











































































































Quasi linear wave equations

we are interested in the Cauchy problem for a
function u m R of thefan

gmcu.outqqu fcu.su
We denote One 1 40 u u and

JT cu 9u fruit x ultin htt xl quit x
and similarly fon f Here tix 1 0 x u are Cartesian
coordinate i n We will be interested in the case when forsuitable u we have a Lorenttia metric

gprcu.lu with inoeru
GM you we sometimes write simply gurl g ou

g tosinplify the notation

Einstein's
equation i suitable coondinats have the aboveform Is that case u will be the vector whose entries are

the components of g themselves We ane primarily interested in
4 3 but we keep a general for now














































































































Basitiontation
We consider a Ck hap h large

g Nat N r rn L
int

Int21time
whoc List are the

tYxlnxisLoaenttmatniccs.s 112 with
negative oo entry we write g gpu and J s414 Ve assumethat fo every multiinter 2 14

a 121Eh a Learycompact interval I T TT then exists aJ continuous
increasinga I N N such that

I 4gm1lt.x es l E J 1151
We also assume that fo cool I act T it holds that
Joo I i Ii I II olfml I fo some at 0

For the fusolio f we similarly assume

19 fit x 311 E J 1131














































































































we also assume that fit x o has the property thatformy Tits fit x o so for t E T T and x outside
some compact set possibly depending on T T

We will use the following convention For golfas abore and I T T we denote FI Felyf a continuous
non negative

map on M suchthat FI t II if I EI If it is constantwe invite GI II a I can change from lineto line
The Soboler norm on constant t slices i e o x0 constantt constant will be denoted 11lls I particular 11.11 denotethe L nom














































































































Energyestimate

In what follows multi indices are spatial aisles statedotherwise Set with s Ftl
Ms Lu I M IntCt Halt tl

s t 9 act Ill
Wcut Win Ht s e l d act x IENh

121 tj 2

Let o E Eloi N have the property that
fo any T T we have ott x 0 for t E CI Ta and x outsid
some compactset possiblydepending on CT T Let u solo the linearproblem

gfve.hu fo
n lot Uo

If n l ol hi

where he n ane smooth Then

Ms ul f CI M Chi lo

t f G t IecNori II Wins Mscott Mini














































































































Moreover set

Estrin Eslomictl I l g 19442 t gig99in 94J

t 11 ul

Then for t E I at

AtEye.nl Cie t Fp Neo Wen Milo t Escort
We proceed to establish these inequalities Not that we can
assume without loss of generality that go I

c first consider s 0 and compute

9 Ee f g 9a 9in 1 1 1 1 t giioiu.IO u

talegig9u i u t u 9th

Using go que g Youu t 2g i u t goin9g u

f t 2g b 9 u t g idiojar

we have














































































































l f t 12 8 1 4 t 2g 9,0 a fu t g i9g a Our r t
t gid9 a 7 0 u t talegig9u i u t u 9th

But 1 1 9 t fair tu 1,9 1 12

8 lilja9 gioioiu.g.hu g link so

cancel with similarfear

to f 9u t9go 14h12 9givin 9jgiioq.a.g.ir

talegig9 a Dju t u 9th

Now we have 91go 0

I 9 g I I ilgo.iooo I yogoin ll lol

f Je l lol lool Nco Felarca
ul similarly fo the other 9g tans Note that 9gr 9rn0ig.r 0eo9g n Otar 9 0 9 r all teens inolutel in my

We conclude














































































































9ft f fo 9allot FILNch hotullo thon t 11h11119am

E fo 11 411 t F Nco full thou t 11462
where 5 represents spatial derivatives

Using the bowl git yaetc we have

E E fo E t Feldros Ea

f ca be written as fit x o o t fit x v Or fit x o o
Recalling that fit x o o ha compact support in x

f It x 0,0111 I GI
Write flt x v lo flax o o flt no fit x o o

flt x 0,0 flt x 0,0 and

flt.no fit x r o leftt.no isolde

Ja I 1101,1001 1901 f F c wool
and similarly for the r component so

fall f de t Feldiri














































































































Thus

it Eo Chet Feenan Ej t Fe Lorin to
LUsc CIE Etciet Leoa

Feldhol EY E L t FILWw to to getin
FILM

Otto f de t FelWwi Eo
which

gives the inequalityfor q E aha s o

We next notice that under our assumptions

Es cause Mgm E G E lo w

Dividing the inequality on the topof thispageby EI
9 E CI t Filchlot t Felorce Eli
OfEI I Mocus

Integrating in time gives the inequality for h will seo














































































































Next apply 0 to the Yolo
o grugru O'fr

info nut O gMq 1u

rugs in O'fo gtfo 0Yu
We now apply the inequality

E E fo E t Feldros E
that we obtain before with a h du fo h 0 18 1,1and sur Ora hits to obtain

9 E l folls E's t Felorio'tEst I lgMqqO'Ink Eio
12115

Let's analyze the commutator All its term contain at least
one derivative hitting gin so it will be a combination of themof the foun

offGMs fluor
with Ipl 1 Ipl 121 I Since g lo we can assume that at mostone of the indices g v i zero This is used below














































































































Sat g git x o o and write

019 g O'go u 71 111 g 0 ut 019g orgo

we have

1101 119 9 uh Ciel1105411 t Horsfall
G
I l s t 119411 E G'IMfa

For the second term we first consider the inequality
1124u of r H f G 11 s o t 11411L oh 14times
to get

11919.1g gr 17 4411 I d l l oily grill youuO

t 119cg girl
Because

µ u contain at most one index 0 we have
11 9 nH E NCH fun E Ugly

Also 119 gr Ha f de au

iff Il s t igffl9ilo9oIHuEJllol.llol 1151011QI Lao

f F WinI


















Thus
1101 181 gr 171 9 uh E City Iff foIlls Wen

t Fe WimMsLal
We have to estimate 11Oily Jill K g llWe consider for 121 l s i
d l off off O f gmlt.x.ro 00 de The chain rulegives

symbolically 0 gruct er too Ight x no in
Ipl t lpl t181 121 so using our assumptions

I 94JPYtix re adv I l Je l lol lool 1994 Felmet 104 1 thy
11941g ginH f FetWar 1104 11 5 FILM Hons t tells1

E FI Mos 4101
We conclude that

11 gr d uH 1 FILM Msl Wh t
ftp.lwwnmslytcieulsu

E FI Wto WarMslo t ch Ini
Therefore

9Es fullEI t Elwin Est FILWh winch lostAsia Esk



Writing fit x o b flt x v Or flt x o o t fl t x o o
ft f It x iv do da t fl t r o oand

arguing as abore in the estimate of go go we firl
fr t de t Felwin M lol Hence

Es FILWh Es t Get Felwlet Msw
t Felwwl Windsor thsia E's

Es t FelonoDE t datFeldroillmswitchumscostHII E
Write Cia E Effie t Es ch cu E CLorin t IE
WintM lo E w in M ios W 4nsEY f Niu Milo t win E
E ftp.lwiuillchswltes and Ugly E EGIES EI t deEs Wefind

9Es G t Faurot Mn Milo t Eswhich is the desinolinefudityfor Es For the other inequality dividethe previous inequalityfor lte by E 2 use E 2 E G Mins tofind
ItEY E G t FILwoot l't win Mslul t Islas

which leads to the result



Located
We now prove localwellposelnessforgkn 1fnquefcn.lu

We will heel to compare solutions so we considerfor iii 2

VI4 4 fo
Hilo no i
9th lol hi i

We'll show that for t E Ost

Moca e Ci el Manlio tftfelwwn.wwnwiu.YM.co

where he na hi O Y T
We see that u satisfies

Youu II fun iii 9 4

II Rua GI flu tlgi givin
fr fr t hi go 19 4set

E tf gr total t goin9 a gu t ini



Proceeding as is the zero orda energy estimate

9 E E FILwurstE t fo fo E t 1145 gfilqqu.IE
Recall that in the referred enengy estimate the term is power one inthe energy was multiplied by FelNws which came from differentiatingthe coefficient go Her these coefficients are goSince Joy go I at most one index in the lastterm is tenthus

111g gfilqqn.koeciwlu.lkgo go.tl Write

go fait io tu ring noo ta a sq de

J x t to th a I too d 219 0 do 9

lJr go H E Jeel 191,1 1 1041,19 1 no vHotlido 00,110
Fe devil Nwa choco

Estimating fu fu similarly and using Grande five the result



We are now ready to start the proof of local all posedness
Approximatice
Let une n l be a

sequence in C converging in H't Hsto no u Set K Huell t t 11411 We can assume that
noells t 114ell l ko ti Set oo o Define inductively

Jet Joe fit foe ant vet by soloing

III for'et fete

Vetlol i o eti
Tt et 101 i th

Then is smooth art by finite propagaho sped it has spatial
compact support possiblydepending on T fo T E Colt

Boundelnessy

Assume inductively that

Mslq I 8 and Mstoe a G

fo some 8 and 0 Et ET

Using Soboler's embedding thee we have



Chloe I II l tre I l 521 1154 4 t 92 4141tj 12

I G ve s t a'll9re s t 11911 p
f G MsCoe t 1191

Lao

From the equation

1191
L E G'llje Lol t Lot Toe t feeI

Ed fie M l t foe µ where we used
Soboler

embedding again Now from our assumptions

Jie Lo f Ja Hoen e o

FI l ve i s Otoe s F I l uts
FI 8 using the induction hypothesis in thelast step foe 11 is similarly estimated The

Wire 1 E FIL 8 Lt Ms1 1
Vote that applying this mopulity to the 1 using the inductionhypothesis thatalsoholdsfo l h so he stillgotFeces we have

wire E FIL E



We now use the above into the energy estimate faith nude oboe
Mslre CieMs1 1101

c feelt got Cet FIlwwe.nl lltwwe 1 Msloe 1tMsl0elcm
FILE E E

E Cip 41 1101 t FIL6 It Msion

Gromwell fives

tF l6Msl CI MslE lost toFile e
un
E Kott

Choosing T small enough depending on Ko Cie and the structureofFe tho ultimately depending only on hr and I we have that

Ms 1 1 8 o et et for all l
To conclude the indd's we need to verify it for l 12i e we need Ms oo 8 h lo 6 For l L ie oo wehave Msl Mslnoo E k.tl so we choose 8 Kott

For 1 2 i e o we apply the above inductive argument



For this we heel ctrl FilG which above we obtained using
the hypothesis a l 2 which here would correspond to it Cscabove where we considered l t l l However hegotWlois FILEdireotly from the fact that oo is constant in time andfunSoboler

embedding

Lower horn convergence

We first observe that that the solution re arc in
Colcost H Ac cat H Thi follow fnon the linen floor
Alternatively recall that our solution have theproperty that foranycompact T Tal there is a compact Y E R not that 04,4 0
for T E t ET x K Smooth function with this property
belong to Cllr H for any l s

We'll show that 1 1 converge in cohort H Inc CUTILYApply the estimatefor difference of solutionswith fire 0 denup oet 4 re StFeld
Mocret relloMottet del Gee

ft FILWwe i Wloellcholoe de



Above we showed that Wire 1 E FIL 8 Lt Ms1 1
which implies wire E FI 16 for all l in view of theboundelness of the sequence Thus
Molset re s Cieet Moleet relist Felettomoloered
Put ai fifepholoet relit we can choose T small enough
941 the sequence approximating the initial data such that 1Filet Etoral Ci IF Melve re co E it tho de f h t taxiThen a e I t ta a s tootta f toottootha ae ItThen
holvey E Molvet retje t tMoloet

E ttze.fr t ftp t i t 1 t II which can be made
arbitrarily small upon taking l j sufficiently aye since the serieslye converges hence its tail can bemade small We conclude

that4 1 is Cauchy in ColCoit H INC Cat 62 hence ithas a limit



Higher noun convergence

y interpolation we have faith 0 La b c del atbelictd
ret e t 9 etj toll et re I Hoey rells

t 1191.0µg Otwell's 9vet 9 11
12819111g oell

t 28 119prey Othello where u used the bountedness of the
sequence and 0C a b c l c l o c r c s We conclude that Leela
Cauchy is ColCoit Art nc cont H O rcs since
s 1 we can take r tl and thus Soboler e sellingfire that1 1

converge in co Coit C andYoel converges in C O T CFrom the equation we have that side can bewritten in terms
of I're 59re and doe hence41 4 converge in CoccoT co
we could that o'II II tloetft.rs out l o as121tj E2

e the
square converge is Chl 0,1 117 RN It follathat the limit u satisfies the equation



We next have to show that u C Colon H't niccatints
Furn the above we already know it belongs to this space with s
replaced by s l and converge will s replaced by r We nowrecall that if a

sequence is bounded in H ant conoeye i Hthen the limit is also in H awl satisfies thesame bowl fon boundelnes
is H fire a weakly convergent subsefuence re E H andalso1 11 E inint110411 E G G byweak lowersemicontinuityofthe horn whereG lb comestho the interpolationbound above by embedding in Hbut u in It so ni Thus

alls t 11 411 E G18
he above argument is pointuise in time i e reft UH foreachfixed tThis shows that foreach fixed t not E H't ant quitiEHIt does not yet show the continuity and differentiability is t chidwill be showed below

Before proceeding wegive an alternative proofthat WH E H't 9h41 E H We have
11 all t 9all LI re t 119 11 Eci 181

Using the Fourier
transform definition of Hr we have
2

rtf lines'illtisil
N



Set wries 141,12 Lt 1512 t This courage poistaise to wog a
s the family ur is increasing in r and their L horn is boosted byCll61 thus independently of r Thus by themonotone

convergesa theorem
W E L which mean n E H and satisfies thesame bound Similarlyfor 9th E H

Continuity weak

first show that u is weaklycontinuous is t I e wewillshow that to any l E H's the fusatio tr quit is continuousLet E E H s
The

4 w f y w
M

for all n E H't
Notice also the abuse of notation precisely

given a 4the dud of It it is representedby a fee E H's such that
e w

Spike

Let 14hL be a sequence of Schwartt functions conveyingin H to4 We have



4 nih l 4 Oelti E alt LLj ultt t Ej 441 4oecti
E alt 4J uh t 19jyoti Lej vecti t Lejoects Le Ela9acts le rect SI I Le ej 44171 t 124 ej Oeltis I

IL4j WH oects l f e Ej s l 44111 11 4111 I t lLej uh Ytd
Y 4jH G b t lLei un artists i l

choose j large enough so that the firstten is C E for all ji jFor the second ten we note that since 4J is a sina.ttfunction it defisH
a bounded linen

functional on It res so that
114 uhh rect l E ljoll n WH EltHa f fo so

e µBy the above conveyer i ColCoit H he can choose to dependingonEj such that this tern is C fo 126 Thr
I lie UH Leoeltis Ice for all 126 awl all t cCoit

Thus we converge unfon ly int to u in the real topology here
employed Since E 014T H they are weaklycontinuousandsois a because it is the uniformly linit of continuousfactions in theweak topology The proof for 9th is similar



Continuityestroy

we now prove strong continuity wewill first show that u am 9uare right continuous art fee in the desired topology i e

fitof4htt lol lls t 119441 7thcalls O

For this we will need the following energy estimate

Eth f Eco t t de y el Es where

E t E cut E tu ul Itt which we will prove laters s

set hill x a g co r u 9in and define an inner producton
µ't y by

Kira l i was tEe f
µ
hii9.94 gdu t 04 u t do Owa

which gives an equivalent inner product in light ofour assumptions andresults established so far we have
u no 9th u l l U no 9th n l Yalta Luo41 Lufu nou4 41,14 41 t no41,140,4 2 4 9th Choh



For convenience we write explicitly the expressionfor Es
E 1 I g 1 0412 t giiq.in 9,0 a 1 12 12115 u

since hi g lo X u.lu we have

E lol i ts h
s fail19.9441 t hitdidn gTh t 10 12

t O

no u 140,41

Since the map u t moth Luo un defines a linear functionalby the weak continuity established above this term courage to Escoas f Ot we obtain

insup Cu no 9th u l l U no 9th 4,11 ot

Cinsup 149 4 Cuien Est011 ot

ins p u 9th 14 4 Esa t E.lt Escotoot

f insup h9th In9th Esa t limsupEttl Esco
at ot 1 of

The above energy estimate for Esctl give
insup EHI Esco
1 of



so that

in sup Cu no 9th u l l U no 9th 4,1t o t

E Cimsup 4 41,14 4 E Lt
1 ot

write flu 9hi 14 4 Effi
I Iput 1 041 this didn Oji u t 104,2

Ee f l g tdal2tguii9.9sa.oj at 10412

t
j fm hii giii 9i9ui0j

Edith gill uh E h g ll Cic

To top ordon h g Ou on so 11h fi'll E on all114 hug G Ilno hills since s Tl Because we havealready
proved continuity in It for us this terngoes to zero a t sotThu

insup Cu no 9th u l l U no 9 u u l Ot of

the left handside is precisely the Cimsup of the normdifference we wanttoestimate and since it is always 20 we have showed lightcontinuityatzeno



Next we observe that the equation are fine reversible i e we ca

4My obtain existence on an internal C T o Repeatingfle above we obtain

left continuity at teno hence continuity at ten
To prove continuity at a t.to consider the solution h andput

o Ito I I 9not We repeat the above argument art solve the Cady
problem with data I in at t.to obtaining a solution I hid bytheabove Litt to instead of zeno is continuous art to By uniqueness to beproved below h and I coincide in a neighborhood of fo thr h l'scontinuous art to

Uniqueness

we apply the inequality

M cu f de el Manlio tftfelwwn.wwmwiunhh.co

with v h at the bond in terms of 8 and use Gnomall
Energyestion
we noo establish the estimate

Ettl f E lol t tc.ie
elotFI'want

used above Recall the inequality



At Esco.nl Cie t Fp Mo Wen Milo t Escort
Apply this inequality with on uHoen not me u 4 e
Estee et E Es1 0 1101 t f die Elwoodwire MIcoil

t E 1 1 11

We once again recall the definition of E
E loin ta Ee Ll g 104.42 tgif04in 94in

t l l ul

and estimate

IEsloe really E 14 11141 E tie fi'll 1181 0 a lc
Since it converges to u in Ch This convergence i c also impliesflat w ve Win Moreover since Esl set O Esl4101 retiosconverge to E cu nico due to the construction of initial datao l i l fon ve we have Escoevet O Esluin lol Esau coRecall that we also have the bound

comparing Ms a l E so thatMilo e deEsImre



Finally
IE.lu re l E FIL Wh Mirel Cicco

which shows that E.lu relit is uniformly bounded in t on CoitHence we can apply the reverse Fatou lemma and using theabove remarks

fins Esl4 1 E Eshkol tolie di
t Fe www.wvet.tl mi 1 1 t Escoe ret l
Estrello t f G t Felwcuillinsup Esta re

I a
Cvonwall now inplic that

lie Es re e E in co tic et
From the weak convergence previously established

1 1,41 fml 219 re 9 at giuiqosre.g.mn to've.osal
E in The result will now follow if we show thatheleft hand side is bounded by

4L IL
Es tu limsupEstu rel in

since this will inply E's'in f liesp E lu.ve



Similarly to chat was done before the expnessio

w du t 9 w 04w t du 02cg

defines an inner product i in on 4 xH so in particular Cauchy Schwart
hulls Thu

I µ't 9 de t faitdidn9 I t l u 0 1 14 4,1 9 1

1114 414111 4 111 EI u E's 14 1
as desired



Remartments

I We definedwins involvingupto two derivatives of u becausewe assumed
g gin out so that when we heel to estimate 0g inL we obtain 9g n 9ha in L If y gin as is the caseforexample in Einstein's

equations the we have lynda and he haveto control only the L norm of du Thus in thiscase we can
define Went involving only derivative upto first order at theabove argument still goes through

2 The proof of the bond for Es cannot be obtained by adirect energy estimate on the solution n This is because thiswouldinvolve using Gronwall which
requires continuity in time But we usethethe soul on E to prove strong continuity i time

3 The condition s ztl was used forthe Soboleo embedding theorem
4 we used Soboler's

embedding in two ways First tobound 1192 111 I G Il 0 ve n ve s 11 111 using the gratinfor These terns come from drivel



Second to obtain that the conveyance i H res givesconvergence in CL rtl 3 I t 2 The C convergence in turn
was used to obtain fie jill Cilento andMoe WinE

suppose now that gag in i c the metric does not depend
on Ou We claim that in this case it suffices to assume s gTo see this first note that is this can we can take Winnow aspointed out above The the argument with Sobolevembeddinggives

11Wire11L 11doll f G119011 holla t 11 011s
as desired

The convergence i H in this case gives convergence in
C rt's ti This suffice because now

Iii grilled ca Hou 0
4,9 re o as l soo

and Wwe Ilu since now Wlul du
we don't necessarily obtain a C solution in this case though beanthe convergence is only in c But we still doget a classicalsolution For we do have convergence in Hr Since



tl Intl 22 for n 22 we have flat d re conveye pointwine
almost everywhere to 04in possiblyafterpassing to a subsequence


