)dx

(∫
e
∫
P (x)dxQ(x)dx

)′

= −P (x) e−
∫
P (x)dx

(∫
e
∫
P (x)dxQ(x)dx+ C

)
︸ ︷︷ ︸

= y

+ e−
∫
P (x)dxe

∫
P (x)dx︸ ︷︷ ︸

= 1

Q(x),

where we used the product rule in the first line, the chain rule in the second line, and the funda-
mental theorem of calculus in the third line.

Thus, y′ + P (x)y = Q(x) and y satisfy the DE. Because e−
∫
P (x)dx never vanishes, we can al-

ways solve for C and determine it so that y(x0) = y0.
□
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5. Exact equations

Let us introduce this topic with the following example. Consider the DE:(
4y + 3x2 − 3xy2

)dy
dx

= y3 − 6xy.

Write it as

(6xy − y3)dx+ (4y + 3x2 − 3xy2)dy = 0.

Set M(x, y) = 6xy − y3, N(x, y) = 4y + 3x2 − 3xy2, so that the DE becomes:

M(x, y)dx+N(x, y)dy = 0.

Now let us ask: is the LHS the differential of a function? In other words, does there exist a F (x, y)
such that dF = Mdx+Ndy? (Recall from calculus that by definition dF = ∂F

∂x dx+ ∂F
∂y dy.) If the

answer is yes, then the DE becomes dF = 0, which implies that F is constant. In this case, the
general solution of the DE will be simply F (x, y) = C.

Recall from calculus that dF = Mdx+Ndy iff ∂M
∂y = ∂N

∂x (we state this more precisely below).

We check:
∂M
∂y = ∂

∂y (6xy − y3) = 6x− 3y2

∂N
∂x = ∂

∂x(4y + 3x2 − 3xy2) = 6x− 3y2

}
⇒ ∂M

∂y
=

∂N

∂x

Therefore, there exists a function F = F (x, y) such that ∂F
∂x = M and ∂F

∂y = N .

Let us proceed to find F :
∂F

∂x
= M = 6xy − y3.

Integrating with respect to x gives

F (x, y) =

∫
(6xy − y3)dx = 3x2y − xy3 + g(y).

After performing the integration, we added a function g(y). This is because we must add a constant
of integration. But here we are integrating a function of x and y with respect to x so that anything
that depends only on y is treated as a constant from the point of view of

∫
· · · dx. Therefore, the

“constant” of integration can in principle be a function of y.

To find g(y), we use ∂F
∂y = N and take ∂

∂y of the expression for F and set the result equal N :

∂

∂y
F =

∂

∂y
(3x2y − xy3 + g(y)) = 3x2 − 3xy2 + g′(y) = N = 4y + 3x2 − 3xy2

⇒ 3x2−3xy2︸ ︷︷ ︸+g′(y) = 4y + 3x2−3xy2︸ ︷︷ ︸ ⇒ g′(y) = 4y

This is an equation for g(y) that can be solved by direct integration. Notice how all the x’s are
canceled, and the equation for g(y) involves only y. This must be the case: by construction, g
is a function of y only. If we end up with an equation for g involving x, then there is a mistake
somewhere.

The equation for g is easily solved, giving g(y) = 2y2. We have not added a constant of integration
to g because the solution of the DE already contains an undetermined constant. In summary, we
have F (x, y) = 3x2y − xy3 + 2y2 and the general solution to the DE is:

F (x, y) = C or 3x2y − xy3 + 2y2 = C.
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Remark 5.1. Above, we found the solution 3x2y − xy3 + 2y2 = C, but we have not explicitly
solved y. In many cases, it is impossible to find an explicit expression for y. In these cases, i.e.,
when the solution is given as F (x, y) = C, without explicit expression for y, we say that we have
an implicit solution.

We will now streamline the ideas of the previous example.

Definition 5.2. A first order DE written in the form

M(x, y)dx+N(x, y)dy = 0

is called exact if there exists a function F = F (x, y) such that ∂F
∂x = M and ∂F

∂y = N .

Under appropriate hypotheses, we will show that a DE is exact iff ∂M
∂y = ∂N

∂x . Before doing so,

we will summarize the method.

5.1. Method for solving exact equations. .

1. Given y′ = f(x, y), write it as M(x, y)dx+N(x, y)dy = 0.

2. Test if ∂M
∂y = ∂N

∂x . If this is not the case, then the method cannot be applied. Otherwise,

proceed as follows:

3. If ∂M
∂y = ∂N

∂x , then define F by

F (x, y) =

∫
M(x, y)dx+ g(y)

where g is a function of only y that needs to be determined.

4. To determine g, take ∂
∂y of F found in step 3, and set it equal to N . This gives an equation

for y of the form:

g′(y) = expression in y containing no x

5. Integrate g′(y) to obtain g(y) and thus F (x, y).

6. The general solution is given by F (x, y) = C, where C is an arbitrary constant.

Remark 5.3. If the expression for g′(y) found in step 4 involves x, then there is a mistake, and
we must re-check the calculations.

Remark 5.4. In step 3, we can first integrate in y. I.e., if ∂M
∂y = ∂N

∂x , then
∂F
∂y = N . Integrating

with respect to y produces F (x, y) =
∫
N(x, y)dy + h(x), where h is a function of x only. To find

h, we differentiate F with respect to x and set the resulting expression equal to M . This will give
an equation for h′(x) involving no y (if it contains y, then there is a mistake). Integrating we find
h, and hence F .

In the next example, we use the idea of integrating in y first.

Example 5.5. Consider the problem:

y′ = tanx tan y

Write the equation as dy − tanx tan y dx = 0. Multiply by cosx cos y to obtain

− sinx sin y︸ ︷︷ ︸
=M(x,y)

dx+ cosx cos y︸ ︷︷ ︸
=N(x,y)

dy = 0.

Compute

∂M

∂y
= − sinx cos y,

∂N

∂y
= − sinx cos y, so

∂M

∂y
=

∂N

∂x
.
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Then,

∂F

∂y
= N ⇒ F (x, y) =

∫
N(x, y)dy + h(x) =

∫
cosx cos y dy + h(x) = cosx sin y + h(x).

Then,

∂F (x, y)

∂x
= − sinx sin y + h′(x) = M(x, y) = − sinx sin y.

Therefore, h′(x) = 0. This means that h(x) is constant. Recalling that we do not include constants
of integration at this point, we can take h(x) = 0. Thus,

F (x, y) = cosx sin y = C or y = sin−1

(
C

cosx

)
.

Remark 5.6. In the above example, if we consider the equation written as dy− tanx tan y dx = 0
and take N(x, y) = 1, M(x, y) = − tanx tan y, then we do not obtain ∂M

∂y = ∂N
∂x . Only after

multiplying the equation by cosx cos y is the condition satisfied. Thus, how we reorganize the
terms can matter.

The next theorem ensures that the steps given to solve Mdx+Ndy = 0 always work if ∂M
∂y = ∂N

∂x

(and the suitable hypotheses are satisfied).

Theorem 5.7. Suppose that the partial derivatives of M(x, y) and N(x, y) exist and are continuous
on a rectangle R ⊆ R2. Then, M(x, y)dx + N(x, y)dy = 0 is exact iff the compatibility condition
∂M(x,y)

∂y = ∂N(x,y)
∂x holds for all (x, y) ∈ R.

Proof. Assume that the equation is exact, i.e., that there exists a F = F (x, y) such that dF =
Mdx +Ndy. Since dF = ∂F

∂x dx + ∂F
∂y dy, we have ∂F

∂x = M and ∂F
∂y = N . By assumption, the first

derivatives of M and N exist and are continuous, hence the second partial derivatives of F exist

and are continuous. Under these circumstances, we have ∂2F
∂y∂x = ∂2F

∂x∂y . Thus,

∂2F

∂y∂x
=

∂

∂y

∂F

∂x
=

∂M

∂y
=

∂2F

∂x∂y
=

∂

∂x

∂F

∂y
=

∂N

∂x
, showing that

∂M

∂y
=

∂N

∂x
.

Reciprocally, assume the compatibility condition. Let (x0, y0) ∈ R. We claim that the expression

N(x, y)− ∂

∂y

∫ x

x0

M(t, y)dt

is a function of y only. To show this, compute

∂

∂x

(
N(x, y)− ∂

∂y

∫ x

x0

M(t, y)dt

)
=

∂N(x, y)

∂x
− ∂

∂y

∂

∂x

∫ x

x0

M(t, y)dt =
∂N(x, y)

∂x
− ∂M(x, y)

∂y
= 0,

where we used the notion that M and N have continuous partial derivatives and the fundamental
theorem of calculus. Thus, as the partial derivative with respect to x of N(x, y)− ∂

∂y

∫ x
x0

M(t, y)dt

vanishes, we conclude that it depends only on y.

Due to the claim, we can define g(y) as a solution to g′(y) = N(x, y)− ∂
∂y

∫ x
x0

M(t, y)dt.

We now define F (x, y) =
∫ x
x0

M(t, y)dt+ g(y). Direct computation shows that dF = Mdx+Ndy.
□
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6. Tank problems (Compartimental Analysis)

We are interested in modeling situations as in the following example.

Example 6.1. A 400 gal tank initially contains 100 gal of brine containing 50 lb of salt. Brine
containing 1 lb of salt per gallon enters the tank at a rate of 5 gal/s and the well-mixed brine flows
out at a rate 3 gal/s. How much salt will the tank contain when it is full?

400 gal

5 gal / s

3 gal / s

Figure 4

Denote by x(t) the amount of salt in the tank at time t. Note that x(0) = 50 lb. We need to find
a DE for x(t), solve it, and compute x(t∗), where t∗ is the time when the tank fills up.

To find the DE, let us first think of the process as discrete, i.e., imagine constructing a table
with the amount of salt at, say, every second.

t x(t)
0 x(0) = 50 lb
1 x(1)
2 x(2)
...

...
t x(t)
t+∆t x(t+∆t)

Table 1. Time Table

If we denote by ∆t the time interval between two steps, then the amount of salt in the next step is:

x(t+∆t) = x(t) + ∆x

where ∆x = change in salt quantity between time t and t+∆t. Observe that:

∆x = salt quantity coming in during the interval ∆t

− salt quantity going out during the interval ∆t

If the brine flows out at 3 gal/s, and the concentration of the solution at time t is S(t) = mass
volume =

x(t)
V (t) , where the volume V (t) = at time t, we have the amount of salt leaving the tank per second.

3
gal

s
S(t)

lb

gal
= 3

x(t)

v(t)

lb

s
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Because the initial volume is 100 gal, 5 gal come in and 3 gal go out every second, we have:

v(t) = 100 + 5t− 3t = 100 + 2t

Therefore, the amount of salt leaving the tank per second is 3x(t)
100+2t

lb
s . This is not yet the amount

of salt going out during the interval ∆t, as the matter is measured in lb and not lb/s. We have:

quantity of salt going out during the interval ∆t =
3x(t)

100 + 2t

lb

s
·∆t s =

3x(t)

100 + 2t
∆t lb

Notice how keeping track of the units (lb/s, s, etc.) is useful to check that we have the right
quantities. Similarly:

quantity of salt coming in during the interval ∆t =
1 lb

gal
· 5 gal

s
∆ts = 5∆t gal

Thus, ∆x = 5∆t− 3x(t)
100+2t∆t and x(t+∆t) = x(t) +

(
5− 3x(t)

100+2t

)
∆t, giving

x(t+∆t)− x(t)

∆t
= 5− 3x(t)

100 + 2t

The process is not, in fact, discrete, so we need to take the limit ∆t → 0. When we do so,

lim
∆t→0

x(t+∆t)− x(t)

∆t
=

dx(t)

dt

and we obtain:
dx

dt
= 5− 3x

100 + 2t
.

We thus have that the process is modeled by the IVP:{
dx
dt +

3
100+2t x = 5

x(0) = 50

The DE is a linear first order equation with P (t) = 3
100+2t and Q(t) = 5. Compute:∫

3

100 + 2t
dt =

3

2
ln |100 + 2t| = ln |100 + 2t|

3
2 ,

so we get

e
∫
P (t)dt = (100 + 2t)

3
2 .

Then, ∫
e
∫
P (t)dtQ(t)dt = 5

∫
(100 + 2t)

3
2dt = (100 + 2t)

5
2 .

Therefore,

x(t) = e−
∫
P (t)dt

(∫
e
∫
P (t)dtQ(t)dt+ C

)
= (100 + 2t)−

3
2

(
(100 + 2t)

5
2 + C

)
.

Using

x(0) = 50 = 100−
3
2 (100

5
2 + C) = 10−3(105 + C),

so

50 · 104 − 10−5 = C, C = 5 · 104 − 10 · 104 = −5 · 104.
We obtain

x(t) = (100 + 2t)
−3
2

(
(100 + 2t)

5
2 − 5 · 104

)
.
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Recall that we want x(t) at the time when the tank is full. This happens when V (t) = 400, so
100 + 2t = 400, t = 150 s. Finally,

x(150) = 400−
3
2 (400

5
2 − 50 · 104) ≈ 393.75 lb.

We note that there is a more direct way to construct the DE. We know that the change in x(t) is
dx
dt = in - out. Keeping track of the unit, it is easy to figure out the “in” and “out” quantities:

dx

dt
=

1lb

gal
· 5gal

s
− x(t)

V (t)

lb

gal
· 3gal

s
, V (t) = 100 + 2t,

so that dx
dt = 5− 3x

100+2t ,
(
dx
dt is measured in lb

s

)
.

However, students should understand the construction with ∆x and ∆t. In more complex ap-
plications, it is hard to “read off” all quantities directly, and the construction with ∆x,∆t, etc. is
more appropriate.

7. The mass-spring oscillator

Suppose a block of mass m is attached to a spring and the other end of the spring is attached
to a wall as indicated in the figure:

Figure 5. Mass Attached to a String

If we pull the spring and release it, the block will move back and forth. We want to find a DE
modeling the motion of the block.

We assume that the block moves only in the horizontal direction. We choose a coordinate sys-
tem with the x axis in the direction of the block’s motion, with x = 0 marking the position when
the block is at rest.

We denote by x = x(t) the position of the block at time t. The force on the block due to the
spring is given by Hooke’s law, Fspring = −kx, where k is a constant depending on the spring.
Another force acting on the block is caused by the friction between the block and the floor. The
force of friction is usually modeled as proportional to the velocity, so we assume Ffriction = −γ dx

dt ,
where γ is a non-negative constant. Finally, we assume that the block is also subject to an external
force Fext(t) (a known function of t). Newton’s law gives:

ma = −kx− γ
dx

dt
+ Fext(t), where a is the block’s acceleration.

Since a = d2x
dt2

, we have:

m
d2x

dt2
+ γ

dx

dt
+ kx = Fext(t).

This is a second order linear DE for x(t). An IVP for this DE must contain two IC. Physically,
they correspond to the initial position x(0) and the initial velocity x′(0) of the block.
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The above example illustrates an important physical situation where 2nd order linear equations
appear. There are many other physical scenarios involving 2nd linear equations. We will next study
these equations in detail.

8. Homogeneous linear second order equations

Consider the DE

ax′′ + bx′ + cx = 0

where a, b, c are constants, a ̸= 0, and x = x(t) is the unknown.

This equation is called homogeneous because there is no term without the unknown x. Oth-
erwise, we call the equation non-homogeneous (or inhomogeneous).

For example, 2x′′ + x = 0 and x′′ − x′ + x = 0 are homogeneous, whereas 2x′′ + x = t2 and
x′′ − x′ + x = 10 are non-homogeneous. We will first study homogeneous equations.

Example 8.1. Consider x′′ + x′ − 2x = 0.
Let us show that x(t) = eλt, λ = constant, is a solution for appropriate values of λ. Plugging in:

(eλt)′′ + (eλt)′ − 2eλt = 0

λ2eλt + λeλt − 2eλt = 0 .

Since eλt ̸= 0 for all t, we must have λ2 + λ− 2 = 0 or (λ− 1)(λ+ 2) = 0 ⇒ λ = 1 or λ = −2.

Therefore, et and e−2t are solutions to the DE. Indeed:

(et)′′ + (et)′ − 2et = et + et − 2et = 0, and

(e−2t)′′ + (e−2t)′ − 2e−2t = 4et − 2et − 2et = 0

We will see that this simple idea of plugging eλt is the basis for solving ax′′ + bx′ + cx = 0.

Consider again

a′′ + bx′ + cx = 0.

Let us try to find a solution of the form x = eλt. Notice that at this point this is an “educated
guess,” i.e., we do not really know if in fact eλt solves the DE. Plugging in:

a(eλt)′′ + b(eλt)′ + ceλt = 0

(aλ2 + bλ+ c)eλt = 0 .

Since eλt ̸= 0 for all t, we conclude that

aλ2 + bλ+ c = 0

which is an equation for λ called the characteristic equation (also called an auxiliary equation).

The roots of the characteristic equation are

λ1 =
−b+

√
b2 − 4ac

2a
and λ2 =

−b−
√
b2 − 4ac

2a

By construction, eλ1t and eλ2t are solutions to the DE a′′+ bx′+ cx = 0. Are there other solutions?
How do we obtain the general solution? To answer these questions, we need to develop the theory
of second order linear homogeneous equations further. We begin motivating the discussion with
the following example.
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Example 8.2. Consider x′′ − 2x′ + x = 0.

The characteristic equation is λ2 − 2λ + 1 = (λ − 1)2 = 0, which gives λ1 = λ2 = 1. Thus,
x1 = et solves the DE. We can verify that the function x2 = tet is also a solution:

(tet)′′ − 2(tet)′ + tet = (et + tet)′ − 2(et + tet) + tet

= et + et︸ ︷︷ ︸+ tet−2et︸︷︷︸−2tet + tet = 0 as claimed.

The solution tet did not come solely from the characteristic equation. How do we know if such
“extra” solutions exist and how do we find them? We will now investigate these questions.

Definition 8.3. Two functions x1(t) and x2(t) are said to be linearly independent on an interval
I if neither of them is a constant multiple of the other on all of I. Otherwise, x1(t) and x2(t) are
called linearly dependent.

Example 8.4. The functions sin t and cos t are linearly independent on (−π
2 , π2 ). Suppose that

sin t = c cos t for some constant c. Then, tan t = c. But this would have to hold for all t ∈ (−π
2 , π2 ),

which would imply that tan t is constant on (−π
2 , π2 ).

Example 8.5. The functions sin 2t and 6 sin t cos t are linearly dependent on R, because
6 sin t cos t = 3 · 2 sin t cos t = 3 sin(2t),

where we used the trigonometric identity sin(α+ β) = sinα cosβ + sinβ cosα.

Given two functions x1(t) and x2(t), a linear combination of them is the function

x(t) = c1x1(t) + c2x2(t)

where c1 and c2 are constants. If x1(t) and x2(t) are solutions of the DE ax′′ + bx′ + cx = 0, so is
any linear combination of x1 and x2. To see this, plug in x(t) to find:

ax′′ + bx′ + cx = a(c1x1 + c2x2)
′′ + b(c1x1 + c2x2)

′ + c(c1x1 + c2x2)

= ac1x
′′
1 + ac2x

′′
2︸ ︷︷ ︸+ bc1x

′
1+ bc2x

′
2︸ ︷︷ ︸+ cc1x1+ cc2x2︸ ︷︷ ︸

= c1 (ax
′′
1 + bx′1 + cx1)︸ ︷︷ ︸

=0

+c2 (ax
′′
2 + bx′2 + cx2)︸ ︷︷ ︸

=0

= 0

showing that x(t) is a solution.

In particular, since we can take c2 = 0 above, we also conclude that a multiple of a solution is
also a solution.

Definition 8.6. Let x1(t) and x2(t) be two differentiable functions defined on an interval I. The
function:

W (x1, x2)(t) = x1(t)x
′
2(t)− x2(t)x

′
1(t)

is called the Wronskian of x1 and x2.

Theorem 8.7. For any real numbers a, b, c,X1, X2, t0, a ̸= 0, there eixsts a unique solution to the
IVP 

ax′′ + bx′ + cx = 0

x(t0) = X0

x′(t0) = X1

The solution is valid for all t ∈ (−∞,∞).
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Remark 8.8. The theorem implies that if x and its derivative both vanish at some point t0 then
x(t) = 0 for all t.

Lemma 8.9. Let x1(t) and x2(t) be two solutions to the DE ax′′ + bx′ + cx = 0 on (−∞,∞),
a ̸= 0, a, b, c constants. If W (x1, x2)(τ) = 0 holds at some τ ∈ (−∞,∞), then it vanishes identically
and x1 and x2 are linearly dependent.

Proof. If x1(τ) = 0 and x′1(τ) = 0, then x1(t) = 0 for all t and x1(t) = 0 · x2(t).

If x1(τ) ̸= 0, then z(t) = x2(τ)
x1(τ)

x1(t) solves the DE and z(τ) = x2(τ). Moreover,

z′(τ) =
x2(τ)

x1(τ)
x′1(τ) = x′2(τ) since W (x1, x2)(τ) = 0

Hence z2(t) = x2(t) by uniqueness and x2(t) =
x2(τ)
x1(τ)

x1(t).

Finally, if x1(τ) = 0 but x′1(τ) ̸= 0, then W (x1, x2)(τ) = 0 implies x2(τ) = 0. The function

z(t) =
x′
2(τ)

x′
1(τ)

x1(t) satisfies the DE and z′(τ) = x′2(τ). Since z(τ) = 0, we conclude by uniqueness

that z(t) = x2(t), which finishes the proof.
□

Theorem 8.10. If x1(t) and x2(t) are two linearly independent solutions to the DE ax′′+bx′+cx =
0 on (−∞,∞), a ̸= 0, a, b, c constants, then unique constants c1 and c2 can always be found such
that x(t) = c1x1(t) + c2x2(t) satisfies the IC x(t0) = X0, x

′(t0) = X1, for any X0, X1 ∈ R.

Proof. The function x(t) defined in the statement solves the DE. Consider:

x(t0) = c1x1(t0) + c2x2(t0) = X0

x′(t0) = c1x
′
1(t0) + c2x

′
2(t0) = X1

We solve the system for c1 and c2:

c1 =
X0x

′
2(t0)−X1x2(t0)

x1(t0)x′2(t0)− x′1(t0)x2(t0)
, c2 =

X1x1(t0)−X0x
′
1(t0)

x1(t0)x′2(t0)− x′1(t0)x2(t0)
.

provided that the denominator in these expressions is not zero. By the previous lemma and our
assumption that x1(t) and x2(t) are linearly independent, this is the case.

□

We will now derive some important consequences of the above results.

We first ask the following question: can any solution of ax′′+ bx′+ cx = 0 be written as c1x1+ c2x2
for two linearly independent functions x1 and x2?

Let x be a solution to ax′′ + bx′ + cx = 0 and let x1 and x2 be two linearly independent solutions.
Pick t0 ∈ R. By the previous theorem, we can find c1 and c2 such that c1x1(t0) + c2x2(t0) = x(t0)
and c1x

′
1(t0) + c2x

′
2(t0) = x′(t0). By the uniqueness of the solutions to the corresponding IVP, we

conclude x = c1x1 + c2x2. Thus,

Let x1 and x2 be two linearly independent solutions to ax′′ + bx′ + cx = 0, where a, b, c are
constants and a ̸= 0. Then any other solution x(t) can be written as

x = c1x1 + c2x2

where c1 and c2 are constants. In particular, the general solution can be written as c1x1 + c2x2.
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We saw that we can use the Wronskian to determine that two solutions are linearly dependent if
their Wronskian vanishes. It follows that if two solutions are linearly independent, their Wronskian
is not zero. We can ask the converse: if the Wronskian is not zero, are the solutions linearly
independent? The answer is yes and is summarized in the following lemma.

Lemma 8.11. Let x1(t) and x2(t) be two solutions to the DE ax′′ + bx′ + cx = 0 on (−∞,∞),
a ̸= 0, a, b, c constants. If W (x1, x2)(τ) ̸= 0 holds at some τ ∈ (−∞,∞), then it never vanishes,
and x1 and x2 are linearly independent.

Remark 8.12. Note that in all the above discussion, x1 and x2 are solutions to a DE, and not
two arbitrary functions. We cannot conclude, for example, that if the Wronskian of two functions
(that are not necessarily solutions to a DE) vanishes, they are linearly dependent.

Consider now the characteristic equation aλ2+ bλ+ c = 0 and let λ1 and λ2 be its two solutions.
If λ1 and λ2 are real numbers and λ1 ̸= λ2, then eλ1 and eλ2 are solutions to the DE, as we have
seen. We now claim that eλ1 and eλ2 are linearly independent. For this, we compute the Wronskian:

W (eλ1t, eλ2t)(t) = eλ1t(eλ2t)′ − (eλ1t)′eλ2t

= λ2e
λ1teλ2t − λ1e

λ1teλ2t

= (λ1 − λ2)e
(λ1+λ2)t ̸= 0 since λ1 ̸= λ2 and e(λ1+λ2)t ̸= 0 for all t.

It follows that the general solution can be written as

x(t) = c1e
λ1t + c2e

λ2t ; c1, c2 arbitrary constants.

What if λ1 = λ2 = λ? In this case, we already know that eλt is a solution. We claim that teλt is
also a solution and that eλt and teλt are linearly independent.

To verify the first claim, we plug teλt into the equation:

a(teλt)′′ + (teλt)′ + cteλt = a(eλt + λteλt)′ + b(eλt + teλt) + cteλt

= (λeλt + λ2teλt + λeλt) + b(eλt + teλt) + cteλt

= t(aλ2 + λ+ c)eλt + (2aλ+ b)eλt = 0 .

The last equality holds because aλ2 + bλ + c = 0 since λ is a root of the characteristic equation,
whereas 2aλ+ b = 0 because the root is repeated (so λ = −b

2a ).

To verify linear independence, we compute the Wronskian:

W (eλt, teλt)(t) = eλt(teλt)′ − (eλt)′teλt

= eλt(eλt + tλeλt)− λeλtteλt

= e2λt ̸= 0 for all t,

hence, the two solutions are linearly independent. We conclude that the general solution can be
written as:

x(t) = c1e
λt + c2te

λt

where c1 and c2 are arbitrary constants.

Remark 8.13. Students will probably wonder where teλt came from, i.e., how we know that we
had to multiply by t. This comes from further developing the theory of DE, and we will show where
it comes from when we study the variation of parameters.
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It remains to analyze what happens when the roots of the characteristic equation are complex,
i.e., when

λ =
−b±

√
b2 − 4ac

2a
with b2 − 4ac < 0 .

In this case we can write λ1 = α + iβ and λ2 = α − iβ, where α = −b
2a , β =

√
b2−4ac
2a and i is the

imaginary number i2 = 1. Note that α, β ∈ R.

The calculations previously remain valid here, and we see that eλ1t = e(α+iβ)t and eλ2t = e(α−iβ)t

are solutions of the DE ax′′ + bx′ + cx = 0.

However, these solutions are complex valued, and we would like to have real valued functions
as solutions. To do so, we are going to use Euler’s formula:

eiθ = cos θ + i sin θ, θ ∈ R .

We will prove this formula below. But first, let us use it to obtain the desired real solutions.

We have, from Euler’s formula:

eλ1t = e(α+iβ)t = eαt+iβt = eαteiβt = eαt(cos(βt) + i sin(βt))

eλ2t = e(α−iβ)t = eαt−iβt = eαte−iβt = eαt(cos(−βt) + i sin(−βt))

= eαt(cos(βt)− i sin(βt)) .

Lemma 8.14. Let z(t) = u(t) + iv(t) be a solution to the DE ax′′ + bx′ + cx = 0, where a, b, c ∈ R
and u(t) and v(t) are real valued. Then u(t) and v(t) are also solutions.

Proof. We have the following:

0 = az′′ + bz′ + cz = a(u+ iv)′′ + b(u+ iv)′ + c(u+ iv)

= a(u′′ + iv′′) + b(u′ + iv′) + c(u+ iv) = (au′′ + bu′ + cu) + i(av′′ + bv′ + cv).

Since a complex number vanishes iff its real and imaginary parts vanish, we have au′′+bu′+cu = 0
and av′′ + bv′ + cv = 0.

□

The lemma implies that eαt cos(βt) and eαt sin(βt) are solutions of the DE. Now, let us check
that they are linearly independent:

W
(
eαt cos(βt), eαt sin(βt)

)
(t)

= eαt cos(βt)(eαt sin(βt))′ − (eαt cos(βt))′eαt sin(βt)

= eαt cos(βt)(αeαt sin(βt) + βeαt cos(βt))− (αeαt cos(βt)− βeαt sin(βt))eαt sin(βt)

= (eαt)2
(
α cos(βt) sin(βt) + β cos2(βt)− α cos(βt) sin(βt) + β sin2(βt)

)
= β(eαt)2

(
cos2(βt) + sin2(βt)

)
= β(eαt)2

This expression is never zero because β ̸= 0 (if β = 0, then λ1 and λ2 would not be complex
numbers, but we are analyzing the case where they are).

We conclude that the general solution can be written as

x(t) = c1e
αt cos(βt) + c2e

αt sin(βt)

where c1 and c2 are arbitrary constants.
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8.1. Summary of solutions to ax′′ + bx′ + cx = 0.

Consider ax′′+bx′+cx = 0, a, b, c ∈ R, a ̸= 0. Let λ1 and λ2 be the two roots of the characteristic
equation:

aλ2 + bλ+ c = 0.

• If λ1 ̸= λ2 are real, then the general solution is

x(t) = c1e
λ1t + c2e

λ2t

• If λ1 = λ2 = λ, then the general solution is

x(t) = c1e
λt + c2te

λt

• If λ1 and λ2 are complex, then we can write λ1 = α + iβ, λ2 = α − iβ, α, β,∈ R, and the
general solution is

x(t) = c1e
αt cos(βt) + c2e

αt sin(βt)

Above, c1 and c2 are arbitrary constants.

8.2. Proof of Euler’s formula. Recall from calculus that ex =
∑∞

n=0
xn

n! . Thus,

eiθ =
∞∑
n=0

(iθ)n

n!
.

We separate the sum into even and odd n’s:

eiθ =
∞∑

n=0, n even

(iθ)n

n!
+

∞∑
n=0, n odd

(iθ)n

n!

=

∞∑
k=0

(iθ)2k

(2k)!
+

∞∑
k=0

(iθ)2k+1

(2k + 1)!

Notice that i0 = 1, i1 = i, i2 = −1, i3 = −i, i4 = 1, i5 = i, i6 = −1, i7 = −i, i8 = 1, so this pattern
repeats every four powers. Then:

∞∑
k=0

(iθ)2k

(2k)!
+

∞∑
k=0

(iθ)2k+1

(k + 1)!
= (

i0θ0

0!
+

i2θ2

2!
+

i4θ4

4!
+

i6θ6

6!
+ ...) + (

i1θ1

1!
+

i3θ3

3!
+

i5θ5

5!
+

i7θ7

7!
+ ...)

= (
θ0

0!
− θ2

2!
+

θ4

4!
− θ6

6!
+ ...) + (i

θ1

1!
− i

θ3

3!
+ i

θ5

5!
− i

θ7

7!
+ ...)

=
∞∑
k=0

(−1)k
θ2k

(2k)!
+ i

∞∑
k=0

(−1)k
(iθ)2k+1

(2k + 1)!

Recalling from calculus that cos θ =
∑∞

k=0(−1)k θ2k

(2k)! and sin θ =
∑∞

k=0(−1)k θ2k+1

(2k+1)! , we have the

result.

9. Linear second order non-homogeneous equation

Consider the equation

ax′′ + bx′ + cx = f(t)

where a, b, c are constants, a ̸= 0, and f(t) is a given function called the non-homogeneous or
inhomogeneous term. Let us first proceed by examples.
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Example 9.1. Find a solution to x′′ + 3x′ + 4x = 3t + 2. The given function f(t) = 3t + 2 is
a polynomial of degree one. We expect that x(t) will be a polynomial as well (we would not get
a polynomial by differentiating, say, an exponential). Thus, we seek a solution of x(t) = At + B,
where A and B are constants to be determined. Note that we are trying x(t) a polynomial of degree
one because f(t) is a polynomial of degree one. Plugging in:

(At+B)′′ + 3(At+B)′ + 4(At+B) = 3t+ 2

0 + 3A+ 4At+ 4B = 3t+ 2

4At+ (3A+ 4B) = 3t+ 2

Two polynomials are equal iff the corresponding coefficients of the same powers are equal. So we
must have 4A = 3 and 3A+ 4B = 2, so that

A =
3

4
, 4B = 2− 3A = 2− 3 · 3

4
=

−1

4
⇒ B =

−1

16

Therefore, x(t) = 3
4 t−

1
16 is a solution.

Example 9.2. Find a solution to x′′ − 4x = 2e3t.

Here, the inhomogeneous term f(t) = 2e3t is an exponential. Thus we expect x(t) to be an
exponential too (we would not get an exponential differentiating, say, a trigonometric function).
Put x(t) = Aet,where A is to be found. Plugging in:

(Ae3t)′′ − 4Ae3t = 2e3t

9Ae3t − 4Ae3t = 2e3t ⇒ 5Ae3t = 2e3t ⇒ A =
2

5

Hence x(t) = 2
5e

3t is a solution.

Example 9.3. Find a solution to 3x′′ + x′ − 2x = 2 cos t.

Here f(t) = 2 cos t, so we might try x(t) = A cos t. However, when we plug this in we will ob-
tain some sin t term, and there is no sin t on the RHS to compare with. Therefore, we see that we
should try x(t) = A cos t+B sin t. Then

3(A cos t+B sin t)′′ + (A cos t+B sin t)′ − 2(A cos t+B sin t) = 2 cos t

3(−A cos t−B sin t) + (−A sin t+B cos t)− 2(A cos t+B sin t) = 2 cos t

(−5A+B) cos t+ (−A− 5B) sin t = 2 cos t

Thus, for equality to hold, we must have

−5A+B = 2 and −A− 5B = 0.

This is a system of two equations for the two unknowns A andB. Solving it, we find A = −5
13 , B = 1

13 .

Thus, x(t) = −5
13 cos t+ 1

13 sin t is a solution.

Unfortunately, things will not always be so simple, as the next example illustrates.

Example 9.4. Find a solution to x′′ − 4x = 2e2t.

We try x(t) = Ae2t. Plugging in:

(Ae2t)′′ − 4Ae2t = 2e2t

4Ae2t − 4Ae2t = 2e2t

0 = 2e2t ???
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We see that our method did not work in this case. The problem is that e2t is a solution to the
equation x′′ − 4x = 0 (the characteristic equation is λ2 − 4 = 0, λ = ±2), and so is any multiple
of e2t. Therefore, if the inhomogeneous term is a function that solves the same equation when
f(t) = 0, then the LHS will always give zero when we plug in, and this idea will not work. We see
that to solve ax′′ + bx′ + cx = f(t) we also need to understand ax′′ + bx′ + cx = 0.

Definition 9.5. Given ax′′+bx′+cx = f(t), the equation ax′′+bx′+cx = 0 is called the associated
homogeneous equation. The general solution to the associated homogeneous equation will be
denoted xh. Observe that if z solves ax′′ + bx′ + cx = f , so does the function x = xh + z because

a(xh + z)′′ + b(xh + z)′ + c(xh + z) = ax′′h + bx′h + cxh︸ ︷︷ ︸
=0

+ az′′ + bz′ + cz︸ ︷︷ ︸
=f

= f.

It follows that there are two “types” of solution to ax′′+bx′+cx = f : those containing arbitrary
constants (because xh contains arbitrary constants) and those without arbitrary constants, such as
the solutions found in the previous examples).

Definition 9.6. A solution to ax′′ + bx′ + cx = f that does not contain arbitrary constants is
called a particular solution. Particular solutions will be denoted by xp.

Example 9.7. Let’s go back to x′′ − 4x = 2e2t and try to find a particular solution. We saw that
if we put xp(t) = Ae2t then it will not work. Let us see that x(t) = Ate2t works:

(Ate2t)′′ −Ate2t = A(2te2t + e2t)′ − 4Ate2t

= A(4te2t + 2e2t + 2e2t)− 4Ae2tt = 4Ae2t = 2e2t

So we conclude that A = 1
2 and xp(t) =

1
2e

2t.

The idea of multiplying by t can be understood as follows.

We want to satisfy ax′′+ bx′+ cx = f and we expect xp to be of similar type as f (since derivatives
of polynomials give polynomials, of exponentials give exponentials, etc.) But if f is or contains a
term that solves the associated homogeneous equation, this cannot work because it will give a zero
on the LHS. How can we find xp containing f in such a way that after plugging it into the equation,
a term with f remains on the LHS?

The answer is the product rule, since it produces additional terms containing f . Put xp(t) =

v(t)f̃(t), where f̃ has the same form of f but contains constants to be determined as in the ex-

amples (so f̃(t) = Aekt if f(t) is a multiple of ekt and so on), and v is an undetermined function.
Then:

x′p = v′f̃ + vf̃, x′′p = v′′f̃ + 2v′f̃ ′ + vf̃ ′′.

Then

ax′′p + bx′p + cxp = a(v′′f̃ + 2v′f̃ ′ + vf̃ ′′) + b(v′f̃ + vf̃ ′) + cvf̃

= f̃(av′′ + bv′) + 2av′f̃ ′ + v(af̃ ′′ + bf̃ ′ + cf̃).

Because f̃ contains xh, the term af̃ ′′ + bf̃ ′ + cf̃ will produce zeros. For simplicity, let us assume
that we are treating the case where f̃ is proportional to xh. Then af̃ ′′ + bf̃ ′ + cf̃ = 0. Next, recall
that f̃ is like f , and we are treating functions that “repeat themselves” after differentiation, such
as exponentials, polynomials, and sine or cosine (this method will not work for functions that do

not repeat themselves in this way). Thus, for the sake of reasoning, we can replace f̃ ′ by f̃ in the

term 2aṽ′f̃ ′. Thus,

ax′′p + bx′p + cxp = f̃(av′′ + bv′ + 2av′).
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We want this to be equal to f so: f̃(av′′ + bv′ + 2av′) = f . If the term in parentheses is a

constant, then we have (constant) · f̃ = f , and we can solve for the undetermined constants in f̃ .

The simplest way to accomplish this is to put v(t) = t so av′′+bv′+2av′ = b+2a and xp(t) = tf̃(t).

The method outlined above is called the method of undetermined coefficients, summarized
as follows: given ax′′ + bx′ + cx = f(t), a, b, c constants, and a ̸= 0, we seek a particular solution
xp(t) of the form below (m ≥ 0 is an integer, bm, . . . , b0, am, . . . , a0, a, b, r and h are constants):

f(t) xp(t)
bmtm + bm−1t

m−1 + · · ·+ b1t+ b0 ts(Bmtm +Bm−1t
m−1 + · · ·+B1t+B0)

a cos(kt) + b sin(kt) ts(A cos(kt) +B sin(kt))

ert(a cos(kt) + b sin(kt)) tsert(A cos(kt) +B sin(kt))

ert(bmtm + bm−1t
m−1 + · · ·+ b1t+ b0) tsert(Bmtm +Bm−1t

m−1 + · · ·+B1t+B0)

(bmtm + bm−1t
m−1 + · · ·+ b0) cos(kt)

+ (amtm + am−1t
m−1 + · · ·+ a0) sin(kt)

ts(Bmtm +Bm−1t
m−1 + · · ·+B0) cos(kt)

+ ts(Amtm +Am−1t
m−1 + · · ·+A0) sin(kt)

ert(bmtm + bm−1t
m−1 + · · ·+ b0) cos(kt)

+ ert(amtm + am−1t
m−1 + · · ·+ a0) sin(kt)

tsert(Bmtm +Bm−1t
m−1 + · · ·+B0) cos(kt)

+ tsert(Amtm +Am−1t
m−1 + · · ·+A0) sin(kt)

Table 2. Trial forms of the particular solution xp(t) for various forcing functions
f(t) in the method of undetermined coefficients. Here, s is chosen according to the
multiplicity of the corresponding root of the characteristic equation.

where s is the smallest non-negative integer such that no term in xp duplicates a term in xh.

Example 9.8. Find the form of xp for

x′′ + 6x′ + 13x = e−3t cos(2t).

The characteristic equation is λ2 + 6λ+ 13 = 0 ⇒ λ = −3± 2i. Thus,

xh(t) = c1e
−3t cos(2t) + c2e

−3t sin(2t).

We see that we cannot try xp(t) = Ae−3t cos(2t) +Be−3t sin(2t) the first term duplicates a term in
xh. We therefore multiply by t:

xp(t) = t(Ae−3t cos(2t) +Be−3t sin(2t)).

Example 9.9. Find the form of xp for

x′′ − 2x′ + x = et.

We have λ2 − 2λ + 1 = (λ − 1)2 = 0 ⇒ λ = 1 (repeated). Then xh(t) = c1e
t + c2te

t. If we put
xp(t) = Aet, this duplicates the first term in xh. Multiplying by t gives xp(t) = Atet, but this
duplicates the second term in xh, so we multiply by t again:

xp(t) = At2et.

The next theorem is known as the superposition principle.

Theorem 9.10. If x1 is a solution to ax′′+bx′+cx = f1 and x2 is a solution to ax′′+bx′+cx = f2,
then the function x = c1x1 + c2x2 is a solution to the DE ax′′ + bx′ + cx = c1f1 + c2f2, where c1
and c2 are constants.
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Proof. Plugging in:

ax′′ + bx′ + cx = a(c1x1 + c2x2)
′′ + b(c1x1 + c2x2)

′ + c(c1x1 + c2x2)

= ax′′1 + bx′1 + cx1︸ ︷︷ ︸
= c1f1

+ ax′′2 + bx′2 + cx2︸ ︷︷ ︸
= c2f2

= c1f1 + c2f2.

□

It follows that if the inhomogeneous term is of the form f = f1 + f2, where the method of
undetermined coefficients can be applied to f1 and f2, then we can find xp by determining xp1 and
xp2 , the particular solutions for the equation with inhomogeneous terms f1 and f2, respectively,
and setting xp = xp1 + xp2 .

Example 9.11. Find the form of the particular solution to

x′′ − 4x′ + 4x = et + 2t.

First, we find xh by solving
x′′ − 4x′ + 4x = 0,

which gives
xh = c1e

2t + c2te
2t.

We next use the superposition principle: xp = xp1 + xp2 , where

x′′p1 − 4x′p1 + 4xp1 = et,

x′′p2 − 4x′p2 + 4xp2 = 2t.

We find
xp1 = Aet and xp2 = Bt+ C,

so
xp = Aet +Bt+ C.

Example 9.12. Find the form of the particular solution to

x′′ − 4x′ + 4x = e2t + 2t.

This is the same as the previous example, except that et is replaced by e2t. Thus, xp2 is the same
as before. For xp1, we try

Ae2t.

This repeats a term in xh, so we multiply by t:

Ate2t.

This still repeats a term in xh, so we multiply by t again:

xp1 = At2e2t.

Thus
xp = At2e2t +Bt+ C.

Example 9.13. Find the form of xp for

x′′ + 2x′ = 7e−2t + 3.

We have λ1 = 0, λ2 = −2, so

xh = c1e
0t + c2e

−2t = c1 + c2e
−2t.

Then try
xp1 = Ae−2t.

Since this repeats xh, multiply by t:
xp1 = Ate−2t.
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Also try

xp2 = B.

Since this also repeats xh, multiply by t:

xp2 = Bt.

So

xp = Ate−2t +Bt.

Theorem 9.14. Consider ax′′ + bx′ + cx = f , where a, b, c are constants, and a ̸= 0. Suppose
that xp is a particular solution of the DE in an interval I containing t0, and let X0 and X1 be two
given numbers. Then there exists a unique solution in I to the DE satisfying the initial conditions
x(t0) = X0 and x′(t0) = X1.

Proof. By the superposition principle, x = xh + xp solves the DE. Recall that xh = c1x1 + c2x2,
where x1 and x2 are linearly independent solutions to the associated homogeneous equation and c1
and c2 are constants. Then we need to solve

x(t0) = c1x1(t0) + c2x2(t0) + xp(t0) = X0

x′(t0) = c1x
′
1(t0) + c2x

′
2(t0) + x′p(t0) = X1

for c1 and c2. We find

c1 =
(X0 − x′p(t0))x

′
2(t0)− (X1 − x′p(t0))x2(t0)

x1(t0)x′2(t0)− x′1(t0)x2(t0)

c2 =
(X1 − x′p(t0))x1(t0)− (X0 − x′p(t0))x1(t0)

x1(t0)x′2(t0)− x′1(t0)x2(t0)

The denominators in these expressions are non-zero because x1 and x2 are linearly independent (so
their Wronskian is not zero).

To check uniqueness, suppose that z is another solution to the IVP. But w = c1x1 + c2x2 + xp − z.
Then, plugging in, we see that w solves aw′′ + bw′ + cw = 0 with w(t0) = 0, w′(t0) = 0. But we
have seen that this IVP, where the IC and the inhomogeneous term are all zero, admits only the
zero solution. Thus, w = 0 and z = c1x1 + c2x2 + xp.

□

Definition 9.15. We call a solution x = xh + xp the general solution to ax′′ + bx′ + cx = f .

10. Linear second order non-homogeneous equations: the method of variation of
parameters

The method of undetermined coefficients will not work if the inhomogeneous term is not of the
form listed on the table that summarized the method. This is because the method of undetermined
coefficients is based on the property that derivatives of the inhomogeneous term repeat themselves.
The method we will present now, called variation of parameters, deals with more general inho-
mogeneous terms.

Consider ax′′ + bx′ + cx = f and let x1 and x2 be two linearly independent solutions to the
associated homogeneous equation. We will seek a solution of the form:

xp(t) = v1(t)x1(t) + v2(t)x2(t)

where v1 and v2 are functions to be determined. Compute:

x′p = v′1x1 + v′2x2 + v1x
′
1 + v2x

′
2.
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Next, we reason as follows. Since v1 and v2 are two functions to be determined, we expect to have
two equations. One equation has to come from ax′′ + bx′ + cx = f , since we want xp to be a
solution. What about the second equation? Because we plug xp into ax′′ + bx′ + cx = f , we will
obtain another DE involving v1 and v2 that is at least as complicated as the equation we are trying
to solve, unless we impose some condition that simplifies it. We therefore require:

v′1x1 + v′2x2 = 0

which gives our second equation. Thus, x′p becomes:

x′p = v1x
′
1 + v2x

′
2.

Continuing, x′′p = v′1x
′
1 + v′2x

′
2 + v1x

′′
1 + v2x

′′
2. Then

ax′′p + bx′p + cxp = a(v′1x
′
1 + v′2x

′
2 + v1x

′′
1 + v2x

′′
2) + b(v1x

′
1 + v2x

′
2) + c(v1x1 + c2x2)

= v1 (ax
′′
1 + bx′1 + cx1)︸ ︷︷ ︸

=0

+v2 (ax
′′
2 + bx′2 + cx2)︸ ︷︷ ︸

=0

+a(v′1x
′
1 + v2x

′
2)

= a(v′1x
′
1 + v′2x

′
2) = f.

Therefore, we have two equations:

x1v
′
1 + x2v

′
2 = 0

x′1v
′
1 + x′2v

′
2 =

f

a

This is an algebraic system for v′1 and v′2. Solving it, we find:

v′1 =
−fx2

a(x1x′2 − x′1x2)
, v′2 =

fx1
a(x1x′2 − x′1x2)

The denominators in these expressions are not zero because x1 and x2 are linearly independent.
Integrating:

v1(t) =
−1

a

∫
f(t)x2(t)

W (x1, x2)(t)
dt, v2(t) =

1

a

∫
f(t)x1(t)

W (x1, x2)(t)
dt.

We do not add constants to these integrals because xp does not contain arbitrary constants. Thus,
recalling that xp = v1x1 + v2x2, we find:

xp(t) = −x1(t)

a

∫
f(t)x2(t)

W (x1, x2)(t)
dt+

x2(t)

a

∫
f(t)x1(t)

W (x1, x2)(t)
dt

Example 10.1. Find xp for x′′ + 4x = tan t.

Note that we cannot apply the method of undetermined coefficients here. To find xp, we first solve
the associated homogeneous equation. The characteristic equation is λ2 + 4 = 0, λ = ±2i. Thus,
x1(t) = cos(2t) and x2(t) = sin(2t) are two linearly independent solutions. The Wronskian is

W (cos 2t, sin 2t)(t) = cos(2t)(sin(2t))′ − (cos(2t))′ sin(2t)

= 2 cos2(2t) + 2 sin2(2t) = 2.

Then

xp(t) = − cos(2t)

∫
tan t sin(2t)

2
dt︸ ︷︷ ︸

= t
2
− 1

4
sin(2t)

+sin(2t)

∫
tan t cos(2t)

2
dt︸ ︷︷ ︸

= − 1
4
cos(2t) + 1

2
ln | cos t|
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xp(t) =
1

2

(
1

2
sin(2t)− t

)
cos(2t) +

1

2

(
ln | cos t| − 1

2
cos(2t)

)
sin(2t).

Example 10.2. Find xp for x′′ − 2x′ + x = et

t . (Note that we cannot use the method of undeter-
mined coefficients here.)

The characteristic equation is λ2 − 2λ+ 1 = 0, λ = 1 (repeated). Then x1(t) = et and x2(t) = tet

are two linearly independent solutions to the associated homogeneous equation.

W (et, tet) = et(tet)′ − (et)′tet = et(et + tet)− etet = e2t∫
f(t)x2(t)

W (x1, x2)(t)
dt =

∫
et

t

tet

e2t
dt = t∫

f(t)x1(t)

W (x1, x2)(t)
dt =

∫
et

t

et

e2t
dt =

∫
dt

t
= ln |t|

Since f(t) is not defined for t = 0, we need to work with t > 0 or t < 0. We consider t > 0 so that
ln |t| = ln t. Then:

xp(t) = −tet + tet ln t.

Remark 10.3. We make no restriction on the form of f(t). In particular, the parameter vari-
ation method can also be applied to equations where f(t) has a form appropriate for the use of
undetermined coefficients.

11. Second order linear equations with variable coefficients

So far, we studied ax′′ + bx′ + cx = f under the assumption that a, b, c are constants. Now
we will study a2(t)x

′′(t) + a1(t)x
′(t) + a0(t)x(t) = f(t), i.e., the coefficients can be functions of t.

We will assume that a2(t) ̸= 0 so that, dividing by a2(t) and relabeling the coefficients and the
inhomogeneous term, we can write the equation as x′′(t)+p(t)x′(t)+q(t)x(t) = g(t). In order to be
consistent with our previous notation, we will also call the inhomogeneous term f(t) in this case.
Thus, the equation we will study is

x′′ + p(t)x′ + q(t)x = f(t).

Theorem 11.1. Let p(t), q(t) and f(t) be continuous functions on the interval (a, b) and t0 ∈ (a, b).
Given any numbers X0 and X1, there exists a unique solution x(t) defined on (a, b) that satisfies
the following: 

x′′ + p(t)x′+ q(t)x = f(t)

x(t0) = X0

x′(t0) = X1

Example 11.2. Consider (t2 − 4)x′′ + x′ + x = 1
t+1 , x(1) = 0, x′(1) = 1. What is the maximal

interval (a, b) where the previous theorem guarantees the existence of a unique solution?

After dividing by t2 − 4, we have p(t) = q(t) = 1
t2−4

, which are continuous except at t = ±2

and f(t) = 1
(t2−4)(t+1)

, which is continuous except for t = ±2, t = −1. Since t0 = 1, the largest

interval that contains this point is (a, b) = (−1, 2).

-2 -1 2t0 = 1 t
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As in the case of constant coefficients, we will call the equation x′′ + p(t)x+ q(t)x = 0 the asso-
ciated homogeneous equation. It can be shown that this equation admits two linearly indepen-
dent solutions x1 and x2 (if p and q are continuous). Then xh = c1x1 + c2x2, where c1 and c2 are
arbitrary constants, is also a solution, called the general solution to the DE x′′+p(t)x+q(t)x = 0.

A solution to x′′ + p(t)x + q(t)x = f(t) that does not contain arbitrary constants will be called a
particular solution, denoted xp. As in the case of constant coefficients, any solution to the
DE can be written as x = xh + xp (provided that p(t) and q(t) are continuous).

Many of the theorems for equations with constant coefficients generalize to the case studied here,
with the important difference that now statements will in general not hold on (−∞,∞) but on an
interval (a, b) where p(t) and q(t) are continuous.

Lemma 11.3. Let p(t) and q(t) be continuous functions on an interval I. Let x1(t) and x2(t) be
two solutions of x′′+p(t)x+q(t)x = 0 on I. If the Wronskian W (x1, x2)(t) = x1(t)x

′
2(t)−x′1(t)x2(t)

is zero at some point on I, then it vanishes identically and x1 and x2 are linearly dependent. If
W (x1, x2)(t) is non-zero at some point on I, then it is never zero and the solutions are linearly
independent on I.

Theorem 11.4. Let p(t), q(t) and f(t) be continuous functions on an interval I and x1(t) and
x2(t) be two linearly independent solutions to x′′+ p(t)x+ q(t)x = 0 on I. Let xp(t) be a particular
solution to x′′ + p(t)x′ + q(t)x = f(t). Then given t0 ∈ I and two real numbers X0, X1, there exist
unique constants c1 and c2 such that x = c1x1 + c2x2 + xp satisfies x′′ + p(t)x′ + q(t)x = f(t) with
initial conditions x(t0) = X0 and x′(t0) = X1.

The superposition principle also holds for equations with variable coefficients.

If we go back to the parameter variation method and look at how the formula for xp was de-
rived, we will see that nowhere have we used that the coefficients had to be constants. In other
words, variation of parameters applied here as well, i.e., if x1 and x2 are two linearly independent
solutions of the associated homogeneous equation, then a particular solution is given by

xp(t) = −x1(t)

∫
f(t)x2(t)

W (x1, x2)(t)
dt+ x2(t)

∫
f(t)x1(t)

W (x1, x2)(t)
dt.

The formula for xp involves x1 and x2. In the case of constant coefficients, we have a method for
finding x1 and x2. Here, this might be difficult. However, the next theorem shows that if we know
x1, then we can always determine x2:

Theorem 11.5. Let x1(t) be a solution to x′′ + p(t)x′ + q(t)x = 0 in an interval I, where p(t) and
q(t) are continuous functions. Assume that x1 is not identically zero. Then

x2(t) = x1(t)

∫
e−

∫
p(t)dt

(x1(t))2
dt

is a second, linearly independent solution.

Proof. We look for a solution of the form x2(t) = v(t)x1(t). Plugging in:

x′′2 + p(t)x′2 + q(t)x2 = (vx′′1 + 2v′x′1 + v′′x1) + p(t)(vx′1 + v′x1) + q(t)vx1

= v (x′′1 + p(t)x′ + q(t)x)︸ ︷︷ ︸
=0

+x1v
′′ + (2x′1 + p(t)x1)v

′ = 0

Set v′ = w. Then the equation becomes:

x1w
′ + (2x′1 + p(t)x1)w = 0
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which is a separable equation for w. We find

dw

w
= −2x′1

x1
− p(t).

Integrating: ln |w| = −2 ln |x1| −
∫
p(t)dt. Then:

w =
e−

∫
p(t)dt

x21
.

When we remove the absolute value from w we pick the + sign (this suffices since if w is a solution,
so is −w). Integrating again, we find v(t), which gives the desired formula.

By construction, x2(t) is a solution. Let us check that it is linearly independent.

W (x1, x2)(t) = x1x
′
2 − x′1x2 = x1(vx1)

′ − x′1(vx1)

= x1(x1v
′ + x′1v)− x′1vx1 = x21v

′ = x21
e−

∫
p(t)dt

x21
= e−

∫
p(t)dt ̸= 0 .

□

Example 11.6. Knowing that cos t is a solution to

sin tx′′ − 2 cos tx′ − sin tx = 0, 0 < t < π,

find a second linearly independent solution.

Here, p(t) = −2 cos t
sin t = −2 cot t.

x2(t) = cos t

∫
1

cos2 t
e2

∫
cot t dtdt, where

∫
cot t dt = ln | sin t| = ln(sin t), 0 < t < π

= cos t

∫
sin2 t

cos2 t
dt = cos t(tan t− t)

Remark 11.7. The formulas we derived above (variation of parameters and second linearly inde-
pendent solution) assume the equation to be written as x′′+p(t)x′+q(t)x = f(t), i.e., the coefficient
of x′′ is one. If this is not the case, we have to divide by the coefficient of x′′ before applying the
formulas, as in the previous examples.

Remark 11.8. Recall that in the case of constant coefficients, where λ1 = λ2 = λ, a second linearly
independent solution was teλt. We can use the previous theorem to give an alternative justification
of this formula.

12. Cauchy-Euler equation

The equation

at2x′′ + btx′ + cx = f(t)

where a, b, c are constants and a ̸= 0, is called Cauchy-Euler equation (aka the equidimensional
equation).

We will consider the homogeneous Cauchy-Euler equation

at2x′′ + btx′ + x = 0, t > 0.

Because the coefficients involve the power of t, it makes sense to look for a solution x(t) = tλ, λ to
be a constant. Then:

at2λ(λ− 1)tλ−2 + btλtλ−1 + ctλ = 0, or (t ̸= 0)
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aλ2 + (b− a)λ+ c = 0

which is called the characteristic equation for the Cauchy-Euler equation. If λ is a root of the
characteristic equation, by construction, tλ is a solution. Denote the roots of the characteristic
equation by λ1 and λ2. We need to distinguish the following cases:

Case 1. λ1 ̸= λ2, λ1, λ2 are real numbers. Then tλ1 and tλ2 are two linearly independent so-
lutions. We already know that they are solutions. To verify linear independence:

W (tλ1 , tλ2)(t) = tλ1(tλ2)′ − (tλ1)′tλ2 = (λ2 − λ1)t
λ1+λ2−1 ̸= 0, for t ̸= 0 .

Case 2. λ1 = λ2 = λ. Then tλ and tλ ln t are two linearly independent solutions. We obtain tλ ln t
by applying our method to find a second linearly independent solution.

x2(t) = tλ
∫

e−
∫
p(t)dt

(tλ)2
dt = tλ

∫
e−

b
a

∫
dt
t

t2λ
dt

= tλ
∫

t−
b
a

t2λ
dt = tλ

∫
t−

b
a
−2λdt .

In the case λ1 − λ2 = λ, the (repeated) roots are given by λ = −(b−a)
2a , so − b

a − 2λ = −1. Thus,

x2(t) = tλ
∫

t−1dt = tλ ln t .

Case 3. λ1, λ2 complex, so that λ1 = α + iβ and λ2 = α − iβ, α, β ∈ R. Then tα cos(β ln t) and
tα sin(β ln t) are two linearly independent solutions. We write

tλ1 = tα+iβ = tαtiβ = tα(eln t)iβ = tαeiβ ln t .

Euler’s formula gives tλ1 = tα cos(β ln t) + i tα sin(β ln t). In the case of constant coefficients, we
showed that if z(t) = u(t) + iv(t) is a solution, with u, v real, then so are u(t) and v(t). The same
proof works here, and we conclude that tα cos(β ln t) and tα sin(β ln t) are solutions. We check that
they are linearly independent:

W (tα cos(β ln t), tα sin(β ln t)) = tα cos(β ln t)(tα sin(β ln t))′ − (tα cos(β ln t))′(tα sin(β ln t))

= tα cos(β ln t)

(
αtα−1 sin(β ln t) + tα

β

t
cos(β ln t)

)
−
(
αtα−1 cos(β ln t)− tα

β

t
sin(β ln t)

)
tα sin(β ln t) = t2α−1β

(
cos2(β ln t) + sin2(β ln t)

)
= βt2α−1 ̸= 0, since t > 0 and β ̸= 0

(because otherwise the roots could not be complex).

Remark 12.1. In the above, we solved the Cauchy-Euler equation for t > 0. If we want to solve
it for t < 0, we proceed as follows. Set τ = −t, so that τ > 0. Then

x(t) = x(−τ), x′ =
dx

dt
=

dx

tτ

dτ

dt
= −dx

dt
, and

x′′ =
d2x

dt
=

d

dτ

(
dx

dt

)
dτ

dt
=

d2x

dτ2
, and the equation becomes

at2x′′ + btx′ + cx = (−τ)2
d2x

dτ2
+ b(−τ)

(
−dx

dτ

)
+ cx = 0, i.e., aτ2

d2x

dτ2
+ bτ

dx

dτ
+ cx = 0, τ > 0

Now we can apply the above algorithm to find the solutions as functions of τ , and then replace
τ = −t to obtain the result.
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13. Direction fields

Consider the DE y′ = f(x, y). If f(x, y) is very complicated, it might be difficult to find the
function y. We will develop a method for studying this equation that will allow us to get a good
grasp of what y looks like, even when we cannot write it explicitly.

Example 13.1. Consider the equation y′ = −y
x . We can solve this equation, but to illustrate the

new method, let us imagine that we do not know the solution. What the equation tells us is the
value of the slope of the tangent to the graph of y (i.e., y′) at each point x, y. We construct a table
of values. With enough values, we can plot the slope, on the xy-plane.

x y y′ = − y
x

1 0 0
1 1 -1
2 1 −1

2
1 2 -2
...

...
...

Table 3. Representative slope calculations for the differential equation y′ = − y
x .

y

x
-1-2-3 1 2 3

-1

-2

1

2

Figure 6. Direction Field: y′ = f(x, y)

Using enough points, we can sketch solutions. The important thing to remember is that the
solutions have their graphs tangent to the line segments we plotted, and that they vary continuously.
For example, below, we draw the solutions that satisfy y(1) = 2 and y(1) = −2.

y

x
-1-2-3 1 2 3

-1

-2

1

2

Figure 7. Solutions with IC — y(1) = 2, y(1) = −2
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14. Euler’s method

Consider a DE y′ = f(x, y). Depending on what f is, we may not be able to find a formula for
the general solution. In this case, we can use direction fields to obtain some qualitative information
on the behavior of solutions. Euler’s method is a way of finding approximate solutions that provide
further quantitative information.

The idea of Euler’s method is that if we know the value of y = y(x) at x0, then y(x0 + h) can be
approximated with the help of the derivative of y at x.

y1

y(x0 + h)

y0 = y(x0)

x0 x0 + h

tangent line to y(x) at x0. Its slope is y′(x)

y1 ≈ y(x0 + h)

x

y

Figure 8. Tangent Line Approximation

This idea requires knowing y′, which in our case we know since we have y′ = f(x, y). Thus,

y′(x0) = f(x0, y0) ≈
y(x0 + h)− y(x0)

h
⇒ y(x0 + h) ≈ y(x0) + hf(x0, y0).

We can now repeat the process. Starting from the point

x1 = x0 + h, y1 ≈ y(x0 + h) = y(x1), we find y2 ≈ y(x1 + h) = y(x0 + 2h)

y′(x1) = f(x1, y(x1)) ≈
y(x1 + h)− y(x1)

h
⇒ y(x1 + h) ≈ y(x1) + hf(x1, y(x1))

This formula is not good because we do not know y(x1). But we can use y1 ≈ y(x1) so

y(x1 + h) ≈ y1 + hf(x1, y1)

y1

y(x1)

y0 = y(x0)

x0 x1

y(x2)

y2

x2
x

y

Figure 9. Piecewise Linear Approximation via Euler’s Method
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We can continue the process and find y3, y4, etc., which will be approximately y(x3), y(x4), etc.,
where x3 = x0 + 3h, x4 = x0 + 4h, etc.

14.1. Summary of Euler’s method. Consider

{
y′ = f(x, y)

y(x0) = y0
Fix a small number h, called the step size, and set inductively:

xm+1 = xm + h

ym+1 = ym + hf(xm, ym)

The points ym will be approximations for y(xm).

Remark 14.1. Because we have to know the initial point (x0, y0), Euler’s method is better studied
to study IVP. However, we can use it to investigate the general solution with varying y0.

Remark 14.2. Typically, the smaller the step size h, the better the approximation.

Example 14.3. Consider y′ = x
√
y, y(1) = 4. We can solve this equation exactly. Let us compare

the values of the exact solution with those of Euler’s method with h = 0.1.

m xm ym (Euler’s method) y(xm) (exact value)
0 0 4 4
1 1.1 4.2 4.21276
2 1.2 4.42543 4.45210
3 1.3 4.467787 4.71976
4 1.4 4.95904 5.01760
5 1.5 5.27081 5.34766

Table 4. Euler’s method approximations and exact solution values at the mesh
points xm.

15. Higher order linear differential equations

We will now study

an(t)x
(n)(t) + an−1(t)x

(n−1)(t) + · · ·+ a1(t)x
′(t) + a0(t)x(t) = f(t).

This is a linear equation. We say that the equation has constant coefficients if all the coefficients
ai(t) are constants, and variable coefficients otherwise. The equation is called homogeneous
if f(t) = 0 and non-homogeneous otherwise. We say that the equation is in standard form if
an(t) = 1, in which case we write

x(n)(t) + p1(t)x
(n−1) + · · ·+ pn−1(t)x

′(t) + pn(t)x(t) = f(t).

Many of the results for second order equations generalize to the previous equation (and thus we
will go over them quickly).

Theorem 15.1. Suppose that p1(t), . . . , pn(t), and f(t) are continuous on the interval (a, b). Then,
for any t0 ∈ (a, b) and any real numbers x0, . . . , xn−1, the IVP

x(n) + p1(t)x
(n−1) + · · ·+ pn−1(t)x

′ + pn(t)x = f(t),

x(t0) = x0, . . . , x
(n−1)(t0) = xn−1

has a unique solution defined on the interval (a, b).



38 Diff Eq

Example 15.2. Show that for a homogeneous constant coefficient equation, the interval (a, b) of
the above theorem can be taken as (−∞,∞).

A constant function is continuous on (−∞,∞).

Definition 15.3. We say that the functions f1, . . . , fm are linearly dependent on an interval I
if there exist constants c1, . . . , cm, not all of them zero, such that

c1f1(t) + · · ·+ cmfm(t) = 0

for all t ∈ I. Otherwise the functions are called linearly independent.

Example 15.4. The functions f1(t) = t, f2(t) = 2 − 3t, and f3(t) = 5 are linearly dependent on
(−∞,∞) because

3f1(t) + 1 · f2(t)−
2

5
f3(t) = 3t+ (2− 3t)− 2

5
· 5 = 0.

Example 15.5. The functions t, t4, and t6 are linearly independent on (−∞,∞).

If c1, c2, and c3 are such that

c1t+ c2t
4 + c3t

6 = 0

for all t ∈ (−∞,∞), then we have

c1t+ c2t
4 + c3t

6 = 0t+ 0t4 + 0t6.

Two polynomials are equal iff their coefficients are equal. Thus c1 = c2 = c3 = 0. But the definition
of linear dependence does not allow all ci’s to be zero, so the functions are linearly independent.

It is useful to know that the following functions are linearly independent on any interval (a, b):

{1, t, t2, . . . , tm},

{1, cos t, sin t, cos(2t), sin(2t), . . . , cos(mt), sin(mt)},

{ek1t, ek2t, . . . , ekmt}, k1, . . . , km all distinct.

An expression of the form c1f1(t)+ · · ·+ cmfm(t), where c1, . . . , cm are constants, is called a linear
combination of the functions f1(t), . . . , fm(t). Thus, to say that certain functions are linearly
dependent means that one of the functions is a linear combination of the others.

Definition 15.6. Let f1, . . . , fn be n functions that are n− 1 times differentiable. The function

W (f1, . . . , fn)(t) = det


f1(t) f2(t) · · · fn(t)
f ′
1(t) f ′

2(t) · · · f ′
n(t)

...
...

. . .
...

f
(n−1)
1 (t) f

(n−1)
2 (t) · · · f

(n−1)
n (t)

 ,

where det means determinant, is called the Wronskian of the functions f1, . . . , fn.

Remark 15.7. Recall that

det

[
a b
c d

]
= ad− bc.

Also,

det

a11 a12 a13
a21 a22 a23
a31 a32 a33

 = a11 det

[
a22 a23
a32 a33

]
− a12 det

[
a21 a23
a31 a33

]
+ a13 det

[
a21 a22
a31 a32

]
.
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Theorem 15.8. Let x1, . . . , xn be solutions to

x(n) + p1(t)x
(n−1) + · · ·+ pn(t)x = 0

on the interval (a, b), and assume that p1, . . . , pn are continuous on (a, b). Then the following
statements are equivalent:

(1) x1, . . . , xn are linearly dependent on (a, b).
(2) W (x1, . . . , xn)(t0) = 0 for some t0 ∈ (a, b).
(3) W (x1, . . . , xn)(t) = 0 for all t ∈ (a, b).

Moreover, the following statements are also equivalent:

(1) x1, . . . , xn are linearly independent on (a, b).
(2) W (x1, . . . , xn)(t0) ̸= 0 for some t0 ∈ (a, b).
(3) W (x1, . . . , xn)(t) ̸= 0 for all t ∈ (a, b).

Example 15.9. Knowing that 1, et, and e−t are solutions to x′′′ − x′ = 0, show that they are
linearly independent. We compute:

W (1, et, e−t) = det

 1 et e−t

1′ (et)′ (e−t)′

1′′ (et)′′ (e−t)′′

 = det

1 et e−t

0 et −e−t

0 et e−t

 .

Then

= 1 · det
[
et −e−t

et e−t

]
− et det

[
0 −e−t

0 e−t

]
+ e−t det

[
0 et

0 et

]
= 2 ̸= 0.

So by the previous theorem the functions are linearly independent.

Remark 15.10. Only computing W ̸= 0 would not be enough to conclude that 1, et, and e−t are
linearly independent. We need to know that they are solutions to a linear DE.

Similarly to the case of second order equations, we call a solution to

x(n) + p1x
(n−1) + · · ·+ pnx = f

without arbitrary constants a particular solution, denoted xp. The equation with f replaced by
zero is called the associated homogeneous equation.

Theorem 15.11. Let xp be a particular solution to

x(n) + p1(t)x
(n−1) + · · ·+ pn(t)x = f(t) (*)

on the interval (a, b), where p1, . . . , pn, f are continuous on (a, b). Let x1, . . . , xn be n linearly
independent solutions to the associated homogeneous equation. Then any solution to (∗) on the
interval (a, b) can be written as

x = c1x1 + · · ·+ cnxn + xp,

where c1, . . . , cn are constants.

The expression c1x1 + · · · + cnxn + xp in the above theorem, with c1, . . . , cn is called the gen-
eral solution of the associated homogeneous equation (also called the fundamental solution). The
superposition principle also generalizes to equations of order n.
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16. Homogeneous linear equations with constant coefficients

The theory of constant coefficient homogeneous linear DE is similar to the case of second order
equations, and we summarize it below.

Consider the equation

anx
(n) + an−1x

(n−1) + · · ·+ a1x
′ + a0x = 0,

where a0, . . . , an are constants and an ̸= 0. Its characteristic equation is

anλ
n + an−1λ

n−1 + · · ·+ a1λ+ a0 = 0.

Let λ1, . . . , λn be the n roots of the characteristic equation.
Distinct real roots. If λ1, . . . , λn are all distinct and real, then

eλ1t, . . . , eλnt

are n linearly independent solutions.
Complex roots. For each complex root λ = α± iβ, β ̸= 0, the functions

eαt cos(βt) and eαt sin(βt)

are two linearly independent solutions.
Repeated roots. If λ is a real root of multiplicity m, then

eλt, teλt, . . . , tm−1eλt

are m linearly independent solutions.
If λ = α+ iβ, β ̸= 0, has multiplicity m (so α− iβ also has multiplicity m, and λ = α± iβ gives

a total of 2m roots), then

eαt cos(βt), teαt cos(βt), . . . , tm−1eαt cos(βt),

eαt sin(βt), teαt sin(βt), . . . , tm−1eαt sin(βt)

are 2m linearly independent solutions.

Example 16.1. Find the general solution to

x′′′ − 2x′′ − x′ + 2x = 0.

The characteristic equation is

λ3 − 2λ2 − λ+ 2 = 0.

By inspection, we see that λ = 1 is a root, so factoring λ− 1,

λ3 − 2λ2 − λ+ 2 = (λ− 1)(λ2 − λ− 2) = (λ− 1)(λ+ 1)(λ− 2) = 0.

So the roots are 1, −1, and 2, and

x(t) = c1e
t + c2e

−t + c3e
2t.

Example 16.2. Find the general solution to

x′′′ − 3x′′ + 4x = 0.

The characteristic equation is

λ3 − 3λ2 + 4 = 0.

By inspection we see that −1 is a root. Factoring λ+ 1,

λ3 − 3λ2 + 4 = (λ+ 1)(λ2 − 4λ+ 4) = (λ+ 1)(λ− 2)2.

The roots are −1 and 2 (twice), so

x(t) = c1e
−t + c2e

2t + c3te
2t.
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Example 16.3. Find the general solution to

x′′′′ + 10x′′ + 9x = 0.

The characteristic equation is

λ4 + 10λ2 + 9 = 0.

We can factor

λ4 + 10λ2 + 9 = (λ2 + 1)(λ2 + 9),

so the roots are ±i and ±3i. Thus

x(t) = c1 cos t+ c2 sin t+ c3 cos(3t) + c4 sin(3t).

Remark 16.4. Recall that if the order of the equation is n, we must have n linearly independent
solutions.

Example 16.5. Below, all roots of the characteristic equation for a constant coefficient homoge-
neous linear DE are given. State the order of the equation and write the general solution.

(1) λ = 3, λ = 2± 3i, λ = −2 (twice)
(2) λ = 1 (three times), λ = −1− i (twice), λ = −1 + i (twice)
(3) λ = 0 (twice), λ = 2, λ = −1

(a) There are five roots in total, so the equation is of order 5. The general solution is

x(t) = c1e
3t + c2e

2t cos(3t) + c3e
2t sin(3t) + c4e

−2t + c5te
−2t.

(b) There are seven roots in total, so the order of the equation is 7. The general solution is

x(t) = c1e
t + c2te

t + c3t
2et + c4e

−t cos t+ c5e
−t sin t+ c6te

−t cos t+ c7te
−t sin t.

(c) There are four roots in total, so the order of the equation is 4. The general solution is

x(t) = c1e
0t + c2te

0t + c3e
2t + c4e

−t = c1 + c2t+ c3e
2t + c4e

−t.

Remark 16.6. We can also generalize the method of undetermined coefficients and variation of
parameters to non-homogeneous DE of order n. See the textbook for details.

17. Laplace transform

We will now develop a new method for solving DE. Before introducing formal definitions, let us
illustrate with an example.

Example 17.1. Consider the IVP

x′′ + x = cos(3t), x(0) = 1, x′(0) = 0.

We have already learned how to solve it, but let us consider a different approach. Multiply the
equation by e−st, where s > 0, and integrate from 0 to ∞:∫ ∞

0
e−stx′′(t) dt+

∫ ∞

0
e−stx(t) dt =

∫ ∞

0
e−st cos(3t) dt. (*)

Using ∫
e−at cos(bt) dt =

e−at

a2 + b2
(
−a cos(bt) + b sin(bt)

)
,

we find ∫ ∞

0
e−st cos(3t) dt =

e−st

s2 + 9

(
−s cos(3t) + 3 sin(3t)

)∣∣∣∣∞
0

=
s

s2 + 9
,

where we used that

e−st
∣∣
t=∞ = e−∞ = 0,
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so that, by the squeeze theorem,

e−st

s2 + 9

(
−s cos(3t) + b sin(3t)

)∣∣∣∣
t=∞

= 0.

Note that we have to use that s > 0, otherwise we would have e+∞ = ∞.

Next, recall the integration by parts formula:∫ b

a
f(t)g′(t) dt = −

∫ b

a
f ′(t)g(t) dt+ f(t)g(t)|ba ,

and compute∫ ∞

0
e−stx′′(t) dt =

∫ ∞

0
e−st(x′(t))′ dt

= −
∫ ∞

0
(e−st)′x′(t) dt+ e−stx′(t)

∣∣∞
0

= s

∫ ∞

0
e−stx′(t) dt+ e−stx′(t)

∣∣∞
0

= s

[
−
∫ ∞

0
(e−st)′x(t) dt+ e−stx(t)

∣∣∞
0

]
+ e−stx′(t)

∣∣∞
0

= s2
∫ ∞

0
e−stx(t) dt+ s e−stx(t)

∣∣∞
0

+ e−stx′(t)
∣∣∞
0

= s2
∫ ∞

0
e−stx(t) dt+ s e−stx(t)

∣∣
t=∞︸ ︷︷ ︸

=0 by e−∞=0

−s e−stx(t)
∣∣
t=0

+ e−stx′(t)
∣∣
t=∞︸ ︷︷ ︸

=0 by e−∞=0

− e−stx′(t)
∣∣
t=0

Since the terms at t = ∞ vanish, this becomes∫ ∞

0
e−stx′′(t) dt = s2

∫ ∞

0
e−stx(t) dt− s x(0)︸︷︷︸

=1

−x′(0)︸ ︷︷ ︸
=0

= s2
∫ ∞

0
e−stx(t) dt− s.

Plugging the above computations into (∗) gives

s2
∫ ∞

0
e−stx(t) dt− s+

∫ ∞

0
e−stx(t) dt =

s

s2 + 9
.

At this point we have not yet found x(t), but note that whatever x(t) is, the integral∫ ∞

0
e−stx(t) dt

is a function of s. Indeed, we are performing a definite (improper) integral in the variable t, but
s can be any number > 0. Let us call this function of s by X(s), so we have

s2X(s)− s+X(s) =
s

s2 + 9
.

Thus,

X(s)(s2 + 1) =
s

s2 + 9
+ s ⇒ X(s) =

s

(s2 + 9)(s2 + 1)
+

s

s2 + 1
.

Note that
s

(s2 + 9)(s2 + 1)
=

s(s2 + 9)− s(s2 + 1)

8(s2 + 9)(s2 + 1)
=

1

8

s

s2 + 1
− 1

8

s

s2 + 9
,

so

X(s) =
9

8

s

s2 + 1
− 1

8

s

s2 + 9
.
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But ∫ ∞

0
e−at cos(bt) dt =

a

a2 + b2
, so

9

8

s

s2 + 1
=

9

8

∫ ∞

0
e−st cos(t) dt,

and

−1

8

s

s2 + 9
= −1

8

∫ ∞

0
e−st cos(3t) dt.

Thus we can write∫ ∞

0
e−st x(t) dt = X(s) =

9

8

∫ ∞

0
e−st cos(t) dt− 1

8

∫ ∞

0
e−st cos(3t) dt

=

∫ ∞

0
e−st

(
9

8
cos(t)− 1

8
cos(3t)

)
dt.

Comparing both sides we find

x(t) =
9

8
cos(t)− 1

8
cos(3t),

which is the solution to the DE.

The idea of the previous example was to transform the DE for the unknown x(t) into an alge-
braic equation for the unknown X(s). We could then easily solve for X(s) (as algebraic equations
are easier to solve than DE). Once we knew X(s), we were able to recognize, from calculus formulas,
what x(t) needed to be.

We will develop this idea further. We see that the function

X(s) =

∫ ∞

0
e−stx(t) dt,

where x(t) is the (to be found) solution to the DE, plays an important role, motivating the following
definition.

Definition 17.2. Let f be a function defined on [0,∞). The Laplace transform of f is the
function F defined by the integral

F (s) =

∫ ∞

0
e−stf(t) dt.

The domain of F is all the values of s such that the integral converges.

Notation 17.3. We also denote the Laplace transform of f by L{f}. When we use the notation
F , we usually employ capital letters for the Laplace transform. So the Laplace transform of f(t),
x(t), y(t), z(t), . . . , is denoted by L{f}, L{x}, L{y}, L{z}, or F (s), X(s), Y (s), Z(s), respectively.

From the previous example, we already know that

L{cos(at)} =
s

s2 + a2
, s > 0.

Example 17.4. Find L{t2}.

Computing the integral, we find

L{t2} =

∫ ∞

0
e−stt2 dt = −e−st(s2t2 + 2st+ 2)

s3

∣∣∣∣∞
0

=
2

s3

for s > 0. The integral diverges for s ≤ 0, so

L{t2} =
2

s3
, s > 0.
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Since we will use the Laplace transform to solve DE, we will be computing L{f} for different
functions f . It is therefore convenient to catalog the Laplace transform of the most common
functions:

f(t) F (s) = L{f}(s) domain of F (s)

1
1

s
s > 0

eat
1

s− a
s > a

tn, n = 1, 2, . . .
n!

sn+1
s > 0

sin(bt)
b

s2 + b2
s > 0

cos(bt)
s

s2 + b2
s > 0

eattn
n!

(s− a)n+1
s > a

eat sin(bt)
b

(s− a)2 + b2
s > a

eat cos(bt)
s− a

(s− a)2 + b2
s > a

Table 5. Laplace transforms and the corresponding domains of convergence.

These formulas are proved by directly computing the integrals∫ ∞

0
e−stf(t) dt

for each function f(t). A very important property is that the Laplace transform is linear: if c1 and
c2 are constants, then

L{c1f1 + c2f2} = c1L{f1}+ c2L{f2}.
To see this, simply compute

L{c1f1 + c2f2} =

∫ ∞

0
e−st

(
c1f1(t) + c2f2(t)

)
dt

= c1

∫ ∞

0
e−stf1(t) dt+ c2

∫ ∞

0
e−stf2(t) dt

= c1L{f1}+ c2L{f2}.
An advantage of the Laplace transform over other methods for solving DE that we learned is that
with the Laplace transform we will be able to solve DE with discontinuous functions. Thus, let us
see an example of how to compute the Laplace transform of discontinuous functions.

Example 17.5. Find L{f} if

f(t) =

{
e2t, 0 < t < 3,

1, t > 3.
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t
3

1

e6

Figure 10. Piecewise: exponential growth t ∈ (0, 3) and constant value 1 for t > 3.

Then

F (s) =

∫ ∞

0
e−stf(t) dt =

∫ 3

0
e−stf(t) dt+

∫ ∞

3
e−stf(t) dt

=

∫ 3

0
e−ste2t dt+

∫ ∞

3
e−st · 1 dt =

∫ 3

0
e(2−s)t dt+

∫ ∞

3
e−st dt

=
e(2−s)t

2− s

∣∣∣∣∣
3

0

− e−st

s

∣∣∣∣∞
3

=
1− e−3(s−2)

s− 2
+

e−3s

s
, s ̸= 2.

For s = 2 we have

F (2) =

∫ 3

0
e−2te2t dt+

∫ ∞

3
e−2t dt = 3 +

e−6

2
.

The integral diverges for s ≤ 0.

Therefore,

F (s) =


1− e−3(s−2)

s− 2
+

e−3s

s
, s ̸= 2,

3 +
e−6

2
, s = 2,

(s > 0).

A function as in the previous example is called piecewise continuous. More precisely, a function
f is piecewise continuous on an interval [a, b] if it is continuous except for a finite number of
points. A function is piecewise continuous on [0,∞) if it is piecewise continuous on [0, N ] for every
N > 0. A function f is called of exponential order α if there exist positive constants M and T
such that

|f(t)| ≤ Meαt for all t ≥ T.

Example 17.6. The function f defined on [−2, 2] by

f(t) =


−2, −2 ≤ t < −1,

0, −1 ≤ t < 0,

t, 0 ≤ t < 1,

2, 1 ≤ t ≤ 2

is piecewise continuous since it is discontinuous only at t = −1 and t = 1 (note that f is continuous
at t = 0).
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Figure 11. Graph of the piecewise-defined function

Example 17.7. The function
1

t
is not piecewise continuous on any interval containing the origin.

Example 17.8. The function f(t) = 3e2t cos(t) is of exponential order 2, with M = 3 and any T ,
because

|f(t)| = |3e2t cos(t)| ≤ 3e2t.

Example 17.9. The function f(t) = et
2
is not of exponential order α for any α. If it were, then

|f(t)| = |et2 | ≤ Meαt

for some α > 0 and M > 0, and all t ≥ T . Thus

et
2

eαt
≤ M.

But since this is supposed to hold for all t ≥ T , we can take the limit t → ∞, arriving at a
contradiction because

M ≥ lim
t→∞

et
2

eαt
= lim

t→∞
et

2−αt = +∞.

The basic idea of a piecewise discontinuous function is that it is allowed to “jump,” but not to have
“infinite jumps,” as 1

t does when t “passes through zero.” The idea of an exponential function of
order α is that it cannot grow faster than an ordinary exponential eαt.

The following theorem gives conditions for the existence of the Laplace transform, i.e., conditions
such that the integral defining the Laplace transform converges.

Theorem 17.10 (Conditions for existence of the Laplace transform). If f(t) is piecewise continuous
on [0,∞) and of exponential order α, then L{f}(s) = F (s) exists for s > α.

17.1. Properties of the Laplace transform.

L{f + g} = L{f}+ L{g}
L{cf} = cL{f}, c = constant

L{eatf(t)}(s) = L{f}(s− a)

L{f ′}(s) = sL{f} − f(0)

L{f ′′}(s) = s2L{f}(s)− sf(0)− f ′(0)

L{f (n)}(s) = snL{f}(s)− sn−1f(0)− sn−2f ′(0)− · · · − f (n−1)(0)

L{tnf(t)}(s) = (−1)n
dn

dsn
(
L{f}(s)

)
(See the textbook for a proof of these properties.)
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Example 17.11. Find L{e−tt sin(t)}.

Let f1(t) = sin(t). Then

L{f1}(s) =
1

s2 + 1
= F1(s).

Let f2(t) = t sin(t). By the above properties,

L{f2}(s) = L{t sin(t)}(s) = −dF1(s)

ds
= − d

ds

(
1

s2 + 1

)
=

2s

(s2 + 1)2
= F2(s).

Using again the properties,

L{e−tt sin(t)}(s) = L{e−tf2(t)}(s) = L{f2(t)}(s+ 1) = F2(s+ 1)

=
2(s+ 1)(

(s+ 1)2 + 1
)2 .

18. The inverse Laplace transform

We saw how to find the Laplace transform F (s) of a given function f(t). We now ask whether
we can do the “inverse” process, i.e., given F (s), find a f(t) such that L{f} = F .

Definition 18.1. Given a function F (s), if there is a function f(t) that is continuous on [0,∞)
and satisfies

L{f} = F,

then we say that f is the inverse Laplace transform of F and write

f = L−1{F}.

If every function f satisfying L{f} = F is discontinuous, then we can take any of them to be
the inverse Laplace transform of F (indeed, which one we take will be inconsequential for studying
DE) and still write

f = L−1{F}.

Example 18.2. Find L−1

{
27

s4

}
. Since L{tn} = n!

sn+1 , we see that

L−1

{
27

s4

}
= L−1

{
3!

s3+1

}
= t3.

Example 18.3. Find L−1

{
s− 1

s2 − 2s+ 5

}
.

Write
s− 1

s2 − 2s+ 5
=

s− 1

(s− 1)2 + 4
.

Using

L{cos(bt)} =
s

s2 + b2
and L{eatf(t)} = F (s− a),

we find

L−1

{
s− 1

s2 − 2s+ 5

}
= L−1

{
s− 1

(s− 1)2 + 4

}
= et cos(2t).
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A very important property of the inverse Laplace transform is that it is linear, i.e.,

L−1{c1F1 + c2F2} = c1L−1{F1}+ c2L−1{F2},

where c1 and c2 are constants.

We also have the properties

L−1{L{f}} = f and L{L−1{F}} = F.

Example 18.4. Find L−1

{
− s+ 7

s2 + s− 2

}
.

The function − s+7
s2+s−2

does not appear in our list of Laplace transforms, nor does it correspond
directly to one of the properties applied to a function in our list. But we can write

s2 + s− 2 = (s+ 2)(s− 2)

and try to split

− s+ 7

s2 + s− 2
=

−s− 7

(s+ 2)(s− 2)
=

A

s+ 1
+

B

s− 2
.

Applying partial fractions we find A = 2, B = −3, thus

− s+ 7

s2 + s− 2
=

2

s+ 1
− 3

s− 2
, so

L−1

{
− s+ 7

s2 + s− 2

}
= L−1

{
2

s+ 1

}
+ L−1

{
− 3

s− 2

}
= 2L−1

{
1

s+ 1

}
− 3L−1

{
1

s− 2

}
.

Since L{eat} = 1
s−a , we find

L−1

{
− s+ 7

s2 + s− 2

}
= 2e−t − 3e2t.

As the previous example illustrates, partial fractions are very useful to find the inverse Laplace
transform, so it is useful to briefly recall how to apply it.

18.1. The method of partial fractions. Let P (s) and Q(s) be polynomials and consider P (s)
Q(s) .

Case I. Q(s) can be factored as

Q(s) = (s− λ1)(s− λ2) · · · (s− λn),

where all λi’s are different. Then the partial fraction has the form:

P (s)

Q(s)
=

A1

s− λ1
+

A2

s− λ2
+ · · ·+ An

s− λn
,

where A1, . . . , An are real numbers to be determined.

Case II. Q(s) has a factor (s− λ)ℓ. Then, the corresponding portion of the partial fraction

A1

s− λ
+

A2

(s− λ)2
+ · · ·+ Aℓ

(s− λ)ℓ
,

where A1, . . . , Aℓ are real numbers to be determined.
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Case III. Q(s) has a quadratic factor (s − α)2 + β2 that cannot be reduced to real linear fac-
tors, with ℓ being the highest power of (s − α)2 + β2 that divides Q(s). Then, the corresponding
portion of the partial fraction is

A1(s− α) +B1

(s− α)2 + β2
+

A2(s− α) +B2(
(s− α)2 + β2

)2 + · · ·+ Aℓ(s− α) +Bℓ(
(s− α)2 + β2

)ℓ ,
where A1, . . . , Aℓ, B1, . . . , Bℓ are real numbers to be determined.

Example 18.5. Write the form of the partial fraction for

F (s) =
1

(s2 + s− 2)(s2 − 4s+ 13)2(s2 + 6s+ 9)2
.

Write

s2 + s− 2 = (s− 1)(s+ 2),

s2 − 4s+ 13 = (s− 2)2 + 32,

s2 + 6s+ 9 = (s+ 3)2,

thus
1

(s2 + s− 2)(s2 − 4s+ 13)2(s2 + 6s+ 9)2
=

1

(s− 1)(s+ 2)
(
(s− 2)2 + 9

)2
(s+ 3)4

.

The portion (s−1)(s+2) corresponds to Case I,
(
(s−2)2+9

)2
to Case III with ℓ = 2, and (s+3)4

to Case II with ℓ = 4. Thus

1

(s2 + s− 2)(s2 − 4s+ 13)2(s2 + 6s+ 9)2
=

A1

s− 1
+

A2

s+ 2
+

A3

s+ 3
+

A4

(s+ 3)2

+
A5

(s+ 3)3
+

A6

(s+ 3)4
+

A7(s− 2) +A8

(s− 2)2 + 32

+
A9(s− 2) +A10(
(s− 2)2 + 32

)2 .
19. Solving IVP with the Laplace transform

Let us go back to the example

x′′ + x = cos(3t), x(0) = 1, x′(0) = 0.

We found x(t) by multiplying the equation by e−st, integrating from 0 to ∞, finding X(s), and
finally identifying a function x(t) such that∫ ∞

0
e−stx(t) dt = X(s).

Now that we developed the Laplace transform, we see that what we did was to use the Laplace
transform to solve the IVP. Applying L, we converted the DE for x(t) into an algebraic equation
for X(s). After finding X(s), we found x(t) using L−1. Thus, repeating what we did before, but
now using the terminology of the Laplace transform, we have:

L{x′′ + x} = L{cos(3t)} =
s

s2 + 9
.

= L{x′′}+ L{x} = s2L{x} − sx(0)− x′(0)

by properties of the Laplace transform. Using x(0) = 1, x′(0) = 0, and denoting L{x}(s) = X(s):

s2X(s)− s+X(s) =
s

s2 + 9
.
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Thus

X(s) =
s

(s2 + 1)(s2 + 9)
+

s

s2 + 1
=

9

8

s

s2 + 1
− 1

8

s

s2 + 9
.

Applying L−1:

x(t) = L−1{X(s)} = L−1

{
9

8

s

s2 + 1
− 1

8

s

s2 + 9

}
=

9

8
L−1

{
s

s2 + 1

}
− 1

8
L−1

{
s

s2 + 9

}
=

9

8
cos(t)− 1

8
cos(3t).

The Laplace transform allows us to change the DE for x(t) into an algebraic (thus simpler)
equation for X(s).

DE for x(t)
usual methods for solving DE−→ solution x(t)

↓ L ↑ L−1

algebraic equation for X(s)
simple algebra to find X(s)−→ solution X(s)

19.1. Solving IVP with the Laplace transform.

(1) Take L of the DE.
(2) Use the properties of L and the I.C. to obtain an algebraic equation for X(s). Find X(s).
(3) Find x(t) by

x(t) = L−1{X(s)}.

Example 19.1. Solve the IVP below using Laplace transform.

x′′′ + 4x′′ + x′ − 6x = −12

x(0) = 1, x′(0) = 4, x′′(0) = −2.

L{x′′′ + 4x′′ + x′ − 6x} = L{−12} = −12

s
.

L{x′′′}+ 4L{x′′}+ L{x′} − 6L{x}.
Using

L{x′′′} = s3X(s)− s2x(0)− sx′(0)− x′′(0),

L{x′′} = s2X(s)− sx(0)− x′(0),

L{x′} = sX(s)− x(0),

L{x} = X(s),

we get:

s3X(s)− s2x(0)− sx′(0)− x′′(0) + 4
(
s2X(s)− sx(0)− x′(0)

)
+ sX(s)− x(0)− 6X(s) = −12

s
.

Substituting x(0) = 1, x′(0) = 4, and x′′(0) = −2:

s3X(s)− s2 − 4s+ 2 + 4(s2X(s)− s− 4) + sX(s)− 1− 6X(s) = −12

s
.

X(s)(s3 + 4s2 + s− 6) = −12

s
+ s2 + 8s+ 15 =

s3 + 8s2 + 15s− 12

s
.
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Thus

X(s) =
s3 + 8s2 + 15s− 12

s(s3 + 4s2 + s− 6)
.

We see that s = 1 is a root of s3 + 4s2 + s− 6, so

s3 + 4s2 + s− 6 = (s− 1)(s2 + 5s+ 6) = (s− 1)(s+ 2)(s+ 3).

Hence

X(s) =
s3 + 8s2 + 15s− 12

s(s− 1)(s+ 2)(s+ 3)
=

A

s
+

B

s− 1
+

C

s+ 2
+

D

s+ 3
.

Solving the partial fractions, we find

A = 2, B = 1, C = −3, D = 1.

So

X(s) =
2

s
+

1

s− 1
− 3

s+ 2
+

1

s+ 3
.

Therefore

x(t) = L−1X(s)}

= L−1

{
2

s
+

1

s− 1
− 3

s+ 2
+

1

s+ 3

}
= 2L−1

{
1

s

}
+ L−1

{
1

s− 1

}
− 3L−1

{
1

s+ 2

}
+ L−1

{
1

s+ 3

}
= 2 + et − 3e−2t + e−3t.

Example 19.2. Use Laplace transform to solve

x′′ − 2x′ + x = 6t− 2, x(−1) = 3, x′(−1) = 7.

This problem is not given with initial conditions at t = 0, which we need to use properties of the
Laplace transform. So we change variables:

y(t) = x(t− 1).

By the chain rule,

y′(t) = x′(t− 1), y′′(t) = x′′(t− 1).

Then

y(0) = x(−1), y′(0) = x′(−1).

Evaluating the equation at t− 1 (i.e., replacing t by t− 1):

x′′(t− 1)− 2x′(t− 1) + x(t− 1) = 6(t− 1)− 2 = 6t− 8, so

so

y′′(t)− 2y′(t) + y(t) = 6t− 8, y(0) = 3, y′(0) = 7.

Then

L{y′′} − 2L{y′}+ L{y} = L{6t− 8} =
6

s2
− 8

s
.

Thus

s2Y (s)− sy(0)− y′(0)− 2
(
sY (s)− y(0)

)
+ Y (s) =

6

s2
− 8

s
.

Substituting y(0) = 3 and y′(0) = 7:

(s2 − 2s+ 1)Y (s) =
6

s2
− 8

s
+ 3s+ 1 =

3s3 + s2 − 8s+ 6

s2
.
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Since s2 − 2s+ 1 = (s− 1)2, we get

Y (s) =
3s3 + s2 − 8s+ 6

s2(s− 1)2
=

A

s
+

B

s2
+

C

s− 1
+

D

(s− 1)2
.

We find

A = 4, B = 6, C = −1, D = 2.

Then

Y (s) =
4

s
+

6

s2
− 1

s− 1
+

2

(s− 1)2
.

Therefore

Y (t) = 4L−1

{
1

s

}
+ 6L−1

{
1

s2

}
− L−1

{
1

s− 1

}
+ 2L−1

{
1

(s− 1)2

}
= 4 + 6t− et + 2tet.

Since y(t) = x(t− 1), we have

x(t) = y(t+ 1),

so

x(t) = 4 + 6(t+ 1)− et+1 + 2(t+ 1)et+1

= 10 + 6t+ et+1 + 2tet+1.

Remark 19.3. In the above example, once we decompose Y (s) into partial fractions

Y (s) =
3s3 + s2 − 8s+ 6

s2(s− 1)2
=

A

s
+

B

s2
+

C

s− 1
+

D

(s− 1)2
,

we can find y(t) except for the values of A, B, C, and D, as

Y (t) = L−1{Y (s)} = AL−1

{
1

s

}
+BL−1

{
1

s2

}
+ CL−1

{
1

s− 1

}
+DL−1

{
1

(s− 1)2

}
= A+Bt+ Cet +Dtet.

Since the process of determining A, B, C, and D is a simple but tedious algebraic computation, you
may be asked to solve a problem using the Laplace transform without determining the constants
of partial fractions, leaving them indicated, as above.

Using the Laplace transform when the initial conditions are not given at t0 = 0

As in the previous example, if the initial conditions are given at t0 ̸= 0, we need to make a
change of variables before applying L, as follows:

1. Define y(t) = x(t+ t0), so that y(0) = x(t0).

2. Compute y′(t) = x′(t+ t0), y′′(t) = x′′(t+ t0), . . .

3. Find the initial conditions for y: y(0) = x(t0), y′(0) = x′(t0), . . .

4. Evaluate the DE at t+ t0, i.e., replace t by t+ t0 in the DE, including in x(t), x′(t), . . .

5. Replace x(t+ t0), x
′(t+ t0), . . . by y(t), y′(t), . . . in the DE.

6. Use the Laplace transform to find y(t).

7. Find x(t) by x(t) = y(t− t0).

Remark 19.4. It is recommended that students understand the above steps rather than memorize
them.
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20. Laplace transform of discontinuous and periodic functions

The Laplace transform will allow us to solve DE with discontinuous terms. This is important to
model, for instance, an electric circuit with an “on-off” switch.

t

current

t0

Figure 12. ”On-off Model

We will use the following three important discontinuous functions:

20.1. Step function.

u(t) =

{
0, t < 0,

1, t > 0.

t

1

Figure 13. Step function

20.2. Shifted step function.

ua(t) = u(t− a) =

{
0, t < a,

1, t > a.

t
a

1

Figure 14. Shifted step function
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20.3. Rectangular window function.

Πa,b(t) = u(t− a)− u(t− b) =


0, t < a,

1, a < t < b,

0, t > b.

t
a b

1

Figure 15. Rectangular window function

Using these functions we can write a given discontinuous function with a simple equation.

Example 20.1. The function

g(t) =

{
1
2 , 0 < t < 2,

t+ 1, t > 2,

can be written as

g(t) =
1

2
Π0,2(t) + (t+ 1)u(t− 2).

t

1
2

2

3

Figure 16. Composite step functions

20.4. Laplace Transform of Discontinuous Functions. For the function u(t−a) defined above,

L{u(t− a)}(s) = e−as

s
, s > 0, a ≥ 0.

If F (s) = L{f}(s) exists for s > a ≥ 0, then

L{f(t− a)u(t− a)} = e−asF (s),

and
L−1{e−asF (s)} = f(t− a)u(t− a).

Remark 20.2. From the Laplace transform of u(t− a), we find

L{Πa,b(t)} = L{u(t− a)} − L{u(t− b)} =
e−as − e−bs

s
.
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Example 20.3. Find the Laplace transform of

g(t) =

{
1
2 , 0 < t < 2,

t+ 1, t > 2.

First, we write g(t) as (see example above)

g(t) =
1

2
Π0,2(t) + (t+ 1)u(t− 2).

Taking Laplace transforms,

L{g(t)} =
1

2
L{Π0,2(t)}+ L{(t+ 1)u(t− 2)}.

For the first term,

L{Π0,2(t)} =
1− e−2s

s
.

For the second term, we use the shifting property

L{f(t− a)u(t− a)} = e−asF (s),

with a = 2. But for this, the function multiplying u(t − a) (i.e., t + 1 in our case) has to be a
function of t− 2. So we write

t+ 1 = (t− 2) + 3

and consider the function

f(t) = t+ 3 ⇒ f(t− 2) = t+ 1.

Hence (t+ 1)u(t− 2) = f(t− 2)u(t− 2) and we find

L{(t+ 1)u(t− 2)} = L{f(t− 2)u(t− 2)} = e−2sF (s),

where F (s) is the Laplace transform of f(t) (and not the laplace transform of t+ 1). We find

L{f(t)} = L{t+ 3} = L{t}+ 3L{1} =
1

s2
+

3

s
.

Thus,

L{(t+ 1)u(t− 2)} = e−2s

(
1

s2
+

3

s

)
.

Combining the above calculations,

L{g(t)} =
1

2
· 1− e−2s

s
+ e−2s

(
1

s2
+

3

s

)
.

20.5. General Procedure. The above example illustrates a general procedure to compute L{z(t)u(t−
a)}, namely:

1. Write

z(t)u(t− a) = z(t− a+ a)u(t− a).

2. Define

f(t) = z(t+ a), so that f(t− a) = z((t− a) + a) = z(t− a+ a) = z(t).

3. Compute

L{z(t)u(t− a)} = L{f(t− a)u(t− a)} = e−asF (s),

where F (s) is the Laplace transform of f(t) (and not of z(t)).

Remark 20.4. It is recommended that students understand these steps rather than memorize
them.
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20.6. Laplace Transform of Periodic Functions.

Definition 20.5. A function f(t) is called periodic if there exists a T > 0 such that

f(t+ T ) = f(t)

for all t in the domain of f . The smallest such T is called the period of f .

Remark 20.6. Informally, a function is periodic if it “repeats itself.”

Example 20.7. cos(t) is periodic since

cos(t+ 2π) = cos(t), cos(t+ 4π) = cos(t), . . .

The period is 2π because it is the smallest value with this property.

Example 20.8. The function below has period 2.

t
-3 -2 -1 1 2 3

Figure 17. A periodic function with period 2.

Remark 20.9. A periodic function need not be continuous, as the previous example shows.

Remark 20.10. To specify a periodic function, it suffices to define it over a single period. I.e.,
one period of the function contains all its information.

Example 20.11. Graph the function

f(t) =

{
−3, 0 < t < 2,

3, −2 < t < 0,

where f(t) has period 4.

t
-6 -4 -2 2 4 6

3

-3

Figure 18. A periodic function with period 4, defined piecewise over one period.
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Remark 20.12. Note that a periodic function need not be defined for all t. E.g., the function
above is not defined for even t.

Because all information of a periodic function is contained in one period, it is convenient to
introduce a function that is not zero only over the corresponding period, as well as its Laplace
transform. Thus, if f(t) has period T , we define

fT (t) = f(t)Π0,T (t) =

{
f(t), 0 < t < T,

0, otherwise.

The Laplace transform of fT (t) is

FT (s) =

∫ ∞

0
e−stfT (t) dt =

∫ T

0
e−stf(t) dt.

20.7. Relation between F (s) and FT (s). We have the following:

F (s) =
FT (s)

1− e−sT
.

Example 20.13. Find FT (s) for f(t) = cos(t).

In this case T = 2π and F (s) = L{cos(t)}(s) = s
s2+1

. Then

F2π(s) = (1− e−2πs)
s

s2 + 1
.

21. Other tools for computing the Laplace transform

For functions that admit a Taylor expansion, we can use the linearity of L and the formula

L{tn}(s) = n!

sn+1

to compute the Laplace transform.

Example 21.1. Find L{f} for

f(t) =


sin(t)

t
, t > 0,

1, t = 0.

Because limt→0
sin(t)

t = 1, we have that f(t) is continuous on [0,∞). Moreover, f(t) is of exponen-
tial order. Thus, L{f} is well defined.

Using the Taylor series for sin(t):

sin(t)

t
=

1

t

(
t− t3

3!
+

t5

5!
− · · ·

)
= 1− t2

3!
+

t4

5!
− · · · , t > 0.

Since f(0) = 1 and

lim
t→0

(
1− t2

3!
+

t4

5!
− · · ·

)
= 1,

the expansion also represents f(t) for t = 0. Then,

L{f(t)} = L
{
1− t2

3!
+

t4

5!
− · · ·

}
= L{1} − 1

3!
L{t2}+ 1

5!
L{t4} − · · ·

=
1

s
− 2!

3!

1

s3
+

4!

5!

1

s5
− · · ·
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=
1

s
− 1

3s3
+

1

5s5
− · · ·

= arctan

(
1

s

)
,

where in the last step we used arctan(x) = x− 1
3x

3 + 1
5x

5 − · · · with x = 1
s .

An important function whose Laplace transform we have not yet studied is the power function
tr. When r = n is a nonnegative integer, we have seen that

L{tn} =
n!

sn+1
.

To compute L{tr} we need a generalization of the factorial for non-integer numbers.

Definition 21.2. The gamma function Γ(r) is defined by

Γ(r) =

∫ ∞

0
e−ttr−1 dt, r > 0.

It can be showed that the above integral converges for r > 0.

To evaluate Γ(r) for a given value of r, we have to perform the above integral. Some values
of Γ(r) are:

Γ(1) = 1, Γ
(
3
2

)
=

√
π

2
, Γ(2) = 1,

Γ
(
5
2

)
=

3
√
π

4
, Γ(3) = 2, Γ(4) = 6.

Two important properties of Γ(r) are:

1. Γ(r + 1) = rΓ(r)
2. Γ(n+ 1) = n!, where n is a non-negative integer.

We can now state the Laplace transform of tr:

L{tr}(s) = Γ(r + 1)

sr+1
, r > −1.

Note that when r = n, we obtain

L{tn} =
Γ(n+ 1)

sn+1
=

n!

sn+1
,

agreeing with the previous formula for the Laplace transform of tn.

Example 21.3. Find L{t5/2e3t}.

By properties of the Laplace transform:

L{t5/2e3t} = L{t5/2}(s− 3).

But

L{t5/2} =
Γ
(
5
2 + 1

)
s7/2

.

Using properties of Γ(r), we find

Γ

(
5

2
+ 1

)
=

5

2
Γ

(
5

2

)
=

5

2
· 3

√
π

4
=

15
√
π

8
,

where we used the given value of Γ
(
5
2

)
above. Thus

L{t5/2e3t} =
15
√
π

8
· 1

(s− 3)7/2
.
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22. Convolution

Suppose L{f}(s) = F (s) and L{g}(s) = G(s). How do we find L−1{F (s)G(s)}? The first thing
to point out is that

L−1{F (s)G(s)} ≠ L−1{F (s)}L−1{G(s)}.
In order to answer the question, we need the following.

Definition 22.1. Let f and g be continuous on [0,∞). The convolution of f and g, denoted
f ∗ g, is defined by

(f ∗ g)(t) =
∫ t

0
f(t− v)g(v) dv.

Example 22.2. Find the convolution of t and t2.

t ∗ t2 =
∫ t

0
(t− v)v2 dv =

∫ t

0
(tv2 − v3) dv

=
tv3

3

∣∣∣t
0
− v4

4

∣∣∣t
0
=

t4

3
− t4

4
=

t4

12
.

22.1. Properties of the convolution.

(a) f ∗ g = g ∗ f
(b) f ∗ (g + h) = f ∗ g + f ∗ h
(c) (f ∗ g) ∗ h = f ∗ (g ∗ h)
(d) f ∗ 0 = 0

We can now answer what L−1{F (s)G(s)} is.

Theorem 22.3 (Convolution theorem). Let f and g be piecewise continuous and of exponential
order. Set F (s) = L{f}(s), G(s) = L{g}(s). Then

(a) L{f ∗ g}(s) = F (s)G(s)
(b) L−1{F (s)G(s)}(t) = (f ∗ g)(t).

Example 22.4. Use convolution to find L−1
{

1
(s2+1)2

}
.

Since L−1
{

1
s2+1

}
= sin t, we have that

L−1

{
1

(s2 + 1)2

}
= L−1

{
1

s2 + 1
· 1

s2 + 1

}
= sin t ∗ sin t.

Now we compute

sin t ∗ sin t =
∫ t

0
sin(t− v) sin(v) dv.

Recalling that cos(A±B) = cosA cosB ∓ sinA sinB, so that

sinA sinB =
cos(B −A)− cos(A+B)

2
,

we find, with A = t− v, B = v:

sin t ∗ sin t = 1

2

∫ t

0
(cos(2v − t)− cos t) dv

=
1

2

[
sin(2v − t)

2

]t
0

− 1

2
v cos t

∣∣∣t
0

=
sin t− t cos t

2
.
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We will now see a very useful application of convolutions.

Consider the IVP:
ax′′ + bx′ + cx = f(t),

x(0) = X0, x′(0) = X1,

where a, b, c are constants, a ̸= 0, X0, X1 are given numbers and f(t) is a given function. To solve
this IVP, we begin noticing that by the superposition principle, we can write

x = y + z,

where y and z are solutions to, respectively,

ay′′ + by′ + cy = f(t), y(0) = 0, y′(0) = 0

az′′ + bz′ + cz = 0, z(0) = X0, z′(0) = X1.

We have already learned that z(t) can be found using the characteristic equation, so let us focus
on y(t). Taking the Laplace transform, we find

aL{y′′}+ bL{y′}+ cL{y} = L{f}

a(s2Y (s)− s y(0)︸︷︷︸
=0

− y′(0)︸︷︷︸
=0

) + b(sY (s)− y(0)︸︷︷︸
=0

) + cY (s) = F (s)

a(s2Y (s)) + b(sY (s)) + cY (s) = F (s)

so
(as2 + bs+ c)Y (s) = F (s),

or

Y (s) =
F (s)

as2 + bs+ c
.

Consider

H(s) =
1

as2 + bs+ c
.

Its inverse Laplace transform, denoted h(t), is called the impulse response function of DE, i.e.,

h(t) = L−1{H(s)} = L−1

{
1

as2 + bs+ c

}
.

Since L−1{F (s)} = f(t), we have

y(t) = L−1

{
F (s)

as2 + bs+ c

}
= L−1{H(s)F (s)} = h(t) ∗ f(t).

Therefore the solution x(t) is given by

x(t) = h(t) ∗ f(t) + z(t) =

∫ t

0
h(t− σ)f(σ) dσ + z(t).

This formula is useful because z(t) is easy to find, while, for a given DE, h(t) needs to be computed
only once. In other words, h(t) does not involve f(t); it only depends on a, b, and c by the simple
formula

h(t) = L−1

{
1

as2 + bs+ c

}
.

Then, if we want to solve the same DE but with different f(t) terms, all we need to do is to plug
f(t) into the above formula. Moreover, changing the initial conditions will only affect z(t), which,
as said, is not difficult to find.
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As another application of convolutions, let us show how they can be used to solve equations that
are more general than DE.

Example 22.5. Find y(t) such that

y′(t) = 1−
∫ t

0
y(t− v)e−2v dv, y(0) = 1.

An equation of this type is known as an integro-differential equation. To solve it, write it as

y′(t) = 1− y(t) ∗ e−2t,

and apply L:
L{y′(t)} = L{1} − L{y(t) ∗ e−2t}

sY (s)− y(0)︸︷︷︸
=1

=
1

s
− Y (s)

1

s+ 2
,

where we used L{f ∗ g} = F (s)G(s) and L{e−2t} = 1
s+2 . Thus(

s+
1

s+ 2

)
Y (s) =

1

s
+ 1,

which gives
s2 + 2s+ 1

s+ 2
Y (s) =

s+ 1

s
,

or yet

Y (s) =
(s+ 2)(s+ 1)

s(s2 + 2s+ 1)
=

(s+ 2)(s+ 1)

s(s+ 1)2
=

s+ 2

s(s+ 1)
=

2

s
− 1

s+ 1
,

where we used partial fractions in the last step. Then

y(t) = L−1{Y (s)} = L−1

{
2

s

}
− L−1

{
1

s+ 1

}
= 2− e−t.

Let us now prove the formula L{f∗g} = F (s)G(s) (the other convolution formula, L−1{F (s)G(s)} =
f ∗ g, follows from this one). Write:

f ∗ g(t) =
∫ t

0
f(t− v)g(v) dv, so

Because this integral is only between 0 and t, we can write it as∫ t

0
f(t− v)g(v) dv =

∫ t

0
f(t− v)g(v) dv +

∫ ∞

t
0 · f(t− v)g(v) dv

=

∫ t

0
1 · f(t− v)g(v) dv +

∫ ∞

t
0 · f(t− v)g(v) dv.

Since u(t− v) = 1 for t > v, we can replace 1 by u(t− v) in the first integral (because 0 < v < t in
the first integral). Similarly, since u(t− v) = 0 for t < v, we can replace 0 by u(t− v) in the second
integral (because v > t in the second integral). Thus,∫ t

0
f(t− v)g(v) dv =

∫ t

0
u(t− v)f(t− v)g(v) dv +

∫ ∞

t
u(t− v)f(t− v)g(v) dv

=

∫ ∞

0
u(t− v)f(t− v)g(v) dv.
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Next, we compute:

L{f ∗ g(t)} =

∫ ∞

0
e−st(f ∗ g)(t) dt =

∫ ∞

0
e−st

(∫ t

0
f(t− v)g(v) dv

)
dt.

Using the above expression for
∫ t
0 f(t− v)g(v) dv:

L{f ∗ g(t)} =

∫ ∞

0
e−st

(∫ ∞

0
u(t− v)f(t− v)g(v) dv

)
dt

=

∫ ∞

0

∫ ∞

0
e−stu(t− v)f(t− v)g(v) dv dt.

Now we change the order of integration:

=

∫ ∞

0

∫ ∞

0
e−stu(t− v)f(t− v)g(v) dt dv

=

∫ ∞

0

(∫ ∞

0
e−stu(t− v)f(t− v)g(v) dt

)
dv.

Since the second integral is in t and g(v) does not depend on t, we can move it outside:

=

∫ ∞

0
g(v)

(∫ ∞

0
e−stu(t− v)f(t− v) dt

)
dv.

=

∫ ∞

0
g(v) e−svF (s) dv

= F (s)

∫ ∞

0
e−svg(v) dv

= F (s)G(s).

23. The Delta Function

In many situations, it is important to describe a situation where a function is very large over a
small period of time or length of space.

t
t0

Figure 19. Delta function around t0.

With this goal in mind, consider the functions fa that depend on the parameter a:

fa(t) =

{
1
a , −a

2 < t < a
2 ,

0, otherwise.
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t
−a

2
a
2

1
a

Figure 20. The function fa(t) with height 1
a and width a.

Note that ∫ +∞

−∞
fa(t) dt = 1

for any value of a. If we consider

lim
a→0+

fa(t),

we find

lim
a→0+

fa(t) =

{
∞, t = 0,

0, t ̸= 0.

We see that the limit lima→0+ fa is not, strictly speaking, a function. But if we insist in treating it
as a function, we could write

lim
a→0+

fa(t) = δ(t),

where

δ(t) =

{
∞, t = 0,

0, otherwise
and

∫ +∞

−∞
δ(t) dt = 1.

It can be showed that no function can satisfy both criteria (e.g., it can be showed that if a

function f(t) is such that f(t) = 0 for all t ̸= 0, then necessarily
∫ +∞
−∞ f(t) dt = 0, regardless of the

value of f(0)). But it is still useful to treat δ(t) satisfying the above properties as a function. We
think of δ(t) as representing some sort of limiting process (e.g., a → 0+ as above), although the
limit object itself (i.e., δ(t)) is not a function.

Remark 23.1. The object δ(t) is something more general than a function, called a distribution.
We do not have in this course all background necessary to precisely define distributions, and for
the remainder of the course we will continue to refer to δ(t) and manipulate it as a function.

The reason why we do not need to worry too much about δ(t) not being a function is that in
practice it will always appear in expressions such as∫ +∞

−∞
f(t)δ(t) dt,

where f(t) is continuous. Such integrals are well defined, as we now illustrate:∫ +∞

−∞
f(t)δ(t) dt = lim

a→0+

∫ +∞

−∞
f(t)fa(t) dt =

1

a

∫ a/2

−a/2
f(t) dt.

Because f(t) is continuous, it has a maximum value for some tM ∈
[
−a

2 ,
a
2

]
and some minimum

value for some tm ∈
[
−a

2 ,
a
2

]
(this would not be true if f(t) were not continuous; take, e.g., the

function 1/t).
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t
−a

2
a
2

tµ

tm

Figure 21. f(t) continuous on
[
−a

2 ,
a
2

]
showing maximum and minimum values.

Thus
f(tm) ≤ f(t) ≤ f(tµ)

for all t ∈
[
−a

2 ,
a
2

]
. Therefore

1

a

∫ a/2

−a/2
f(t) dt ≤ 1

a

∫ a/2

−a/2
f(tµ) dt =

f(tµ)

a

∫ a/2

−a/2
dt = f(tµ),

1

a

∫ a/2

−a/2
f(t) dt ≥ 1

a

∫ a/2

−a/2
f(tm) dt =

f(tm)

a

∫ a/2

−a/2
dt = f(tm).

Hence,

f(tm) ≤ 1

a

∫ a/2

−a/2
f(t) dt ≤ f(tµ).

Because tm, tµ ∈
[
−a

2 ,
a
2

]
, when a → 0+ we must have tm → 0 and tµ → 0. Since f is continuous,

we then have f(tm) → f(0) and f(tµ) → f(0). Therefore, by the squeeze theorem we have:

lim
a→0+

1

a

∫ a/2

−a/2
f(t) dt = f(0).

We conclude that

lim
a→0+

∫ +∞

−∞
f(t)δ(t) dt = f(0)

for any continuous function f . This motivates the following.

Definition 23.2. The delta function δ(t) (also Dirac delta function) is characterized by the prop-
erties

δ(t) =

{
∞, t = 0,

0, t ̸= 0
and

∫ +∞

−∞
f(t)δ(t) dt = f(0)

for any function f(t) that is continuous on an open interval containing t = 0.

Remark 23.3. Again, we stress that δ(t) is not a function strictly speaking.

Shifting the argument of δ(t) we see that

δ(t− a) =

{
∞, t = a,

0, t ̸= a
and

∫ +∞

−∞
f(t)δ(t− a) dt = f(a).

The delta function provides a model for the type of functions we mentioned earlier, i.e., very large
over a small time interval. For instance, suppose we have a DE modeling a mechanical system with
an external force F (t):

ax′′ + bx′ + cx = F (t).



Disconzi 65

Suppose that F is zero except for a tiny time interval when it is very large. For example, F could
be the force of hitting the system with a hammer. In this case, the time over which the force acts
(i.e., the hammer touches the system) is so small that in practice we can say it happens at a single
time, say t = a. And since the force at t = a is so large compared to other forces acting on the
system, we can say that at t = a, we have F (a) = ∞. Thus, we can take F (t) = δ(t− a).

Since δ(t− a) is zero for t < a and for t > a, and∫ +∞

−∞
δ(t− a) dt = 1,

we conclude that ∫ t

−∞
δ(t− a) dt =

{
0, t < a,

1, t > a
= u(t− a),

because ∫ t

−∞
δ(t− a) dt =

∫ +∞

−∞
δ(t− a) dt−

∫ +∞

t
δ(t− a) dt = 1−

∫ +∞

t
δ(t− a) dt,

and the second integral is zero for t > a.

The function u(t − a) is not differentiable, but if we pretend it were and differentiate the above
equality and invoke the fundamental theorem of calculus, we would find

d

dt
u(t− a) = δ(t− a).

Although this formula is not quite correct (since u(t− a) is not differentiable and δ(t− a) is not a
function), it can be made mathematically sound using the theory of distributions mentioned earlier.
It is in any case interesting to interpret this formula: for t ̸= a, u(t−a) is constant so its derivative
should be zero. This is exactly what the above equality says since δ(t − a) = 0 for t ̸= a. But for
t = a, u(t − a) jumps instantaneously from zero to one, so its rate of change (i.e., its derivative)
should be infinite. Again, this is what the equality says since δ(t− a) = ∞ for t = a.

We now turn to the Laplace transform of δ(t− a). It is straightforward to compute:

L{δ(t− a)} =

∫ ∞

0
e−stδ(t− a) dt = e−as.

We also obtain
L−1{e−as} = δ(t− a).

In particular, with a = 0 we find
L−1{1} = δ(t).

We can now study DE involving δ(t− a).

Example 23.4. Solve the IVP
x′′ + x = δ(t− π),

x(0) = 0, x′(0) = 0.

Applying L, we find

s2X(s)− s x(0)︸︷︷︸
=0

−x′(0)︸ ︷︷ ︸
=0

+X(s) = L{δ(t− π)} = e−πs,

Thus

X(s) =
e−πs

s2 + 1
.
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Since

L−1

{
1

s2 + 1

}
= sin t, L−1{e−asF (s)} = f(t− a)u(t− a),

we find
x(t) = L−1{X(s)} = sin(t− π)u(t− π).

Recall that given a DE
ax′′ + bx′ + cx = f(t),

we defined the impulse response function by:

h(t) = L−1

{
1

as2 + bs+ c

}
.

h(t) can also be computed as a solution to the IVP

ay′′ + by′ + cy = δ(t),

y(0) = 0, y′(0) = 0.

Indeed, applying L we find
(as2 + bs+ c)Y (s) = L{δ(t)} = 1,

so that

Y (t) = L−1

{
1

as2 + bs+ c

}
= h(t).

24. Series solutions to DE

We will now study a method that produces solutions to DEs in the form of a power series. I.e.,
a solution will be given in the form

y(x) =
∞∑
n=0

anx
n.

Before discussing the method in detail, let us illustrate it with an example.

Example 24.1. Use power series to solve

y′′ + 4y = 0.

(Note that we can solve this equation with the methods we learned so far; but let us use power
series.)

We seek a solution in the form:

y(x) =
∞∑
n=0

anx
n.

Then

y′(x) =
∞∑
n=0

nanx
n−1.

Note that the first term in this series (corresponding to n = 0) is zero, so we can start the sum
from n = 1:

y′(x) =
∞∑
n=1

nanx
n−1.

Taking another derivative:

y′′(x) =

∞∑
n=1

n(n− 1)anx
n−2.
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Again, the first term in the sum vanishes so we can start at n = 2. Then

y′′(x) =

∞∑
n=2

n(n− 1)anx
n−2.

Plugging into the DE y′′ + 4y = 0, we have
∞∑
n=2

n(n− 1)anx
n−2 + 4

∞∑
n=0

anx
n = 0.

The first sum is a power series in xn−2. We want to write it as a power series in xn so that we can
combine it with the first sum. For this, we make the change of variables m = n− 2, so n = m+ 2.
Then

m+2=n→∞︷︸︸︷
∞∑

n = 2︸ ︷︷ ︸
m+2=2,m=0

n(n− 1)anx
n−2 =

∞∑
m=0

(m+ 2)(m+ 1)am+2x
m.

The DE becomes:
∞∑

m=0

(m+ 2)(m+ 1)am+2x
m + 4

∞∑
n=0

anx
n = 0.

But m in the first sum is a dummy index of summation, i.e., it only serves to label the terms in the
order first term, second term, etc., and we can label it any way we want. Thus we can call it n:

∞∑
n=0

(n+ 2)(n+ 1)an+2x
n + 4

∞∑
n=0

anx
n = 0.

We can now group both sums as
∞∑
n=0

[(n+ 2)(n+ 1)an+2x
n + 4anx

n] = 0,

or
∞∑
n=0

[(n+ 2)(n+ 1)an+2 + 4an]x
n = 0.

For this equality to hold, the coefficient of each xn has to vanish:

(n+ 2)(n+ 1)an+2 + 4an = 0.

Thus

an+2 = − 4an
(n+ 2)(n+ 1)

.

This recursively determines all coefficients an except a0 and a1:

n = 0 : a2 = − 4a0
2 · 1

,

n = 1 : a3 = − 4a1
3 · 2

,

n = 2 : a4 = − 4a2
4 · 3

= − 4

4 · 3

(
− 4

2 · 1

)
a0 =

42

4 · 3 · 2 · 1
a0,

n = 3 : a5 = − 4a3
5 · 4

= − 4

5 · 4

(
− 4

3 · 2

)
a1 =

42

5 · 4 · 3 · 2
a1,
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n = 4 : a6 = − 4a4
6 · 5

= − 4

6 · 5
42

4 · 3 · 2 · 1
a0 = − 43

6 · 5 · 4 · 3 · 2 · 1
a0,

n = 5 : a7 = − 4a5
7 · 6

= − 4

7 · 6
42

5 · 4 · 3 · 2
a1 = − 43

7 · 6 · 5 · 4 · 3 · 2
a1.

Continuing this way, we recognize the following patterns: for n even, in which case we can write
an (with n = 2, 4, 6, . . . ) as a2n (with n = 1, 2, 3, . . . ), we have

a2n =
(−1)n4n

(2n)!
a0 =

(−1)n22n

(2n)!
a0, n = 1, 2, . . .

For n odd, in which case we can write an (with n = 3, 5, 7, . . . ) as a2n+1 (with n = 0, 1, 2, . . . ), we
have

a2n+1 =
(−1)n4n

(2n+ 1)!
a1 =

(−1)n22n

(2n+ 1)!
a1 =

(−1)n22n+1

(2n+ 1)!

a1
2
.

The constants a0 and a1 are undetermined, i.e., they are arbitrary. Set c0 = a0, c1 =
a1
2 , so that c0

and c1 are also arbitrary constants. Then

y(x) =

∞∑
n=0

anx
n =

∞∑
n=0

n even

anx
n +

∞∑
n=0
n odd

anx
n

=
∞∑
n=0

(−1)n22n

(2n)!
a0x

2n +
∞∑
n=0

(−1)n22n+1

(2n+ 1)!

a1
2
x2n+1

= c0

∞∑
n=0

(−1)n(2x)2n

(2n)!
+ c1

∞∑
n=0

(−1)n(2x)2n+1

(2n+ 1)!

= c0 cos(2x) + c1 sin(2x).

Remark 24.2. Above, we recognized the series y(x) as a sum of sin(2x) and cos(2x). In particular,
the series converges. But we investigate convergence directly. Let us use the ratio test. Then, for
the even terms∣∣∣∣(−1)n+122n+2x2n+2/(2n+ 2)!

(−1)n22nx2n/(2n)!

∣∣∣∣ = 22|x|2

(2n+ 2)(2n+ 1)
→ 0 as n → ∞,

and for the odd terms:∣∣∣∣(−1)n+122n+3x2n+3/(2n+ 3)!

(−1)n22n+1x2n+1/(2n+ 1)!

∣∣∣∣ = 22|x|2

(2n+ 3)(2n+ 2)
→ 0 as n → ∞,

and we conclude that the series converges with a radius of convergence R = ∞.

24.1. Brief review of power series.

Definition 24.3. A power series centered at x0 (also a power series about x0, or power
series or simply series) where x0 is a fixed number, is an expression of the form

∞∑
n=0

an(x− x0)
n,

where the infinite sum is understood as the limit

lim
N→∞

N∑
n=0

an(x− x0)
n
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(which may or may not converge). The sums

N∑
n=0

an(x− x0)
n

are called the partial sums of the series. We say that the series converges at x = c if the limit

lim
N→∞

N∑
n=0

an(c− x0)
n

exists, and that the series diverges at x = c otherwise (note that a power series always converges
at x = x0).

The power series is called absolutely convergent if
∞∑
n=0

|an(x− x0)
n|

converges.

Theorem 24.4. Given a power series
∞∑
n=0

an(x− x0)
n,

there exists an R ≥ 0 such that the series converges absolutely for x such that |x − x0| < R and
diverges for |x−x0| > R. If the series converges for all x, we write R = ∞. R is called the radius
of convergence of the series.

Note that R = 0 if a series converges only for x = x0. The theorem does not say anything about
what happens when |x− x0| = R.

x
x0x0 −R x0 +R

converges
diverges diverges

theorem gives
no information

theorem gives
no information

Figure 22. A power series centered at x0 converges absolutely for |x−x0| < R and
diverges for |x− x0| > R, while the theorem gives no information at the endpoints
x = x0 ±R.

Remark 24.5. If a series converges absolutely, then it is convergent. I.e., if x is such that
∞∑
n=0

|an(x− x0)
n|

converges then
∞∑
n=0

an(x− x0)
n

converges as well. The converse is not true (e.g.,
∞∑
n=1

(−1)n

n
xn
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converges at x = 1, but
∞∑
n=1

∣∣∣∣(−1)n

n
xn
∣∣∣∣

diverges).

When a series converges/diverges (for certain x) we call it convergent/divergent. The largest
interval about x0 such that the series converges for all points on the interval is called the interval
of convergence (also the convergence set). Thus, the interval of convergence may or may not
include the endpoints where |x− x0| = R.

Example 24.6. Below are some series with their x0, radius and interval of convergence:

∞∑
n=0

xn

n!
, x0 = 0, R = ∞, (−∞,∞).

∞∑
n=0

(x− 2)n, x0 = 2, R = 1, (1, 3).

x
1 x0 = 2 3

converges

diverges diverges

Figure 23. The power series
∑∞

n=0(x − 2)n is centered at x0 = 2, has radius of
convergence R = 1, and interval of convergence (1, 3).

∞∑
n=0

n!xn, x0 = 0, R = 0, {0}.

∞∑
n=0

2n

n
(4x− 8)n, x0 = 2, R =

1

8
,

[
15

8
,
17

8

)
.

x
15
8

x0 = 2 17
8

converges
converges

diverges

Figure 24. The power series
∑∞

n=0
2n

n (4x − 8)n is centered at x0 = 2, has radius

of convergence R = 1
8 , and interval of convergence

[
15
8 ,

17
8

)
.

The following is a very useful criterion for determining the radius of convergence.
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24.2. Ratio test. Consider the series
∞∑
n=0

cn,

where the cn’s are real numbers. Suppose that

lim
n→∞

∣∣∣∣cn+1

cn

∣∣∣∣ = L.

Then the series converges absolutely if L < 1, and diverges if L > 1. If L = 1 or if the limit does
not exist, then the test is inconclusive.

To apply this to power series, we use the test with

cn = an(x− x0)
n.

Example 24.7. Determine the radius of convergence of
∞∑
n=0

(−3)n

n+ 2
(x− 1)n.

We put

cn =
(−3)n

n+ 2
(x− 1)n

and compute

lim
n→∞

∣∣∣∣cn+1

cn

∣∣∣∣ = lim
n→∞

∣∣∣∣(−3)n+1(x− 1)n+1

n+ 3
· n+ 2

(−3)n(x− 1)n

∣∣∣∣ = lim
n→∞

3(n+ 2)|x− 1|
n+ 3

= 3|x− 1|.

So in this case L = 3|x− 1|. We want L < 1, so

3|x− 1| < 1 ⇒ |x− 1| < 1

3
.

So the radius of convergence is 1
3 , i.e., the series converges for

|x− 1| < 1

3

and diverges for x such that |x− 1| > 1
3 .

Information about the radius of convergence, thus in particular information derived from the
ratio test as in the above example, does not tell us what happens at the endpoints, i.e., for x such
that |x− x0| = R. For this we need to investigate the endpoints directly.

Example 24.8. Determine the interval of convergence of
∞∑
n=0

(−3)n(x− 1)n

n+ 2
.

We already know from the previous example that R = 1
3 . Thus the endpoints, i.e., the points such

that |x− 1| = R, are

x =
4

3
and x =

2

3
.

Plugging x = 4
3 , we find:

∞∑
n=0

(−3)n
(
4
3 − 1

)n
n+ 2

=

∞∑
n=0

(−3)n
(
1
3

)n
n+ 2

=

∞∑
n=0

(−1)n

n+ 2
.
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Using the alternating series test from calculus, we see that this series converges. Thus x = 4
3

belongs to the interval of convergence.

Plugging x = 2
3 , we find:

∞∑
n=0

(−3)n
(
2
3 − 1

)n
n+ 2

=

∞∑
n=0

(−3)n
(
−1

3

)n
n+ 2

=

∞∑
n=0

1

n+ 2
.

Using the integral test from calculus, we see that this series diverges. Thus x = 2
3 does not belong

to the interval of convergence. We conclude that the interval of convergence is
(
2
3 ,

4
3

]
.

Remark 24.9. If the radius of convergence is R > 0, we know that the series always converges
absolutely for |x−x0| < R. But at the endpoints, i.e., for |x−x0| = R, even if the series converges,
it may not converge absolutely. E.g., in the previous example the series converges at x = 4

3 , but it
does not converge absolutely since

∞∑
n=0

∣∣∣∣∣(−3)n
(
4
3 − 1

)n
n+ 2

∣∣∣∣∣ =
∞∑
n=0

∣∣∣∣(−1)n

n+ 2

∣∣∣∣ = ∞∑
n=0

1

n+ 2

diverges.

Example 24.10. Find the interval of convergence of
∞∑
n=0

2−n

n+ 1
(x− 1)n.

We first find R:

lim
n→∞

∣∣∣∣∣2−(n+1)(x− 1)n+1

n+ 2
· n+ 1

2−n(x− 1)n

∣∣∣∣∣ = lim
n→∞

1

2

n+ 1

n+ 2
|x− 1| = 1

2
|x− 1|.

We want this to be less than 1:
1

2
|x− 1| < 1 ⇒ |x− 1| < 2.

So R = 2. Test the endpoints |x− 1| = 2, i.e., x = 3 and x = −1.
x = 3:

∞∑
n=0

2−n(3− 1)n

n+ 1
=

∞∑
n=0

1

n+ 1
,

which diverges (by the integral test).
x = −1:

∞∑
n=0

2−n(−1− 1)n

n+ 1
=

∞∑
n=0

(−1)n

n+ 1
,

which converges (by the alternating series test).

Thus the interval of convergence is

[−1, 3).

Let us look again at the ratio test. We have:

lim
n→∞

∣∣∣∣cn+1

cn

∣∣∣∣ = lim
n→∞

∣∣∣∣an+1(x− x0)
n+1

an(x− x0)n

∣∣∣∣ = lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ |x− x0|

= |x− x0| lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣
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For convergence, we want this limit to be less than one, so:

|x− x0| lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ < 1 ⇒ |x− x0| <
1

limn→∞

∣∣∣an+1

an

∣∣∣ .
But because we are assuming the limit to exist (otherwise the ratio test could not be used in the
first place), we have

1

limn→∞

∣∣∣an+1

an

∣∣∣ = lim
n→∞

1∣∣∣an+1

an

∣∣∣ = lim
n→∞

∣∣∣∣ an
an+1

∣∣∣∣ .
And our condition becomes

|x− x0| < lim
n→∞

∣∣∣∣ an
an+1

∣∣∣∣ ,
which tells us that the radius of convergence is

R = lim
n→∞

∣∣∣∣ an
an+1

∣∣∣∣ .
Summarizing:

Ratio test (part 2). The radius of convergence of
∞∑
n=0

an(x− x0)
n

is given by

R = lim
n→∞

∣∣∣∣ an
an+1

∣∣∣∣ .
Warning. In the first version of the ratio test, as we originally stated above, we compute the

limit involving “n+1 divided by n” and the limit is not the radius of convergence; we still have to
solve for |x − x0| < · · · , as in the above example. In the second (part 2) version of the ratio test,
we compute a limit involving “n divided by n + 1” (rather than “n + 1 divided by n” as before),
and the answer is the radius of convergence.

24.3. Properties of power series. Suppose that

f(x) =
∞∑
n=0

an(x− x0)
n and g(x) =

∞∑
n=0

bn(x− x0)
n

have radius of convergence R > 0. Then, for |x− x0| < R:

(a)

f ′(x) =

∞∑
n=0

nan(x− x0)
n−1

(b) ∫
f(x) dx =

∞∑
n=0

an
n+ 1

(x− x0)
n+1 + C

(c)
f(x) = 0 for all x ∈ (x0 −R, x0 +R) iff an = 0 for all n

(d)

f(x)g(x) =

∞∑
n=0

cn(x− x0)
n, where cn =

n∑
j=0

ajbn−j

Because we will be dealing with power series, it is important to distinguish functions that can
be written as a power series. This is the purpose of the next definition.
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Definition 24.11. A function f is said to be analytic at x0 if, in an open interval about x0, f
equals a power series

∞∑
n=0

an(x− x0)
n

that has a positive radius of convergence. In other words, there exists R > 0 such that for all
x ∈ (x0 −R, x0 +R),

f(x) =
∞∑
n=0

an(x− x0)
n.

When a function is analytic at x0 for any x0, we say simply that it is analytic. If it is analytic at
every point in an open interval (a, b), we say that it is analytic on (a, b).

When we express a given function as a power series, i.e., given f(x) we find

∞∑
n=0

an(x− x0)
n such that f(x) =

∞∑
n=0

an(x− x0)
n,

we call this a power series representation (about x0) of f(x).

Example 24.12. The functions ex, cosx, and sinx are analytic. For x0 = 0 we have

ex =
∞∑
n=0

xn

n!
, cosx =

∞∑
n=0

(−1)n

(2n)!
x2n, sinx =

∞∑
n=0

(−1)n

(2n+ 1)!
x2n+1.

These expressions are valid for any x, i.e., R = ∞.

It is important to note that the power series representation changes with x0. For example, re-
placing x by x− 2 in ex:

ex−2 =
∞∑
n=0

(x− 2)n

n!
,

so

ex =

∞∑
n=0

e2

n!
(x− x0)

n,

which is another way of writing ex as a power series.

Example 24.13. lnx is analytic for x > 0. A power series representation about x0 = 1 is

lnx =

∞∑
n=1

(−1)n+1

n
(x− 1)n,

with radius of convergence R = 1.

Example 24.14. Any polynomial a0 + a1x+ · · ·+ anx
n is analytic since it equals the series

∞∑
k=0

akx
k,

where ak = 0 for all k > n. A rational function p(x)
q(x) , where p(x) and q(x) are polynomials without

a common factor, is analytic at any x0 where q(x0) ̸= 0.
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Example 24.15. From the properties of differentiation of power series, it follows that if f is
analytic at x0, then it is infinitely many times differentiable at x0. Consequently, if a derivative of
some order does not exist at x0, then f is not analytic at x0. E.g.,

f(x) = |x− 2|

is not analytic at x = 2 because f ′(2) does not exist. Also,

f(x) = x7/3

is not analytic at x = 0 because f ′′′(0) does not exist.

The following result is very useful: if f(x) is analytic at x0, then the coefficients of its power
series representation about x0 are given by

an =
f (n)(x0)

n!
.

Thus,

f(x) =

∞∑
n=0

f (n)(x0)

n!
(x− x0)

n.

Remark 24.16. We noted above that if f(x) is analytic at x0, then all its derivatives at x0 exist.
The converse is not true. For example, consider

f(x) =

{
e−1/x2

, x ̸= 0,

0, x = 0.

One can show that all derivatives of f at 0 exist and in fact f (n)(0) = 0 for all n. If f were analytic,
then

f(x) =

∞∑
n=0

f (n)(0)

n!
xn = 0,

which is only true at x = 0 (and to be analytic, a function needs to equal the power series on an
open interval about x0).

Properties of analytic functions. The sum, product, and composition of analytic functions are
analytic.

25. Differential Equations with Analytic Coefficients

We will study the differential equation

a2(x)y
′′ + a1(x)y

′ + a0(x)y = 0

(linear, second order, homogeneous), which we write as

y′′ + p(x)y′ + q(x)y = 0,

with

p(x) =
a1(x)

a2(x)
, q(x) =

a0(x)

a2(x)
.

Definition 25.1. A point x0 is called an ordinary point of the differential equation

y′′ + p(x)y′ + q(x)y = 0

if p(x) and q(x) are analytic at x0. If x0 is not an ordinary point, then it is called a singular
point.
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Example 25.2. Determine the singular points of

xy′′ + x2(x+ 1)y′ +
sinx

x+ 1
y = 0.

Write the equation as

y′′ +
x2(x+ 1)

x
y′ +

sinx

x(x+ 1)
y = 0.

Then

p(x) =
x2(x+ 1)

x
= x(x+ 1),

which is a polynomial, hence analytic. For

q(x) =
sinx

x(x+ 1)
,

the denominator is zero at zero. But this zero is ”removable” in the sense that

sinx

x
=

1

x

(
x− x3

3!
+

x5

5!
− x7

7!
+ · · ·

)
= 1− x2

3!
+

x4

5!
− x6

7!
+ · · · .

Showing not only that sinx
x is well defined at zero but it is in fact analytic at zero. Since 1

x and

sinx are separately analytic at any x ̸= 0, we conclude that sinx
x is analytic for any x (product of

analytic functions). The function 1
x+1 is analytic at any x for except x = −1. Thus q(x) is analytic

for nay x except x = −1 and we conclude that −1 is the only singularity point of the DE.

Example 25.3. Find the singular points of

e1/x
2
y′′ + y = 0.

Write

y′′ +
1

e1/x2 y = 0.

Thus
p(x) = 0, q(x) = e−1/x2

.

We know e−1/x2
is not analytic at x = 0, but it is analytic for x ̸= 0 since it is the composition of

ex (analytic) with 1
x2 (analytic for x ̸= 0). Thus x = 0 is the only singular point.

Theorem 25.4 (Existence of analytic solutions). Suppose that x0 is an ordinary point of the
differential equation

y′′ + p(x)y′ + q(x)y = 0.

Then the equation has two linearly independent solutions of the form

y(x) =

∞∑
n=0

an(x− x0)
n.

The radius of convergence of any such power series solution is at least as large as the distance from
x0 to the nearest (real or complex) singular point of the differential equation.

Remark 25.5. Recall the example y′′ + 4y = 0. We found a power series solution with a0 and a1
arbitrary, which can be separated into two power series giving two linearly independent solutions.
Something similar happens in general and another way to state the theorem is that the differential
equation has a solution of the form

y(x) =
∞∑
n=0

an(x− x0)
n,

with a0 and a1 arbitrary constants.
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Example 25.6. Do the DE

(a) y′′ + x4y′ + y = 0,

(b) (1 + x2)y′′ + y = 0,

(c) y′′ +
1

1 + x2
y′ +

1

1− 3x
y = 0

admit a power series solution about x = 0? If yes, what can be said about its radius of convergence?

(a) We have p(x) = x4 and q(x) = 1, which are analytic for all x thus in particular at x = 0.
Therefore, the DE admits a power series solution of the form

y(x) =
∞∑
n=0

anx
n (x0 = 0).

The DE has no singular poin,t so the distance between the ordinary point x = 0 and a
singular point is infinite and the radius of convergence of the solutions is ∞.

(b) We have p(x) = 0 (analytic) and q(x) = 1
1+x2 . The singular points occur when 1 + x2 =

0 ⇒ x = ±i. Thus x = 0 is not a singular point and the DE admits a solution

∞∑
n=0

anx
n (x0 = 0).

Since the distance between zero and the singular points ±i is one, the radius of convergence
of the solution is at least one. (We do not know from the theorem whether it is equal to
one, only that it is at least one.)

0

i

−i

1

1

Figure 25. Distance between 0 and the singular points ±i

(c) We already know that 1
1+x2 is analytic at zero. 1

1−3x is analytic for all x except when

1− 3x = 0 ⇒ x = 1
3 . Thus x = 0 is an ordinary point and the DE admits a solution

∞∑
n=0

anx
n (x0 = 0).

The distance between x0 = 0 and the nearest singular point is 1
3 , so the radius of convergence

of the solution is at least 1
3 .
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0

i

−i

1
3

1

1

1
3

Figure 26. Distances from 0 to singular points ±i and 1
3

Remark 25.7. The distance between two complex numbers z1 = a1 + ib1 and z2 = a2 + ib2 is√
(a1 − a2)2 + (b1 − b2)2.

The above theorem essentially says that if we are given a DE with analytic coefficients we are
justified in seeking a power solution, knowing ahead of time that this will produce a solution with
a positive radius of convergence.

Let us now see how this works in practice.

Example 25.8. Find a general solution to

2y′′ + xy′ + y = 0.

(Note that even though this is a very simple looking equation, none of the methods we developed
prior to power series is applicable here.) We write

y′′ +
x

2
y′ +

1

2
y = 0.

Since x
2 and 1

2 are analytic functions we can look for a solution as a power series

y(x) =

∞∑
n=0

an(x− x0)
n.

In doing so we need to decide what to choose for x0. Since
x
2 and 1

2 are analytic for any x0, we are
free to pick any x0 we want so we choose for simplicity x0 = 0, so

y(x) =
∞∑
n=0

anx
n.

Compute:

y′(x) =
∞∑
n=0

nanx
n−1, y′′(x) =

∞∑
n=0

n(n− 1)anx
n−2.

Plugging into the equation:
∞∑
n=0

n(n− 1)anx
n−2 +

x

2

∞∑
n=0

nanx
n−1 +

1

2

∞∑
n=0

anx
n = 0

∞∑
n=0

n(n− 1)anx
n−2 +

∞∑
n=0

1

2
nanx

n +

∞∑
n=0

1

2
anx

n = 0

We can start the first sum at n = 2 and the second sum at n = 1:
∞∑
n=2

n(n− 1)anx
n−2 +

∞∑
n=1

1

2
nanx

n +

∞∑
n=0

1

2
anx

n = 0.
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We shift the indices in the first sum by setting m = n− 2:

∞∑
n=2

(m+2)(m+1)︷ ︸︸ ︷
n(n− 1) an︸︷︷︸

m+2

m︷ ︸︸ ︷
xn−2 =

∞∑
m=0

(m+ 2)(m+ 1)am+2x
m.

Since m is a dummy index of summation we can relabel it as n:
∞∑
n=0

(n+ 2)(n+ 1)an+2x
n +

∞∑
n=1

1

2
nanx

n +

∞∑
n=0

1

2
anx

n = 0.

We want to group all sums into a single one. For this we need all sums to start at the same value,
so we expand the first and last sums:

∞∑
n=0

(n+ 2)(n+ 1)an+2x
n = 2a2 +

∞∑
n=1

(n+ 2)(n+ 1)an+2x
n

and
∞∑
n=0

1

2
anx

n =
1

2
a0 +

∞∑
n=1

1

2
anx

n,

thus

2a2 +
∞∑
n=1

(n+ 2)(n+ 1)an+2x
n +

∞∑
n=1

1

2
nanx

n +
1

2
a0 +

∞∑
n=1

1

2
anx

n = 0.

or,

2a2 +
1

2
a0 +

∞∑
n=1

[
(n+ 2)(n+ 1)an+2 +

1

2
(n+ 1)an

]
xn = 0.

Since the coefficients of all powers of x must vanish separately:

2a2 +
1

2
a0 = 0,

(n+ 2)(n+ 1)an+2 +
1

2
(n+ 1)an = 0, n ≥ 1.

The first equation corresponds to the second with n = 0 so we combine both as

(n+ 2)(n+ 1)an+2 +
1

2
(n+ 1)an = 0, n ≥ 0.

Thus

an+2 = −1

2

1

n+ 2
an, n ≥ 0.

From this relation we can determine all coefficients except a0 and a1. We find:

a2 = −1

4
a0 = − 1

22
a0, a3 = − 1

2 · 3
a1,

a4 = − 1

2 · 4
a2 =

1

22 · 2 · 4
a0, a5 = − 1

2 · 5
a3 =

1

22 · 3 · 5
a1,

a6 = − 1

2 · 6
a4 = − 1

23 · 2 · 4 · 6
a0, a7 = − 1

2 · 7
a5 = − 1

23 · 3 · 5 · 7
a1, . . .

Continuing, we find the patterns

a2n =
(−1)n

22nn!
a0, a2n+1 =

(−1)n

22n(1 · 3 · 5 · · · (2n+ 1))
a1, n ≥ 1.

Thus

y(x) =

∞∑
n=0

anx
n =

∞∑
n=0

a2nx
2n +

∞∑
n=0

a2n+1x
2n+1
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= a0

∞∑
n=0

(−1)n

22nn!
x2n︸ ︷︷ ︸

=y1(x)

+a1

∞∑
n=0

(−1)n

22n(1 · 3 · 5 · · · (2n+ 1))
x2n+1.︸ ︷︷ ︸

=y2(x)

So

y(x) = a0y1(x) + a1y2(x).

Because the equation has no singular points the radius of convergence is ∞. We also see that y1(x)
and y2(x) are linearly independent (since one involves even and another odd powers of x).

Remark 25.9. When dealing with power series it is natural to ask how we can compute things “in
practice.” For example, suppose that in some application we need to compute y1(3) in the above
example. We have

y1(3) =
∞∑
n=0

(−1)n

22nn!
32n.

While we know this to be a real number (the series converges), it might be very difficult to determine
which number it is. However, in most applications a good approximation to y1(3) would be enough.
Recall that the partial sum

N∑
n=0

an(x− x0)
n

becomes closer to the actual value the larger N is. Thus

y1(3) ≈
N∑

n=0

(−1)n

22nn!
32n,

for some large fixed N . How large N should be depends on how good we want the approximation
to be. For example, if we require accuracy only up to the second decimal digit, we can test a few
values of N until the corresponding values of y1(3) differ only at the third decimal digit. (There
are much better ways to get a good approximation by getting precise estimates for error incurred
upon truncating the series at the Nth term. Students are referred to the theory of power series for
details.) The important point here is that

N∑
n=0

(−1)n

22nn!
32n

is a finite sum that can easily be computed with a computer (regardless of how large N is).

Remark 25.10. Suppose that in the above example we are given the initial conditions

y(3) = −4, y′(3) = 2.

We can then determine the constants a0 and a1 in y(x) = a0y1(x) + a1y2(x) by solving

y(3) = −4 = a0y1(3) + a1y2(3),

y′(3) = 2 = a0y
′
1(3) + a1y

′
2(3),

for a0 and a1. To do so we need the values y1(3), y2(3), y
′
1(3), and y′2(3). As remarked above it

can be very difficult to determine such values exactly, but we can find them approximately. This
will give an approximation for a0 and a1. However, a better approach is the following. Instead of
looking for a power series solution of the form

∞∑
n=0

anx
n,
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i.e., centered at 0, we solve the DE using

y(x) =
∞∑
n=0

an(x− 3)n,

i.e., a power series centered at 3. Then

y(x) = a0 + a1(x− 3) + a2(x− 3)2 + a3(x− 3)3 + · · ·
and

y′(x) = a1 + 2a2(x− 3) + 3a3(x− 3)2 + · · ·
so that y(3) = a0 and y′(3) = a1. In this case we can determine exactly what a0 and a1 are.
Therefore, when given initial conditions at x0, we look for a power series solution centered at x0,
i.e., in the form

y(x) =
∞∑
n=0

an(x− x0)
n.

25.1. Some terminology. Solving DE with power series typically involves finding a relation that
expresses the coefficients an in terms of its predecessors (e.g., an+2 = −1

2
1

n+2an in the previous

example). A relation of this type is called a recurrence relation.

Many times we have to rearrange a sum to write a series in powers of xn+k as a series in powers of
xn (or some other power), as, for instance,

∞∑
n=2

n(n− 1)anx
n−2 =

∞∑
n=0

(n+ 2)(n+ 1)an+2x
n

in the above example. We refer to this procedure as shifting the summation index.

Sometimes it is difficult to determine the complete pattern of the coefficients an, in which case
we leave them indicated by the recurrence relation, as illustrated in the next example.

Example 25.11. Find a power series solution about zero to

(1 + x2)y′′ − y′ + y = 0.

We have p(x) = − 1
1+x2 and q(x) = 1

1+x2 so x = 0 is an ordinary point. Therefore we can express
the general solution as

y(x) =
∞∑
n=0

anx
n,

so

y′(x) =

∞∑
n=0

nanx
n−1, y′′(x) =

∞∑
n=0

n(n− 1)anx
n−2.

Plugging in:

(1 + x2)
∞∑
n=0

n(n− 1)anx
n−2 −

∞∑
n=0

nanx
n−1 +

∞∑
n=0

anx
n = 0,

or

(1 + x2)

∞∑
n=2

n(n− 1)anx
n−2 −

∞∑
n=1

nanx
n−1 +

∞∑
n=0

anx
n = 0,

∞∑
n=2

n(n− 1)anx
n−2 +

∞∑
n=2

n(n− 1)anx
n −

∞∑
n=1

nanx
n−1 +

∞∑
n=0

anx
n = 0.
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Shifting the summation index in the first and third sums:
∞∑
n=0

(n+ 2)(n+ 1)an+2x
n +

∞∑
n=2

n(n− 1)anx
n −

∞∑
n=0

(n+ 1)an+1x
n +

∞∑
n=0

anx
n = 0.

Expanding the first, third, and fourth sums up to n = 1:

2 · 1a2 + 3 · 2a3x+

∞∑
n=2

(n+ 2)(n+ 1)an+2x
n +

∞∑
n=2

n(n− 1)anx
n

−a1 − 2a2x−
∞∑
n=2

(n+ 1)an+1x
n + a0 + a1x+

∞∑
n=2

anx
n = 0.

Grouping the terms in same powers of x:

(2a2 − a1 + a0) + (6a3 − 2a2 + a1)x

+
∞∑
n=2

[(n+ 2)(n+ 1)an+2 − (n+ 1)an+1 + (n(n− 1) + 1)an]x
n = 0,

from which we derive the following recurrence relations:

2a2 − a1 + a0 = 0,

6a3 − 2a2 + a1 = 0,

(n+ 2)(n+ 1)an+2 − (n+ 1)an+1 + (n(n− 1) + 1)an = 0, n ≥ 2,

or

a2 =
a1 − a0

2
,

a3 =
2a2 − a1

6
,

an+2 =
(n+ 1)an+1 − (n(n− 1) + 1)an

(n+ 2)(n+ 1)
, n ≥ 2.

Because the recurrence relations are somewhat complicated (with an+2 involving two coefficients,
an+1 and an, rather than only an as in the previous example) we do not attempt to find a general
pattern for an. Instead, we state the solution as follows: the general solution is given by

y(x) =
∞∑
n=0

anx
n,

with a0 and a1 arbitrary and the remaining coefficients determined by the above recurrence rela-
tions. The radius of convergence of the power series is at least one (because this is the distance
from zero to the nearest singular points, see previous example above).

It is useful to compute the first few terms of the solution to get an idea of how it “looks like”,
we have

a2 =
a1 − a0

2
,

a3 =
2a2 − a1

6
=

2
(
a1−a0

2

)
− a1

6
= −a0

6
,

a4 = a2+2 =
3a3 − 3a2

4 · 3
=

−a0
6 −

(
a1−a0

2

)
4

=
2a0 − 3a1

24
,

a5 = a3+2 =
4a4 − 7a3

5 · 4
=

3a0 − a1
40

,
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so

y(x) = a0 + a1x+
a1 − a0

2
x2 − a0

6
x3 +

2a0 − 3a1
24

x4 +
3a0 − a1

40
x5 + · · ·

= a0

(
1− 1

2
x2 − 1

6
x3 +

1

12
x4 +

3

40
x5 + · · ·

)
+ a1

(
x+

1

2
x2 − 1

8
x4 − 1

40
x5 + · · ·

)
.

In yet more complicated equations, finding the recurrence relation is itself a daunting task. In these
cases we typically restrict ourselves to finding the first few terms of the solution.

Example 25.12. Find the first seven terms of the solution to:

y′′ + exy′ + (1 + x2)y = 0, y(0) = 1, y′(0) = 0.

Because the initial condition is given at zero, we look for a power series solution about zero. This
can be done because the equation has no singular points. Thus

y(x) =
∞∑
n=0

anx
n,with radius of convergence R = ∞.

We compute:

y′(x) =
∞∑
n=0

nanx
n−1 =

∞∑
n=1

nanx
n−1,

y′′(x) =

∞∑
n=1

n(n− 1)anx
n−2 =

∞∑
n=2

n(n− 1)anx
n−2,

and plug in:
∞∑
n=2

n(n− 1)anx
n−2 + ex

∞∑
n=1

nanx
n−1 + (1 + x2)

∞∑
n=0

anx
n = 0.

But

ex =
∞∑
n=0

xn

n!
= 1 + x+

x2

2
+

x3

6
+

x4

24
+ · · · , so

∞∑
n=2

n(n− 1)anx
n−2 +

(
1 + x+

x2

2
+

x3

6
+

x4

24
+ · · ·

) ∞∑
n=1

nanx
n−1 + (1 + x2)

∞∑
n=0

anx
n = 0.

Expand each sum: (
2a2 + 6a3x+ 12a4x

2 + 20a5x
3 + 30a6x

4 + · · ·
)

+

(
1 + x+

x2

2
+

x3

6
+

x4

24
+ · · ·

)(
a1 + 2a2x+ 3a3x

2 + 4a4x
3 + 5a5x

4 + · · ·
)

+(1 + x2)
(
a0 + a1x+ a2x

2 + a3x
3 + a4x

4 + · · ·
)
= 0,

(
2a2 + 6a3x+ 12a4x

2 + 20a5x
3 + 30a6x

4 + · · ·
)

+
(
a1 + 2a2x+ 3a3x

2 + 4a4x
3 + 5a5x

4 + · · ·
)

+
(
a1x+ 2a2x

2 + 3a3x
3 + 4a4x

4 + · · ·
)

+

(
1

2
a1x

2 + a2x
3 +

3

2
a3x

4 + · · ·
)

+

(
1

6
a1x

3 +
1

3
a2x

4 + · · ·
)
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+

(
1

24
a1x

4 + · · ·
)

+
(
a0 + a1x+ a2x

2 + a3x
3 + a4x

4 + · · ·
)

+
(
a0x

2 + a1x
3 + a2x

4 + · · ·
)
= 0.

We now group the terms with the same power of x and set them equal to zero:

x0 term: 2a2 + a1 + a0 = 0

x1 term: 6a3 + 2a2 + 2a1 = 0

x2 term: 12a4 + 3a3 + 3a2 +
1

2
a1 + a0 = 0

x3 term: 20a5 + 4a4 + 4a3 + a2 +
7

6
a1 = 0

x4 term: 30a6 + 5a5 + 5a4 +
3

2
a3 +

4

3
a2 +

1

24
a1 = 0

The initial conditions give a0 = 1, a1 = 0, so

2a2 + 0 + 1 = 0 ⇒ a2 = −1

2

6a3 − 1 + 0 = 0 ⇒ a3 =
1

6

12a4 +
1

2
− 3

2
+ 0 + 1 = 0 ⇒ a4 = 0

20a5 + 0 +
2

3
− 1

2
+ 0 = 0 ⇒ a5 = − 1

120

30a6 −
1

24
+ 0 +

1

4
− 2

3
+ 0 = 0 ⇒ a6 =

11

720
.

Hence

y(x) =

∞∑
n=0

anx
n = 1− 1

2
x2 +

1

6
x3 − 1

120
x5 +

11

720
x6 + · · ·

(note that the second and fifth terms are zero).

Remark 25.13. It is also possible to use the method of power series to solve non-homogeneous
equations; see the textbook.

26. The method of Frobenius

We will now present a method that allows us to find a power series solution about x0 in certain
cases when x0 is not an ordinary point. Before formalizing the method, let us illustrate with an
example.

Example 26.1. Find a power series solution about x = 0 to

(x+ 2)x2y′′ − xy′ + (1 + x)y = 0, x > 0.

We have

p(x) = − x

(x+ 2)x2
= − 1

x(x+ 2)
, q(x) =

1 + x

x2(x+ 2)
.



Disconzi 85

We see that p(x) and q(x) are not analytic at x = 0, i.e., zero is a singular point of the DE. Thus
the method we have been using does not apply. But if instead of

∑∞
n=0 anx

n we seek for a solution
of the form

y(x) = xr
∞∑
n=0

anx
n =

∞∑
n=0

anx
n+r,

then the “bad terms” 1
x and 1

x2 in p(x) and q(x) will cancel with xr, provided we choose r appro-
priately. Let us try this. Compute

y′(x) =
∞∑
n=0

(n+ r)anx
n+r−1, y′′(x) =

∞∑
n=0

(n+ r)(n+ r − 1)anx
n+r−2.

Plugging in:

(x+ 2)x2
∞∑
n=0

(n+ r)(n+ r − 1)anx
n+r−2 − x

∞∑
n=0

(n+ r)anx
n+r−1 + (1 + x)

∞∑
n=0

anx
n+r = 0,

∞∑
n=0

(n+ r)(n+ r − 1)anx
n+r+1 +

∞∑
n=0

2(n+ r)(n+ r − 1)anx
n+r −

∞∑
n=0

(n+ r)anx
n+r

+
∞∑
n=0

anx
n+r +

∞∑
n=0

anx
n+r+1 = 0.

We group the first and last (those in powers of xn+r+1) and the second, third, and fourth sums, so
∞∑
n=0

(
(n+ r)(n+ r − 1) + 1

)
anx

n+r+1 +

∞∑
n=0

(
2(n+ r)(n+ r − 1)− (n+ r) + 1

)
anx

n+r = 0.

The n = 0 term in the second sum involves xr, whereas all terms in the first sum involve at least
xr+1 and higher powers, so the n = 0 term in the second sum cannot cancel with any other power
of x. Separating this term we find(

2r(r − 1)− r + 1
)
a0x

r +
∞∑
n=0

(
(n+ r)(n+ r − 1) + 1

)
anx

n+r+1

+
∞∑
n=1

(
2(n+ r)(n+ r − 1)− (n+ r) + 1

)
anx

n+r = 0.

As mentioned, the term
(
2r(r − 1) − r + 1

)
a0x

r will not cancel with any other term, so it must
vanish on its own if we want the left hand side of the equation to be equal to zero. Since we cannot
set a0 = 0 we must choose r such that

2r(r − 1)− r + 1 = 0.

This gives r = 1 or r = 1
2 . For reasons that we will explain later, we take r = 1. Then, plugging

r = 1 we have
∞∑
n=0

(
(n+ 1)n+ 1

)
anx

n+2 +

∞∑
n=1

(
2(n+ 1)n− n

)
anx

n+1 = 0.

Shifting the summation index (make m = n+ 2 in the first sum and ℓ = n+ 1 in the second one)
∞∑
n=2

(
(n− 1)(n− 2) + 1

)
an−2x

n +

∞∑
n=2

(
2n(n− 1)− (n− 1)

)
an−1x

n = 0

or
∞∑
n=2

[(
(n− 1)(n− 2) + 1

)
an−2 + (n− 1)(2n− 1)an−1

]
xn = 0.
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From which we derive the recurrence relation

an−1 = −(n− 1)(n− 2) + 1

(n− 1)(2n− 1)
an−2, n ≥ 2.

Setting n = 2, 3, . . . we find

n = 2 : a1 = −1

3
a0,

n = 3 : a2 = − 3

10
a1 =

1

10
a0,

n = 4 : a3 = −1

3
a2 = − 1

30
a0,

and so on. Thus, recalling that r = 1, we have

y(x) =
∞∑
n=0

anx
n+r = a0x+ a1x

2 + a2x
3 + a3x

4 + · · ·

= a0

(
x− 1

3
x2 +

1

10
x3 − 1

30
x4 + · · ·

)
, x > 0,

where a0 is an arbitrary constant.

Remark 26.2. Strictly speaking, we still have to check the convergence of the above solution; we
will state a theorem later on that will deal with this. Note also that we found only one arbitrary
constant. Since we need two linearly independent solutions, we see that we are missing one. We
will see how to determine a second linearly independent solution later on.

Let us now see why we choose r = 1 instead of r = 1
2 in the above example. Let us go back to(

2r(r − 1)− r + 1
)
a0x

r +
∞∑
n=0

(
(n+ r)(n+ r − 1) + 1

)
anx

n+r+1

+
∞∑
n=1

(
2(n+ r)(n+ r − 1)− (n+ r) + 1

)
anx

n+r = 0,

which we can write as(
2r(r − 1)− r + 1

)
a0x

r +

∞∑
n=1

(
(n− 1 + r)(n+ r − 2) + 1

)
an−1x

n+r

+

∞∑
n=1

(
2(n+ r)(n+ r − 1)− (n+ r) + 1

)
anx

n+r = 0,

or (
2r(r − 1)− r + 1

)
a0x

r +
∞∑
n=1

[(
(n− 1 + r)(n+ r − 2) + 1

)
an−1

+
(
2(n+ r)(n+ r − 1)− (n+ r) + 1

)
an
]
xn+r = 0.

This gives the recurrence relation

an = − (n− 1 + r)(n+ r − 2) + 1

2(n+ r)(n+ r − 1)− (n+ r) + 1
an−1, n ≥ 1.

If we choose the smallest root, then it may happen that when we consider n = 1, 2, 3, . . . , for some
value of n we find that n+ r is also a root, so that the denominator in the recurrence relation will
be zero.
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r1 r1 + 1 r1 + 2 r1 + 3

r1 + n = r2 r2 + 1

Figure 27. Illustration of roots r1 < r2 and their integer shifts. If r = r1, then for
some n we may have r1+n = r2, causing the denominator in the recurrence relation
to vanish.

This cannot happen, however, if we take the largest root, since in this case the values r+ n will lie
”to the right” of both roots.

In the above example, we have

p(x) = − 1

x(x+ 2)
, q(x) =

1 + x

x2(x+ 2)
.

As we saw, these functions are not analytic at x = 0. However, if we remove the problem terms 1
x

from p(x) and 1
x2 from q(x) by multiplying them by x and x2, respectively, we find

x p(x) = − 1

x+ 2
, x2q(x) =

1 + x

x+ 2
,

which are analytic at x = 0. So in particular we can take the limits

lim
x→0

xp(x) = lim
x→0

(
− 1

x+ 2

)
= −1

2
,

lim
x→0

x2q(x) = lim
x→0

1 + x

x+ 2
=

1

2
.

Let us call these values p0 and q0, respectively, i.e., p0 = −1
2 , q0 = 1

2 . If we look again at the
equation that determined r, namely

2r(r − 1)− r + 1 = 0,

we see that it can be written as

r(r − 1)− 1

2
r +

1

2
= 0 or r(r − 1) + p0r + q0 = 0.

This is not a coincidence. We will now formalize the method of the previous example and we will
see that it will always give an equation of this type for r.

Definition 26.3. Let x0 be a singular point of the DE

y′′ + p(x)y′ + q(x)y = 0.

We say that x0 is a regular singular point if xp(x) and x2q(x) are both analytic at x0. Otherwise
x0 is called an irregular singular point.

Definition 26.4. Let x0 be a regular singular point of

y′′ + p(x)y′ + q(x)y = 0.

The indicial equation for this point is

r(r − 1) + p0r + q0 = 0,

where

p0 = lim
x→x0

(x− x0)p(x), q0 = lim
x→x0

(x− x0)
2q(x).

The roots of the indicial equation are called the exponents or indices of x0.
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26.1. Summary of the method of Frobenius. Let x0 be a regular singular point of the DE

a2(x)y
′′ + a1(x)y

′ + a0(x)y = 0, x > x0.

To find a power series solution about x0, proceed as follows.

(a) Set

p(x) =
a1(x)

a2(x)
, q(x) =

a0(x)

a2(x)
.

Compute
p0 = lim

x→x0

xp(x), q0 = lim
x→x0

x2q(x)

(if one of these limits does not exist then x0 is not a regular singular point and this method cannot
be applied).

(b) Set

y(x) = (x− x0)
r

∞∑
n=0

an(x− x0)
n =

∞∑
n=0

an(x− x0)
n+r,

where r is to be determined.

(c) Compute y′(x) and y′′(x), and plug y′′(x), y′(x), and y(x) into the DE. Shift the summation
index and/or rearrange the terms if necessary in order to obtain an equation of the form

∞∑
n=0

An(x− x0)
n+r+J = 0,

where J is some fixed number that comes from the procedure of shifting the summation index
and/or rearranging the terms. Each An is an expression involving r, n, and an. Explicitly,

A0(x− x0)
r+J +A1(x− x0)

r+J+1 +A2(x− x0)
r+J+2 + · · · = 0.

(d) Set An = 0, n = 0, 1, . . . . Note that A0 = 0 is just a multiple of the indicial equation:

A0 = M
(
r(r − 1) + p0r + q0

)
= 0,

where M is a constant. (In particular if A0 = 0 does not reproduce the indicial equation there is a
mistake.)

(e) Use the equations An = 0, n = 0, 1, . . . , to find a recurrence relation for the coefficients
an. Note that at this point the recurrence relation involves r, which has not yet been determined.

(f) Solve the indicial equation and take r = r1, where r1 is the larger root of the indicial equation.
Use then r = r1 into the recurrence relation of part (e) to determine a recurrence relation for the
coefficients an. If possible, find a pattern for the an’s.

(g) A series solution to the DE is given by

y(x) = (x− x0)
r1

∞∑
n=0

an(x− x0)
n =

∞∑
n=0

an(x− x0)
n+r1 , x > x0,

where a0 is arbitrary. Note that here r is replaced by r1.

Remark 26.5. The above gives one solution to the DE. We will see how to get a second linearly
independent solution later on. We will also investigate the convergence of the power series later on.
Finally, we will explain why in step (e) we find a recurrence relation for general r and only after
that, in step (f), we replace r by r1.
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Example 26.6. Find a power series solution about x = 0 to the DE

xy′′ + 4y′ − xy = 0, x > 0.

Let us follow the steps (a)–(g) from above. First, set

p(x) =
4

x
, q(x) = −x

x
= −1,

and consider
xp(x) = 4, x2q(x) = −x2.

These are analytic functions so x = 0 is a regular singular point. Set

p0 = lim
x→0

xp(x) = 4, q0 = lim
x→0

x2q(x) = 0.

Set

y(x) = xr
∞∑
n=0

anx
n =

∞∑
n=0

anx
n+r.

Compute

y′(x) =
∞∑
n=0

(n+ r)anx
n+r−1, y′′(x) =

∞∑
n=0

(n+ r)(n+ r − 1)anx
n+r−2.

Plugging in:

x

∞∑
n=0

(n+ r)(n+ r − 1)anx
n+r−2 + 4

∞∑
n=0

(n+ r)anx
n+r−1 − x

∞∑
n=0

anx
n+r = 0,

i.e.,
∞∑
n=0

(n+ r)(n+ r − 1)anx
n+r−1 +

∞∑
n=0

4(n+ r)anx
n+r−1 −

∞∑
n=0

anx
n+r+1 = 0.

Expanding the first two sums:

r(r − 1)a0x
r−1 + (r + 1)ra1x

r +
∞∑
n=2

(n+ r)(n+ r − 1)anx
n+r−1

+4ra0x
r−1 + 4(r + 1)a1x

r +
∞∑
n=2

4(n+ r)anx
n+r−1 −

∞∑
n=0

anx
n+r+1 = 0.

Shift the summation index in the last sum and group terms in xr−1 and xr:(
r(r − 1) + 4r

)
a0x

r−1 + (r + 1)(4 + r)a1x
r

+

∞∑
n=2

[
(n+ r)(n+ r − 1) + 4(n+ r)

]
anx

n+r−1 −
∞∑
n=2

an−2x
n+r−1 = 0.

Grouping the sums:(
r(r − 1) + 4r

)
a0x

r−1 + (r + 1)(4 + r)a1x
r +

∞∑
n=2

[
(n+ r)(n+ r + 3)an − an−2

]
xn+r−1 = 0.

Set coefficients to zero to find:
(r(r − 1) + 4r)a0 = 0,

(r + 1)(4 + r)a1 = 0,

(n+ r)(n+ r + 3)an − an−2 = 0, n ≥ 2.

Since a0 is arbitrary, the first equation gives the indicial equation

r(r − 1) + 4r = 0.
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Note that this is simply the indicial equation r(r− 1)+p0r+ q0 = 0 (as it must be, otherwise there
is a mistake). Solving r(r − 1) + 4r = 0 we find r = 0 and r = −3. Since (r + 1)(4 + r) ̸= 0 for
both r = 0 and r = −3, the second equation gives a1 = 0. The third equation gives

an =
an−2

(n+ r)(n+ r + 3)
, n ≥ 2.

We now choose r to be the largest root, i.e., r = 0, so that

an =
an−2

n(n+ 3)
, n ≥ 2.

Since a1 = 0, this recurrence relation implies that all odd coefficients vanish. For even indices:

a2 =
1

2 · 5
a0, a4 =

1

4 · 7
a2 =

1

2 · 4 · 5 · 7
a0,

a6 =
1

6 · 9
a4 =

1

2 · 4 · 6 · 5 · 7 · 9
a0, a8 =

1

8 · 11
a6 =

1

2 · 4 · 6 · 8 · 5 · 7 · 9 · 11
a0

and so on. We observe the pattern:

a2n =
1

2 · 4 · · · (2n)
· 1

5 · 7 · · · (2n+ 3)
a0 =

1

2nn! (5 · 7 · · · (2n+ 3))
a0, n ≥ 1.

Since a2n+1 = 0, n ≥ 0, we find

y(x) =
∞∑
n=0

anx
n = a0

(
1 +

∞∑
n=1

1

2nn! (5 · 7 · · · (2n+ 3))
x2n

)
.

The next theorem gives information about the radius of convergence of a solution found via the
Frobenius method.

Theorem 26.7. Let x0 be a regular singular point of the DE

a2(x)y
′′ + a1(x)y

′ + a0(x)y = 0, x > x0.

Let r1 be the largest root of the indicial equation. Then there exists a power series solution of the
form

y(x) =
∞∑
n=0

an(x− x0)
n+r1

which converges for all x such that

0 < x− x0 < R,

where R is the distance from x0 to the nearest other singular point (real or complex) of the DE.

27. Finding a second linearly independent solution in the method of Frobenius

The method of Frobenius seen above gives one solution to the DE. Since the general solution
involves two linearly independent solutions, a second linearly independent solution needs to be
found.

Theorem 27.1. Let x0 be a regular singular point of the DE

y′′ + p(x)y′ + q(x)y = 0.

Let r1 and r2 be the roots of the indicial equation, with r1 ≥ r2.
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(a) If r1 − r2 is not an integer, then there exist two linearly independent solutions of the form:

y1(x) =

∞∑
n=0

an(x− x0)
n+r1 , a0 ̸= 0,

y2(x) =
∞∑
n=0

bn(x− x0)
n+r2 , b0 ̸= 0.

(b) If r1 = r2, then there exist two linearly independent solutions of the form

y1(x) =
∞∑
n=0

an(x− x0)
n+r1 , a0 ̸= 0,

y2(x) = y1(x) ln(x− x0) +
∞∑
n=1

bn(x− x0)
n+r1 .

(c) If r1−r2 is a positive integer, then there exist two linearly independent solutions of the form

y1(x) =
∞∑
n=0

an(x− x0)
n+r1 , a0 ̸= 0,

y2(x) = Ay1(x) ln(x− x0) +

∞∑
n=0

bn(x− x0)
n+r2 , b0 ̸= 0,

where A is a constant (that needs to be determined, i.e., A is not an arbitrary constant, A
could turn out to be zero).

Remark 27.2. Note that y1 takes the same form in all three cases. y1 is the solution found by the
method of Frobenius seen above.

Remark 27.3. In case (b), the sum in y2 starts at n = 1 (and not at n = 0). Also, it is not said
that the first coefficient in the series, b1, cannot be zero.

Remark 27.4. Because any multiple of a solution will also be a solution, c1y1 and c2y2, where c1
and c2 are non-zero constants, are two linearly independent solutions as well. The general solution
is then c1y1 + c2y2, with c1 and c2 arbitrary constants. Since we can always multiply by arbitrary
constants later on, it is sometimes useful to set a0 and b0 to some fixed value (say, a0 = 1, b0 = 1),
especially in cases (b) and (c) where we seek to use y1 into y2. Examples below clarify this point.

Example 27.5. Find the general solution to

(x+ 2)x2y′′ − xy′ + (1 + x)y = 0, x > 0.

We found a power solution to this equation in a previous example. Referring to that example, we
had p0 = −1

2 and q0 =
1
2 , so that the indicial equation is

r(r − 1)− 1
2r +

1
2 = 0,

giving r1 = 1 and r2 =
1
2 . We had also found the recurrence relation:

an = − (n− 1 + r)(n+ r − 2) + 1

2(n+ r)(n+ r − 1)− (n+ r) + 1
an−1, n ≥ 1.

Because r1 − r2 = 1 − 1
2 = 1

2 is not an integer, we are in case (a). The solution corresponding to
r1 = 1 was in the retrieved example and reads:

y1(x) = a0
(
x− 1

3x
2 + 1

10x
3 − 1

30x
4 + · · ·

)
, x > 0.
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Because we can multiply y1 and y2 by arbitrary constants to form the general solution, we can set
a0 = 1 above, so

y1(x) = x− 1
3x

2 + 1
10x

3 − 1
30x

4 + · · · .
To find y2, we put r = r2 =

1
2 in the recurrence relation to find

bn = −
(n− 1

2)(n− 3
2) + 1

2(n+ 1
2)(n− 1

2)− (n+ 1
2) + 1

bn−1, n ≥ 1,

where we now call the coefficients bn since they are the coefficients for r = r2 = 1
2 (the an’s were

the coefficients for r = r1 = 1).

Computing the bn’s we find

b1 = −3
4b0, b2 =

7
32b0, b3 = − 133

1920b0, . . . ,

thus

y2(x) =
∞∑
n=0

bnx
n+r2 = b0

(
x1/2 − 3

4x
3/2 + 7

32x
5/2 − 133

1920x
7/2 + · · ·

)
, x > 0.

As with a0, we can set b0 = 1 so

y2(x) = x1/2 − 3
4x

3/2 + 7
32x

5/2 − 133
1920x

7/2 + · · · .
The general solution is then

y(x) = c1y1(x) + c2y2(x), x > 0.

Remark 27.6. The previous example shows why it is advantageous to first derive the recurrence
relation for a general r, plugging a specific value of r only later on: we already have a formula that
we can use for r1 and r2. If we replace r1 at the very beginning, and thus we need a recurrence
relation for r2, we have to rederive it again.

Example 27.7. Find the general solution to

xy′′ + 4y′ − xy = 0, x > 0.

We studied this equation in a previous example, finding r1 = 0, r2 = −3, and

y1(x) = a0

(
1 +

∞∑
n=1

1

2nn! 5 · 7 · · · (2n+ 3)
x2n

)
.

Because r1 − r2 = 0− (−3) = 3 is a positive integer, we are in case (c). Therefore, y2 has the form

y2(x) = Ay1(x) lnx+

∞∑
n=0

bnx
n+r2

= Ay1(x) lnx+
∞∑
n=0

bnx
n−3.

To find y2 we need to determine the coefficients A and bn. This is done by plugging y2 into the
equation to find recurrence relations between A and the bn’s. Because y2 involves y1, and y1 has
the arbitrary constant a0, it is convenient to set a0 = 1 to simplify the computations. As we said
above, we can always multiply y1 by an arbitrary constant later on.

Computing,

y′2 = Ay′1 lnx+Ay1
1

x
+

∞∑
n=0

(n− 3)bnx
n−4,
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y′′2 = Ay′′1 lnx+ 2Ay′1
1

x
−Ay1

1

x2
+

∞∑
n=0

(n− 3)(n− 4)bnx
n−5.

Plugging in:

x
(
Ay′′1 lnx+ 2Ay′1

1

x
−Ay1

1

x2
+

∞∑
n=0

(n− 3)(n− 4)bnx
n−5
)

+4
(
Ay′1 lnx+Ay1

1

x
+

∞∑
n=0

(n− 3)bnx
n−4
)
− x
(
Ay1 lnx+

∞∑
n=0

bnx
n−3
)
= 0.

Rearranging the terms:

A lnx(xy′′1 + 4y′1 − xy1) + 2Ay′1 + 3A
y1
x

+ x
∞∑
n=0

(n− 3)(n− 4)bnx
n−5

+4

∞∑
n=0

(n− 3)bnx
n−4 − x

∞∑
n=0

bnx
n−3 = 0, or

A lnx(xy′′1 + 4y′1 − xy1) + 2Ay′1 + 3A
y1
x

+
∞∑
n=0

(n− 3)(n− 4)bnx
n−4

+

∞∑
n=0

4(n− 3)bnx
n−4 −

∞∑
n=0

bnx
n−2 = 0.

The parenthesis in the first term vanishes because y1 is a solution, i.e.,

xy′′1 + 4y′1 − xy1 = 0,

so

2Ay′1 + 3A
y1
x

+
∞∑
n=0

(n− 3)(n− 4)bnx
n−4 +

∞∑
n=0

4(n− 3)bnx
n−4 −

∞∑
n=0

bnx
n−2 = 0.

Expanding the first two sums:

2Ay′1 + 3A
y1
x

+ 12b0x
−4 + 6b1x

−3 +
∞∑
n=2

(n− 3)(n− 4)bnx
n−4

−12b0x
−4 − 8b1x

−3 +
∞∑
n=2

4(n− 3)bnx
n−4 −

∞∑
n=0

bnx
n−2 = 0.

Shifting the summation index in the first two sums and grouping the terms in b1x
−3:

2Ay′1 + 3A
y1
x

− 2b1x
−3 +

∞∑
n=0

(n− 1)(n− 2)bn+2x
n−4

+

∞∑
n=0

4(n− 1)bn+2x
n−4 −

∞∑
n=0

bnx
n−2 = 0,

or, grouping the sums,

2Ay′1 + 3A
y1
x

− 2b1x
−3 +

∞∑
n=0

[
(n− 1)(n+ 2)bn+2 − bn

]
xn−2 = 0.

Next, we plug in y1 (recall that we set a0 = 1):

2A

(
1 +

∞∑
n=1

1

2nn! 5 · 7 · · · (2n+ 3)
x2n

)′

+ 3A

(
1 +

∞∑
n=1

1

2nn! 5 · 7 · · · (2n+ 3)
x2n

)
1

x
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−2b1x
−3 +

∞∑
n=0

[
(n− 1)(n+ 2)bn+2 − bn

]
xn−2 = 0.

2A
∞∑
n=1

2n

2nn! 5 · 7 · · · (2n+ 3)
x2n−1 +

3A

x
+

∞∑
n=1

3A

2nn! 5 · 7 · · · (2n+ 3)
x2n−1

−2b1x
−3 +

∞∑
n=0

[
(n− 1)(n+ 2)bn+2 − bn

]
xn−2 = 0.

Combining the first two sums,

−2b1x
−3 + 3Ax−1 +

︷ ︸︸ ︷
∞∑
n=1

(4n+ 3)A

2nn! 5 · 7 · · · (2n+ 3)
x2n−1+

∞∑
n=0

[
(n− 1)(n+ 2)bn+2 − bn

]
xn−2 = 0.

We need to combine powers of x, so we expand the sums:

−2b1x
−3 + 3Ax−1 +

︷ ︸︸ ︷
7A

2 · 1! · 5
x+

11A

22 · 2! · 5 · 7
x3 + · · ·

+(−2b2 − b0)x
−2 + (0b3 − b1)x

−1 + (4b4 − b2)x
0 + (10b5 − b3)x

1

+(18b6 − b4)x
2 + (28b7 − b5)x

3 + · · ·
Combining the same powers of x and setting the coefficients equal to zero, we find:

x−3 : −2b1 = 0

x−2 : −2b2 − b0 = 0

x−1 : 3A+ 0b3 − b1 = 3A− b1 = 0

x0 : 4b4 − b2 = 0

x1 :
7A

21 · 1! · 5
+ 10b5 − b3 =

7A

10
+ 10b5 − b3 = 0

x2 : 18b6 − b4 = 0

x3 :
11A

22 · 2! · 5 · 7
+ 28b7 − b5 =

11A

280
+ 28b7 − b5 = 0

Solving these equations we find
b1 = 0

b2 = −1

2
b0

3A− b1 = 3A = 0 ⇒ A = 0

b4 =
1

4
b2 = −1

8
b0

7A

10
+ 10b5 − b3 = 10b5 − b3 = 0 ⇒ b5 =

1

10
b3

b6 =
1

18
b4 = − 1

144
b0

11A

280
+ 28b7 − b5 = 28b7 − b5 = 0 ⇒ b7 =

1

28
b5 =

1

280
b3

We know that b0 is arbitrary, but note that the above relations do not determine b3 either, so b3 is
also arbitrary. We conclude

y2 = A︸︷︷︸
=0

y1 lnx+
∞∑
n=0

bnx
n−3 = b0x

−3 + b1︸︷︷︸
=0

x−2 + b2x
−1 + b3x

0
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+b4x+ b5x
2 + b6x

3 + b7x
4 + · · ·

= b0x
−3 − 1

2
b0x

−1 + b3x
0 − 1

8
b0x+

1

10
b3x

2 − 1

144
b0x

3 +
1

280
b3x

4 + · · ·

= b0

(
x−3 − 1

2
x−1 − 1

8
x− 1

144
x3 − · · ·

)
+ b3

(
1 +

1

10
x2 +

1

280
x4 + · · ·

)
.

The general solution is then given by

y(x) = c1y1(x) + c2y2(x).

Remark 27.8. Because b0 and b3 in y2 are arbitrary, it seems that we ended up with three arbitrary
constants in y (c1, c2b0, and c2b3), while we know that we should have only two arbitrary constants.
Upon closer inspection we see that

1 +
1

10
x2 +

1

280
x4 + · · · = y1(x),

so this term in y2 can be grouped with y1 (alternatively, we can set b3 = 0).

Example 27.9. Knowing that

y1(x) =
∞∑
n=0

1

(n!)2
xn+1

is a solution to

x2y′′ − xy′ + (1− x)y = 0, x > 0,

find a second, linearly independent solution.

First we need to verify that the method given above can be applied. Set

p(x) = − x

x2
= −1

x
, q(x) =

1− x

x2
.

Because y1 is given as a power series centered at x = 0, we want to find y2 also as a power series
centered at x = 0. p(x) and q(x) are not analytic at zero, but

xp(x) = −1, x2q(x) = 1− x

are, so zero is a regular singular point and the above method can be applied.

Compute

p0 = lim
x→0

xp(x) = −1, q0 = lim
x→0

x2q(x) = 1,

so the indicial equation reads

r(r − 1) + p0r + q0 = r(r − 1)− r + 1 = 0,

which has r = 1 as a double root. We are therefore in case (b) and we seek y2 in the form

y2(x) = y1(x) lnx+

∞∑
n=1

bnx
n+1.

Compute

y′2 = y′1 lnx+ y1
1

x
+

∞∑
n=1

(n+ 1)bnx
n,

y′′2 = y′′1 lnx+ 2y′1
1

x
− y1

1

x2
+

∞∑
n=1

n(n+ 1)bnx
n−1 = 0
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Plugging in:

x2

(
y′′1 lnx+ 2y′1

1

x
− y1

1

x2
+

∞∑
n=1

n(n+ 1)bnx
n−1

)

−x

(
y′1 lnx+ y1

1

x
+

∞∑
n=1

(n+ 1)bnx
n

)
+ (1− x)

(
y1(x) lnx+

∞∑
n=1

bnx
n+1

)
= 0.

lnx

x2y′′1 − xy′1 + (1− x)y1︸ ︷︷ ︸
=0

+ 2xy′1 − 2y1 +
∞∑
n=1

n(n+ 1)bnx
n+1

−
∞∑
n=1

(n+ 1)bnx
n+1 +

∞∑
n=1

bnx
n+1 −

∞∑
n=1

bnx
n+2 = 0.

Expanding the first three sums:

2xy′1 − 2y1 + 2b1x
2 +

∞∑
n=2

n(n+ 1)bnx
n+1 − 2b1x

2 −
∞∑
n=2

(n+ 1)bnx
n+1

+b1x
2 +

∞∑
n=2

bnx
n+1 −

∞∑
n=1

bnx
n+2 = 0.

We combine the first three sums:

2xy′1 − 2y1 + b1x
2 +

∞∑
n=2

n2bnx
n+1 −

∞∑
n=1

bnx
n+2 = 0.

Shifting the summation index in the first sum:

2xy′1 − 2y1 + b1x
2 +

∞∑
n=1

(n+ 1)2bn+1x
n+2 −

∞∑
n=1

bnx
n+2 = 0,

or

2xy′1 − 2y1 + b1x
2 +

∞∑
n=1

[
(n+ 1)2bn+1 − bn

]
xn+2 = 0.

Plugging y1:

2x

( ∞∑
n=0

1

(n!)2
xn+1

)′

− 2
∞∑
n=0

1

(n!)2
xn+1 + b1x

2

+
∞∑
n=1

[
(n+ 1)2bn+1 − bn

]
xn+2 = 0.

∞∑
n=0

2(n+ 1)

(n!)2
xn+1 −

∞∑
n=0

2

(n!)2
xn+1 + b1x

2 +
∞∑
n=1

[
(n+ 1)2bn+1 − bn

]
xn+2 = 0.

Combining the first two sums:
∞∑
n=0

2n

(n!)2
xn+1 + b1x

2 +
∞∑
n=1

[
(n+ 1)2bn+1 − bn

]
xn+2 = 0.

Expanding the first sum:

2 · 0
(0!)2

x+
2

(1!)2
x2 +

∞∑
n=2

2n

(n!)2
xn+1 + b1x

2 +

∞∑
n=1

[
(n+ 1)2bn+1 − bn

]
xn+2 = 0.
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Grouping the terms in x2 and shifting the summation index in the first sum:

(2 + b1)x
2 +

∞∑
n=1

2(n+ 1)

((n+ 1)!)2
xn+2 +

∞∑
n=1

[
(n+ 1)2bn+1 − bn

]
xn+2 = 0,

or

(2 + b1)x
2 +

∞∑
n=1

[
2(n+ 1)

((n+ 1)!)2
+ (n+ 1)2bn+1 − bn

]
xn+2 = 0.

Setting the coefficients equal to zero:

2 + b1 = 0 ⇒ b1 = −2,

2(n+ 1)

((n+ 1)!)2
+ (n+ 1)2bn+1 − bn = 0 ⇒ bn+1 =

bn
(n+ 1)2

− 2

(n+ 1)((n+ 1)!)2
, n ≥ 1.

Computing:

b2 = − 2

22
− 2

2(2!)2
= −3

4
, b3 = −3

4
· 1

32
− 2

3(3!)2
= − 11

108
, and so on.

Thus

y2(x) = y1(x) lnx+

∞∑
n=1

bnx
n+1 = y1(x) lnx− 2x2 − 3

4
x3 − 11

108
x4 + · · · .

28. Special functions

There are a few equations that occur frequently in physics and engineering and whose solutions,
given as power series, are studied in detail. Such solutions are known as special functions. Here we
briefly investigate some of them.

28.1. Legendre’s equation. The DE

(1− x2)y′′ − 2xy′ + ℓ(ℓ+ 1)y = 0,

where ℓ ∈ {0, 1, 2, . . . } is a fixed parameter, is called Legendre’s equation. We can verify that
x = 1 is a regular singular point, thus we can find power series solutions about x = 1. The indicial
equation is

r(r − 1) + r = 0

which has r1 = r2 = 0 as roots. To find a solution y1(x), we write

y1(x) =

∞∑
n=0

an(x− 1)n+0 =

∞∑
n=0

an(x− 1)n.

Applying the Frobenius method we find

y1(x) = 1 +

∞∑
n=1

(−ℓ)n(ℓ+ 1)n
n!(1)n

(
x− 1

2

)n

,

where for a non-negative integer ℓ

(ℓ)n = ℓ(ℓ+ 1)(ℓ+ 2) · · · (ℓ+ n− 1), n ≥ 1,

(ℓ)0 = 1, ℓ ̸= 0,

(−ℓ)n = (−ℓ)(−ℓ+ 1)(−ℓ+ 2) · · · (−ℓ+ n− 1),

and we set a0 = 1.
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Note that (−ℓ)n will be zero for n ≥ ℓ + 1. Thus y1(x) is a polynomial of degree ℓ. For each
ℓ, the solution y1(x) is known as the Legendre polynomial of degree ℓ, denoted Pℓ(x):

Pℓ(x) = 1 +
ℓ∑

n=1

(−ℓ)n(ℓ+ 1)n
n!(1)n

(
x− 1

2

)n

.

We can rewrite Pℓ in powers of x, obtaining:

Pℓ(x) = 2−ℓ

⌊ℓ/2⌋∑
n=0

(−1)n(2ℓ− 2n)!

(ℓ− n)!n! (ℓ− 2n)!
xℓ−2n,

where ⌊ℓ/2⌋ is the greatest integer less than or equal to ℓ/2. E.g.,⌊
7

2

⌋
= 3,

⌊
8

2

⌋
= 4.

The first Legendre polynomials are

P0(x) = 1, P1(x) = x, P2(x) =
3

2
x2 − 1

2
.

The Legendre polynomials enjoy the following property, known as orthogonality condition, often
used in applications: ∫ 1

−1
Pℓ(x)Pm(x) dx = 0 for ℓ ̸= m.

To prove this, we first rewrite Legendre’s equation for Pℓ and Pm as(
(1− x2)P ′

ℓ(x)
)′
+ ℓ(ℓ+ 1)Pℓ(x) = 0,(

(1− x2)P ′
m(x)

)′
+m(m+ 1)Pm(x) = 0.

Multiplying the first equation by Pm(x), the second by Pℓ(x), and subtracting:

Pm(x)
(
(1− x2)P ′

ℓ(x)
)′ − Pℓ(x)

(
(1− x2)P ′

m(x)
)′
+ ℓ(ℓ+ 1)Pℓ(x)Pm(x)−m(m+ 1)Pℓ(x)Pm(x) = 0.

We have that(
(1− x2)(Pm(x)P ′

ℓ(x)− Pℓ(x)P
′
m(x))

)′
= Pm(x)

(
(1− x2)P ′

ℓ(x)
)′ − Pℓ(x)

(
(1− x2)P ′

m(x)
)′
,

so that (
(1− x2)(Pm(x)P ′

ℓ(x)− Pℓ(x)P
′
m(x))

)′
= (m2 − ℓ2 +m− ℓ)︸ ︷︷ ︸

=(m−ℓ)(m+ℓ+1)

Pℓ(x)Pm(x).

Thus (
(1− x2)(Pm(x)P ′

ℓ(x)− Pℓ(x)P
′
m(x))

)′
= (m− ℓ)(m+ ℓ+ 1)Pℓ(x)Pm(x).

We now integrate from −1 to 1:∫ 1

−1

(
(1− x2)(Pm(x)P ′

ℓ(x)− Pℓ(x)P
′
m(x))

)′
dx = (m− ℓ)(m+ ℓ+ 1)

∫ 1

−1
Pℓ(x)Pm(x) dx.

The integral on the left hand side gives

(1− x2)(Pm(x)P ′
ℓ(x)− Pℓ(x)P

′
m(x))

∣∣∣1
−1

= 0,

so

(m− ℓ)(m+ ℓ+ 1)

∫ 1

−1
Pℓ(x)Pm(x) dx = 0.

If m ̸= ℓ, then (m− ℓ)(m+ ℓ+ 1) ̸= 0 (recall that m, ℓ ≥ 0), thus∫ 1

−1
Pℓ(x)Pm(x) dx = 0, m ̸= ℓ,
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as desired.

One can show that the Legendre polynomials also satisfy the following recurrence formula:

(ℓ+ 1)Pℓ+1(x) = (2ℓ+ 1)xPℓ(x)− ℓPℓ−1(x),

and the following formula, known as Rodrigues’ formula:

Pℓ(x) =
1

2ℓℓ!

dℓ

dxℓ
(x2 − 1)ℓ.

28.2. Bessel’s equation. The DE

x2y′′ + xy′ + (x2 − ν2)y = 0,

where ν ≥ 0 is a fixed parameter, is known as Bessel’s equation. x = 0 is a regular singular point
and the indicial equation is

r(r − 1) + r − ν2 = 0,

with roots r1 = ν, r2 = −ν. If r1 − r2 = 2ν is not an integer, two linearly independent solutions
are

y1(x) = a0

∞∑
n=0

(−1)n

22nn!(1 + ν)n
x2n+ν ,

y2(x) = b0

∞∑
n=0

(−1)n

22nn!(1− ν)n
x2n−ν .

Using the relation

(t)n =
Γ(t+ n)

Γ(t)
,

where Γ is the Gamma function, and choosing

a0 =
1

2νΓ(1 + ν)
, b0 =

1

2−νΓ(1− ν)
,

we can write the two linearly independent solutions as

Jν(x) =

∞∑
n=0

(−1)n

n! Γ(1 + ν + n)

(x
2

)2n+ν
,

and

J−ν(x) =
∞∑
n=0

(−1)n

n! Γ(1− ν + n)

(x
2

)2n−ν
.

These expressions converge for all 0 < x < ∞. Jν is known as the Bessel function of the first
kind of order ν. J−ν is then the Bessel function of the first kind of order −ν.

If r1 − r2 = 2ν is not an integer, or if r1 − r2 = 2ν is an integer but r1 = ν is not, then Jν
and J−ν are linearly independent.

It remains to analyze the case when ν = ℓ is a non-negative integer. In this case, plugging ν = ℓ in
Jν and J−ν we find

J−ℓ(x) = (−1)ℓJℓ(x),

so they are linearly dependent. We can find a second linearly independent solution using the
methods we have learned, but here we present an alternative approach. For ν not an integer, we
define

Yν(x) =
cos(νπ)Jν(x)− J−ν(x)

sin(νπ)
, x > 0.
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Yν is known as the Bessel function of the second kind of order ν. Note that Jν and Yν are
linearly independent.

The above definition is for ν not an integer. If ν is an integer, both the denominator and the
numerator of Yν(x) vanish. Thus, we expect that we can use L’Hôpital’s rule to define Yℓ, ℓ a
non-negative integer, by

Yℓ(x) = lim
ν→ℓ

cos(νπ)Jν(x)− J−ν(x)

sin(νπ)
.

Since Yν and Jν are linearly independent, we expect that Yℓ will give a second linearly independent
solution when ν = ℓ. One can show that this is indeed the case, i.e., Yℓ(x) given by the above limit
is well-defined and is a second, linearly independent solution.

Special functions, such as the Legendre polynomials and Bessel’s functions, are of great impor-
tance in physics and engineering. Here we only mentioned them for general knowledge. See the
textbook for more details.
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