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1 Theory of bundles




1.1 Vector Bundles

All vector spaces considered are assumed to be over R or C unless mentioned otherwise.

We shall briefly review the basic theory of vector bundles. Let X be a topological space.

Definition 1.1.1 A continuous family of vector spaces over X is a topological space E
with a continuous map @ : E — X and has the structure of finite dimensional vector
spaces on E, := 771(x), compatible with the topology induced from E.

A morphism from a family over X (7 : E — X) to another (r' : E' — X) is a contin-
uous map ¢ : B — E' such that the following diagram commutes :

E

—
N S
X
and ¢, = ¢|g, : B, — F, is linear for all x € X.
¢ s called an isomorphism if it is a homeomorphism.

It is easily verified that ¢ is an isomorphism if and only if ¢, is for all z.

Definition 1.1.2 A family 7 : E — X is trivial if it is isomorphic to X x R* =% X
for for some n.

A vector bundle of rank n on X is a continuous family of vector spaces m : E — X
which is locally trivial, i.e., there exists a covering of X by open sets {U;}ier such that
7~ Y(U;) is homeomorphic (fibrewise) to U; x R™ (via continuous maps ¢;).

If two such open sets intersect then let x € U; N U;. We have
¢l od; (U;NU;) x R" — (U;NU;) x R"

which preserves the fibre. Thus we have transition maps g¢;; : U;NU; — GL,(R) which
satisfy the cocycle conditions :

(i) gijg5 = 1d

(ii) gijgugri = Id.
This transition data is all one needs to reconstruct £ from X. We shall denote such a
transition data by (U, g).

Definition 1.1.3 A vector bundle E over X (a C* manifold) is of type C* if E is a C*
manifold and © : E — X is C* and local trivializations are C*.

In terms of the transition data it means that g;; are C* for all 4, j.

Definition 1.1.4 A cross section of a bundle 7 : E — X is a continuous map s :
X — FE such that mo s = Idx.



Denote the space of all sections by I'(E) and the space of all C* sections by ['y(E).
Observe that both these constructs are vector spaces and I'(E) (resp. 'y (£)) is a module
over C(X) (resp. C*(X)). For the trivial bundle £ = X x R", I'(E) = C(X,R"). It
can be shown that I'(E) is a free C(X) module of rank n if and only if F is trivial of
rank n. In fact, if X is compact then I'(E) is a f.g. projective C'(X) module and every
f.g. projective C'(X) module is a vector bundle.

Exercise Show that every cross section of the Mobius band to S* has at least one zero.

Example (i) CP" = {lines through the origin in C"*'} and its tautological line bundle
T. The transition functions are g;; = z;/z; for the standard trivialization. This is an
example of a holomorphic bundle over a complex manifold. It is known that any section
of T must have a zero. Furthermore

Proposition 1.1.5 T, (T) = {0}

Proof If there was a section o : CP" — T then composing with p : T — C"*! we have
a holomorphic map po o : CP" — C""! which by the maximum principle has to be a
constant. Thus po o(l) =v € VI whence v = 0. O

Example (ii) Grassmanians - G,(V') = {k dimensional subspaces passing through the
origin in V'} where V is f.d. vector space. In particular G;(C"*') = CP". G1(V) and
Gp—r(V) can be identified with each other once we choose a metric on V. One can
analogously study tautological bundles on these spaces. It is known that Gi(R") is a
compact real analytic manifold of dimension k(n — k) and is actually diffeomorhic to
O(n)/(O(k) x O(n — k)). Similar results hold for the complex cases.

Example (iii) Let X}, := {A € M,,(R)|rkA = k} be a subset of the n x n real matrices.
One can associate natural bundles £ — X, and Q — X, with £4 = kerA and Q4 =
ImA. We also have a short exact sequence of bundles :

0—F— X xR"—@Q —0.

Example (iv) T = {A € M,(C)|A%> = A,tkA = 1} is an algebraic subvariety in C"’.
This effectively says that that the trivial bundle C* = ¢ & K where A|, = Id|, and K =
ImA. There is the usual holomorphic map 7 : T'— CP" ! sending A to its image, a line
in C". Note that 77(¢) = {H |hypersurfaces H such that H N ¢ = {0}} = Hom(¢*, ¢).
This is also called torsor.

If X is a manifold, i.e., a locally Euclidean space then one can define a linear space at
each point of x € X. This will be called the tangent space at z and can be defined
in various ways. The manifold in question can be C* or C* depending on how the
Euclidean pieces are glued together.

Definition 1.1.6 Let X be a smooth manifold and v € X. The germ of a (smooth)
function at z is defined to be the equivalence pair (U, f) where U is a neighbourhood of
x and f: U — R is a smooth function under the equivalence relation (U, f) ~ (V, g) if
there exists a smaller neighbourhood W of x contained in U NV such that flw = glw.
The set of all germs forms an R-algebra and is denoted by Ox ,.

The (real) vector space of all derivations of Ox . is called the tangent space of X at
x. It is denoted by T, X and the elements are called tangent vectors.
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There is a surjective R-algebra homomorphism

sending the function to its germ at x. There is also a natural evaluation map (a homo-
morphism of R-algebras)
e:Oxa =R, [f]— f(2)

which is also surjective. The kernel is the unique maximal ideal m, of Oy ,. Working
locally we see that this tangent space can also be thought of as the “totality” of all
directions in X at x. This turns out to be independent of the chart chosen. It can be
shown that the R vector space T, X of R derivations of Oy, is isomorphic to the vector
space Homg(m,/m2 R) by mapping X to the linear functional f — X (f). The vector
space m, /m? is called the cotangent space to X at z and denoted by T X. Taking the
disjoint union of T, X (resp. T X) and pulling back the topology from X we can make

TX := HTxX (respT*X := HT;X)

zeX zeX

into a smooth manifold of dimension 2n called the tangent bundle (resp. cotangent
bundle). For any smooth map f : X — Y thereis an induced map f, = Df : TX — TY
which obeys the chain rule.

Definition 1.1.7 Let f : X — Y be a smooth map between manifolds (of dim X = m
and dim'Y =n).

(a) f is an immersion if f, : T,X — Ty)Y is injective for all v € X.

(b) f is a submersion if f, : T,X — Ty)Y is surjective for all v € X.

A local description of immersions and submersions can be given. One chooses a suitable
chart around each point z € X and f(z) € Y. Then the map f looks like inclusion of
R™ into R™ via the first m coordinates if f is an immersion and looks like the projection
onto the first n coordinates if f is a submersion. This follows from the implicit function
theorem.

We can construct new vector bundles from given ones. A general guiding principle is
that any natural operation of vector spaces carries over to vector bundles. Thus an
inclusion of bundles ' — X into F' — X gives rise to the quotient bundle F'/F — X.
Further given any two bundles E, F' over X one can form the direct sum bundle F&® F,
the tensor product bundle F ® F, the bundle Homg(E, F'), the dual bundle of E
E* = Homg(E, X x R).

Example A\’ T*X is called the bundle of exterior p forms. The direct sum

NTX = EB/p\T*X

p=>0

is an algebra with a self map d : A’ T*X — APT' T*X such that d* = 0.

Replacing the fibre R™ in vector bundles with a topological space F' would result in the
notion of fibre bundles which do not enjoy such liberties in construction.

For any two bundles h : E — E over X choose a common chart for both bundles and
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denote the transition functions by g;; and g;; respectively. It can be shown that F is
isomorphic to E if and only if there exists maps h; : U; — GL,(R) such that

gijhj = higij.
Thus it provides a criteria for saying when a bundle is trivial, i.e., g;; = hihj’l.

Definition 1.1.8 Given continuous maps f: X — B and g: Y — B define X xgVY =
{(z,y) e X xY|f(x) = g(y)}-

If X — B is a bundle then
fiXxpY =Y, (1,y)—y

is also a bundle with the same fibre as X — B and is called the pullback of X — B by
g. It is easy to see that f is proper/finite/surjective/injective implies that f is also so.

Definition 1.1.9 Suppose X,Y, B are manifolds and f : X — B,g : Y — B are
smooth. Then f is transversal to g (write f M g) if

£T.X + ¢.T,Y = T.B
for all (x,y) € X XY such that f(z) =z = g(y).

Lemma 1.1.10 For maps f: X — B,g:Y — B such that f g, X XxgY is a smooth
submanifold of X x'Y (of codimension = dim B).

Proof Choose local coordinates (z;), (y;), (2x) on X,Y and Z respectively. Now (z,y) €
X xpY if and only if F(z,y) := f(z) — g(y) = 0. Then

Fo=fi—g. T, X0T,Y -T.,B

is surjective if and only if f th g. A simple application of inverse function theorem then
gives the result. 0

This result has a number of corollaries :

Corollary 1.1.11 If f is a submersion then X X gY is a submanifold and f : X xgY —
Y is also a submersion.

Proof Since f is a submersion we have f M g and X XY is a submanifold. Also
TapX xpY ={(v,w) € X T,Y[f(v) = g.(w)}

and f*(v, w) = w. Since f, is surjective, given w € T, Y, there exists v € Tz X such that
f«(v) = g«(w) whence f is also a submersion. O

Corollary 1.1.12 If f is a smooth fibre bundle over B then f is a smooth fibre bundle
overY .

Corollary 1.1.13 If f h g and f is an immersion then f 1S an 1Mmmersion.
Proof If f,(v,w) = w = 0 then f,(v) = g.(w) = 0 implies v = 0 since f, is injective. ]
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Proposition 1.1.14 Let E = B be a vector bundle of rankn and g : Y — B a contin-
uous map. Then 7 : E xgY is vector bundle of rank n overY and g (refer figure below)
15 a morphism of bundles.

)L>E

Here g*(E) = E XY is called the pullback of E by g. Further, if m and g are smooth
them 7 1s also smooth.

Proof First notice that

T y) ={(e;y) € ExYn(e) = g(y)} = 7 (9(y)) = Eyqy)

has the structure of an n dimensional vector space. If local trivializations of 7=!(U)
are given by cross sections ej, - - , e, € I'(E|y) then local trivializations of 7#=(g=*(U))
are given by cross sections e 0 g, ,e, 0 g of g*(E). Further if g;; are the transition
functions for E then g;; o g are the transition functions for ¢*(E). U

It is easily verified that
Exercise (i) g"(E® F) = ¢*E @ g*F
(ii) g*(F ® F) = g;‘E ® g F
(iii) 9" (A" E) = A" g"E
(iv) (go /)" E = [ (9"E).
Set Vect,(X) = {isomorphism classes of vector bundles of rank n on X}. Any contin-
uous map g : X — Y induces a map

g Vect,(Y) — Vect,(X).

H Vect,(

and endowed with the operations &, ® thls becomes a semi-ring. We define the group

completion by setting
K(X) = (n(X) xv(X))/ ~

where (E, F') ~ (E', F') if and only if 3G € v(X) such that GG E'®&F = GO E®F'. This
turns K(X) into a ring and the induced map ¢g* : £(Y) — K(X) is a ring homomorphism.
The group G acting on the fibre (for R” it is usually GL,(R)) of a bundle £ — X is
called the structure group. Recall that prescribing a bundle £ — X is the same as
giving cocycles with values in the structure group G. Let G C GL,(R) be Lie subgroup.

We define

Definition 1.1.15 (Reduction of the structure group) Let E — X be a vector
bundle of rank n. Then a reduction of structure of E to G C GL,(R) is a cocycle (U, g)
with E = EU,g) and g;j : U;NU; — G C GL,(R).

Suppose Ty € (R™)®" @ (R")* ® [ such that ¢Ty = Ty for all g € G. Then Tj, defines a
global section
T € T(E®* @ E*¥)
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given by T'(z) = T} in each trivialization.
Conversely if T € I'(E®* @ E*®!) where E = E(U, g) then let T; be the representation
of T in the local trivialization over U, i.e.,

T; : U; —» R®* @ R*®
?7?

Example (i) G = O, C GL,(R) - a reduction to O,, determines a metric on F, i.e.,
(,) € T'(E* ® E*). Using a partition of unity it can be shown that every vector bundle
over a paracompact space has a metric. In general the structure can always be reduced
from GL,(R) to O, since GL,, deformation retracts to O,.

Example (iii) GL;(R) C GL,(R) - Amounts to choosing an orientation on F.

Example (iii) GL,(C) C GLy,(R) - Amounts to choosing J : E — E such that J? = Id.
In other words J € I'(E* ® F) = I'(Hom(E, E)). This makes FE, into a complex vector
space.

Example (iv) SU, C GLy,(R) - Amounts to choosing (i) J as before, (ii) an inner
product (,) such that (Jv, Jw) = (v, w) and (iii) a global section ¢ € T'(A¢ E).

Example (v) Octonions - Let & denote the octonions and Gy = Aut(e). We have
Gy C SO(7) C GL(7) = GL(Im ©). Reduction to G gives a bundle 77



1.2 (G-Bundles

Let G be a topological group and P be a topological space.

Definition 1.2.1 P is called a right G-space if there exists a continuous map PxG —
P such that

(p-91) 92=p(192)Vp € P,g1,92 € G.

P is a free G space if there are no fized points of the G action.

Let 7 : P — P/G = X be the orbit map. It is continuous if we put the quotient topology
on X.

Definition 1.2.2 A morphism of (right) G-spaces over X (m: P — X, : P — X)is
a map h: P — P such that 7o h =7 and h(pg) = h(p)g.

The trivial right G space over X is X x G with right multiplication on G.

Definition 1.2.3 A principal G bundle over a topological space X is a free right G
space w: P — X which is locally trivial (with fibre G).

Example (i) H < G closed subgroup - 7 : G — G/H is a principal H bundle. For
example SO,, — SO,,/SO,,_; corresponds to an oriented o.n. tangent frame bundle.

Example (ii) Universal cover - Let 7 : X — X be the universal cover of X. It is a
principal 71 (X) bundle.

Example (iii) Normal covers - Let 7 : Xz — X be a normal cover of X with m (Xy) =
H <m(X). Then it is a principal m(X)/H bundle.

Example (iv) Frame bundles - Let £ — X be a vector bundle. One can construct the
frame bundle Py (E) = X where 7 '(z) = all basis of E,. Observe that for any two
frame B, B’ of E, there exists ¢ € GL,(R) such that B = B’g. This turns it into a
principal GL,(R) bundle.

If we have a metric on F then we can define the bundle of o.n. frames (denoted by
Po(E)) which is a principal O,, bundle. Further, if F' has an orientation then there is
the Pso(F), a principal SO,, bundle consisting of oriented o.n. frames.

Example (v) Let g € SO,,. Considering the columns of g as vectors in R” we may think
of g as a n-tuple of vectors, i.e., g = (e1|---|e,). This allows us to define

7:80, — 8" g e

Observe that 77%(e;) = all oriented o.n. bases of e} = T, S"~!. This gives us a principal

SO,,_1 bundle.
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Definition 1.2.4 Let E — X be a vector bundle with a G C GL,(R) structure. Then
E is given by a cocycle, i.e., E = EU,qg),9 = {gij}ijer such that g;; : U;NU; — G.
The associated principal G-bundle is defined as follows :

For each i € I we take U; x G with G acting on the right. A change of trivialization (or
an equivalence relation ~) would be given by

(z,9) — (x, gi;(x).9).
Set

i

to be the required bundle over X.

Observe that Py, (E) is just the frame bundle and Pp, (E) is the o.n. frame bundle of
the Riemannian vector bundle E. In general P;(E) is a subset of Pgr, (E). In other
words we have

Po(E)—— Pg(F)

N S

and dividing the inclusion by G we have

/G%PGL

NI

Thus the following tells us when such reductions exist.

Lemma 1.2.5 Let P — X be a principal G-bundle and H C G be a closed subgroup.
Then reductions Py C Pg are in one-to-one correspondence with sections s of the fibre
bundle Po/H — X with fibre G/H.

Example (i) H = {1} - The trivializations of X correspond bijectively to I'( Pg).
Example (ii) H = O, ¢ GL, = G for Pg.,(F) — X - Since GL,,/O,, is just the
positive definite inner products on R",

Per, (E)/O,, = bundle of positive definite inner products on F

Thus reductions to O, are in bijective correspondence with I'( Pgy, (E)/O,.

Using Cech cohomology we have another approach to principal G-bundles. Let p : G —
GL,, be a representation of G' (n arbitrary).

Definition 1.2.6 Define the associated vector bundle for a principal G-bundle P —
X and a given p to be
E,=PxgR"=PxR"/G

where G acts by

1

g(p,v) == (pg~, p(g)v).
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The associated bundle construction will be shortened to ABC. If {g;;} are the transition
functions for P then {p o g;;} are the transition functions for E,. A special case is the
inclusion G — GL,,.

Example (i) Let P = Pgp, (FE) and

p:GL, - GLR"®---®R").
—_———

m

Then £, =E®--- O F.
Example (ii) Let P = Pgp,, (E) and

p:GL, - GLR"®---®@R").
—_—

m

Then K, = F®---Q F.
Example (iii) Let P — X be a principal G-bundle and p : G — GL,. Then there are
associated representations ®*p, ®*p and A¥p. Then

k
Egr, = ®*E,, Egr, = ®"E,, Ex, = )\ E,.

For a fixed P, ABC sends representations of G into vector bundles (with G structure)
on X.

Example (iv) Let X — X be the universal covering map. This is a principal m (X)-
bundle. Let p : m(X) — GL,. Since m(X) has the discrete topology, E, is a vector
bundle with locally constant transition functions.

Suppose h : P — P is an isomorphism. Then by

we have maps h; : U; — G. Using the commutative diagram below (corresponding to
the a change of trivialization)

gjii \ngi

we have
hi

(. 9) (z, hi(z)g)

igﬁ lgji
hy

(@, 95i(2)g) — (2, hy(2)g;i(x)g) = (x, i (x)hi(2)g)

As a consequence we get
Gij(x) = hj(x)gzi(x)hi ().
Using the Cech cohomology theory we see that

Pring(X) = HY(X, G).
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Thus for G C GL,, a closed subgroup,

{isomorphism classes of rank n vector bundles with structure group G}

il_l

{isomorphism classes of principal G-bundles}

since for a vector bundle F the associated principal G-bundle has the same transition
functions. Conversely, given a principal G-bundle using the ABC we get a rank n vector
bundle.
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1.3 Classification of Bundles

We want to classify isomorphism classes of vector bundles of rank n over a compact,
Hausdorff space X. For this we need to study the grassmanians. Recall that

Gn(RY) = {n — dimensional linear subspaces of R"}

which is diffeomorphic to On/(O,, x On_,). We have the tautological vector bundle

EN = {(P,v) € G,(RY) x RN|v € P}
G, (RY)

The nested sequence of inclusions RY ¢ RV*! ¢ RN*2 C ... (via the first NN +1,...
coordinates resp.) we have the following :

EY C EM C .-

P

G,(RN) C G,(RN*Y) C ---

Definition 1.3.1 Let G,(R*) be the union of G,(RY)’s as N wvaries. We provide it
with the direct limit topology coming from the compact sets

K1CKQCK3C"'

where K = G,(R"*). A set C C G,(R™) is closed if and only if C N K}, is closed in
Ky, for all k.

We may define a space E,, — G,,(R>) by defining it to be the union of EY and putting
the direct limit topology. We shall need some facts from general topology to prove that
this a vector bundle. We restate

Definition 1.3.2 Let Y be a space with a filtration
K1CKQCK3C"'

such that Y is the union of it and each K; is a compact Hausdorff space. Further
K; C Kji1 is an embedding. The weak/direct limit/compactly generated topology
1s defined by saying :

a subset C' is closed if and only if C' N Kj is closed in K; for all j.

Example (i) G,(R"™) C G,(R""?) C ---
Example (ii) S" c S"*' C ---
Example (iii) {K;}i>1, K; = {z € Rs.t. ||z]] < i}
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Lemma 1.3.3 LetY = Ui21 K; be as above. Then a closed subset C' C'Y 1is compact if
and only if C' C K,, for some n.

Proof The ‘if’ direction is trivial. Conversely, suppose on the contrary C' € K, for
all n. Then choose x, € C'\ K,. This sequence has no convergent subsequence, a
contradiction. 0

Definition 1.3.4 Given topological spaces X,Y define [ X, Y] to be the homotopy classes
of continuous maps from X toY.

It follows from the lemma that

Corollary 1.3.5 IfY = Ui21 K; has the weak topology and if X is compact then
X, Y] = lim[X, K.
Consequently we have :
T, (Y) = [S", Y] = lim[X, Kj].
We state without proof the following :

Proposition 1.3.6 LetV; C Vo C -+ and Wy C Wy C --- be locally compact Hausdorff
spaces with weak topologies. Let there be filtrations

KiCKycCc---CK;CV
LiCLyc---CL;CcW,.
Then V- x W is homeomorphic to the direct limit of the K; x L;’s.

We are ready to prove that E, = G, (R>) is a vector bundle. Given P € G,,(R*) (this
means P € G,,(RY) for some N), set

U(P) = {Q € G,(R®)|[P* nQ = {0}}

= |J {@ec.®)|P nQ={0}nRM}.

M>N

This is an open set. Now pick a basis vy, ..., v, of P. Define continuous sections
or : U(P) — 7 (U(P)), Q— wy, € Q s.t.pr(wy) = vy

where the map prt maps @Q isomorphically to P via projection from R to P. Thus it
is just the frame bundle of G,,(R*). There are principal and o.n. frame bundles also.

Definition 1.3.7 St°(RY) is the set of o.n. n-frames in RY. This is called the Stiefel
manifold and is compact.

Alternatively

Sto (RY) = {(e1,- - ,e,) € RY x -+« x RN |e;’s are mutually o.n.}

n
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and looks like the quotient On/On_,. There is a natural map
p:SLRY) = SV (e, ,en) ey

This makes it into fibre bundle with St°_,(RY¥~1) as its fibre. Similarly we have the
fiber bundle
Sty _o(RY72) —= St (RY"1)

|

SN=2,

Proceeding recursively we get a fibre bundle

SN-n —— St5(RN="+2)

|

SanJrl

Using the long exact sequence for a fibration we see that St¢ (RY) is (N—n—1) connected.
Consequently

7, (St)) im 7 (St (RY)) =0V k.

=1
N—oo
Since St; has a CW complex structure, by Whitehead’s theorem on homotopy equiva-
lence of CW complexes we conclude :
Theorem 1.3.8 (Whitehead) St is contractible.

Finally we state

Theorem 1.3.9 Let X be a compact Hausdorff space. Then the induced bundle con-
struction gives a bijection

[X, Go(R?)] = Vect,(X), [ fTEn.

Proof Given EF — X, a vector bundle of rank n, it suffices to find a continuous map
F : E — R lo large N which is linear and injective on every fibre E,,x € X. Then set
f(z) == [F(E,)] € G,(RY). It is easily verified that £ = f*E,(RY) = f*E, producing
the pullback :

E d E,(RY) CE,
X ! G

where f(e) = (f(m(e), F(e)).
Since the pullback by homotopic maps yield isomorphic bundles the map

n(RY) € G (R)

(X, G(R™)] 2= Vect,(X), f fE,

is well defined and surjective. Thus every isomorphism class of vector bundle £ — X
gives a unique homotopy class in [X, G, (R*>)]. Using the fact that two bundles are
isomorphic if and only if the maps from the base to G,,(R*>) are homotopic (Covering
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Homotopy Theorem) we get that ® is a bijection.
For each x € X there are open sets W C V C U containing = such that

HWcVv,VcuU

(ii) ¢ : 71 (U) — U x R™ is a local trivialization.
Cover X by finitely many of these Wy, ..., W,. Choose pj : Uy — [0, 1] such that it is 1
on Wy and 0 on Uy, \ Vi. Extend it to X by zero. Also let ®, := pro¢y, : 7~ 1(Uy) — R™.
Define

F:EFE—-R"x- - xR"
l
F(e) = (pi(m(e)@i(e), ..., p(e)Pi(e)).

Then F' is linear and injective. With a modification this construction works for X
paracompact Hausdorff spaces and in particular for manifolds and metric spaces. O

The diagram below commutes upto homotopy

RY x RN R?"

| i

RN+ RNH1E R2N+2

induces one between the grassmanians :

Gn (RN> X Gm (RN) Gn+m (RQN)

| i

Gn(RN+1) % Gm(RN+1) o Gn+m(R2N+2)
Passing to the limit gives a map o : G,,(R®) x G,,(R*®) — G,4m(R*>) such that
0" (Epsm) = E, ® E,,.

Thus if fg : X — GL,(R®), fr : X — G,,(R*®) classifies F, F respectively then o o
(fe, [r) : X — Gpyim(R*) classifies F @ F'. Similarly we have tensor products

Gn(R®) X Gp(R®) —= G (R™)

sending (P, Q) to P ® Q. Also 7*(E,,,) = E, ® E,,.
27
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1.4 Characteristic Classes

Recall that for a topological space X, C,(X) is just the free abelian groups generated
by maps f : A" — X. Equipped with the usual boundary map 0 : C,(X) — C,_1(X)
such that 9% = this becomes a graded chain complex. The homology of this complex is
the simplicial homology of X and denoted by H,(X,Z). If f: X — Y then there
is an induced f, : C.(X) — C.(Y) which descends to the homology. Now let A be an
abelian group. Define

C™"(X,A) = Homy(C,(X),A)

§:C"(X,\) — C"H (X, N), §¢:=pod.

0? = 0 implies 6% = 0. The homology of this complex will be the simplicial cohomol-
ogy of X with coefficients with A and denoted H"(X,A). For f as before, there is an
induced map f*: H*(Y) — H*(X). Under the assumption that A is a ring, there is a
product structure on the cohomology groups called the cup product :

HY(X,A)® H™(X,\) — H"™™(X,A)
such that This turns H*(X,A) into a graded commutative ring. Finally, for o €
CH{X,N),3€C™(X,A)
a~ B({vg, ..., vipm)) = a({vo, -, o)) B, -+ Vi)
For any U € H' (G, (R*®),A) (call it a U-characteristic class) we set
U(E) = fpU) € H'(X,A)
for any fr: X — G,(R™) classifying F € Vect,(X).

Lemma 1.4.1 If f : Y — X is a continuous map of vector spaces and E — X 1is a
vector bundle over X then

U(S'E) = [ U(E).
Proof We have
y L x —£a, (R
Therefore U(f*E) = (f o 1)*U) = f*(f3U) = I*U(E)). m
So E = F implies U(E) = U(F) for any U.

Example (i) G1(R*) = P>°(R) = §°°/Z, is also the direct limit of P"(R)’s. It is known
that
H*(P"(R), Zy) = Zola] /(")

and H*(P®(R),Zs) = Zs[x]. Let wy = x € HY(P>,Z,) = Hom(H;(P>),Z,). Given a
line bundle ¢ — X

wi(L) = fi(w) € HY(X, Zy) = Hom(m (X), Zs).
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wy(£) is the orientation class. For a loop v C X, /|, is trivial or the Mdbius band if
and only w;(¢|,) = 0 or 1 respectively. In fact, the following is an isomorphism

Veet? (X) —> HY(X, Zs).

To see this let £ — X be a line bundle and S(¢) — X be the unit sphere bundle which
is also a principal Zg-bundle. Then ¢ = S(¢) xz, R is the associate bundle. Thus
Vect}(X) = Pring,(X) is just the Zy covering space of X. But the latter is just the
group Hom(m(X),Zy) = HY (X, Zs).

In the complex case P*(C) = G1(C*>) and H*(P>(C),Z) = Z|c;] where ¢; generates
H?*(P>,Z) = Z. Let A — X be a C-line bundle with a classifying map f, : X — P>,
As before

A= PSI()\) X g1 C

where Pgi(\) is the unit circle bundle of A\. Thus
Veet?(X) = Pring: (X) = HY(X, SY).
Lemma 1.4.2 The map VectS(X) - H?*(X,Z) is an isomorphism.
Proof The exact sequence of constant sheaves
0—-Z—-R—-S"—0
gives a long exact sequence in cohomology (via Cech cohomology) :
0=H(X,R) - H'(X,S") - H*(X,Z) — H*(X,R) = 0.
The middle arrow is thus forced to be an isomorphism. To see that H*(X,R) = 0,7 = 1,2

we let g;; : UiNU; = R, ¢;5+ gjx — gki = 0 on U; NU; N Uy, be a cocycle on U = {U; }ier.
Take a partition function of unity {u;}:c; define

hi U — R, hy(z) = Zgz'j(x)?/fj(l’)-

For x € U; N Uj
hi(z) — hj(z) = Zgik(ﬁ)?ﬂk@) — gir(@)(z) = Zgz‘j(@%@) = gij(7).
k k
Hence H'(X,R) = 0. The case H*(X,R) = 0 is similar. This completes the proof. [

Let jg : G, 1(R*®) — G,L(R*), jc : G,—1(C®) — G, (C™).

Proposition 1.4.3 (i) jg is an isomorphism on H*(-,Zy) for k <mn — 1.
(ii) jc is an isomorphism on H*(-,7Z) for k <2n — 1.

Proof We have the fibration in the complex case :

U(n) — St5(C®) — G, (C®)
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which is the hermitian o.n. frame bundle of the fibre bundle E, — G, (C*>). Since
StE(C*>) is contractible
T(Gn(C®) = mU(n) VEk

Now the fibre bundle U(n — 1) — U(n) — S?"~! yields
o ST S Uy — mp Uy — ST —

and for k — 1 < 2n — 1 we get m,_1U(n — 1) = m,U(n). Since the diagram

St

Gn—l (Coo)

commutes we get m,G,—1(C®) = m,G,(C>). This implies that all the relative homol-
ogy groups H;(G,(C*>),G,_1(C>®)) are zero if i < 2n — 1. Consequently all relative
cohomology groups are zero till 2n — 1 and hence the theorem follows. The real case is
similar. 0

We state two main results which will be useful in various applications to follow :

Theorem 1.4.4 (Cohomology of grassmanians)
(1) H*(Gp(R®), Zy) = Zolwy, ..., w,] where wy, € HY(G,(R>),Zy). Also, the map

Gn1(R®) L G, (R®) induces
g H(

1
GH(ROO),ZQ) — H*(Gn_l(Rw),Zg), w; — Wy, 1< n

and kerg* = (wy,).
(1)) H* (G (C®), Z) 2 Zlcy, . . ., cn) where ¢ € H*(G,(C*),Z) and kerg* = (c,).

Theorem 1.4.5 Let H*(Gn+m>, Zg) = ZQ[U)l, e ,wn+m], H*(Gn, ZQ) = Zg[w_l, C ,?,U_n]7
H* (G, Zy) = Loy, . .. ,w0,,]. Then the characteristic classes satisfy :

Real Case — o™ (1 + w1+ -+ + Wpgr) = L+ W01 + -+ + W) (1L + w0y + - - - + W)
Complex case —o*(1+c1+ -+ Cpym) =14+ +--+G) A+ + -+ ).

Definition 1.4.6 Let E — X be a vector bundle and fp : X — G,(R*) be a classifying
map. Then wi(E) = fi(wy) is called the kth Stiefel-Whitney class of E. For the
complex case, c,(E) = fr(ck) is called the kth Chern class of F.

By the classifying theorem, there is a unique classifying map upto homotopy.

Definition 1.4.7 Let E — X be a vector bundle.
(1) (Real case) The total Stiefel-Whitney class of E is w(E) = 14+w(E)+- - 4w, (E).
(i1) (Complex Case) The total Chern class of FE is ¢(E) =14 ¢1(E) + -+ + ¢, (F).
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Let X,Y be manifolds with X compact. Suppose f : X — Y is a smooth immersion.
Then f*(TY)=TX & NX and

FuTY) =w(fTY) =w(TX & NX) = w(TX)w(NX).

Example (i) Let f : X — R" be a smooth immersion. Then w(R™) = 1 implies
w(TX)w(NX)=1.

Example (ii) Grassmanians - Tp(G,,(RY)) = Hom(P, P1). At P we embed Hom(P, P1)
as a coordinate chart into G,,(RY). For n =1,

TPV~ = Hom(\, A\ F) = M @ AL

The exact sequence of bundles
0= NRNER— M)V =X =0
imply R @ TPN~ = (\*)¥. Thus
w(P¥) = w(TPY) = w((A)Y) = wW)Y = (1 +wi(A)Y = (1 +w)".
Example (iii) For the complex case we get
PV = (1+a(\)" =1 —al)".

Example (iv) Consider P*(R). Then

w(P*) = (14+w,)® =1+ w; +wi.

If f: IP>4 — R* is an immersion then w(P)w(NP*) = 1. If w(NP*) =1+ ayw; + -+ +
Qe 4w1 4 then solvmg for a;’s we get a; = a3 = az3 = 1 and ¢y = 0 if [ > 4. Thus
w(NP?) =1+ w; + w? + w}. In particular, dim NP* > 3. Consequently

Theorem 1.4.8 There is no immersion of P* into RS,
But we also have
Theorem 1.4.9 (Whitney) There is an immersion of P* into R”,

It is a basic fact that a compact embedded submanifold M C X of codimension ¢ and
oriented normal bundle defines an integral cohomology class [M] € H%(X,Z). The idea
is as follows:

Let f: N — X be a closed oriented manifold of dim ¢. By the transversality theorem
make f M M. Then M#N counted with proper signs gives an integer which is defined
to be [M](N). Let Ny, N; be two closed manifolds of dim ¢. If there is an oriented
manifold W of dimension ¢ + 1 such that OW = Ny = N;. Let F': W — X be a map.
We may assume F' th M. Since

[M](OW) = [M](No) — [M](N:)
on one hand and 0[M] = 0 on the other
0= S[M)(W) = [M](No) — [M](Ny).
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Yet another view is to treat [M] as a closed differential form 7 of deg ¢ supported in
U.(M) such that

/ 7':/ f5(r) = f(N)#M, T=1.

f(N) N normal disk

Note that if X is oriented then H, _(X,Z) = H (X, Z).

Let E 5 X be a smooth complex vector bundle of rank n. Let Z C E be the zero

section. It is a normally oriented submanifold. Let o : X — FE be a cross section s.t.
omhZ.

Then zero(c) = 0~ 1(Z) is a (complex codim n) normally oriented submanifold.
Exercise o, : N(zero(o)) =, E|ero(o)-
Definition 1.4.10 ¢, (E) = [zero(o)].

Let 0p,01 € T'(E) be two sections transversal to Z. Consider o : X x [0, 1] — E defined
by
o(z,t) = (1 —t)oo(z) + toy(x).

o M Z in a neighbourhood of (X x [0, 1]); so approximate o by & M Z such that

. [ =00 mnearX x {0}
77\ =01 nearX x {1}.

Therefore 671(Z) is a codim 2n normally oriented submanifold of X x [0,1] with

0,1 (Z),i = 0,1 as boundary components. Thus the definition of c,(E) makes sense.

Remarks (i) Let f: X — Y be a smooth map and £ — X a complex vector bundle of
rank n.

FEL.E
Ll
Yy —>X

If f M zero(o) then oo f h Z C f*E and f~!(zero(c)) = zero(o o f).
(i) cp(E) = 0 if and only if there exists o € I'(E) such that o(z) # 0 for all
r e X.
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Theorem 1.4.11 Let E — X be a complex vector bundle of rank n over a compact
manifold X. Suppose fr : X — G,(C>) is the classifying map. Then fg is homotopic
to f: X — G,_1(C®) C G,(C®) if and only if c,(F) = 0.

Proof Let ¢,(E) = 0. Thus there is a non-vanishing section which implies £ = E, @ C.
Consequently

fe = foee= ¢ o fr,
where ¢ : G;,_1(C®) C G,,(C>®) for C¥ = CN"' @ ¢, N > n. Conversely, if f exists then
eu(B) = F(en(Ep 1)) = 0. .
?7?

Let N large and set ¢, to be the first coordinate line in C¥, i.e., CN = ¢, & CVN~ 1.
Y, ={P € G,(C"): PCly}=G,(C ™

We have j : G,,_1(C¥71) — G, (C>®) sending Q — £y & Q.
(1) codime(X,) =n(N —n) —n(N —n — 1) = n and codimg(3,,) = 2n.
(2) There is a section u € I'(E,,) given as follows : Fix a unit vector ug € ¢, and set

u(P) = mp(ugp)

where mp : CV — P is the orthogonal projection on P. zero(u) = {P|P L {y} = %,,.
Check that this vanishes non-degenerately and so ¥, = ¢,(E,) defined as before.

(3) Gp1(CN71) — G, (CN)\ 3, is a deformation retract. Define £p; = C{(1 —t)ug+
tmp(ug)} and

Yy i Gu(CMY\ B, — GL(CY)\ Z,,, t €0,1]
U(P) = (PNiy) & lpy.

Thus wo(P) = ((P N KOL) @60) S j(anl(CN_l)), ¢1(P) = P and wt fixes anl((CN_l)
point wise.

(4) Epla\s, = Ey—1 @ C. Recall that for a complex vector bundle £ — X, ¢,(E) =0

if and only if fz is a homotopic to a map into G,,_1(CV~1).

789

Let £ — X be a rank n complex vector bundle. Then c,(E) = [zero(c)] € H*(X,Z)
for any section o M Z. If E' admits a nowhere vanishing section then ¢, (E) = 0.
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2 Transversality Theory




2.1 Transversality Theory

We begin with a review of definitions :

Definition 2.1.1 Let f : X — Y be a C' map between manifolds. y € Y is called a
regular value if f, : T, X — T,Y is surjective for all z € f~(y).

If y € f(X) then it is also called a regular value. A value which is not a regular value
is called a critical value. We shall use the following notations :

Ry CY - the set of regular values

Cy C X - the set of critical points

f(Cy) CY - the set of critical values.

Definition 2.1.2 S C X is a C" submanifold of codimension k if for all x € S there is
an open set U containing x and a C" chart

¢:USB={zecR"s.t |z <1}
such that (U N S) = BNR"* where R"* — R" via the first n — k coordinates.

We know that if f : X — Y is a C" map and y € Y is a regular value of f then
f~(y) is a C" submanifold (of codimension = dim Y’) in X. One can generalize this via
transversality.

Definition 2.1.3 Let f : X — Y be a C' map and let S CY be a submanifold. Then
[ is transversal to S (denoted f M S) if fo(ToX) +Tp)S = Tpw)Y forallz € f71(S).

If f: X —>YisaC" mapand S CY is a C" submanifold of codimension k£ and f M .S
then f~1(S) is a submanifold (of codimension k) in X. Note that if dim X codim S
then f S if and only if f(X)NS = ¢.

Definition 2.1.4 A C' map f : X — Y is an embedding if it is an injective immer-
sion. It will be called a proper embedding if it is proper and an embedding.

Exercise The image of a proper embedding is a closed set and a submanifold.

We will also need

Theorem 2.1.5 (Sard’s Theorem)
Let f: X =Y be a C" map where r > min{0, dimX — dimY'}. Then f(Cy) has measure
zero and Ry is residue, i.e., contains a countable intersection of open dense sets.

What follows is a discussion of embedding manifolds in R™.

Theorem 2.1.6 FEvery compact C™ manifold (r > 1) admits a proper embedding into
RY for some N.
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Proof There exists finitely many local coordinate charts ¢; : U; — 2B := B,(0) and
X =U._,¢;(B). Choose a smooth map p : [0,2) — [0, 1] such that

[ 1, z€]0,]1]
P =30 2>3/2
Define p;(z) = p(||¢,(x)||) and extend by 0 on X \ U;. Set

¢ X — RQl’ T — (;01(2517/)1; T 7pl¢l7pl>'

Check that ® is an immersion. If ®(z) = ®(y) then p;(x)¢;(z) = p;(y) = ¢,(y) and
pi(z) = pj(y) for all j. This implies that x = y. O

Theorem 2.1.7 Let X" be a compact manifold of class C",r > 2. Then X admits a
C" embedding X — R +L,

Proof We may assume, using the previous theorem, that X C R for some N. Assume
N > 2n + 2. Fix a hyperplane R¥~! C RY. For each u € S¥~!\ RV~ we have a linear
projection m, : RN — RY~1 generated by

z—z,z€RYand uw— 0.

We claim that for a residual set of such u’s m, : X — R¥~! is an embedding. Applying
induction with the claim then finishes the proof. So consider

F: X x X\A =S¥ (2,y) = (x = y)/llz .

Then 7,(x) = m,(y) if and only if + — y = tu for some ¢t € R which is equivalent to
(x —y)/|lx — y|| = £u. Since dim (X x X \ A) = 2n < N — 1, by Sard’s theorem
SN=1\ Im F is dense. So we can choose u such that u € Im F. For such a choice of
u € SN~ 7, is one-to-one.

Now observe that m,|x is an immersion is equivalent to m,|r,x is injective which is
equivalent to u ¢ T, X for all x € X. Thus it suffices to consider the unit tangent
bundle 71 X - a compact manifold of class C"~! and dimension 2n — 1. Sard’s theorem
applied to the (composed) map

T, X CRN x gN-1 13 gh-1

where dim 71X = 2n—1 < N — 1 = dim SV~! we get that SV~ \ (71 X) is open and
dense. Thus

SN\ (m(TiX)UIm F) = (SV '\ m(T1 X)) N (SV '\ Im F)
is also dense. Consequently, 7, is an embedding for almost all u € SV~1. O

Corollary 2.1.8 If X" is a compact C" manifold (r > 2) then it can be immersed in
R2",

This follows from the proof above since the last part of the argument still goes through
with one less dimension.
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Theorem 2.1.9 Let X™ be a compact C" manifold with r > 2. Given any C" map
f: X —>RY (N >2n+1) and e > 0 there is an embedding g : X — RN such that

maxzex ||/ — gl <e.

?7?

Proposition 2.1.10 Let U be a C" manifold (r > 2) of dimension n. Let ® : U — RN
be a C" embedding. Suppose there exists a projection © : RN — RM C RN (M > 2n+1)
to a subspace such that wlgm = Idlgm. Then given € > 0 there exists a projection
7 RY — RM such that

I7(2) — 7'(2)]| < ellz]l ¥ 2 € RY

and 7w o ® : U — RM is a C" embedding. Moreover, if ® is an immersion and M > 2n
then ' o ® is also a C" immersion.

Proof Recall that in the proof 2.1.7 we fixed RV~! C R¥ and fixed a unit vector
u € SN\ RV We considered m, : R* — RY™! with 7,(w + Au) = w where
w € RN Thus 7, : R x R — RV~ looks like

1 (%1 (%1
: 1
) e
1 UN-1 (1 + |U|2)5 UN-1
0 0] 0 -1

Write x = (Z,zy) € RY™! x R. Then
Tu(x) = T+ zyv, wherev = (v, ,un_1).
Now fix any v € R¥~! and define
7y s RVL XR—JRN_l, T — T+ TNv.

Also

Im0(2) = mo(2)]| = lznllloll < [vllllz]
Choose v with sufficiently small norm. Going through the same arguments as in 2.1.7
we get the desired result. O

Corollary 2.1.11 Let f : U — R be a C" map (r > 2) and ® : U — R™ be a C"
embedding (resp. immersion). Suppose M > 2n+1 (resp. M > 2n). Given € > 0 there
exists a linear map L : R™ — RM such that

(i) f+Lo®:U—RM is aC" embedding (resp. immersion)

(i) ||IL]| = supyy < [ Lyl <e.
In particular if f = f+ Lo ® then ||f(z) — f(z)| < e||®(z)|,z € U.

Corollary 2.1.12 Assume all the hypothesis of corollary 2.1.11 and let U C R™ be open.
Then 5
1D f(x) = D*f(x)|| < e[ D*®(z)| for oo = (e, -+ am), x € U.
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Exercise Let X be a C' manifold. Then there exists a compact exhaustion, i.e., a
nested sequence of compact sets K1 C Ko C - -+ such that X = U; K; and K; C K;1° V1.

Assuming the exercise, set A; = K; \ K;_1° and B; = K;11° \ K;_o. A;’s are like annulus
radiating outside and B;’s are open neighbourhoods of A;’s.

Theorem 2.1.13 FEvery C"(r > 2) manifold of dimension n admits a proper embedding
into R*"*1 and a proper C" immersion into R?".

Proof Cover A; with coordinate charts {(U;,, ¢, )i ;. ¢i. — 2B and A C Ung; ' (B)

(I)i = (pi1¢i1a Piyy 7pili¢ili7pili) X — Rzli

where p;_ () = p(||¢s, (z)]]) and extended by 0 on X \ U;,. The construction is similar
to 2.1.6. Then ® is a C" embedding on a neighbourhood of A; and is identically zero on
X \ B;. By choosing a projection m; : R% — R?"*1 we get a map

Yy i=mo®; : X — R

which is an embedding on a neighbourhood of A; and zero on X \ B;. Since supp
Y C A UA U A,

supp v¥; NsuppY; = ¢ if |i — j| > 3.

This prompts us to define

b= (ZWJ'? Z%j—la Z¢4j—2,z¢4j—3> - X — RAGnAD)

Jz1 Jj=1 j=1 J=1

which is a C" embedding. We can successively project to get an embedding U X —
R2"+1. To complete the proof we shall need :

Lemma 2.1.14 There is a C" function f : X — [0,00) such that f~1[0,c] is compact
for all c € R.

Proof By Tietze’s extension theorem there exist continuous maps f; : X — [0, 1] such

that )
1, ze€ A
filz) = { 0, € X\ B,
Define f = > ;i fi. Apply uniform approximation by a C" function. [l

Now consider ¥, := (\if, f): X — R**2 For a compact subset K C R?""2
U (K) C fH(r(K))

where 7 : R*"™2 — R is the projection to the last coordinate. Thus ¥, is proper. We
project again and denote this new map by ¥, again. Define

U =T, —of, veR™!
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Given f this map is an embedding for almost all v € R?"*!. Let f, be any proper
function (as defined in the exercise) on X. Set f := fy + el¥1l and choose V such that
|v|| > 1. Then

191 —o(fo+ e D = (ol (fo + el ™) = [ @] = fo+ el — (W] > fo.

Thus
U (Bg(0) = {1 (2) — v(fo(z) + ™) < R} C f7'[0, R]

is compact whence V¥ is proper. [
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2.2 Function Spaces

Weset C"(X,Y) ={f|f: X < Y}. Fix f € C"(X,Y). Choose U C X", K (compact) C
U,V .C Y™ and C" local coordinates ¢ : U — R" ¢ : V' — R™ such that f(K) C V. Set

us(f) :ur<f7 (Ua (b)? (‘/7 ¢)7K7 5)
= {oe XY g S Visup 37 1D W ege ) = D (e oo ] <<},

¢(K) la|<r

Definition 2.2.1 The weak topology on C"(X,Y) is the topology generated by the
weak basic neighbourhoods (a weak basic neighbourhood of f in C"(X,Y) is a finite
intersection of sets as above).

The proof of the following result is left as an exercise :

Theorem 2.2.2 Suppose X is compact, of dimension n and of class C",r > 2. Then
(i) CT-embeddings are dense in C™(X,RY) if N >2n+1 and
(it) C"-immersions are dense in C"(X,RY) if N > 2n.

For X compact, C"(X,RY) is a Banach space. Define

If =gl = ZSUPZ“Da foort) = D¥gog

=1 ¢i(Us) la|<r

where {(U;, ¢;)}._, is a finite (compact) cover of X. One can also define the strong topol-
ogy on C"(X, Y) as follows. Fix f € C"(X,Y); choose a locally finite set {(U;, ¢;) }ier
of C"-coordinates on X and a locally finite set {(V;, ;) }ier of C"-coordinates on Y and
{K™Y¢r such that f(K;) CV; and K; C U;. Given {&;}ier, & > 0Vi € I set

U= {g € CM(X,Y)|g(K:) CViViel, sup S |D°G — Dl < &Vie 1}
7 Kl)
la|<r

where

Gi=tviogod !, fi=1wiofopt.

Definition 2.2.3 We define the strong topology on C"(X,Y) using such U as basic
neighbourhoods.

Example C'(R,R) - Let f € C'Y(R,R) and € : R — R>? be an arbitrary continuous
function. Then

U:={gstllg(x) - fx)ller <elz)Ve e R}

is strongly open.

30



Definition 2.2.4 The C* topology on C*(X,Y) is the union of all open sets from
the injections

C(X,)Y)CcC'(X,)Y)Vr>1
where C™(X,Y) is equipped with the weak or strong topology.

Note that the topology defined above doesn’t depend on the ambient topology since we
are taking union of all open sets. 77

Notation Imm"(X,Y) = C"-immersions from X to Y (dim Y > dim X).
Sub”(X,Y) = C"-submersions from X to Y (dim X > dim Y).
Prop”(X,Y’) =proper C"-maps from X to Y.

Emb"(X,Y) = C"-embeddings from X to Y (dim Y > dim X).
Diff"(X) = C"-diffeomorphisms of X.

Proposition 2.2.5 Imm"(X,Y) is open in the strong topology on C"(X,Y).

Proof Let f € Imm"(X,Y). Fix a locally finite coordinate covering {(U;, ¢;) }ics for X
and choose compact subsets K; C U; such that
(i) X = Ujer K7
(i) f(K:) € Vo) where {(Va, ¥a)}a is a coordinate covering on Y.
We define
T ={L:R" > R"|L=d(smo fod;")e,x € K;}.

Then T; is compact and

T; — Hom Inj(R",R™) — Hom(R",R™)
where the last inclusion is an open map. Therefore Jde; > 0 such that

(T:)., C Hom Inj(R", R™).

With this choice of {¢;}; we get a strong neighbourhood & C Imm"(X,Y") of f. |
Similarly it can be shown
Proposition 2.2.6 Sub"(X,Y’) is open in the strong topology on C"(X,Y).
Proposition 2.2.7 Prop"(X,Y) is open in the strong topology on C"(X,Y).

Proof Fix f € Prop”(X,Y’). Choose locally finite coordinate covering {(U;, ¢;) }ier of X,
K" C U; such that X = U;K; and coordinates {(V;,4;)}; on Y such that f(K;) C V.
We shall need :

Lemma 2.2.8 The V;’s can be chosen to be locally finite on Y .

Proof Choose a proper embedding Y C R for some N. If

lim d(f(K;),0) # oo

1—00

then there exists a subsequence {7;};>1 and ¢ > 0 such that

(F(Ks) st ]l < e}) # 6 Vi,
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Consequently
7 {z st |zl < c}) NK;y, # 6 Vi
Since K;’s are locally finite this is a contradiction. Now replace (if required) the original
Vi’s by 3
V= Vin{yld(y, f(K:)) < 1}.
This collection {V;}; is locally finite. O
Now choose &; such that

f(Ki)le, ={y € Yld(y, f(K:)) <&} C V.

This gives a neighbourhood U of f in the strong topology on C"(X,Y"). Choose ¢; such
that

sup [[hiogo gt —ihio fod || <& = dre(f,g) <& onk;.
@i (K;)

We need to show that any g € U is proper. Fix a compact set C' C Y. C meets only
finitely many of the V;’s, say V;,,...,V;,. Since f(K;) C V; holds for all i we get

9(K:) C [f(K)]s, C Vi
Thus g(K;) N C # ¢ for possibly i = iy, ..., 4. Therefore
g HC)C Ky U---UK,,.
Being a closed set of a compact set, it is also compact. Hence g is proper and U C

Prop”"(X,Y). O

We may use this to prove :
Proposition 2.2.9 Emb"(X,Y) is open in the strong topology on C"(X,Y).

Proof The set of proper immersions are open since each of them are. Fix f € Emb"(X,Y)
and choose a locally finite coordinate neighbourhoods {(U;, ¢;) }i>1 for X with compact
subsets K; C L; C U, such that

(i) K; C L7

(i) X = Uizl K7
Further, choose a locally finite family of coordinate charts {(V;, ;) }i>1 for Y such that
f(L;) € V;. Also choose {¢;};>1 such that the neighbourhood U defined with these
choices consists of proper immersions. We claim that by shrinking ¢;’s sufficiently, we
can make every g € U and embedding on L; and hence on X. We shall need :

Lemma 2.2.10 Let Q%" C R" and C?" C O. Suppose F : O — R™ is a C' map
which is an embedding on C. Then there exists ¢ > 0 such that if G : O — R™ is
another C' map satisfying

Sgp{||G—F||+||DG—DF||} <e (x)

then G|¢ is an embedding.
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Proof First observe that there exists € > 0 such that (%) implies that G is an immersion
on C. Now suppose the lemma fails. Then there exists {G}. }r>1 € C'(O,R™) such that

|Gy — F|| + | DGy — DF|| — 0 ask — oco.

But there are points 3, # yx in C such that Gi(zg) = Gi(yx). Passing to a subsequence
if necessary assume x; — z and y; — y. This would imply F(x) = F(y) whence z =y
since F' is injective. Passing to a subsequence we may assume that

Tn — Yn

= e S
[0 = yal

Uy

By Taylor expansion we get

|Gr(xr) — Gr(yr) — DGr(yr) (T — yi) || k=09 0.
|ze — yull

But the the LHS of the above equals

| DG (yr) (ke — yr) ||
2k — il

= | DGr(yr)url| — [|[DF(y)ull # 0

since F'is an immersion. This completes the proof of the lemma. O
Now assume as before that Y C RY for some N is a proper embedding. Set V;’s such

Az’ - f(K2)7 Bi - f(X \ Li)? N = d(Aw B%)

f(L;) meets only finitely many V;’s, say V},,...,V;,. By shrinking ¢;’s on each of the
Uj,’s we can arrange for

g(Ki) Ng(K;, N (X N\ Li) = ¢, g(Ki) Ng(X \ L;) = ¢.
On each U; we change €; only finitely many times and hence it is permissible. This gives
a strong neighbourhood U of f. Verify that g € U is proper and an embedding. 0
Exercise f € Diff"(X) if and only if f : X — X is a proper embedding.
Corollary 2.2.11 Diff"(X) is open in the strong topology.

The remaining section will deal with various approximation results.

Theorem 2.2.12 If dim Y > 2dim X and r > 2 then Imm"(X,Y") is strongly dense in
C7(X,Y).

Proof Fix f € C"(X,Y) and a strong neighbourhood U of f as before. We may assume
X C K?. We shall construct a sequence of functions fy, : X — Y such that (i) fr € U

(ii) fulor_ k, is an immersion and (i) fy differs from f;_; only on Uy. Then f; f
which is an immersion by the local finiteness of U;’s. So suppose inductively that fi
is given. Consider

Ky C Uy fios Vi

ﬁlaﬁk :iwk

6r(Ky) C o(Ur) = (Vi) € R™
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where fi_1 = ¥ 0 fr_10 ¢,:1. Choose g : ¢r(Uy) — RM such that
(i) gx is an immersion on a neighbourhood of ¢ (Uy) and
(i) gx = 0 outside a bigger compact set in Uy.
Let m: R® — R™ be such that (here to use the cor 2.1.11 we need m > 2n)
() Il ()] < ellol,
(i) fr—1 — mgx is an immersion on a neighbourhood of ¢y (Uy).
Choosing ¢ small enough we can make

sup Y || D fra = D (fra +mge)| = sup Y [|D%(wgi)|

¢k(Uk) |o¢||leqr ¢k(Uk) |o¢\§r

as small as we line; in particular less than ;. Define f;, = wk’l(fk,l + mgr) bk It will be
an immersion on all of Ky U --- U K}, for ¢ sufficiently small. ]

Lemma 2.2.13 (Basic Approximation Lemma)
Fiz UP CR. Let F': U — R™ be of class C*,0 < s < co. Given ¢ > 0,7 > s and
Kert C L° C L C U there exists G : U — R™ of class C*® such that

(i) G=F inU\L

(ii) G is of class C" on a neighbourhood of K

(1ii) G is of class C" on an open subset where F is of class C" and

(ZU) Supy Z\a|§s ||Daf - Dag” <Eé.

Proof For a suitable choice of £ € C°(R) with £(t) = £(—t) we set ¢-(x) = &£(||z||/varepsilon) /e
such that its integral over R™ is 1. Define

F.x):= [ ¢(y—x)F(y)dy.
Rn
This is well defined and smooth. We also have

sup » [|D*F. — D°F|| < e(e

|| <s

where e(e) — 0 as € — 0. Choose A € C3°(U) such that A = 1 on a neighbourhood of
K and A = 0 on a neighbourhood of U \ L. Consider G = AF. + (1 — A\)F. Then

D°G — D°F = D*(A(F. = F)) = > _ cga—p D (\)D*P(F. — F)
B

and can be made as small as we want. Finally observe that G is smooth on a neighbour-
hood of K. 0

Theorem 2.2.14 Let X,Y be C" manifolds (r > s > 0). Then C"(X,Y) is strongly
dense in C*(X,Y).

Proof Use the lemma and the argument of the immersion case. 0

The proofs of the following two results are left as exercises.

Theorem 2.2.15 Let X, Y be smooth manifolds and s > 0. Then C*(X,Y) is strongly
dense in C*(X,Y).
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Lemma 2.2.16 Let U%?" C X be a C" manifold and f : X — YP" C R™ be a C"
map. Let f(U) C Vo C Y. Then there exists an open neighbourhood U of f|y in
Cr (U, V) such that the map : U — C"(X,Y) defined by setting

g(x), z€U
I7 fl@), zgU

1s well defined and continuous.

As a consequence we get

Theorem 2.2.17 Every C"-manifold (r > 1) has a compatible C*-structure for co >
s>
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2.3 Transversality Theorem

In this section we shall discuss the main theorem and a few applications.

Theorem 2.3.1 (Transversality Theorem)

Let U, X, Y be manifolds and S CY a submanifold such that F': U x X —'Y is map of
class C",r > max{0, dim X — codim S}. Then F th S implies that F,(-) = F(u,-) ish S
for a.e. ueU.

Proof Localize and reduce to dim S = 0.

X \E/ﬁ - wiy
F7I(S)

Fix yo € S, (ug, o) € U x X and F(up, z9) = yo. Choose coordinate neighbourhoods V
of yoin Y, ie.,

(777@ : VHRS XRm7 Yo — <O7O>

and V = {(n,&)s.t. ||n]] < 1,]|¢]] <1} such that VNS = {(n,0)s.t.||n|| < 1}. Choose
a product neighbourhood Uy x Xy of (ug,xo) such that F(Uy x Xy) € V. On this
neighbourhood

F S < 0is a regular value ofno F.

In the reduced case S is a point in Y, which is a regular value of F. Set M := F~1(S)
a C"-submanifold of U x X of codim = dimY. The following lemma will complete the
proof :

Lemma 2.3.2 y € Y is a reqular value of Fy, : X XY if and only if u € U is a reqular
value of m: M — U where m = pry| .

Proof Fix (u,x) with F'(u,z) = y. Let dimY = m and dim X = n. The local picture
look like

M

We have the following grid :
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(Fy)« is surjective < dim ker (F,), = m —n < dim (T,X NTuayM) = m —n &
dim (ker m,) = m —n < m, is surjective (dim U =k, dim M =k +n —m). Also y
is a regular value of F,, < (F,). is surjective for all x such that F(u,z) = y < 7, is
surjective Vo € F~1(y)N7m ! (u) = M N7 ! (u) & u is a regular value of 7. O

Theorem 2.3.3 Let f : X — Y be a C"-map and S C Y be a C"-submanifold with
r > max{0, dim X — codim S}. Then given a strong neighbourhood U of f, there exists
g € U such that g N S. Furthermore, if f M S on some closed set C C X then we can
assume [ =g on C.

Proof It suffices to consider the local case
cht g Lo g cht g Xopen(g Rn) i) Yopen(g S) g R™.

S

> )
X Y

It suffices to show that for any € > 0 there is a C"-map g : X — Y satisfying :
(i)g=fonX\L
(ii) g M S on a neighbourhood of S
(iii) g M S on a neighbourhood of C
(iv) supx > - <, |1D% — D f]| <e.
Choose A € C§°(X) such that A = 1 on a neighbourhood of K and A=0on X \ L. 7?7

Applications

Proposition 2.3.4 Let M"~' C X" be a closed, smooth hypersurface (proper). Assume
that X is connected and simply connected. Then M is orientable and X \ M has 2
components.

Proof The given hypothesis on X implies that it is orientable. If M isn’t orientable
then there is a loop ~y (based at p € M) reversing orientation on TM and NM. Choose
a unit normal vector along v and let the new loop 7 be as in the figure.
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Since 71 (X) = {0} there is a map F : D* — X such that F|yp> = 5. We may assume
w.l.o.g that F' f M in a neighbourhood of p € dD?. Approximate F' by F such that

F i M and F = F near p. Then F~'(M) is a compact 1-dim submanifold of D with
only 1 boundary point p, a contradiction. O

Proposition 2.3.5 Let E — X be a smooth vector bundle with rank E > dim X. Then
there exists a section which nowhere zero. If rank E = dim X then there is a section
which has isolated non-degenerate zeroes.

Proof Exercise. U

If 0 : X — F has a zero, say o(z) = (x,0) then the composite map
do, : T,X — Tx,0)E = E,

is an isomorphism. Consider 0y = 0 and apply transversality theorem to get S =
zero section C E. In general, there exists o with o th S and 07!(S) being a submanifold
of codim m. Also

[071(9)] = wn(E) € H™(X, Zsy).

If E is oriented then ¢~1(.9) is normally oriented and [0~1(S)] € H™(X,Z) is the Euler
class.

Theorem 2.3.6 Let X be a compact manifold with boundary 0X # ¢. Then there are
no smooth maps f: X — 0X such that flox = Id|sx.-

Proof Given such an f, assume smoothness of the boundary (Collar Neighbourhood
Theorem). Fix any p € 0X such that p is regular value of f restricted to the collar. One
can approximate f by f i p such that f = f on a neighbourhood of 8X. Then ffl(p)
is a compact 1-dim manifold with one boundary point, a contradiction. 0

Using this we can prove the smooth version of

Theorem 2.3.7 (Brouwer Fixed Point Theorem)
Any continuous map F : D™ — D™ has a fized point.

Proof If such a map exists then this produces a map f : D" — S™~! which is identity
on S"~!. This is a contradiction. O

We shall use transversality to define the mod 2 degree of a map f: X — Y. Note that
the arguments in the theorem hold for non-compact spaces if the maps are proper and
the homotopies are proper.

Theorem 2.3.8 Let XY be compact n-manifolds without boundary.
(1) Given a smooth map f: X — Y we have #{f1(p)} = #{f'(q)} mod?2 for
reqular values p,q € Y.
(i) If f is homotopic to g then degs(f) = dega(g).

38



As a consequence of this theorem
Definition 2.3.9 Define degy(f) = #{f ' (p)} mod2.

This is also defined for continuous maps by choosing a smooth map in its homotopy
class.

Proof For suitable neighbourhoods U, V' of p, q respectively
oo =11u. r@crv=]1v
i=1

Let v be an embedded curve joining p and gq.

I

Then f th v on f~H(U)U f~4(V). Now make f  ~ everywhere and also call this new
function f. f~!(~) is a compact 1-dim manifold with {py,...,p,, q1,...,qs} as boundary
points, whence r + s is even. Thus r = smod 2.

For the case where ' : X x I — Y a homotopy between f = Fy and g = F; and the proof
in general, refer to the beautiful book (J. W. Milnor - Topology from the Differentiable
Viewpoint). O
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3 Cobordism Theory




3.1 Cobordism

Definition 3.1.1 Let Xy, Xy be smooth compact n-manifolds without boundary. We say
Xy and X is cobordant if there is a compact (n+1)-manifold Y and a diffeomorphism
8Y ~ X() H X1 .

By the Collar Neighbourhood Theorem this is an equivalence relation. Let 2,
denote the equivalence classes of n-manifolds. It is a group under []. Also, let Q, =
@n>02,, which is a ring under x. Note that every element is a 2-torsion. Check that
Qg = Z9, 21 = 0,09 = Zy. We have proved before

Theorem 3.1.2 Let f: X™ — Y™ be a C®-map between compact manifolds (n < m).
(i) [f71(p)] € Qn_n is independent of the regular value p.
(i1) [f~1(p)] depends only on the homotopy class of f.

Let kK =m —n and let w = P(wy, ..., wy,_,) be a polynomial in Stiefel-Whitney classes.
Then w([f ' (p)]) € Zy is well defined. This gives rise to many mod 2 degrees. We have

Theorem 3.1.3 (Thom)
Let v € Q. Then o =0 if and only if w(a) =0 for all w.

Let M =9Y. Then TM @R =TY |y and M = 0 in H*(Y).

M =90Y

Thus we have
0=w(TY)[0Y] =w(TM & R)[M] =w(TM)[M].

Definition 3.1.4 A compact, oriented n-manifold is oriented cobordant to zero if
there is a compact, oriented (n + 1)-manifold Y and an orientation preserving diffeo-

morphism Y = X.

Given a manifold X with an orientation, let —X denote the same manifold with the
opposite orientation. Then

a(X x [0,1]) = X [J(-x) <" 0.

0. cob

We say X is oriented cobordant to X if X; [[(—Xo) "~ 0.
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Define Q59 to be equivalence class of n-manifolds. This is an abelian group under ]
and —[X] = [-X]. Also Q99 = @,50Q3° is a ring under x. Similar arguments (as
before) show that

Theorem 3.1.5 Let f : X — Y be a smooth map between compact oriented mani-
folds (or a smooth proper map). Then the oriented cobordism class [f~*(p)] € Q3¢ is
independent of the reqular value and depends only on the proper homotopy class of f.

Remarks (i) Note that f~!(p) = M has an oriented normal bundle and df, : N,M =
Tf(z)Y for all x € M. Orientations of NM and X determine an orientation for M.

(ii) If dim X = dim Y then [f~!(p)] € Q9 = Z is just the degree of f
(also equals the number of algebraic preimages of a regular value). Otherwise, suppose
w € H"(Y,R) is a smooth n-form such that [, w = 1. Define deg f = [, f*w. For
a regular value p of f, let w. be a n-form (compactly supported around p) with unit
volume such that w, — 0. This implies

[ ro=Yns,

where n; = £1 and z;’s are the preimages of p.
(iii) Let f : X — Y with dim X > dim Y. lim; o f*w; = current of integration
over oriented submanifold f~*(p), i.e.,

lim/ f*wt/\oz:/ a, Vae ™M (X).
=0 [x M

Given any polynomial P = F(py,...,p),k =m—n =41, P([f~(p)]) € Z is an invariant.
We get [f~1(p)] € Q3° and depends only on the homotopy class of f.

Definition 3.1.6 A framed submanifold of a manifold X is a compact submanifold
M C X together with a trivialization of the normal bundle.

1/3 2/3
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Definition 3.1.7 Two framed submanifolds (M,v), (M’ V") of X are framed cobordant
in X if there is a framed submanifold (L,7) in X x [0,1] such that (refer to the figure
above)

L= (M x10,1/3],v)inX x [0,1/3]
L= (Mx[2/3,1],v)inX x[2/3,1].
Let f: X™ — Y™ be a smooth proper map with m > n and Y oriented. Let y € Y be

a regular value of f and let vy,...,v, be a basis of T,,Y with positive orientation. The
map df, : Ny;M — T,Y is an isomorphism. Let v be the pullback orientation on N M.

Theorem 3.1.8 (i) The framed cobordism class of (f~*(y),v) is independent of the
choice of reqular value and the choice of an oriented basis.

(i1) The framed cobordism class of (f~'(y),v) depends only on the
proper homotopy class of f.

Proof We break up the proof into various steps. In the proof M denotes f~!(y).

Step 1 : We proceed to show independence of the choice of oriented basis vy,..., v,
of T,Y. Let vi,...,v,, be another. The two bases can be joined by a smooth family of
bases v(t) = (vi(t),...,v,(t)). Construct the framed bordism (M x [0, 1], 7) where

v, 0<t<1/3
o) =4 v(3t—1), 1/3<t<2/3
v, 2/3<t<1.

Step 2 : If f ~ g via the homotopy H and p is a regular value of both, then the
corresponding framed submanifolds are framed cobordant. Choose ¢ suitably and define
F: X x[0,1] — Y such that

f(z), 0<t<1/3+¢
F(z,t) =4 H(r,'5555), 1/3+e<t<2/3-¢
g(x), 2/3—e<t<1L

By transversality theorem, we can make F' M p, keeping it fixed on X x ([0, 1/3]U[2/3, 1]).
Now choose an ordered basis vy,...,v, of T,Y. Set L = F~'(p) with the pullback
framing v coming from vy, ..., v,,.

Step 3 : Suppose p, q are regular values of f. Join p to ¢ by a smooth embedded arc
7. There exists a neighbourhood U of v and a diffeomorphism ¢ : U — Bs(0) satisfying

o(y(t)) ={(t,0,...,0) =1 <t < t}.

43



0]
A
U

Hence there is a 1-parameter family of diffeomorphisms ¢, : Y — Yt € [0, 1] such that
(i) 14 is compactly supported in U for all ¢ (supp ¢y = {x|¢(x) # z}).
(i) o = Id.
(iil) ¢1(p) = ¢-
(iv) 1 is constant if ¢ € [0,1/3] U [2/3,1].
Let F(x,t) .= 4(f(x)); ¢ is a regular value of both f = F(z,0) and ¢yo f = F(x,1). By
step 2 the corresponding framed submanifolds are framed cobordant. But the framed
cobordism for ¢4 o f (for ) is the same as the framed cobordism for f (for p). O

As a consequence, for Y oriented with dim Y < dim X, we get

(X, Y] ~ m(Map(X,Y)) — framed cobordism classes of framed
submanifolds (of codim = dim Y’) of X.

Consider Y = S™ with a fixed orientation, i.e., S™ is the compactification of R™ with
an oriented basis vy, ..., v, of Tp.S™. The following is a partial converse of the result
proved before :

Theorem 3.1.9 Given (M,v), a framed submanifold of codim m in a compact manifold
X, there exists f : X — S™ with 0 as a regular value and (M,v) as its associated framed
submanifold.

Proof We use the

Product Neighbourhood Theorem Given a framed submanifold (M, v) of codim m,
there is an open neighbourhood U of M and a diffeomorphism ¢ : M x D™ — U such
that ¢.(e;) = v; along M x {0}, where e;’s are the standard vector fields on D™ C R™.

For a quick proof of this, set

O(z,ty,. .. ty) = expx((i tivi(x)>

for some Riemannian metric on Y. Now apply the inverse function theorem to get a
diffeomorphism in a neighbourhood.
Define f : X — S™ by

( - T
U Mx D2 pm 2 gm rel

gm

§m = Dm (D L)
re X \U
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This construction also applies to framed cobordism. 0]

,,,,,,,,,,,,,,,,,,,,,,,,

As an upshot we have :

Theorem 3.1.10 For X compact, [ X, S™] &L framed cobordism classes of X (of codim
m).

Corollary 3.1.11 Suppose X is compact and oriented of dim m. Then [X,S™| = Z
and two maps f,g: X — S™ are homotopic if and only if deg f = deg g.

Proof We are interested in framed cobordism classes of 0-dimensional submanifolds. A
framed submanifold is a finite set of points z1,...,x; € X with a choice of basis of each
T, X. Moreover, a framed cobordism depends only on the orientation of each frame (or
only on 3¢_, n; where

~_ J +1 if orientation agrees with X
] -1 otherwise.

As the picture suggests

)

there is a cancellation of opposite pairs. 0

Corollary 3.1.12 Suppose X is compact, non-orientable of dim m. Then f,g: X —
S™ are homotopic if and only if degof = degag.

Specializing to X = S™* we get that m,,.4(S™) is the framed cobordism classes of
k-dimensional framed submanifolds of S™**. For M* C S™** add the normal to S™**

(equator of S™TFFL in §MFEFL) t6 get a framing of M* C S™H*1. This gives map

T k(S™) = Tonpkr1(S™H).

Exercise (i) Prove that this is induced by the suspension map.

Exercise (ii) Prove a special case of the Freudenthal Suspension Theorem :

Tk (S™) =, Tmaks1(S™1) is an isomorphism if m > k + 1.

This implies that
7Tm+1<Sm) = Z27 m > 2.
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3.2 Thom Construction

Suppose X" C R"™ is a compact submanifold with X # ¢. Let N be the normal
bundle of X. We need :

Theorem 3.2.1 Tubular Neighbourhood Theorem
There exists € > 0 and a diffeomorphism

P:{veNst|v||<e}=N.—U.={z e R"™d(z,X) <e}
sending the zero section to X.

Proof Define a map e : N — R"™™ which sends v € N, to x + v. de = Id along points
of X. Apply the inverse function and compactness of X to get ® and e. 0

So we get X C U = N and there is a classifying map f: X — G,,(R"™™) for N — X.

Definition 3.2.2 Given a vector bundle E — X with a metric, the Thom space of £
18 the quotient

r(E) = B/(E - D°(E)) = D(E)/9D(E) = E U {oo}
where D(E) = {v € Es.t.||v]| < 1}.
The compactification of U — N — E,, yields
R /(R ) —— 7(N) — 7(E,) 3 00

S (5 U)

B!
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Thus, associated to X is a base point map Fy : S"™™ — 7(E,,).

Proposition 3.2.3 The corresponding element [Fx| € Ty (T(Ey)) is independent of
choices (identification of U, N etc.) and independent of the choice of classifying maps
X — Gp(R™™) forn/ >n + 2.

Proof
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