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Elements of the characteristic geometry for gvasilineawave equations

The role of decay
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Abbreviations

Obe ordinary differential equation
PDE partial differential equation

hits Rits a left right hand side

wir t with respect to

implies

E X example

Def definition

The theoven

Prop a preposition

Coro Corollary

I end of proof
Las RHS means that the hits is defined by the RHS
n d e.g 11 2d h dimensions

n dimensional

Do differential operator

ift if and only if
A CD A is a subsetof B
A CCB A is compactly contained is B

I domain in M unless stated otherwise














































































































Notation

Unless statal otherwise the following isotako will be
used throughout

Basicotation

We denote by xi rectangular coordinates in IR
For problems

involving a time variable t we denote It HE 42 1124

and let Xr
o

be rectangular coordinates in MxNh where

to t Latin i dice rage from L to h and Greek indices

fn.no to n Naturally who we say coordinate i m it could
be in a subset of 112 etc Sometime we write in to emphasize
to spacetime structure 112 112 but for many general discussion we simplywrite IN

Repeated indices with one index up and one down a a
sum et ovo their range E.g

n
wi o ni ri

i I

Multiniotaties
we denote

Tyr di of














































































































Def A rector of the form a do ant when
each

ay mad in n is a non negative integer is
called a altiinder of order la hot ta

We similarly write a hi an when t is not
present and also sometimes write I ay an calling
2 a spatial multi index

Given a multi index a denote

Dan
g Ii o

where us act t in xu If he is a non negative integer

Dhu b'n I ki h

ibhul gettin
We can identify Du with the gradient of u and In withthe
Hessian of a Then definition have a natural interpretation
who ni ult x so the multi i lice ane spatial














































































































et x p be multi indices
Define

so a l a

xd Cry ay Ey
h E P means Q E fr fr 0 s

f In peap Ca p

Y x

Tho we have

Multinomial theorem

wt x't t x1h I II xd
141 L

Product rule

D no i f Dfa Dd fo
Pfa

Taylors formula

7
next Z tf 15h10 xd t Ofixth

121Eh

when here we recall the bigots














































































































f 0cg as x x

if thou exists a constant Ci o such that

Ifix I E G Igor I

fo Il x sufficiently close to to Many times x is
clean from the context and we write simply fi 0cg

Remarh Many times we will provide a definition
introduce a concept ok that has a natural generalization toa context studied later on In these case such natural generalizationwill be taken for granted














































































































Introduction

PDE are essentially a generalization of ODE tofunctions of several variables

Def Let I be an open sat in It We denote by
coca nm the set of all infinitely many times differentiable
i e smooth map win in We put c r Ccr M

although we can abuse notation and write coins for concern't if
it is clear from the context we also extend the notation
to Colman et

Ref Let new scan on set 1
Efferentidotgyon h is a map P U Ctrl where U C Ccr

Pu x P Dhnext D mix Dahl hat x

where x Ed u E U and P is a function

P Mhx in x x I x Mar in

The number h above is called the order of the operator We often identify
p with P and say the differential operator P














































































































Renahs

In the above definition it is implicitly assured that the
first entry in P is not trivial so that the order of P is welldefined
Other isc we could take say the first orde operator Pu 9 4 and
hink of it as the second oudo operator Pu 0.0in 9 n et

P might in fact be defined only on a subsetof acts cgPai
n
is not defined on constants Situation like this will typically be

clean from the contort

we can generalize tho above to C CA R

Differential operators will naturally extend to mone
gene d function space we will introduce later on

EI Take A R2 Tha

Pu 9in t ly n t ud
s a second ordu DO To identify thefuoho P denote

coordinates1122 IN M x r by 2 Pier Pty Pyx Pyy Px Py P X y soPLZ Px t Pyy t Pd
Observe that the definition of a Do this all entries intoaccount
ignominy e.g I ya i 9y h etc














































































































Def Let P be a bO of orde h P is called

liar if it has the fo n

Puli x LT aux D hits
121Eh

for some function a

if it has the form
Pujari yI aah D uh t ao Dh next Dalit UH X

or some function ay

quasi linear if it has the form
Puja I a Dhhits Dahl uh x Dhcp

1h12h

t ao Dh next DhLH ult X

P isf if it depends no linearly or
derivatives of orde h

Example will begiven below














































































































Let 1cm be an open outand Pa Do of
order h is I An equation of the form

Pu 0

for an unknown function u is called a h th order PDE in r
The PDE is quasi linear etc according to ufof P
In the linear case we also consider the situation where a function

fi r it is given and call the PDE Pu f inhomogeneous and
Pa o homogeneous A solution to a PDE is a

function u r it
that satisfies the equation Pu o

Similarly we can define system of PDEs we abuse
terminology and sometime call a system of PDEs a PDE

Given a PDE we are typically interested in
questions of the fore

Does a solution exist

If solution exist are they unique

If solutions exist what are they properties














































































































ExauploofPDE.la
sequatios

An 0

where A fi t gig t t off is the

Laplacian operator

Helmholtz's equation

u 0

Lineartrussporefuatiolth
t b din 0

Heat or diffusion equation

9pn An

Schnidinger's equation

tDu 0














































































































Equation
In 0

where I It t A is the D Alenbertian or wave

operator

Ionaleguation
I DU I 1

Minimal surface equation

toff 0

Bungerslefratiedth
t 49th 0

Maxwelllsefrat
OfE curl B 0

It D t curl E O

div B dir E O














































































































Euler's equations for incompressibleflu b
Ith t K D a Op

dir u O

u r e wi E
Tx

vavicr
eftficmp.si ib

7th t Lu D a Op t Dn

dir u 0

Eiffoucouprussifids
Its t dirlsu 0

Itu t 4 D n
1gOp

p pls

VacuunEinsteitions

heap Rgap t A ga 0

where y is a Lorentzian metric Ric is the Ricci














































































































curvature of g n the scalar curvature of g and

tf is a constant the cosmological constant

Matt Einsteiftions
Rica ga t A far Tap

when Tap is the energy momentum lesson
containing informatioabout the matter fields e.g electromagneticfields














































































































Laplace's and Poisson's equation

we are going to study Lap
g s

Du 0

and it non homogeneous versions P
g os

Bu f
Def A function satisfying Laplace's equation is called

a
on

Fundamention

To solve Du f we first cossilon Du so a I
try the Ansah

next Ocr

r 1 1 Computing

1a ul x I v'tVI
v

diam v t
thrift EY














































































































and summing

D u e v t v cu in a dimension

Thu Dh 0 gives a ODE for it with solution

ocr
A l t B na 2

A
F 2

t B i n 23

A B constants This motivates the definition

beef The function

for
i n 2

I

ten 1 a
h 23

is called tlfu.la tsohtLapacesefitionAbove Wu volume of B co is 112

Not that

I bent ftp i 1151cal I
ly s

where alone and throughout we adopt the following














































































































Notation We use G 0 to denote a generic constant

depending on pixel data in a five problem that can vary
line by line Unless statel otherwise Ichi is as open
et

Def Lot r CN be an open set We denote by
dcr the space of k time continuously differentiable
function in A nut by cheery the space of those u C chin
with compact support

thee Let f E c c.ms set

next J fix y fly dy
a

Then i

lit u E C LIN

Iii Du e f in n

P f Note that u is well defined I dy r r t

Changing variables

Hi JµIly fl X y dy














































































































So

uctthy.tn a

gym firthef dy
h

It'll ftp.cx y dy as 40

since the differ quotient converge uniformly to dif
Similarly we obtain Dhu whose

continuity follows from that
of D't

Fix a small a o and write

An Stay A fix y dy t f fly A fix y dy
Baco IR'tBelo

I Iz

EthelII I C Ilb'fly flimsily Cif o

Belo o

Not that Daftx 41 Byfax yl Thus integrating
by parts














































































































I J 0141 Oyfix y dy t J Icy ex y day
N l Belo 7Belo

Iz t Izz

Ia 0 as o ICH n toge ch h drug

By parts again
o away from yeo

Ia JD Poyt fit y dy f fit 4 boysV
Rtl Belo 913,0

iii Osun v

faith I I hw 141 1 1

41

I out
e a ft'sday

9Belt

fix as e o El

Regal Note that a above is not unique need
boundary condition at a














































































































properh.ci
fuotions

Theo Mears valve formulas If a Echr
harmonic then

i In r.ec In
Brits

for any ball Brits C C r

proof Chaying variable 2 G X Ir

n 1h41days ntw Jul xtrz dries fir
OBrlt 9D Lo

V
mflirt f Ou Ct that t drift nut Joann Y day

OD LO
9Duct

n J dy o














































































































fat fool fij.nu fhcHdrcys
ucxs.OBrlt1

For the other equality

hi minus a

h ly n w z
I

t.ve mcavabe
If

h E c Irl satisfies

uchi J u tr

BrCt

for each Brits Cc r tha n is harmonic

proof If Ducts 0 then Du 0 in some

3rots contradicting flu so I














































































































Recall that a motif can be constructed
a

1

A e I Xt L l

y 1 121

when A is a constant such Hot foe L

112

Then supple CBI and YE Eun't
Fo e O ne put

ein 471

so 4g E CT N supplyg CBI and

file L
If u E l cm the facto

he Yet u














































































































the regularitation of n is defined on

Nc f t E r I d star 9M e

and Ue E G Ic Moreover he 1 u

a e he 74 in Cf Carl 4ales if
u E cold LT Cr I Epc

tho Harmonic
functions are C

p i Let u be harmonic in R and put he 4k4g

Then by the man value property

Mott
Inelectnucysdy et et 1h41

B Cti derftByo
ta joel udrtrahyyf.EEnaurTdr7Drcx
UCH J Eedy hit

El
Belo














































































































1 One on show that harmonic functions are
in fact analytic

Using the main value formula we can derive decay
Las 1 1 soo estimates for harmonic functions leading to

Theo Liouville's theorem
If u i R 2112 is harmonic

and bounded then it is constant

P f Exercise D

Theo Maximum principle Suppose that u E
Ild A colt is harmonic in R whom he is
bounded Then

mzt n fat u Moreover if h is

connected and alto
mft u for some Er the

er is constant

proof The first chain is implied by the second
which we prove Say Ulto M h u and














































































































let r be such that 0 Crc dist Cto 9M
By mean value

14 a ult In J u dy E M so h M in B cry
Bult

Thu t E r I ult M is open and closed is r

a
Rcna We need the boundedness assumption eg

Uhr y y in IR't
Remarh Changing ut n we also get a

minimum principle

Cong There exists at most one Chel nihil
lu io to

Dn a f in r

h g os Or

with f E c Cr y C color

Exercise Loot up Ha naoh inequality for D














































































































Greefunction

The Green function is the analogue of the
fundamental solution in the case of a boundary rate

Elem i.e a PDE plus a boundary condition

In this section we assume I to be bounded and
with a c boundary We are interested in

Dna f in r

n g on da

where f and g are given

Given a Chit function u we have Green's identity

fluty by fly x fly x Duty Jdy
Al Beer

fun f t ti fly xiff.ly dray
OCRIBeli

Observe the following facts

Ay fly x o in Nl Belt














































































































I fuk 0 as o

9 tr ll him a e so

Thu

next Jj ly x but 11dy t faults ycy
x troy

fatty Xl allday

Replacing Bnsf u g on 9h we got a formula
for u except for the tern in 7 To eliminate
this term suppose that for each x rt solos

Dpt O is R

V fly x or 9h

Thu th fuoko














































































































G ray for y Phy
satisfies DyG 0 for x y ait G O o d

Repeating the above with I G

next Gary Duty dy t July
9
4 dray k

r or

Def The function E above is called the

Green's function for the domain r

From the above we have

s.ws
namemtatifkl If u echo

Dn f i d

hay on in

where he is bounded f E coat and J E Clint

then u is given by k














































































































Pyp C Itsy C Ly x X y

proof Set XM

fits C Lt 21 gets in C ly 21
The goal is to show fungus We have Dfleito for
2 Ft Aglet O for 2Ey and f o g on 9h

Let U MIYU Baun Tha by Green's identity

µ g Hutt f par

Since
g is smooth new Xi

fdr 0 as c so

Also

I g k a goofy't Hyon tree
9Belt 9Belt

t
f eight droit gets as o














































































































So the LHS of got Sin.la ly the RHI of
As fly a

R In the layup of distribution I
Solve

At S in 112

and C solve

D G Sx is n

G 0 on Jr

Explicitly
we have not showed hou to find the function

r fo the construction of G c will sa late For
some special domains however it is possible to
construct C directly














































































































Insert In this case one can verify

Glay ILY XI ILY E

where I is the reflection of x i.e

I X x i e th x

In particular

um

1,1
solves

gu o i n't
u
g on Oni

for g E Coca intact The function

Klay If Ins
is called Poissonthernelforin
Here I is not bounded as in our assumptions above

but one can check that this G still works














































































































ThccakB In this case

Gtx y Ily x 111 1Cy Il
when I I is the invasion throyl 713,01

Hi

Is particular

non 1 1
dynWn r ly yl

Didsolve

Dh O in B Lol

U y on 9Brio

if g E cocobroot The function

tilt y V2 ly I

huh r l X yl
is called Poisson's kernel for Brio














































































































Theheation
we now study the heat equation

7th Du o

and its non homogeneous version

9 u Da f

Fundamental

The heat equation has the scaling invariance htt x1l
ult't x i.e if u solve the homogeneous heat equation so
does vct.rs ult't i x Thu the ratios 1 play a

role in the heat equation and suggests the Ansate

victim
tf ol't

Solution of this form satisfy ult x Halit Tx I o

Plugging our Ansate into the equation














































































































P'Doty t p t y roly t at I
cry so

where
y Nff Setting pet gire

Br t Iz y Poly t do 0

Assuming now is to be radial Vly e JL r

T t h T t Lari t air 0

setting a

ra i J't t Ir E I I O

We can not solve this ODE and find assuming TT 0
as r p

i

Tor A e E

Reverting back to u we are led to

Def The function

scan Hittin e
tso em

O t Lo x E R














































































































is called tlfu.la dsolutiototheateqation

One readily verifies that

114 14 I t 0 Ix

T tI pem

We are interested is the inifproblen
a ha C

for the heat equation
7th Dn 0 in co x or

n
g

o It o x

when
g is fires the initial data

tho Lct g C Centinela Sct

try 2

µ
I
8414 1 so EM

Then i
ti u C co.mx N














































































































ii 9th Du I 0 in ooo x on

iii usg on It o th in the sense that

lin ult
it co to 8 for each to Ems
f 0

It For each e o f e i c with

uniformly bounded derivative is 50 x IR and the
derivatives of the fundamental solution are integrable so
u E C d e it Also

dealt.tl Duct x
fyffe

tix y Belt t yr geydy

O

To show hiii let c o and 820 be such that

1gal goral E if 14 rolls

inches gaol filter y goys gently Ift
e f data y gas giro It felt t y gas giros dy
Botto A Bolt
I t In














































































































For It Tol c f we have

I E E felt x yi dy e e

ByCro

For I we have It tol c f and ly fol f f so

ly Tol E ly ti t It tol f ly It E
f ly Xt t 1 ol ly roll 2ly x1

I
Ingham I f e É d

ITI Bolt

f e É dy E e d

IT LBgtrol

The kits o as foot Thus choose t small
such that RH L E

a














































































































Remade

n E G the heat equation regularites the data

If g O 0 localized thou ult x so for all
t o i n speed of propagation

The non homogeneous problem

We now consider

7th Dn a f in lo 1 xii
u 0 on tie x IR's

where f is given We can reduce this to a solution

of the homogeneous problem Let us denote by

c Ix M I interval the space offunctions that
c is the 1 variable and C i the x variable

The Let f E C coin a have compact

support For each szo let us be the solution

to the Cauchy problem give by the previous theorem














































































































7th Au I 0 is S D x IR

us a fls in It slam

Set ult x unit x do Then

lit u E C coast in

ii 9th Du f in 190 xm

fill him act x o for each X En
tix 19 0

tio

Kf We can write

actin ftp fi hflsyidy4

It ffcs.tl It s x ysdyd

Since f has compact support and Itsy is smooth for
s near set t o we can differentiate














































































































dtuct.tl f Safety dfflt s.t

ysdybtffhylflo.x
yidy.IT

similarly

D ct.tl I 1,5144 D flt s x y dy d
we see that both Itu Din are continuous

Compute

Ifuctix Bullitt I say itfit six y D flt sx

ysldydtfpflt.glflax y dy

ftp.t If easy s dy fit says dyd

t
Spirit 4 flat tidy I It Is














































































































II l K'tth t b'fly 4414 Is Edie

Bypnet

I
f L Y dy lflt s.ir y 2yd

I I fit six yidyd
o

Jµflt 4 fl o t y dy

I
t f 1441 fit e Hidy so

I t I 1441 fit e r y dy

fµ.tl
4 41 fit e y dy

this is the same integral as in the previous Theo with
the g t fl t s l s e at fire fit x El














































































































h The strategy of solving a non homogeneous

protle by reducing it to a homogeneous one applies

to many other PDE and is known as Duhaime
principle

R There is no
uniqueness is a strict sense

in fact

7th Dh I 0 in o.TT x IR

n I 0 on t o x m

has
many solutions

Unifunes doc bolt however
ifone imposes suitable growth u n e

The heat equation admits father properties that
are reminiscent of Laplace's equation such as a mean value
property and a maximum principle














































































































Thewaucequat
we study the Cauchy problem for the wave etuation
Iu din t Dh O i o.o xp

u g o It o xiii

7th h on t.no xlR

1Li ful
I 11

lean tofu 0

Set a xt t pi _x t anl put

ult x old.pl
Then

7in Of o 2140 Mpr
line 0 O wiper tops

so
u 4 40 0 Thus 9 r is a fuscho

only of L Ir Cair flat so

Ola p Fl I t CLp

for some F G














































































































we see that if n is a Cd solution Hc
there exist F C such that

Ultima FL xtt t CLx t

Reciprocally
y

c C F G the above is a solution

of the wave equation G and F are called fo and

b L were C more the graph to the right 5 to the left
Obscure Hal

Uco r FIX 1 CCt fit
ItaloH Flex Ccry hix

Fix Gcr J heydy t G
Solving for f and C i

Fal taga t ta f heydy t EI
Gox tagus tag hunky Ea

Since ult.tl Flirt t t C X t

htt x glitt tgix t ttt

a
t taJ hey Ly

t t














































































































which is known
as D la

Let g E Cham h E c'CRI The there exist
a
unique h E C coins x in that solve the Cauchy

problem fo the Id wave equation with data g h

P f Define u by DAlembert's formula we easily
verify the properties stated in the theorem

El

Def The line ttt contsant and t t constant
arc called the characteristics or characterises of theL d wave equation

DomainsofdependencoofregiousefinfluenI

Suppose 4 0 as I
gut o for X ca s

Since
glitt and get t are constant along the line

Xt t constant and x t constant respectively we see that
ult x f o only possibly for points 4 x that lie in the

veg's determined by the region lying between the characteristic














































































































emanating from a a ta b as indicated in thefigure
t ult x O

t a
it b bixtt y t a

x tca
x t b

next to a ex tsb

x t Extt La
b L x t Extt

ult x1 o
ult X 0

l x
a b

t.tt Althoy we ordered the coordinates as 14 1
we will often draw the 4 x plan with the x axis
on the horizontal

Suppose now that
g

0 and that lasso for
att

X Cf ca b Thes f hey dy D whenever we have
x t

x t ttt n a b i e it Xtt ca or

t t b Therefore ultix 0 possibly only in the

region l t t t al n l x t c b as depicted in the figure














































































































t
t a

ut t 1a
x t band

t t e s
x t Extt La

b L x t Extt
ult x o

ult X 0

l x
a b

Fou general g and h we can therefore precisely

track how the values of ult x are influenced by the values

of the initial conditions It follows that the values of
the data on an interval carbs can only affect the
values of ultixt for Ct x E I Xt t a A x tsb

This reflects the fact that waves travel at a finite
speed The regio l Xt t a n I t t c b is called

e of Cain
Consider now a point to ro and ul to to

Let D be the triangle with re ter to.to deter incl
by X t t to 1 to X t x 1 to a L t o














































































































4 l

yo tf
e i

r D to
X fo
t

l 1 2x
X to to to1to

tha
Kotto

ult x I gltottol tfl I f handy
to to

and we see that ulto.to is completely determined

by the value of the initial data on the internal
to to xotto The region D is called the past
donai fdepedenfto.to

characteristics domain of dependencyinfluence are
important concepts that will be generalitel

contrast the domain of depena property withthe
heat equation














































































































tequation
Here we will study the E for the

wave equation in IR i.e

El U O is 0 x R

n u oh t ol x R

Ith u ou teo xx

where a i It t B is called the DAlenbertias on

the wave openaton and Uo u i IR 7 112 are given
The initial condition can also be stated as

419 X noLx Oth lo X hilt X E R

Def The sets

Zt tix C C a talk IR It x I E I t toll

Ztt I It HE C a too x N Ix x I e t t l

Z to tix E x.to xR I x tol f to t

are called respectively the lig ef me














































































































a I pastli h.co hoettftoof The sets

to x Zeo n I t to

tix It n It Lol

to.io Et n It lol
are called respectively the light futurea L pastlyh cocfoupos.it imuithoetcatLto xol
We often omit forpositive fin and refen to the sub K
as light cones We also refer to a part of a conc e.g

for 0 Et ET as the t futurepast light cone
H.r

i

r to to Itoto
toxo Zzt y to.ir

to x
ktoso

Zto to

It _o














































































































La differentiation ofmoving regions Let

ICT C'T be a family of bounded domain with smooth boundary
depending smoothly on the parameter t Let o be the
velocity of the moving boundary oral and u the unit outernormal
to oral If f first i smooth thes

E f fax fief da t f f v.v dr

Ila ra Ora

Kf Change of variables El

Theo finite propagation speed Let u E C Les air
be a solution to the Cauchy problem for the wave equation If
no u 0 on t 0 x Be.cat then u 0 within hi
Thus the solution at to to depends only on the data on By.at and
the cone ht is also called a domain ofdependence

Kf Define the energy

Elt I f Cen t lout da o f t t t

then














































































































It f death t on 09th da t f Gta loui o udr

toft t.it

the sphere OBt.lt and with speed linen is t tho o v

The pit

Éjj

Be t t

Goat
t

1.1
Integrating by parts

f un oath Ix finitude t f Y't do
t.tt t.tt

Thos

y

07 t

II a f din Bu thar tf dead

Bt t

I f 4th t 1041 do

OBEY

919th Gas flour do

01














































































































E f lout total total 110412 do o

91
which implies the result El

The name energy above comes from the fact that
Elt Ifl deal t touch da indeed represent the total energIN

of the system at time t I path corresponding to the
local kinetic energy and flout the local potential
energy Restoring all unit we can check that E in

fact has units of energy
Alteratively one could imagine discovering

the energy as follows Multiply the wave equation

Ofa Du so by den and integrate over In

fl ithdin t th Dn dx 0

IT

Integrating the last term by parts Seth Andy
IR

got on on dx where we assume that a decay fastenough














































































































a Hl so so there are no boundary terms Tho

o t.nl htfoa.oaltx 1dtffidthi t touch It i.e
IT

Elt I f dtht t 10h12 dx is conserved

Remark Inspired by the above it is customary to
call energy any quantity that is quadratic on derivativesofthe solution integrated over a region even if they donot havea direct physical meaning Such energies are typically obtained
by multiplying the equation by a suitable term and integratingby parts as above and they play a key role in the studyof certain PDEs

Kation Henceforth we assume that n 22 Set

Ult x r

wtf I t.tl drays

Uol title win fight'll dry

U exit wife Jo d

which are spherical
averages over 9Brett














































































































trop Euler Poisson Darboux equation Let u GC Giolitti
m 22 be a solution to the Cauchy problemfor the wave equation
Fo fixed x C IN consider U Ult tir as a function of
f and r Then U E C co 1 1901 and U satisfies

the E iDa qtis
if U J U 9 U 0 is co 1 1 4

U Uo on t o x 0,4

qu U on t o x Oso

Pt Differentiability with respect to t is immediate as isdifferentiability w.nl r for r 0

Arguing as is the
proof of the men value formula

for Laplace's equation

7 Ult x r f ae J Butt y dy
Brix

This implies him 9 Ult t v1 0 textr ot

di ul tix I J Butt y dy
BrCX














































































































f µ
t toe

But QJ Ault y dy J Butt 4 day and recall
Brix 0Brix

that v l Brits yr so

I uoe n i uoe x I

E or u.it for Fi so

QUIT x r H l
u w f Dutt ll dy

BrCH

to J Duct y dray

913,1 1

This implies that Lin 9 Ult t li In Duct xo t

Proceeding this way we compute all derivative of U a v t r

and conclude that U E ch cool x cops














































































































Returning to the expressionfor dull

IU I relict f n Iwait foin the

Brett Belt

on r th or unify f din if foinBrix Brix

I Join iii goin
OB it OBrit

i I ton 9h

On the other hand

d n duh h i rn ath t o 914
11

r sin
which

gives the result a














































































































Reflection method

infuse function Ultima to reduce the higher
dimensional care equation to the Id wave equation fo but DIAle bet's

formula is available is the variable t and u However Ult x l
s defined onlyfor a 20 whereas 1 Alembert's formula is for
war co Thus we first consider

Utt Mxr 0 is L o o x 0,0

h no on t o x 0,0

7th a on t o x 0,01
U o o Co I x x o

where Moto 4,101 0 Consider old extensions where t 20

I 14.1
1 t 20

hot x so
Ict i

t t 20
ucx TEO

A solution to the problem on 10,01 190 is obtained bysolving

ftt
Tx 0 is co o x IR

I To on t o x IR

let I on t o IR

nd restricting to coax cop where 5 4 DAlembert'sformula
plies that I will be odd thus satisfying htt o o if toand I
ve odd i e if he and u vanish at X o














































































































DAlembe t formulagives

xttnlt.nlt Tollett thotx El t taJ Toysdy
X t

consider you 1 10 and 20 so that Etta hct.rs The ritt 20
so that 501 11 uocxi.tl If X 7 t the the variableof
integration y satisfies y 20 since y C t t ttt In this
case 5 ly 4 cyl Thu

ttt
ult ri 1 uolxttlth.lt tt t taJ 441dg for k I t2

X t

I f O f X et then ii I x ti Tol ex tit and

iyidy f.iiiyidytftt.lydy fy
c

ygdytjottucyidyxtt

yldy t It.ly dy Ju.iyidy Thu
x tt
xt tult Xt ta holxtti hole x t ta f u.ly Lyfou0ftEt
xtt

Summarizing














































































































xtt

act
L ttt tho't tt t Juicydy X tzo

x t
X tiL uolxttl u.lt x t
Juicy Ly OE t Et

xtt

Note that u is not c except if no col O Kot also
hat ult 01 0

This solution can be understood as follows for 72120
finite propagation speed implies that the solution does not see

the boundary Fo o stet the waves traveling to the left
an reflect o the boundary where 4 0

rt

domains

Ix














































































































Solution for n si Kirchhoff's formula

Sol Tra ru Ino ru ii ru

where Fr Io El are a above Then

qiu rain r int au

no U t 21h

oil rut Iii
So I solve the Id wave equation on o.o x ga

with initial condition Ico r Trout 4510,4 Trim

By the reflection method discussed above a bare

rtt

init x u z
in rttl Trott 1 t taJin cy ly

r tt

for 0 Erft when we used the notation I Lrtt and

Tr ly for Troltirtti Trix y
From the definition of Tr and h and the

above formula














































































































ultixl lijot e.cn Jatt ll dray
7Brett

lion Ult x r

ot
Il t.ir rlim

v o t r

f o ta Tol t tri Golf r
th

t atJaysdy
t r

tote that

tin U tt
f o Troittarlin

o t 2 r

it it

and

f of tar lady Tritt this quality is

simply fine J f ly dy fox fon n L S

DrcXl

ult x Ero'tti t ii HI














































































































Invoking the definition of Ero and Tr i

often It weibo.fi
Making the change of variable 2 recall that we are
treating the n 3 case so in the calculations that follow n 3 butwe write in for the sake of a cleaner notation

Fein 7 Judy drag
71341

µ
no't 1 ta t dree

71340

J holxttz Koel

The 913cos

volts da If I uolxtttidoce
JB lo

f O u txt 1e a t dict

913,101

Changing variable back to y i e y xttt and recalling

that dray t dree














































































































fifteen ii I't t It

Using this in the above expression for ult x

htt x 1

J holy t tu.lydrcy1voll9Dtl
913th

t
1

J Vu.ly y x drcy
ol 9Bt

913,1 1

which is known as k ff da

Let u E C CR a I n E c'ch Then Here

exists a unique n E CH Croix IR that is a solution to the
Cauchy problem for the wave equation in three spatial dimensions
Moreover h is given by Kirchhoff's formula

PIF Defino u by Kirchhoff's formula By construction
it is a solution with the stated regularity Uniquenessfollowsfrom
the finite speed propagation property D














































































































Iutyfon2 is mula

We now consider u C C Co 1 1122 a solution to
the wave equation for n 2 Then

Oct x x ult x x't

is a solution for the wave equations in n 3 dimension with

data 001 4 4 31 no x x4 and o cxtxi.rs U.Cx H1 Let
us write 1 1 x and I x x4o Thus from the 4 3 ca

o t
1 0 t

i t.es fo t

95ft
where Decile ball in M with center I anl radius t If
volume element on OBeCEl We now rewrite this formula with info
Just involving only variable in 1172

The integral oven 9 Bthis can be written as

fair often

where 9Bfoil and 7BEES are respectively the upper and
lower hemispheres of 0DICE














































































































The upper cap 75th is parametrized by

fly t ly xi Y CY y't E Beas X Lx x'I
when Btcxi is the ball of radio t and center x is 1122

Recalling the formula for integrals aloyasurface gives by a graph

u 5t.isJ dF
qFaJUolY1Lt10f lay

I DIce Belt
where we used that v x x x'I holt X't This lastfactalso implies that

volt x4x

t.in i rko

Vol X X x

Thus

iii fi tH 4

1 holy
I F dy
Beca th ly x 2














































































































In the last step we used

1 t Pfc111 l t
t.tn

Similarly

witty uI 4

Hence

n't E It It t.f.IT 4

t
t.fi v.itTn ETIi4 ttwecotI IYTi 4

Changing variables 2 in the first integral s dy t da

tFhhi f.i.it x4l ftlwn.ion i I

ton Y t t i














































































































holy y xat
i iii74tu.ii.i I 4

f 2 ly xp

Btw
where in the last step we changed variable back to y Hence

nitin to f tf I dyt ly H
Butt

t 04 ly cyxlttJ dy
2 Vol 13 1 1 th ly Xia

Btltl

which is known as Poisson's formula

Theo Let u E c N and n E c'ch Then Her

exists a unique n E CH co.mx N that is a solution to the
Cauchy problem for the wave equation in two spatial dimensions
Moreover h is given by Poisson's formula

PIF Defino u by Poisson's formula By construction
it is a solution with the stated regulati y Uniquenessfollowsfrom
the finite speed propagation property D














































































































Solution for arbitrary n 12

The above procedure can be generalized for any n 22 for
u odd we show that suitably radially averages of a satisfie
a Id wave equation for r 0 and invoke the reflection principle

for n even we view in as a solution in ht 1 dimensions apply
the result for a odd and then reduce back to h dimensions

The final formulas are

noted

a'aHft tuition

t.lt.fi later
713th

where

p i L S S h 2














































































































herein

nitin f fifth net 1r 41th ly xi
Bt

att Et tonite l
where

u 2 4 c Ch 2 h

Reed The method of using the solution in nth

to obtain a solution in n dimension for n even is known

as methodof descent

R we alredy know that solutions to the wave
equation at to.to dependonly on the data on

Bfocxo For
h 23 odd the above shows that the solution depend only on
the data on the boundary 013µmol This fact is known as
the t yg p














































































































The inhomogeneous wave equation

We now consider

u f in lo al x 112

u no on t ol x N

ith i n on ft ol 112

where f 0,01 Hi no u in 7N are given fi called a

source and this is know as the inhomogeneous Cauchy problem forthe wave equation Since we alreadyknow how to solve the
problem when 1 0 by linearity it suffice to consider

In f in Comix IR

Let ugct.tl be the solutio of

an 0 in S o x Rs I

us 0 on t s t M

9 4 f on test x IR

This problem is simply the Cauchy preplan with data on t s instead

of t 0 so the previous solution apply














































































































For t 20 define

alt x Just xsds

Note that 410 x 0 We have

dealt x a It x

set

t Idt sttixids

Since u tax 0 for t is the first term vanishes so

dealt.tl Stfu It vids

This 9 uld x 0 Taking another derivative

direct x It s ti
sett f ascends

Since least fists fit x and 914s Aus
set

of actin fit x t got du it.rs d

flt xlt I got uslt.tl Is

fit x t Ault x i e

din Bu f














































































































Therefore we conclude that u satisfies the inhomogeneous

wave equation with zero initial conditions We summarize this
in the next theorem

the Let f.EC t'cco.oixiR when IT is

the integer part of tea Let us be the unique solution to
au 0 is s a x IR

Us O on t s xD

Itu f o It six R

and define u by

ult n Jtousltixids

Tho u E C 0 Ix N and is a solution to the

Cauchy problem for the wave equation with source f and
ten initial conditions

Re The procedure of solving the inhomogeneous

equation by solving a homogeneous one with initial condition

f as seen in the case of the heat equation is known as

the Duhamel principle














































































































Sobolerspac

We will now introduce and study properties ofcertain function spaces called Sobolev spaces that are

very useful for the study of PDEs
Unless stated otherwise isthissectifdestesdomain N C M

IY.de
te

Let u o E Li la and a be a multi index

iiiiiii.it

vi te Dus o if

n

for every Y E Ctrl
The intuition is that the integration by partsformulaholds Function in C eat an often called testfunctions

the space of functions whose all derivatives up to order
h exist is denoted whirl














































































































EI If ou n f
l 1 s x to

X ti O X Ct

they icy
is a weak derivativeI O L X L I

on y'cxidx it Lt t ti 6kt Lx

4101 J Elk Lx Geo chews DX

If however run f
s Circo

2 of
that as we

will see woah derivative do not exist

Veoh derivatives if exist are unique

reef If r w an veal den aahee ef e th

node Ey farce L y fue Jeu w z o
r n

u all test function y r w a e El














































































































Thus weaticalderingree when

the latte exists

Lemmy Let u C 4 ir and suppose that Dan
xist where x is a multi index Then

if ecdistlx.by
blue Ctl Ddu h

who L l is the regularitation

r t
D air D f fall 1h41dy te JD EC Huey

r

n l il t Day El 1 handy 4C 115m41dy
i

Ddu Lt a

Thee Let u r E 4 else Then Dinner iff theriots a sequence of c G factions uh4,1
such that Duh o

tr

pref If Nu o we take a squareof regularization
suitably multiplied by cutofffunctions ne C care














































































































If uh u and b'uh r in loan let E E cars

f r e f D uh y a en f uhD'd t's f uhb'yk r r 5
where he is a compact set such that supply C Kor Passing
to the limit we have the result El

Using this approximation property and the definition
we can

Love
a series of basic properties

Theo We have

i Dl no u Do t o Du if no no u Do to Du G W er
ii D Dfa a DPD u a Date u if u E What Kitty thmore generally if any two of these wealderivatives exist thentheyall exist and coincide

Xii If ur E when to do linear combination
is u E whirl u E when's r ca n open

cos Ya E when if u E what Y E Ccn and thenotrot rule holds

Ci If 4 r e is a C diffeomorphism h E wheel
then o no 4 E w ca't and Pinal ftp.djocy
Prof ii iii I iv are trivial o by induction on h Ci and

oil by approximation by smooth functions G














































































































tho chain r le If Y C c'am Y C Lala u CWhn
thou Yon E w't and DIYout 41cm Dh

Kof Let uh Duh u Da in 4 air Fix
K Cc r Tha

f 14hr61 41h11 I Y en f luh ut O
k

k

f ly cuh Dhl Y t Dal E Y JylDuh Dhl

t
full

4h61 y cull IDul o

1Up to a subsequence uh u a e is K so Y 14h Y 14
a e in K since 4 is c So

July
4h6 y cull lDul 0

by dominated convenience Thus 41hL 41ns and DlYeah
44hL Dhl Y Ca Dh in Yo Lr so DIY 0h 744Da
by ou characterization which works for finitly many derivatives

a














































































































Recall that ut max n ol u min fu
so u ut w lui ut t u

PRI If h E what this ut ai lui C W'cm and

Dat f
Dh if u o

if we
I
Da e f

O t 420
Dh if u co

Dini oh if u 0

if 4 0

Dh if u Lo

P f Fix ego and set

4 in 14
t l e n o

O U f O

So Ye E C Cal 41cm C TUR By the previous theo

1 Yeon 44in Da µ yua
i 420

0 i 410














































































































For 4 E CT Cri

f Ye cu DE f 4 Da Ew't s 112
n

In O

f Eto d no

ut DY f Du e Jx Duenota o r

The remaining result follow from u c a t lui atta
o

Coe Let u C W M tha Dn so a e o

any set when h is constant

proof Dh Dut Du E

The converse is also true Dn 0 then

O Dh Du u constant Ce he hi

local this convergence can only happen if the numerical
fuence Ce converges So u constant a e














































































































We also have i

Let 4 be continuous and have piecewise
continuous

first derivative wit Y E Local If u CW'let
this fan C n r and

DIY n
44h1Dh i n L

O U E L
where L is the set of c me points of 4

p f By induction and translation we can reduceit to the case of one corner at the
origin If

41,42 C C'LM Altun and 41h1 YiChi 4 cute 4,14
for h L o u 10 respectively then 414 4 Intl Yalu j
and the result follows I

Thus if n is weakly differentiable so is nifty etc
Notion From now on D will always denote weak

derivative rules explicitly sail otherwise














































































































Sobolev space and their properties

DIIIILIIi.tw define the
Sobolerspad

whirl n u b in Dan E L'd 14th
where D ane weak derivative of h we endow whirls
with the norm

Hull
when a II fib'ul lx

la e a
D ay pI
win

P
IE p lo

11411
who uhh 2

Lish IP
Dia

I
ialth tiny

If p a we denote whites thing with theinnerproduct

u ol i E f Dando dy
in th f

where again D ane weak derivatives The corresponding














































































































iiiWo Pen a closure of C s in whining
We also define whip

Remarks

Twerp n Pls

W ll Pcn if I f p co since C s

i's dense in P
r for 2 E p co

We have the embedding

w P in a whiner c Pls

n E whitens off there exists a
sequence

Tca 2 uh u in whip in Thus we thinkof whirls
as the set of u E whiners such that b'a o o

or fo tal f le l this will be given a precise
interpretation later on

We have obvious generalization to 0 vector valued
functions etc

Dd is a bounded operator from whirls toWh 14 IP s














































































































EI Lct r B co and set

Ucx I X fo
ly e

The puca I I Let y G EcmIHet
i

f u Y J 9 n Y t f ne viRl Deco rl Belo 9Belo
1 is me l L n i tha

n i du

l l ow ie o o

If l Ch i then Du C L'is so

94 f din y
r

Also
e C Lhs iff tty p Ln Thus u C Wkn

iff e c mfs
EI Let lakh C d B co be a dense countable

asubset Put next I f h Ix abl
l
For e l a C W Pcrh

Note that his unbounded o each open set fo o al L














































































































Theo Wh Chl is a Banach space IthLor is a

Hilbert space

proof Obviously K 11h is indeed a noun and 114Wh
p
O

iff n O a e

Let uh be a Cauchy
sequence in whirl Thos

Danh is Cauchy in LMA for each latch so there
exist function u such that Danh 7 u i Pla Let
4 E CTCs

Jannie linfnuhb.tl t's linfelinhe C I fine
so Uy Dth and h E Wh'Ple El

Tt Wh Ld is separable if I E p Lo and

I's uniformly convex and reflexive if I L p LN

proof Let Plh n be the number of multiindices9 such that 14 E k and for each x let oh be a copy
of R so the tlh.nl domain I are disjoint Set

heh i U ra
IN EL














































































































Gives u C whiners let it be the function on ru that
coincides with Ddu in Id The map P Wh Ld LP Iru
u r is an isometry Because Whip r is complete the
image of e is a closet subspace of Vlach
The result follows fun whirls P I I

Approximation by smooth functions

Given a subset A C M and a collection 0 of
open sets covering A A c U U recall that a smooth

U c 0
Partition of unity of A subordinate to 0 is a collection 4
of CE citri function 4 such that

is O E Y L 1

Iii If hi CCA all b t finitely many Y vanish identically
on K

iii for every Y C tf there exists a U E O such that
supply CU

ir for every X E A I Yon L
4 C I














































































































It is a standard theorem in topology that smooth
partition of unit exist

Prof If u E w Pcr LEP Lo thou n u in
w r as e o where he is the regularization of n

P f This follow at once from propertiesof us Er

The previous proposition is a local approximation by
smooth functions The next theorem improves this to a global approximation

Theo C Lain while is dense is whimsy Lenca

p f For jet 2 set

Rj x E r 11 1 Lj and dish or f I
a I ly ro f Set

Uj dj.nl ilIj
The 0 a Nj covers 1 Let IT be a corresponding partition

of unity and let Yj se Hc sun of the finitely many Y C UI
whose supports are in Nj Tha Yj E C Uj and














































































































EF Yjcts L

It o

gg
then

jute has support in

j than call
a cc r

ta

or

Flin

ta I i
É'it














































































































And since Ygh E Wh n we can choose

by previous local prop Ej such that
1114pm

4jhtlh.pt Hints Yj
wh.gg

t Ii I
have a o is given Set

4 21144
j

I g

Then Y E Cte since for any n'car onlyfinitely
many torn in the sum are non ten Tow for X E Nj

un Yin not Yori Yin ex
i i

therefore

114 411
whip I AMile Yihllh.pt s

and the result follows from the monotone
convergence thoo

apply it to fj ta Eigalisin 411 to get
114 Y whip 114 4whip as j o I














































































































One often see Sobolev spaces defined as

Is compleko of chins with respect
to the Il 11h horn

we observe that I t a C whirl For He sat
II In C Chul l 11h44 c is contained in whimsy
Because whimsy is complete the identity map as I extend
to an isometry between Thirty and the closure ofin whimsy We identify Pcr with this closure

In view of the previous theorem
any element

in whimsy is a limit point of a sequence of smooth
functions i e any n E whew

belongs to the closure ofcolor w r t the II 11h
p

norm Thus

whirls c Whirley 1 Ep Ld
Hence

whip Jukka
This efuivalence was first proven by Moyes art Servin is 64














































































































This theorem got be extended to p o

r e l l il mix txt n'at I for X 0

If o c e c la there does not exist a g e c'cry such
that 119 u'll c e

The density comin whirls whiners make

Itis on On On the other hand the derivatives of
the smooth functions

approximating a E whiner can become
unbounded near de We ash thus if it is possible toshow that coolie A whining is dense in whilst on
none generally if Chet A whirls is dense in whirls
Without further assumptions on 9h the answer is no














































































































EI r A y G M I o L ITI C l o LY c

strictly speaking this is not

I r nor do ai but theargument
can be adapted to a domain

1 X 0Put ni x y The n E w kn Suppose0 X L O

that there exist 21 E c'coil such that 114 411pl E Let
t L I R Is so I LUR we have that
Y t 44cL E l Y

un
t
411µm d

Jet Eun floaty dy Since

I 4cxsdx f f Yuriydyke 11411 E

fo eat It J J Yay dydx n f f Y 1 dydx I

2 fog 14 11dyk H Y Illy 1 I ti














































































































we conclude that there must exist I E a co and Ocb El

such that Ela c e ecs si e Thu

I e e c es Ela Ibadandx f µ Ycx.inLxdy
2 t 119411µg I 247119 4 Kall

via

247 c247114
www.ce

chere he used tyttp and Dn o Thu I 4th t E
which cannot be true for small e o

The problem above is caused by the
fact that r is on both sides of part of its
boundary The follooing condition prevents this

Dff A domain r satisfies thesegmentation
if for every x C Or thou exists a neighborhood Ux
and a nonzero vector y such that if 2 C That the
2 tty E r OL t al














































































































IÉ

t

Look at point t on du and move
No matter how small we

a bit inside the domain along the
fix My ant Yy for some Zsegment Etty we stay inside the
close to Or the line crossesdomain and this is uniform e each

Ux Oh Cyr has to be uniform
on Ux

If the segment condition is satisfied thada must be n t dimensional and I cannot lie on
both sides of Jr fo Or d

Ico If r satisfies the segment condition then
theset of restrictions to d of functions in C in is
dense in WhPls IEP Lo In particular Colt is
dense in whirl d I E p co














































































































pr f We begin with some relations

Let 4 E C Citi satisfy Yuri I if 171 El 441 0if 1 122 ID pox I E L fo 14 Eh Set 4 ex I 41 ex The
Yeah I 1 for 1 1 EYe Yeon 0 to 1 1324 LD Yeon I eG'e
C fou o cell If u C whole then ne You

C Whole La bounded support and

ID hel E G I DehDdPY C d E Dru
pea pea

set re t Get in llc

O HEY
11h u H

h Hull 4
h h

wh.me

E G
wh.me t G e uh E C

www.T
as E 70 Thus u can be approximated by functions with
compact support but not smooth at this point

we can thus assume that he x C A next to
has bounded support Sol

F El U Ux
XCOr














































































































when U are the sets in the definition of the
segment condition F is compact and contaisel is A So
we can fist it such that f Ccu Ccr and

among the U finitely many U Ue such that
I C U u une We can fist funthe open set

j j 0 e such that Vj CC Uj F c V.v iure

Uo U

i
i

o
i ar

Lef VI be a portion of unity subordinate
to the Vj's Let 4 be the sun of the finitely
many Y whose support are in Vj Let us Y h














































































































If for each j o a l we can find Cj G cacti
such that lluj 9jha.pl then

we are done since with 9 2h Yj
j o

un
4114 1121 Yu II.li lqp 1ljI4i Yjtllh.pYEE

I Unj Yj114 c e
j o

For j 0 we find 4 by direct regularization see
above Prop prior to the thee on density of Cobey
functions

Fix a j E l l Since
up has support

in Vj AE we can extend it to be 20 outsider
In particular ng E whirl in f where

I Jin or














































































































Let y be the non zero vector corresponding to

Uj in the segment condition Pich t such that

0 L t L mis I distluj Tilly

and set It x ty Ix EI

x tty
ft

U
j

n k
or














































































































The segment coalition giros that f AT D
and our choice of I also guarantees that Ifc UjSince hj E w chill the function

j t.lt UjCt tty
belongs to whip citil It Translations are continuous
in LP so

D ng b'up in LMA as t 10
Hence

ugh Uj in whirls as f 0 It thus

suffices to find Ej C cecal such that
jst Yj11h

p
is small Since

Anuj CC IR'tft
we can take a regularization of nj I as is the
previously mentioned proposition

a














































































































The key idea of the proof is that we want to
regularize u to get a co function As we want to include
boundary points the usual regularization would involve

averaging u
outside I However we donotneed to make the regularization at
E de with an average centered at x we can average about

mother interior point This is what the translation of the
boundary does This is an useful idea whendealing with boundaries

Gro Wh it whipcans

so Iggy
The corollary is in generalnot truefor r Also

t boundaries properlydefinedfor non compact de satisfythe
segment condition we obtain the density result when da is Lipschitz

we will now use the density of smooth function tostudy
coordinate transformations

Theo Let d D be domain is IR Suppose there exist a
no toFant onto it A D such that EJ E char E JEILD
are bounded derivatives j l n and I I 1det DE t thatDE Ed
fo some d 71 h 1 Given a E Whip D define
Élan a in by Elas ex u Eon Then I transform
whiphas boundedly o to whip D and has bounded inverse I e p do














































































































Kof The map is well defined for a e defined
functions since htt Let hugh C Ccs converge to u is
whipID Lot 141e k be a multiindex Successive applications
of the chain rule and product rule give that y y

D Ein a 2 Papix Dingy
P E a

2 Papa É DPujtas
pls

where
Pap is a polinomial of degree Ipl is derivatives

of It jet u of order 121 but y e c n

I J Ela It D Ya da

I a Papa ÉCDPuj IN Gexdx
n

11

t's É g
9119childotDEicyildy

E
p e
f Pap E y É 1É 4 E cyst datDE auldy
D

DCnj y














































































































Since Ding h we can replace up by h above

and change variables back to get

1 1 I É latex D Yax da 2 I Papa CDP lx Gandy
n nee or

so Echl is whist and

D Elul in 2
re

Pap É blush

then Mullens

Il's Éc tail'd e 4,1 ftp.pa.igtrusaiid
n

14 met
Iris is I bluey

P dot DE ay dy

f Ci Hullum 11 Étuill
when

t d
whining

Repeating the
argument for 4 gives the result

a














































































































n e when can we extended outsider Inother words does there exist in E whirling such that in his e
We begin make this notion more precise

Def Let non be a domain bio an integerand
I EP o A linear map E Whirley Wkrcin is called
a chip extension or simply extension if hip are understood
in sfterexist a constant K tickp such that

i Eu ex act a e is r

ii 11 Eun
whirling whip

for all u E whirls E is called a strong h extension
or strong extension if he is understood in a ifitisatinen
operator

mapping a e defined functions in A to a e defined
functions in M and such that for every tsp co and

every of m f h the restriction of E to Whirley is a

hip extension E is called a Italextension is a if it is a
strong extension for every le necessarily extends from Chet
to Chin














































































































Lemma Lol n 1121 x Em x s o
Then theft a strong h extension operator in a
Moreover for every multi index 2 14th there exists a strong
ch tail extension operator Ea i n such that

D En E D u

Ref Set

Uct
E hit a t 0

II dj ult the jxal x co

hitE hit

f th so

YI l ji'd act i x ji so

where his tht are the unique solution to

É c j t I l o oh
j

Il n E cheat Has En E cham and

D E n I E D n Ihl th














































































































Eg l I d t d I d 2 tall I 3 ta 2 Ency
Jul t th 2 ult i 2x Enl n d E

w
ih

ich On
Ealy o taxi os

Then

f life l final't l it djbtucxi.si i just
IRI

f d f Ibsa P

IR't
By density of Col ATI I is whirling we obtain

that the
inequality is valid for a EW La't Os eh

so E is a strong h extension A similar argument
noting that DPE Espn shows that Ea is
a strong h tail extension a

To obtain the result for general I we need
conditions on Jr














































































































Def A domain do it satisfies the strangled
Lipschitzcondition if there exist 820 1420 a locally
Finiteover Uji of In fo each j a real

valet function fj of u t variables such that

lit for some finite R every collection of RH
open sits Uj has empty intersection

ki for every pair
v y E Ng t GorldistleOne of

such that It y so there exist j such that
x y E Uj Z E Uj I did12,94 81
iii each fj satisfies a Lipschitz condition

with constant M
Io For some Cartesian coordinate system

Op Oji in Uj Anuj Oj n L fi Oj i Ojai
Rema h For bounded A these conditions reduce

theatre e t that a has a locally Lipschitt
boundary














































































































Def A domain r n satisfies the uniform
Chco.li io if ther exist a locally finite open over

Ujl of or a sequence Hjl f ch function taking
Uj en to D Lol ai th ch inverse Yj 4 suchthat

lit for some finite 12 every collection of RH
open sits Uj ha empty intersection

kit for some d 0

no It C rldistct.by L r l C 4 Bigos

iii for each j

Yj l Uj n r a B coin t o

i'D there exists a constant M such that

IDd 4g ex I E M V t E Uj
I D Yj ly I LM V y E D lol

au l every 121 Eh














































































































Theo Let I satisfy the uniform c condition
and 7h be bounded Then there exists a strong
h extension operator E in R Moreover

if a and p are multi
indices with Ipl1121 th then there exist a linear operator
Eap continuous

from whipcog into wheen's Lee h lat les co
such that

D Eu lol I 2 EspDPalex
Ipl la

for all u e whip e

Ie Let r satisfy the strong Lipschitz condition
The there exists a total extension operator in d

The proofs can be found in Stein E Singular integraland differentiability properties of functions Fe the first theoremthe basic idea is to use our theorem on coordinate transformationsto reduce the problem to It for which we already have
the result For the second theorem the key idea is to
use that the distance function to dot is Lipsohitt and














































































































they work with suitable approximations of the distance

function

The assumption of 9h bounded in the first
theorem is not essential and can be removed in most
reasonable cases

We have the implication

uniform ch regularity h at strong local Lipschitz
segment condition

i i monthquestion if u E whereat does u belong in a non trivialway
to some other function space

In order to answer this question it is helpful to
establish some conventions about Chin So far we have
only considered chest when I is bounded in which case














































































































Cheri is a Banach space As exception was the densityof
coli in whining when r satisfies the segment condition But
in that case the statement was that restriction from Clint
to I are dense in whirl n in which case we can entirely
avoid talking about Cali For our purposes we are
interested in considering other function spaces that are Banach
spaces However the set of functions continuously differentiableup to order k on I mightnot be a Banach space ifu is not bounded thus we henceforth adopt the following

Def Let a cir be a domain and h2o and integer
We define It as the spaceof all u Eckert such
that Dan is bounded o flatele C n is a Banach space
with worm

chin I 2 sup ID unit
B latch X Gr

If u G Coca is bounded and uniformly continuous it admitsa
unique bounded continuous extension to it We define Chloeto be the space of thin n e chest such that D

bounded and uniformly continuous on a so in particular














































































































Dhu extend to ri o f tht th Chest is a Banach space

with the noun

chin Yea unit

Let ocrel we define the Hild space as
the subspace of chest of those u such that D n

ti
i

t

ygt
a then

for which 0 was that

I D uns D nay I Mix yl
O f tal th ChRCTI is a Banach space with the horn

lunchpea I
uncles t mat

onion Ifan I
x y

The
quantity u

n sup
yen Ij

l is called
X y

the
Itoldersen














































































































MITT notation chaos can be confusing if
I is not bounded as we can have h E Chia
I can so u is k time continuously differentiate
up to or but a 4 chin because the derivative
are not bounded In other words by Chesil we
always mean the Banach space

It is common to write 11
chain 4chan

C coil is the space of Lipschitzfunctions on t

If o csc rel it is not true that
Chris c ch ret and more generally if her cuts
it is not true that that cutter c chtrait For
example take ne ay em ly 21 142 x y l

x
i

Pick 1Cpc 2 Set














































































































achy sight YP y yo

O y to
the u E c'eat but it first then

u Carlin so c'it c II

We also have chili C't'd since
Lipschitz function need not to differentiable everywhere
eJ 141 and Cht ri ch ca above example

For nice domains however the above expected
inclusions hold

Hilder space capture function like th which

iii

E c an not differentiable but better than just continuous

The following is also used in the literature to
efine the Hilder norm

chaos cha t mat sup lkatyj.gg
xtyThe Chica ant chalet norms are not equivalent for














































































































arbitrary domains However since Il llqh.cat 11 chathe embedding into Chili that we establish below will automatically
ive embedding into chili

We now introduce the types of domains we will consider

Let y be a nos zero sector in IR For each
to let 4chy be the angle between the position vector x and
y Given s o and 029ft the got

f by I X E IR x 0 or 0217115 Klay 19
is called a finite cone of heights axis direction

y and
aperture angle o with vertex at the

origin The set 2 8
is a con with same properties but sartor at z

ai Z














































































































Det A domain in M satisfies thatif there exists a finite cone 2 such that each x C or is
the vertex of a cone 8 contained in R and congruent to

i.e each 6 is obtained from 6 by rigid motions

The intuition is that up to rigid motions we can

fit the cone 6 inside r uit vortex on Jr Thus

the domain can have corners with uniform aperture but
cannot become arbithaly this is one direction see examples
belelow

Det A domain recti satisfies the uniformconey
if there exists a locally finite open cover Uj ofJr and a corresponding

sequence Ej of finite cones
each congruent to some fixed f is to conc G i.e each Ej s
obtained

from 8 by rigid motions such that
is There exists a constant Mc such that very

Uj has diam Uj LM
liis There exists a 0 8c such that Ag C Uj














































































































where Is x Er Idiot it or co

Liii For every j

Qj U x t b C N
X Gujar

I Fo some finite R every collectionof Rti ofthe sets Q ha empty intersection

We have the implications

uniform ch regularity h at strong local Lipschitz
uniform conc contrition

segment condition
Note that all these four conditions imply that or is n 11 dimensionaland that a lie on one side of its boundary since the segment
condition implies so But this is not the case for the con
condition since In particular the cone condition does not imply
the segment condition However

uniform core condition cone condition














































































































EI

i it
i missI i n uniform conecondition X

segment condition
iii

iii iii

not a domain
but we can modify it However a bound domain satisfying
the conc condition can be decomposed into a finite union ofsubdomains each of which satisfies the strong local Lipschitz
condition and hence the segment condition

i
g

cone condition

segment condition

QI
cone condition y
uniform conecondition X
segment condition

n 1 7 21 OCy c lx














































































































Oj o
n cone condition y

I uniform conecondition X

segment condition V

j
conc condition X

uniform conecondition
n

g
I f octal o yeah

We need one more definition before we can answer thequestion posed above

Let I I be wormed spaces We say that
I i's continuously embedded in I and write I I

T.fi torsubspaceofy and the identity
map on I is continuous

i e there exists a constant
in o such that titty 1 Matty for all X E I














































































































Theo Sobolev's embedding theorem Lot r be
a domain in IR Lat j Io and h 21 be integers Let
1 E p ca

C Suppose that he satisfies the cone condition

Case I A If cither hp n or knn and p L

Whtj Pce Cdg N

Moreover

whtjir.cn wi't r
p Iff

In particular w PLA Latte
peg Ed

Case I B If kpan

whtj p ca WJ t cry p Eof ca

In particular WhPIRI Lottery
peg ca

Case I C If Lp Ln
whtj.r.cn Wj 9yet peg I p't In

h hp














































































































i.e tp tp kn

Is particular which Later r E f E p't In
h hp

The constant in those embeddings depend only on
T h p f j and the dimension of Hc conc 6 in the conc conditions

Caset Suppose that I satisfies the strong localLipschitzedition Thu the target space is the first embedding abovecan
be replaced with JLI If moreover hp n h y p the

whirls CJ r I o c r t h Ip
and if hp n th y p tha

whirl a J r j O C r l 1

Also if n h i and pal the this last embedding holds forL a well The constant is then embeddings depend only on h h pj and the data on the strong localLipschitz condition

Case All the above embeddings hold for arbitrary1 if the W space being embedded is replaced by Wo














































































































Note that it suffices to prove the above embeddings
for j o The other cases follow by applying the jarcase the Dhu 121 Ej We begin estimating u by somesuitable weighted

averages

Imma Let rain be a domain satisfying the cone
condition and 421 be an integer Then there exists a constant b
depending only on n h and the parameters f and O of the conc conditiosuch that

Innit K E
larch f D hey dy

bx r

th E
mish te t't y dy

for all h E Coca every x E r and every oar is
where by y E b I lx y Er Ex cone with vertex
at t as in the cone condition

pet Set fits alter th tty for X E R Y E byRecall Taylor's formula
I

fill É f f's cos t t
t y o

ti cast
j o














































































































but flitch 4 1,1 D n txt Li Hy x 41 so t t give

Inctil I 2 I Daly lx yl
1211h I

t
41 I

it yi f ll ti ID'ultrtcl try It

Integrate over by wir t y and using A y tr

ar tactile 2 f ID'acy I dy
1211L I Exir

t at fix yih ci ti ID'ultatel try Ltdy
Gxir

tore a is the constant is volley a g so volley ar Next

fix yih ci ti LD ultxtcl

tlyjlltdybx.rsSo Il t
h

I l b'a Ctx ten fly it y dydt
bx r

HIT ay fi ti flt xikiduces de Lt
Lt C D dy Ex Cl EirE X LI ALY x














































































































at off I 012 C E r
X O

V
i t r Z t d off I I o E ter

General
7I o e te l I lt

Z E Ex r
I I

f iz xth Halal f

g

d
bx r

if f iz xk ID acts de Divideby r toget
Gar the result I

PfofcascIA We will show that recall that it
suffice to shoe the j o case

lucy f Ci 11h46
p

Take a E whiplash Ccn The above inequality is a
direct

consequence of the previous Lem a if bin pet For
hp n if pal then h h and again the inequality follows














































































































from the previous Lemma Consider thus hp n p 1 Apply
Hilder's

inequality with Ipt Igel and r s is the Lem a

f Ma t f llbx.gl t
joy gs s

att g't D
vk.r.gl

f D'nanlix yi hey
Effy 41 t 4 t in

piS
g S

Thi degree is finite if hzn if b Ls this a k p h

Ch h
f i k n

p
Up up plz y h so since we can assumeon
n

S L L

x y t I e e

ix yik 4g p e
1 41 six yin4g

n h g E h c n to f en liq K 4
g i e

n C Ch h g Thus

41 I'tdy s d r dr ca














































































































Thu 1h t k
us f Ma t

s

k.fiufy gbdncyilix yih dy

G I s P

Danny t G E DEHKI f k i
121 L E.g

E C 11h11 since Ex g C rk p

If u C Whirl then Herc is a ng u in Whirley

h E WhMm 7 Coca By the above

1hjets hear I f C hj hell
p

so ng u in Cf Lal and thus h Cjcr The second
mbedding followsfrom interpolation n C Very now we know that u E Thr
Jo n E Lahr tg PE t II Ep 0 cool i e h E LFC4

pegE and UH
yes

t U
pw

h in l G uhhp I














































































































To continue and prove case I B and I G let us
introduce X to be the characteristic function of Bolos and
Ghai exit Note that

tr Ger f
17th txt r

O 1 1 IV

If hsh and Ocr 1

Knox f tr Ga lx Gha

Imma Let p I and hell be an integer There exists a

constant 4 0 such that X Eh 141 E LP A and

11 XrGhA la H
Pen

N r
crops

for every v70 and every U E cm In particular

11 X tall
pan At Gh't tall

pens h a
pony

Lt Write

XuGuk tutti fantasy X lx y r y dy














































































































il ly f ynix yimixyith.ly

If p 1 use Hilder t t t Il

f inuniix y r 4 yinth 7 4 t
Britt

Sisco dy n t Lt the second term is finite f
m th n

ly t n i I th p s 0 in which case
it gives

g rim
th n tf th 147 Ci r

th Ip

ht h h m thIf p l the Ix y E r if m th n 10
thus

f iii
mix yimixyith.ly er

ftp.qnixyidy
Thus in either case we have














































































































Xr Ch t 141 Cti

hear
quinine yi

for m in the above
range The

tr th latex l ly

f G 4th p s

i a.am
ii a

14411 X 4 It y
P
dydyBin

nth p n
G r fµfµ14411

P
X ex Y Ix yl

P
dy4

Observe that

1h1Pk X 1 1 nr J lucyilP trix y Ix y P
dy

IT

l lair tutti 411 I
fmf.pl 4llPXrcx y1lxyimrdydxL'L1Rb1














































































































Applying Young's inequality

f 84rem f v can 8 irony
I t t e t t 1 with P P p L fi luip

y krill P
L find

1141Pk IX 1 1 P111 I 1114PM trill Pll
W L Cin

pHUH 11 Xr 1 1 P11Ulithi L'crit

tr H
P

a J Ix mr di f Ci r hp

Brio

provided hp th I s l i e h mp Hence

pX Clet1h1 Il f girlmth P h P h insp
Ecw 11h11 r

LPC11241

pCi r u
vom

Thus we got the result provided we can














































































































find an satisfying all the shore conditions i.e

Cmih p s o and n b m p i e

ng h L h L Ip

Since by assumption Lz 1 this is possible E
We need the following

Lemma Let p I hp c n p't i NI There
4 hpexists a constant K 0 sod that

t
hpxz.ph E 4th vinyl Gh

hmm

hill
yup

for all n E that

P f The proof is like is the previous Lehman by
a careful albeit more complicatole analysis of coevolution

I














































































































proofofcaseI.ci Rcallij 9bpLn
p eg e p In and we want to show Wknr Lahrh hp

kpLet u C c Cry Away extend u to 42 by

making it identically zero in mild Recall the estimate

front f k LT r J D uc.nlLy
INE le i

Ex r

II u ncinix yi'd

Taking r g and writing Stl

D ninth yin dy I nanlix yin dy

1,4154411Fyi Ix ti dy Dhani X Ix y Ix yin dy

7 X Gm l k 15h1 Lx for man or m k Thes

I ans I f G I 7 10411 1 t E Z Gh 1041oxy121 k i 121 L














































































































tho

eco sci
a via

td E Getting
Eci

a uamtd.IEilHGhl h5niy
Ms

By the next to previous Lemna above

a'I u
vom

t
inns121Eh i

Een innit um

Ci n

whirls

Similarly
using the last lemma

Listen I cillullwh.mn

Herc is whom we use p I since the last Lemma
refuire p L

Let
Lg i fo t il O E O El so

pH














































































































p E f E p't Interpolating
1 0

air Ice vie
f Ci un

whiper

The infuality immediate extend to arbitrary n C w t
via

approximation by smooth
functions a

proof of remainy cases I To complete the proof
of case I we need to establish case I C for pal
and case I B The proofs are somewhat lengthy but again
iv Loc ideas like

averaging interpolations and exploitingthe cone condition we will omit their proof for thesake of brenity
a














































































































p I Recall that it suffices to prove the
case j o so we need to show

whirls r LI
where her n and

a O C r E k Ip for n ch lip
b O L r c l fou n th 1 p p L
c O C r c I for h Ch 1 p p L

In particular we have the embedding into CCI Since
the strong local Lipschitz condition imply the segment
condition by part I we know that

sup I ult l f l uhh ptea
So it remains to show

sup 1hlH h
f G hullXYG r ly yl r tep

x
y

with p as above We claim that we can reduce the problemto proving His inequality for the case he 1 For if














































































































k l then can I.ci with j I give
51 wk t Pls W Mls p't P

for d 1 penn LL il p
Case I B gives

f wth I t Pcr w tcry peg Lo for Ch yp h

Cuse I A with p 21 gives

f wth t t
w Ca for Ch y n

Cases laid 5 and I E correspond to the relatio
between h p and n is cat lb Cc above Thus
we see that all cases are covered by the following statement
If u E w Pla n c peu tha

sup lait hey I
x yes n G

i p Ocr El Ip
y

Assume first flat u E dirt and h is a cube with
unit edges














































































































For 0 L t Ll let Qf be a closet cube cith
edge having length t and face parallel to r

a It y E r Ix yl rel tha
r

1here exists a such that x y C QrFou z E Qr

nett next J flucxttle x dt

thin hee I f f I ont t t ttt xs 1 It x dt
Since the diagonal of a n din cube of edge r has length of

1 ur nee l f Orn 10h1 tt ttt x 1 It

I tf t't't t t uns nail It

FI Ja f 10h1 t tot nil latte

Y Jj foul't tlt xiildz.tt














































































































Set 0 x t ttt x so

E fo fo ncoslt dolt I If oncondolidt
Applying Hilda to theQe integral tpttg.tl

Erm f view
elder t t dt

n zi to t tr p

Th r
t T h

Vully J t I d t

L since p n

The same inequality hold with y instead of x so
inert hey I E l WH t Squee te I t 1h41 f garnitidt

C o I 110am E C 1 41
runway thus

Uct h ly l
E C Ix yl F

n
Il unI t y r l p

and He desired inequality hold when R is a cube since














































































































o c V El Ip Any parallelepide can be transformed into a
cube

implying that the inequality holds for parallelepides
as well

We now consider a general 1 satisfying the stronglocal Lipschite condition Let 8 M Rs Uj a L Vj be as inthe definition of such domain We recall here the definitionfor convenience dc hi satisfies the strong local Lipschitz
condition if there exist 8 o h o a locally finite open
cover 1Uj I of 71 fo e ch j a real valet fincho

f j of b l variables such that
lit for some finite 12 every collection of RH

open sits Uj ha empty intersection

ti for every pair
x y E Ng It C rldistct.by L r

such that It yl L d then exists j such that
x Y E Uj in f t E Uj I did12,941581














































































































iii each fj satisfies a Lipschitz condition
with constant 14

io For some Cartesian coordinate system

Oj Ojm i Uj th Uj I l Oj L f Oj Oj

There exists a parallelepiped P chose dimensionsdepend only on J and h with thefollowing properties
For each j there exists a parallelepiped Pj congruentto P and having a vortex at the origin such thatfor eve yX E UjN R we have t Pj Cr
There exist constant do and 8 d ES such that

if x y E Uj ne and Ix yl Cio Hc there exists a 2 E
Xt Pj Aly Pj satisfying 1 21 fly 2 I C8 It 41

Let x y E r We consider the following possibilities
Ix yl L d E f and x y C Is Then

I UCX Lily I E l htt 41211 t htt 21431
where Z E LX t Pj h y1Pj we can apply the previous
inequality in x Pj and Yt Pj so














































































































hey ucy l G I t 2 in Hull
p
t L ly 2In UH

p

f IX yl 11h11l p
since IX ti ly El E J Ix yl

Ix yl co X E tr y E flag The x c Vjfor some j and we can again apply the inequality in t P
y t Pj

It YI c fo t y E Alds Then we apply the
inequality to t F y t F where F is any parallelepiped
congruent to P with a vertex at the origin

Ix y 12 So Then

1h41 4411 E Inuit t Hy I f G Hull
p
E G dir1 41 Hall1 p

An approximation by smooth functions produce the result for a
general u C W Ping

a

Thc picture below illustrate the above ideas














































































































strong local Lipsohitt condition

or

RI n ro

Z v
j ti N

X y
Sn U

F f j ti
flo at

U
j

U
j

O Oh














































































































Proof of case I i

Uj

V
L's jt

Dr

k't

g
ng

L y
N

X tPj
YtPj














































































































proof of case HI The operator that maps his 3112
to 5 Nh IT by extending is to be zero outside r is
an isometry of who'Ple into whr.cn We can then

apply case I and I to whelms
El














































































































Sotingity
We have the embedding whr.CM Lotta for

some values of of depending on the case hp s n
we will now refine this embedding

Theo Sobolev's
inequality Let h 21 be an integer

and p satisfy hp Ln Then there exists a constant
4 0 such that

h

Lahm
E h 27 15h11

Idle h Plas

for every n E C cry if and only if
of p't nphhp

proof we start proving the if part It sufficesto
prove the case hal since higher h cases can be obtained byinduction

Moreover it suffices to prove the following inequalityfor P I i

f EI inia














































































































For if l L r ch p
t
I ut Thos we apply the above

to lui r Ln 11 to get

In t
t

to I io milk

Eci ft ly 19.44 apply Holder

III I t I t i MdxI Y

a'll I II II finish I
after using I f I 1

II
4 I P h 1 p II

F p i If Pt Also r 4 1 pt

iii n a
in In I iomrdxYr














































































































which give the result since

I h h 1 P ULP l n p
pCs y pin i pin 1

rt I
L

So let's prove the inequality Sisco

h

f 9 aix ri ti r t r dti

we have
8

aint E J Nair's i x ti X t x dti
a

Thu

I
lawn I II f Vucx i x it x t xn dti

Integrating in a L omiting the argument Ix x t ti X t

f f if'Ionatifix
n n

firaldt f II iraitt dx
no














































































































Apply Hilder's inequality

flu nel dx E 1
uillji t t i te 1

in the variable to the n i functions

104 dti is 2 n with pin n l

c
IIraidt II onittidx 1

Integrate a.nl x'i

f hi dx da e Waldt

tf outdid II I f loudtidx din
s

f out dt'd x I fgrant
a

II I I www.idxy dx2

Apply again Hitler's inequality to the n i function
on the night in the variable














































































































Eff 04h4 I mist'dx

II onidtidridx 1

If u L we are done Otherwise ve continue toget

I 10441

You we proof the o.ly if part If

Lg µ E C I D all
lainhe LPcips

holds for all n E c ca't the it holdsfor UHH hits
f 0 Changing variable we fist

4 um E G th r t
h then

Since we must have h hip thy I O we find gn.pt
a














































































































Remark
If r is bounded we can get

Lace E G
11hpm

which is known as P i f1 h G CE es
Thus 0h11pm is a norm on Wo rlM equivalent t

i p There are other related
inequalities which

are also known as Poincare's
inequality














































































































Compacting

D1 Let IT and I be Banach spaces We say that
I is compactly embedded into I if I is continuously
embedded info if a L E and each bounded

sequence in

is pre co pact is I so bounded
sequences in I have

convergent subsefuencies in YJ

We recall the following theorem from analysis

Theo precompactness is Plas A bounded subset

BC r L E p ca is pre co pact if and only if
fo every E 0 then exist is o and a subset

k Cc r such that

lilith Tini Pdx c c P and J l unit Pdx c ar
th

for every h E Q and very LE la with 111 L d where

x
l c X E R

O X Cf e














































































































Theo Reillich Kondractor theorem Lot r be a domain

in IR al ro Cr a bounded subdomain Let h21 and j I 0
be integers and I sp ca The embeddings below are compact
under the stated hypotheses

Case 1 I satisfies the cone condition kp En
Wh'T'sPcr whistle lep Lu I I f L p't I I

n hpor hp u I E f L N

EI I satisfies the cone condition hp n

wktj.ms Ct Lro

whttirls Wjy ro L g co

r satisfies the strong local Lipsolite condition

whtj.r.ca CJ LI hp n

w k'TPls Chr Io hp uz h 1 p and O L P L h k
p

Case IV r is an arbitrary domain The all ofthe above embedding 4 tl withWh Pcs replaced by whothressIn particular if r is bounded we can take roar above














































































































Kt As for the previous embeddings it sufficie toprove the case j o We can also assume do to satisfythe conecondition For if 6 is a cone for the cone condition of 2 lets be the union of all cones congruent to 6 that are contained
n on and have non empty intersection with Ro They we have
to Cr ca s is bounded and satisfies the cone condition

If whdric I lit is compact so is whirls y Iho by
thing the restriction We will also use that the compositionofa continuous

embedding its a compactone is compact

pr.fi seI Consider the case when

lep cu and d f f p Ifp
We will reduce the proof to get by the following claim

Gm If Whirley G Acro and Wheless Lt recompactly the whiners a Latino co partlyfor g gCgtwhere
y L o

To prove the claim interpolate

On Hulltwo Lace C hugging fine7 ro














































































































If Injl is bounded in whorl then it has a

subsequence converging in Lt ro by assumptios so it is
Cauchy in Ltlro

I or can we have the embedding

which Lr cry
by Sobolev embedding Cause I c so it suffice to
get compactness whirls L'cool
Lot D be a set of bounded functions in whirl

We will use the LP precompactness theorem above so
let

Tex i t E rlo
ate

and c 0 be
given

Let

Ij ft Ea Luthor 21
j

j 1,2 We have














































































































I lumildx f turnip'd tool
roles ft

Rolej doing

Ci
tintin roll sold ft

Since pt I we have that for every h G B

ftp.hldtc
if j is large enough Similarly if j is large enough

f inirth Ect dx L Ela
hols

Vow let 141 Lily The X E Sj t th G say Ost I

l

dj

tho














































































































flirty hlxsldxtfy.jo d

tulttth1ILtdxC.lhlf
Vacxs1dx G 141 all

r whew
Lj

poor the above
inequality for C first

So
Jagucxth

un I d t C E if 141 is sufficiently small

and we got flinixth Tex Idx L E Thus 12 is
to

precompact in L I do

The can hp u i prove with similar ideas
For example if then we have with l E r L P

Wh'm e whirls Wh Cro LHdol
and the latter i's compact as showed above recall that
I can be assumed to satisfy the core condition














































































































pro.to can Consider it satisfying the strong
local Lipschitzcondition and

hp n k 1 p and O L P L h Kp

et p be such that rap ch sp We have

whew Crisis circa Rino
Sobolev by compactby Io bounded
case II restriction and Anzali Ascoli

If he n let 120 be as integer sud that

h e p n 7 h l i p

They

whine Whhow II Coiro
where the last t o enselding are similar to shove with the
last one compact

proofofcaset Since r ca he assumed to satisfy
the cone condition and is bounded we can write














































































































M
r U Rj

j
where each Aj satisfies the strong load Lipschitt
condition this is a property of the core condition that we will
not prove Then

whirley y whirley Giltj
where the last embedding is compact as above If I it
is bounded in which we can then select a subsequence whose
restriction to Aj converges in c Te for each j But thenit converges is C no The other embedding follows fromHilder's inequality since do is bounded so Coco G L7 do
for any f

air.it i
t

t j1mtae
mi

extending functions to
be Zero outside r

e














































































































Tray
In order to treat boundary valve problems we

need to be able to talk about the restriction of
Sobolev functions to Or

Theoltracted Assume that she is bounded and
Dr is C There exists a bounded linear operator

T winces Os tepco such that Ta la

if u E wherein coli ta is called the of
u on da

Prof Suppose first that n E c'lit and that
or is flat near a point Z E Os and such that

Brian x 201 C T Brian X Lol c inlet

to some v70 Let E E C Buck be such that 420 and
9 1 on B it Let P Or A Byz and y Lx x Thes

fui dy f f etui Ix foul emir dx
x ol Bretin x 204














































































































f third Y d x f g p lui signup n dx

Brain x 204 Brain x 204

scifluid da t Ci g i wi I Val dx

Brain x 204 Brain x 204

E Ci hun

since lui Ibut I G fluid t t Louib G lui t lair

Since Jr is compact and each 2 G de has a neighborhood
where or can he flatten we get the inequality for c'its
functions Using an approximation wegot the inequalityfor a E wince

If u G w renin coil observe first that Ju does
not depend on which

sequence we use to approximate u If we
take the

sequence we constructed in our proof of the density of
Colt that sequence converges uniformly to a limit w E Ciel
so Tu

whoa

G














































































































I the case of W r we have

tho Let it be bounded and Orbe C Let
u C W Mrl Then h E uol.hr if and osly if Tn o

p f We will omit the proof but this should not
be

surprising since u E Wo hr is the limit of functions
compactly supported in r

a

It is possible to define Sobolev space w PLA
with s not an integer We will in fact do this for p 2
In this case the truce theorem can be strengthen to

Ti W PLM w tripcopy

If he is sufficiently regular we got similar results for
W siren s l In particular for p a 2

T H cat H ion














































































































sobotevspfhda.bgieorder
It is possible to generalite the definition of Sobolevspaces for WSPLA with s E IR Herc we will do this in the

case p L an L r IN First we need to recall a few
fasic facts about the Fourier transform

faotsaboutthefou.int
fon

A function n C c in is called a Schrute

if for every pair of multiindices 2 and p there exists
a constant ka such that for all v E R

Ix Dfhast f Kap
The space of Schwartz function is denoted by S Sc

If u E f the F transform of n is
defined by

it 31 E Flutie J e
es
un Lx

IR














































































































The i of h E S is

why I 7 hits
2 J e incesides

IRF and I are continuous
maps with respect to the Schwarz topology

f S that are in fact ivens of each other

The topology on Si gin by
the metric

pj u od yo I z J
je l t PjCh ol

when I Pjl is the countable setof all semi morn

Pa p 14 I sup l xDDPhint
XC112

Pascoal's formula

estE's des ucxioixidx

Observe that
n
Dd n i ith g f

Thi will motivate the definition of H ch't fou s En














































































































Def A continuous linear form o S a L a continuous

functional i e a linear map fi I d that is continuous

fluid flu if g u in f is called a t distribution
The space of tempered distribution is dental ft

Def The F t
is defined by

flu flat u E S

Def Lol s E N We define the

SobolerspacottAscii as the space of u E f soot that it is a
measurable function with the property that inles 11 15121 t
is square integrable We sometimes writ H if we want to
stress that s can be any real number A horn in Hs is given b

n Illumes incest'll tigh Lg

and an inner product by

mo I 14,01 J bis EIS l 11512 des

n














































































































To see the definition notice that if 420 is

an integer the Dhu it 131 I so

11Dully 11131haHe 1514 tiniest'ds

More gently we have

k nI Ll t 1512 2 3 I Ci 111 1314
G 121Eh

So the horns 11h11
h and Hull h are equivalent One can

also show that if u E H tho n is ki time weakly
differentiable in es These observations show that H
agree with the previous definition of H wha s is a

non negative integer

All the basic propenties of Hh h2o integer
remain valid for H including

Density of c CN We also have density
of f














































































































D H H is bounded

In Ddot C 1 D u o a o E It
141 S

The Sobolev embedding theoven and compact
embedding hold for H who e s replace h in the statement
and the inequalities among s n and p are interpreted
accordingly including p I y

n sp

Dent Let u E H We define 11 D tu as the
tempered distribution whose Fourier

transform is 41151414151i e

I A tu g 11 151 It IS
we obtain that

1111 D uh Hulls
so d D

t
is a bounded linen map from H to














































































































It t
It has a bounded inverse given by l D

Thus we see that

H'ca 11 D I ELMI

We also have

l D u u u C D to
for a r E It s 20 t es














































































































Duality

We will now investigate the dual space of whining

Notation Given I Ep so we set

p
I

I p L o

I P D

We recall the following construction used in the proofthat whirly is
reflexive for LEP Ld

Let Nchin be the number of multi indices a such that
a k and for each a lot oh be a copy of e so

the Nch n domains da are disjoint Set

Ach U
latch

4

Given o hey IR we write it for ope so we can

identify o with a vector oa re da it

Given a E whiners let o be the function on da that














































































































coincides with Dhu in Ia The map P which LP now
u Ho is an isometry Because whirls is complete the
image I of p is a closed subspace of Plain
and we have whirls I I We will use these
constructions below

The dual space of which is defined is the used
way as dual of a Banach space

The d spaccofwh.net denoted twhirceil
is defined as the space of continuous linearforms on Whirls

Our goal is to chacterite the whirls We
usewill certain dualities realized by the L innerproduct so it will be convenient to denote

n o

S union dy

n

provided the kits makes sense














































































































jj

correspond
nique O G I won such that

flat f raineri dy 2
inch

d 2 o
tch

for all u G L'Chal S L'chou Lach
proof This is simply the Riesz representation theorem

appliedto L'cry under our notational conventions
I

Ioneuchiestrepresentationfonsobolerspaced Let
I sp LD h 22 an integer For every f E whites
there exists a o E ra such that

flu I 2 Co D n A
121Sh

for all u E whining Furthermore

Nflwhoa recent main along At














































































































where U is the set of all o E L crust for which
it holds for all u E whereas and the last equality is
th indicates that the infimum is attained If Larco
the the o satisfying H and AA is unique

Rt Define for elements in Ii

f In fins
So ft E E since P is an isometric isomorphism Thes

aptly sup f cent sup flat I f Ilya11Full El
nullwhipin

By Hahn Banach there exists a noun
preserving extension

f of f to Lerch By the previous lemma there exist
a
unique o E tech such that

I cut 2
is eh

d h E LPLAcn

Thus for u G whiner














































































































flu ft Eu flea Oa Rnb
0141Eh

ox Dda
121 1h

This proves It Observe that uniqueness of it is

Juanteal fon f i.e such that fly I Loan
121E hfor all u C Lillias but not necessarily for f i enot for all n e In E E

A S f cure.ms f but the laton equal

f H 11011
LP run LPlarch

Nov we have to show that

f Ilgwu I Hw
p mian

w

Lpi441 RchJ
We have already identified a 0 E LP cruisers
that f uh no

view Thus it














































































































suffices to show that if u E L ecu.li's suds that

flu Wa Ddu
121Eh

for all u C whimsy then
why t o

pNui tch
But such a w

agrees with ft or I so it will be
an extension

of ft to Lrlru and thus itmust have
norm at least equal to f Il Hollycrew

It remains to show
uniqueness when I L p L

Suppose the conclusion holds for r and I attaining the
minimum so 110

Lpi f Il uh.eu
y

Yul 21
Achi l

where we can assume L upon redefining f a

flfwu.mn and for all e E w Paes

f1h1 I Lo D u Luz D u

121E L ILI Eb














































































































First we claim that there exists a unique
X G I such that

f x X
Lp

Since
llfllcwh.me filly I 1 there exists

ri CI such that Tiller fat and If it 1
Modifying til if needed multiply by 1 we can assume
that f crit t

Because Perch is uniformly convex for ILP Co

given Oc e 12 there exists a d o

such that since litill l if 11 ti
tilapiathen I

Ifj hyena t l d thus if
I

Ifill q
l d we must have lit till

y
C E

Mas
For large i we have ft lxi i i thus for large

is we also have ft Ifj l d














































































































Then because ft is continuous with norn Ii

i r c f'T it
ocean

Hence 11 x x
Hy L e and her l is Cathy11h

and Xi x in Plein Since IT is closed

X E I Clearly 11 11
Lp L and ft XNhl

To obtain uniqueness suppose that there are two sub X's
t a 1 2 Then we apply the above argument to the sefuence
Yik Xi I which must

converge

Since by assumption 0 and us are to
representative of ft we have

f 1 1 1 27 CHI x I Leila xx121Eh 14114
text consider the claim

given w E Viru with
w

phew then exists at most one lEµlru
such that Hell 1 and ecw LLPLtiny














































































































Let 5 ant is he the extensions
of u and on

considered as linear functional on I to Litton given by
Hahn Banach Thus

115,11g 21 115211
gun observe

mailthat even they 5 ft I on I we cannot claim
I I because the Italy Banach extension might not be
unique and by the

foregoing we have 5,1 7 1 Tex
thus 5 Ja by the claim

It remains to prove the claim Suppose there
are two such l's l and la d la Then flat lala
for some h E Plea We can assume that

1,141 12141 I 2

upon replacing u by multiple of itself and that
l this and halal 1

by replacing u with it sun with a suitable multiple
of w Thus

l luttal Itt

lalu ta t t t t 70
Since Hill

Ikea I
1 11411

Plain I s he have














































































































I t t lil ut ta Nuttall
circa I

ly f a hat w tal f w

tally new
Recall the LP parallelogram inequalities

119 11 t 1191111 than t hbu ICP 2

1191114 t 11 11
Luang t 2 04

If I c p 12 we get

trunnion Atttnightelling Ilettal in tally
I
Illuttallgrant Illa tally little

which cannot hold for all t 0 If 2 Ep co we
applythe second

inequality
tr nation Atttnightly't letter la tu'llAchi

in tangent t.nu tuning 2111 11
which again is an impossibility El














































































































Defy Consider Cftr for each compact
subset is c r Let Ducey be the set of all
n E CE Le such that suppluick Define a
family of semi norms by

Pu lui e sup I D uh I n integer121Em l

X C 4

Dy r is this a locally convex topological vector
space The strict inductive limit of Delhi when
K varies over all compact subsets of r is
a locally convex topological vector space We denote
Ecm with this topology by Dlr

A consequence of the definition is that a
sequence thjl converge to u in D d if and only
if ci there exist a compac set K Cr such that

supply CK for all j Iii for any multi index x the
sequence Danj converges uniformly to Ddu is K














































































































Def A continuous linear form on DLS is
called a distribution The space of distribution o r
is denotel N A

Thus f E N'ca if and only if it is
a linear map fi why in such that fluj fly when

Uj u in DC

Def Let f E D ca and d be a multi index The
x derivative of f is the distribution D f defined by

KiD flu C i f Dsn

f on every u C Dlr Observe that distribution are

infinitely many time differentiable

The motivation for this definition is clean if4 is smooth it defines a distribution by

fglut urinal tax

and Dhy one by

fpay h JDieu ult tr
n














































































































Then integrating by parts

fpaycut C 1 JayanDdm's dr c 1 feelDdu

Lct f C whirls By the above theorem

flat oh Dha for some r E L't mm121Eh

Since CEcrlcwh.im flagon is well defined

To see that flag er
defines a distribution let

us u in Dcu This

flag ht J aHD4uj h dx

II h vice hi
ow

Eeh vice i
my

for some compact k but 111514g a
Hyp y 0 as j s














































































































since bday Ddu uniformly on K Therefore elements
of

whirler can be viewed as extension to whinny of
distribution

Similarly WhP crit can be viewed as a

space of extensions to wok'Pcr of continuous linen for
on DLM In the can of Lohrini this in fact characterize
the dual

Theo Let Lll be an integer a I I E P L x

who Lm is isometrically isomorphic to a Banach space
consisting of those distributions f C Dtr that have the fon

f D fo trial Conus n EDM CH

fo som v C LP crew and having horn

f e f 11011 min 11011I ou V'crew n V'caus
when N is the set of all v E L Cru fo uh d fis given by HJ














































































































Roof First observe that the setof f E Dicus
of the form x with non lift inf hull

a crim
a normal space

Let f E D cu have the form AJ Let us show
that it has a unique continuous extensionto which
Let us u is why in suit C Cen The

I flu flail I f g fr b'caj his I

IIe D'd
hilly 11

rally 7 0 as i j so

Thus Ifcui is Cauchy is In and converges If we take
another

sequence the limit is the same so we can define

flu lim flag
jus

for a E which Observe that f is linen thus it
defines an element of h us














































































































Let f C winners Then few hr M has

a norm
preserving extension µ whiner in a d Thu ft hasthe form Kl by a fleam above and it horn is as

stated This applies in particular to the extension

f so the intima is realitel Thus we have a

horn preserving map f E I 1 7 I C w Ples

Reciprocally if f E 4rem then as just
see it is given by

flus fkn I con Dan u E w cm
KIEL

with horns as indicated As see above f ne 1motel to Dlr
gives rise to a distribution i.e we have a noun

preserving
map f C two t t ti

flow C I CD'Csi

Consequently I is complete since Woh'tLett is

a














































































































Observe that the above argument does not is

general for whither i to uniquely extend f C I to as

element of woh.hn we used that any n E w hr
is a limit of element in CE la whom f is

initially defined but element i Wh Lm cannot
i general be approximated by Gcm In other

words when who LM is a proper subspace of whites
f Whirley in is not determined by its nestricko
to CE les Thus f E I extort to whirl 1 by

extending to whiner uniquely a L He to whew
by Italia Banal but this extension in general
is not unique

Def The Banach space I in the previous
theorem

identified with Cw Pers i denoted

W
h P d














































































































Observe that w hitter is separable and
reflexive for Icp co

We will now give another characterization ofkplw l for l L p L o

Def Let 1 Lpc Any element or c Lwin
determine

a functional on Wohrir by focal Loins
Since

Ifolusl t 1104µm mum t o

Law whims

we define the
C Lhc.si a the

horn
of fo i e

y wu.pl fo wa sup l fetalPls 11 U Cwhew

Huhnp I
Sup I Lo n l
U Cwhirls
HUH 1 lhp

Observe that 11011,4
p
s Olivia and














































































































Ico a I uhh 12 fun
I

h ohh p
for all u E whirls and r E L Ld which is

known as the
generalizedHilderlinequalit

Thco Let I p co and hit be an integer
then

w hiring a completion of L let win t 11 th

Prof First we show that

I fol o c ceil
where fr is as above is dense in W let If
that is not the case then there exists a F E w P in II
by one of the corollaries of Hahs Banach there exist l ECW o
such that elf to and l I 20 By reflexivity there existsa Fe E W in such that lift I Fel for every I E s














































































































This for E E E s E fo El Fel focke o Fe

but Eifel lift life 0 so r Fe 0
for all

o E cut Hence Fe 0 and thus l o by lift Fl Fel
a contradiction

Lot I be the completion of L les a v t
11

h Define T I whining by

Toy him foj so

where J
j Y is I and g fo is the limit in

w ies The

lil T is well defined If fig Y fi wj the
limit is I then since 110

h tellwhirempt

fo fug Il
wth F ith o














































































































so Tull Em fr f wj limits is 4hm

Lily T is tinea

Iii T is one to one If Tly so the

f fg cwy.ca f'I hi h
so y i din Uj 0 in Ij a

Cio T is unto Let f E Whhr I By the above
density f fi fo in Iw in 1 for some lost CI
But

Hoi rill
h p foi foi µ4hn I

thus Kjl is Cauchy in I oj y and

f fin fuji Toy

If Tly f He m have

Tly lim fo limit is 4 critj sa














































































































for so c og y is I because the limit lin

j
fr

is is is 449cal
l

T

µ
p lin fo wh lin 11 11

j our j sa h pi

11411
hip

since Oj y in II Thus T is an isometric

isomorphism

D

we observe the following
consequence of the above

theorem and its proof
Since any f C who.hr is of the form
f lin fog g o C Ij so

we can extend the notation L to mess
Loin I focus ljin.fojlmif.in.wj.nl

for all o C I a L u E w rini Thus any














































































































linear functional f om Wh'T cu ca be represented as

f 1h1 I Go h

for some v E W
h
P'cry i e son with finite

11 H hpi
horns

we can extend the generalized Hitter
inequality

o u l E O
h p hip

J E W
h r

ca h E WhPLM

R The same argument as aboro shows that
whirls I open can be identified with the
completion of Lr r with respect to the norm

111 OH
p

S P l Lo u I
U Cwhirls
11411k

p El
T E L t and that the above representation
and generalized Hiller's inequality also bolt














































































































Sometime the dual of wheel is also denoted

w hip Ir with the 111.111 horn denoted byh pl
II 11
4ps

Regard We can verify that for p 2 and r N
the above construction of H s

agrees with Ht

Def We define the paining between

LPL cost H and Lr Coit Ht a

nio J Id D u c D do odt

for n E LPL Cost H o c Lr Coit Ht

vote that here 4 is denoting something

different than above

The definition makes sense because

I D u c D do
o
is integrable in f i














































































































I 14 D u C D do I f ult
yes

ol
y so

I l n v f 11h11 HoH
LP Colt H LP Cat Hl b

Notation We abbreviate

LPL cent It t Lf It L H

the Given f C L't Hi 1 there exists
a v E L'T H such that

flat u o

for all u E L H t
P f This follows from the duality between

It and It a L the Thiess representatio theorem
We leave it as an exercise

El














































































































in.net.in
be used later on mostly in the study of non linear problems
Their

proof can be found in most books on the topic

Let u he E than'tneck't ai rise be malt indicwill I tael h then

UD a Deehell É illyana
ja
I j yupis

this inequality also holds in C n by considering tenextensions

Lot f e Coca't be such that Fox or so
or every t Gir Assume that for each nos negative integer
j and multi index a there exists a continuous

increasing function

Faj such that
IDID Fit s Fa 1141

for all cry E n't Tha if a E ALM't rich't
Fc a G when't i.e it is h time weakly differentiable














































































































and it derivative are given by the chain rule
Moreover there exists a continuous increasing fusutio C such
that

11FC su 11 d hull Hull
Hhuas Hhurs

If u E WhPeri v E whocry h Ip
they n v E Wh Ll and

no

whew E G
wh.ru whine

These assation both for 1 satisfying the con condition

Interpolation

Sz S2 sIt all f Il U Il s s
H curl it in Hisham

S L Sz Csg

Fou r satisfying the cone condition we also
have 0 Ems hi

u E G f E Huy k n
n p t Ew r whirce Lpcr














































































































I al h m
winp

t G E
whma

t E h
Lpga

whew II air 1

I th nIl Uli w
whiner f G

uh ca 11h11
h

waPLA

Moreover let g satisfy peg E if hp n

p Eg Ca if kp n p cg Ep I if ler ch Thes
u hp

11411 O L o
Lys E G 11h11 Huhwhew Lhs

O I I
hp hq














































































































Necessanyast.su
ficicntconditiosfoucxisten

of solutions to linear PDEs

In this section we will assume r to be a
bounded domain with smooth boundary We will also consider
only operators of second order Move general domain andoperator also be considered by adapting the proofs below

Consider the boundary salve problem

Dvr Ln f is rI un o o or
when throughout we assume

Lu aijlig.ir 1 b din t cu
N n i

aff t f Deh t ra
where Da is the tangential gradient and aid bi c d f rane smooth i I and aijiaji

Let us consider the following formal computation














































































































o Ln
fyolaiioiojutsi9 at cat fnaiidioojn fooiaiig.cn

b lion
fgision tfcuv gfaaiioojaui f.us ravi

r

aiddig on t djaijy.ru t

µ aijOjo
n t f 9Ojaii on

r

fabio
ru foision tf cur gfaaiivg.nu fabiruvir r

fgnaijoiouvj fnliaiionvj

f.nu aii9i9jot 20jaii si 7irt c 9 sit 4 gaijjo

t aiiodjutbiou aiiljou ljais.ru vj

This motivate the following

Def The f L of L is the operator

u air9,9 int 20jaiidio bi 17in t c 9bi 4gaijju














































































































beef Let C in be the space of n E CTI

satisfying Nn o ou de A function o E c'ca
is said to satisfy the adjointboundarycondi
µl if

Lu o u Lto

for all u C Cf coil The space of all u C CEI
satisfying Ntr O will be denoted Cf lr

EI If µn w Dinnullet boundary condition

then N o o since in this case the boundary

term becomes

aijodjutbiou aiiljou djais.ru vi Jaij9jau o
On

this one needs 5 0 o Tr provitel a j Ija Vi IO
say if L is a elliptic operator to bedefined later














































































































Def Let L be an integer We say that
h E Ahle is a tt to BVP if

c u Lto i l f r

for all v E CT Cr

The idea is that if u is a smooth solution the
integration by part give the above equality for r E CF IE

In the next theorem a L what follows It em is
the dual space of H'Cr a I not of Hsocs

tho Let s t to be integers Then then exist a weal
solution u C H'try to Dvp for each f E Itter
if and only if there exists a constant Kyo such that

Hell C till Lt's Ilt s

for all o C Cf Irl recall H H
see

Renarh Observe that the theorem make no

statement about
uniqueness














































































































proof We first need some auxiliary constructions
Lct h 20 integer

T H her tither

co relation of L'Cri w v t Il'll
he

be the isometric isomorphism that identifies those two
spaces Let

R Akai Hhs

be the isometric isomorphism given by the Riesz vcprcs.eu a y
thoron but

I n e
w

i Rotch R Tho
h

This defines an inner product on It HLM We have

n ut
h Rotch Roth h I 11 Retch H

2
11 Tcu H z sup

2

Htin 1410111 HuntC Hku h i
11011

w I














































































































so i t h generates the H hint topology We already
know that an element in Athlon is represented byan element in it her Conversely a

j E IHhim
s
uniquely represented by a v E Hhls via

y cut Tn h E H him
The argument is similar to what we did for the first
identification showing that the function of the farm
joint lo al r E Hhcr form a dense set
Moreover

go s p Ico ni
H hull n E Hhint

11h11 h 1

But we can also write to.nl fucol fu C Hhmi
By one of the corollaries of the Hahn Banach we can choose
a a sod that fu lol 11011L and

full I so
Hhmi














































































































go11 I s P 1194101 Ifa I hollaH hull n E Hhint
11h11 h I

thus
Jr µ hint Holly by the generalized Hiller

inequality

Therefore the construction T H Csl Athlon

carries over to T Hhirl IH thrill where we

slightly abuse notation by calling the later map T as

well so u have Ti Ither Hiss for h E Z
We can now prove the theorem

Assume the estimate Sct

I ltcfx.CI C H cri

Fo f C Itter set F I in by
El Lk r If 010

This is well defined because the estimate fire that














































































































I 0 if 111 04 0 By the generalitul Hilde
inequality

I FCLtril E f Holl E 41111111 Lt ell
s

th F is a bounded linear functional on IT By
Hahn Banach I extend to E It Csl 7 IR i.e
F C H cell By the foregoing discussion

the liner functional F ca Sc represented by a
h C It ca via

F w u w

for all w C It LM In particular if u C I
l n w Cu Ltv F Lto Filter Cf rio

i.e Cu Lto
f r for all r E CFcoil

showing that h is a weak solution














































































































We can now prove the converse Assume that for en
f E Htlrl then exist a real solution uan C H'lol

f
the map

If lol If to o E H tlr
define a bounded linen function on H t IS i.e

If E H thrill Since H tie is a Hilbert space

as see above by the Riese representation theorem there
exists a

Rigg E H tin such that

Ifl I Crypt t t
On the other hand

Riff is the
image by T or 1

of an element in Itt and this element must be fsince the maps involved are all isometric isomorphism

H ten H tin IHteril 544ns
T or Ift ol t off o If o














































































































This hell for every o E H Hel In particular for
r E CT It we have

IT or Cfl ol t fir Ihf Iolo
T or Ift ol fl f 11nF L H I dy L t

Since the maps T and R are isomorphisms
any w E lyteris of the form T or lift for some f Thus we define

for each r E CE wit the fusolind

To
1 11 tw

Hua we have a family 1J C CH't call
v E cfx.LI

with the property that for each w E Html

I J la I f G'w
i e the family is pointwise bounded Therefore by the














































































































Banach Steinhaus theorem the family 1Jo
c c

for ly borsht i e H J H E G fo all
IH4m11

v E Cf III Thus for any w E H th

I line t.tl sci

Choosing w is fire

11011
d

e d
Holl 112 011
t s

hence the result D














































































































Egorovba.vn euexanpleiaPDEthatisn

locavalatteorigin
For this section we will further restrict the

notion of weak solution We continue to assume L and I to
have the same form as is the previous section

Def We
say that u E H em is a hash solution

1 La f is r if 4 Lto if ol for allo E CT Cri s t E Z

Def Let rani contain the origin we say that
L is ca uableatHeorige if gives f c Inthere exists a Ice I 70 and a h E H slot
s C it such that Lu f holds weakly i I

wcuifcos.decperato
L n a le n a'Ladin t but 0 4














































































































tix E M a b E Coca We will present an
example due to Egorov of a choice of a b such that
I is not locally solvable at the origin The construction
is a bit tedious

involving some cumbersome computations
and we will give only the main steps

Emma If Lu f always has a weal solution
non for any given f E cons then there exists a C oand N E IN such that

11011 I Cill Lt all

for all r e c ers

proof Using that now we established likesslithery
the necessary condition

fo existence can be extended forsit E Z thus there exist sit E Z and C o such that
11011 E G UL ell K

If 520 then 11011 f loll and we choose N Z t
Otherwise note first that we can assume f s since














































































































if t is then we can choose E 2s and work with E instead

so 11Ltoll HLtully Since DT r E Cieri if
r E CTCs we can apply the inequality its to
bio

11 Dfo11 I G Il L D olly C IlDELtoll Cill L'all
where we used that Ltu dir act 950 blt exo This
latter expression also

gives

hopolls I Ci tolls 1

Eoliths
E 112toll I tulley by the above

by set with by Of and s 1 is

plan of s

e Cill toilet
Tha

loll I 11011 t hot'olls t 119 olls
ellLkully Tilly

E G Il L 011ft














































































































Iterating this argument

Hollste Cill L oily
a I we choose l such that stl o and t t l E

Theo There exist a s E CLA such that
gives f E c cos I containing the origin in in Lu fhas no weak solution h E H e s E IN

Reh This is not yet saying that L is not locally
solvable

proof set

act
e
t E t so

O t to

f
salt's'itt allll t oblt

0 t so

where sets sis f lultl One can verify that these
functions are smooth














































































































Notice that a oscillate very fast on the
intervals I we will use this to
violate the inequality in the previous lemma by constructing
a
sequence of function or E C Ipx Iwhich makes the RHS snake than the LHS for large g 1

We finit search for approximate solution
Lto Eo

The change of variable I t I x f alt It is
smooth near the origin and setting ICE n vlt.rs

win IIe a IIIa esta f
a
o I ask

we now drop the s Sot
l
7

up Lt ti Z tf 2 iltluill.tl
in O

for Z E CIL Ir wi E C C i'I s f E C c4,1

Jr I tC Y Calculate














































































































Ko tha wo Ct 3 to

1 Zo Wo a w t t t g e

t t 2 w naw tta't e en

t

t I te we
t

Talc we E C L 1 it and sat

will welII I Xx

So wife wi Set

2o a e 5

If't2 inch e J t e Lt
2alt't

tha z E c CI e II dominate fz.it aa1ees
because the latter is litte o of t del Il a pyo
Then cith these choice

or E C CJ
Moreover














































































































Nt

Huey Gert I

does not depend on 1
and

art Lily 7 e wicindth
Dre t

J w
1 doe not depend on Y or V

compote

ftp.wiltxtdx f wiiIIi di
lice
depending on L
because W does

Thus

L

I En lTri
L l Im

does not depend on 1 o t














































































































Thus for large p and large 1 choosing

after fixing a large we violate the

inequality of the previous ten n D

Eero There en't f E C cin't not that
Lu f has no weak solutions in E H LM s E N
for any r containing the

origin
proof For a fixed containing the origin set

I Irl i f f E c ca't I Ln f has a
weal solution u E A tr such that 11h11 E Ist ti f
El r I f E C ca't I i n f has a

weak solution u E A Cr for so e s E auf














































































































If t E Ivi tha f E I.hn for
some s For if u C It sold is a weak solution
then since Hull E 11h11

go s E so we have

a E H Slr s s so If there is no

s such Hot hull C 1st tl Has we have

Hull 1st tl for all se s so taking
s sufficiently negative we 4 he 11h11

s arbitrarily
large Thus

a

Irl U Isin
se N

I Cri is a Freshet space with topolyogy give by
the collection of semi noun 11 Hg s C IN Thus
it topology is generated by ope sets

Us
se

i f X E I th l s
s s th

e
c of














































































































Hau Xi x i I Im iff i His 0

for each s C IN

Let Ifj C Islam convey to f Ion each
j thou exists a fj such that Luj f nahh and
llu.gl E 1st tl so the

sequence Ihj is bornlol i

H Slr and thus has a convergent subsequence still
denoted ajl conveying to a limit h E HSen but

Hi o

f ol for all v C CTCs
we also have Cnj Ltv u Lto for all
v E CE Cal since H Cri H LM

compactfly s I C s Uj u in H t
Lr

giving the claim Therefor

Lu f weakly

and we conclude that Islet is closed














































































































Let f E Eshel By the ab.ve thou exists a

f E CE le such that Lust has no real solution
in C H Lei for any s C it If ft tf C I.hr Hothere exists a ar E It cat such that Lw ft tf weaklyAnd since f E Isla then exists a t E H Sir such

that Lt f acahly But then

f Liu 2 I f ft I I fl I weally

contradicting the properties of f Sina fttf f as f ot
f cannot be an interior point Thus I.cm has empty interio

Therefore Icel is of firstcategory
Now set

Ii If C Echl Lun f has a weal solution
n E H Sheil for some s C IN

when Kit is a collection of nested open sets
with smooth boundary that form a countable basis














































































































of open sets containing theorigin

By the above each I is of first category
By the Bain category theorem CT CMI F Ii
thus the exists a f E CI chill Ii and
such f ha the desired

property

D














































































































Linear elliptic PDEs

In this section ve consider the following boundary
value problem for an n know function h

Dup
ta i f is r

h o o 9h

where h is a bounded domain in IR and L is gives
by

Lu di la's Ija t bid u t ch

and aij aji

them If the coefficient aij are sufficiently regularwe can write

Ln aijlidjut bi Dja 10in t cu

b

The operator L is said to be in divergentif written as is IBVP and in non divergence form if














































































































written as is this last expression The negative sign is

d a Ilja is for convenience we will consider integration
by parts

Def The operator L is shiformlylelitic in n

if there exists a constant A 0 such that

aijex 3 A 51

a e in A a for all 5 E IR

An obvious example is the case aij 8s size
c o so L A The motivation

for this definition
is as follows The definition says that the matrix ait
is positive definite with smallest eigenvalue 2 A This implies
that gives x E S there exists a coordinate

transformation
YJ gilt x in the neighborhood of to such that Lu read

Ii say
fyicaijcygfyjucysftjicysfy.tn t comity

where Tijlyo 8d yo Ecr So an elliptic














































































































operator is locally comparable to the Laplacian We
will see that manyofthcbasicpnope ti.se Laplace
equation remain valid for elliptic operators Tok that

if aij are the components of a inverse Riemannian
metric the above change of coordinates is realized
by normal coordinates

Def Lol L be as elliptic operator and assume that
air bi c E L CA The bilinea forn

B It'olalxHfcs 112

associatedwith L is

B ca v f aid'dhijo t b 09in t Con Lx
or

we say that u E H'ocr is a weahsol.fi
DVI if

D nio Lf e o

f all v E H'out














































































































The idea of weal solution is that if n is n
satisfies Dup pointwise multiplying Lu f by v C Hols
and integrating by parts we get Blurt If vJo

them Because a reel solution n is is It'olej
it has zero trace on 7h when the trace is well defined
whenever

talking about my it will always be meant in
the trace sense

Def We say that u is a stronys.lu io
to Lu f in r if his tuna weakly differentiable
and satisfies Lnef a e in r h is a strong solution
to Carr if it is a strong solution to Lu_f such that
Ion 0

Observe that
if u is a real solution that is

sufficiently regular tho we can integrate by parts andobtain
that it is a strong solution














































































































Existence of weak solutions

st ys p

Find nigra veal solutions easier because want solutions
are more general

Prove regularity show that the weak solution is

in fact sufficiently differentiable so it is a strong
solution

We will need the following theorems from functional analysis

Theo Lax Milgram theorem Let It be a real Hilbert
pace and let D HtH M be a bilinearfrom that is bounded i e

113Cx y E h11 1111411

fo son constant h o and all x y G H and coercive i.e

I 11 112 E B X y

for some constant l 0 and all x y E It Let fi It it be
a bounded linear functional Then there exists a unique
2 C It such that

Blt x f x
for all C it when Lil is the pairing between H and H














































































































Def Let II and I be real Banal spaces A bounded

linear nap K I I is called compact if given a

bounded
sequence x

j
C E the subsequence Kx Ij C 1 is

pre compact in I i e Kx has a convergent subsequence

tho Let It be a real Hilbert space If b i It Itis compact so is its adjoint K It It

Theo Fredholm alternative Let It be a real Hilbert
space ant 4 It It a compact operator Then

i her I Y is finite dimensional
ii
range I 4 is closed

iii
range I y her I 4k It

Lio her CI 41 a lot if and only if range I 51 4
f dimhe I K n Lim CI 4

I is the identity operator

They There exist constant b l o and m 20 such that
I Bino l h

aloes H'onand

1114112µg I 13144 t m Il uh

for all a o E H Lori














































































































proof we have

11314011
willow 1041001

II ow f lol t o
een J t

r

f G Hull 11011
H'old Hfcs

The ellipticity of L give

I µOui aijdiulju Bln.us

a

b din ut cud

l Blunt t II cow
4 t

yes Jud
1 n

I f e10h12t L ut
v Gc

E Ia feloni t a
fan if e is sufficiently

small

Ia fawn E Blunt t a fan

Because u E It w we have Poincare inequality














































































































11h11 E G On
Lahey

which
gives the result a

Ito There exists a m 20 such that for each
y Im and each f E L Lr there exists a

unique weak
solution in C H'ohh to

Lu t ru f in r

u o on or

proof Talc in 20 from the previous theorem The
bilinear form

13,1401 Blu ul t fluid
corresponds to the operator Lyn Lutra By the satisfiesthe assumptions of Lat Milgram Sisco

11442 lushGiven f C L Lei sat

f o f oh
J E H1 Ir which is a bounded linear functional so














































































































by Lax Milgram there exists a
unique h E H let

such that

Brin ol Cf rJo

fo all r E H'del El

Def The formal adjoint to L is the operator Lt
defined by

to 9Caijljo bi dir t c 9bi v

f b E c'cri The a t fn Bt Hflmxy.fm n
is defined by

B lo w Blu o

we say that v E H'ocr is a real solution to the
adjoint problem

Ltr f in rl r s o ou Oe

if Btw u If 4 for all u C Holes














































































































Tho above definition is again inspired by integration
by parts

Jo Lu fndicaijg.cn otfbiliurtfgnor n

faijljud.ir tf b liar t fgno Blu o
r r

J 9jlaijd.io u Jlbi9 rut9 siuo1 t f car

n r r

facto
ur

On the other hand the bileneau form Btw a such that

t
J L oh Dlr w

or

so 13 10,41 1314,01

The next theorem characterizes the solubility of up














































































































Theo Fredholm alternativefor elliptic operators
Exactly

ne of the following statement holds

41 For caus f E L'IN there exists a
unique weaksolution u to

up La f is r

U I 0 on 9h

or else

Liij There exists a weak solution u fo to
th a 0 is rDur HI
u o o OI

Furthermore if cii holds then the dimension
of thesubspace N C H'old of weal solutions to DUPH1 is finiteand equals the dimension of the subspace N C Hfcs ofweal solution to

Lt o infour 41 1
so on TI

Finally Mvp admit a weak solution iff If o so

for all v E N't














































































































The theorem says loosely speaking that we can
solve Kung iff f is orthogonal to the kernel of the adjoint
operator Compare with the similar statement in linear algebra

p Let mZo se the constant
from the pre iou theo enand set

Lmu Lu t mu
with corresponding bilineau form

Bulu ol Blu ol t n la vIo

Then
given y C Late then exists a

unique n E H cn not
that bmcu.ir

g ojo fo all r E H'ohh this defines
a linear nap Lj Lhs It im

g th
n E H com is a weal solution to HP Iff

Blu ol If to
which is equivalent to

Balu I Blu v t mlu.tl o ft mu do
for all r C H'out But this means that u Li og with
y f t mu i.e














































































































h Li ft mu
We can write this equation as

u n Liu Lifa
Yu L

Let us show that 4 defines a compact operate Killa Lair
We have for any g E L Ir

L
min

ow
E Bmt d l em um l Law it b

t
taking o u

m

now E g But u Li y f kg
if m o tha Lm L and there is not letting to prove Thus
K L'll H'old is bounded Since It'ols L'cry compactly
K L'let co is compact Thus by the Fredholm alternative
her CI 41 a lot if and only if range I 51 4 Thus either
h Y u L has a unique solution h G Lehr for each h
E Ldn or else 4 4h 0 has a non zero solution h E L L I














































































































I the former case tailing h Lif i have h C H'owl
flu by the foregoing n is in fact is Holst and is

a weak solution to DVP In the latter case necessarily
in 0 and the dimension

of the space µ of solution to
n 4h I 0

is finite and equals the dimension of space N of solution to

v 4 0 0

Let us show that n kn O iff n is a woah solution t
Dup HI a I r Ktr O iff r is a weak solution to
Dup H

Observe that
Li g z u mean Bulu r Il fMo

f for all r C H'our
n ku o In Lin Bnl no curiom

B th ol t n l n ol mn rio Blu o O fo all
r E It Ir i.e u C H'del is a weak solution to up H

n C H'out because u n Li n and Li L't.nl Hfcoycin














































































































For Brr Alt notice that the formal adjoint L is

In L n t mu with corresponding bilinear for
B lo n 13m1401

Thu we also obtain a bounded operator

me I L'm Hola

that is co pact into L'lol Then for any n r E L'cu
ka Fo E H'ots and

Bmt Kh Fv onBmcLi n Ir mln Foto
1

LI u w Dmca 21 1477 f 2 C Hide

Butlin Ev D Er kn m 1311415444 Into Kalo
1

L ve 2 B Iz w z lo w tu C It LN
Thu

Cu Fr Lv Ku 4 0 ul

for all mo E him Thus K mk and the same
argument used for n kn o shows that v but so iff
r is a weak solution to Horn HIA














































































































For the last statement of the theorem note
that since n Kush has a solution iff htt
with 4 Li f a hare

h ol talkf to Itf Kkr Lif r

r G N

El

tho Then exist at most a countable set 2T CIR
such that

Lu in tf i n

n I 0 on 71

has a unique weak solution for each f C him if and only
if I I If Li is infinite then 27 1 15
and Lj is a non decreasing sequence with tj a a j

p f Considering again Li this follow from propertie
of eigenvalue of compact operators a

beef I is called the spectrum of L and the
value I E 2T the eigenvalues of L














































































































If I f E th then exists a constant

d 0 such Hat

Law 4 thaw
fo n E It try the

unique weak solution to
Lu in tf i r

h d O o or

thot If not Hon exist
fly Clint

ajl C H hr weal solution such that
ajlfq.sn jliftleReplacing hj 1j by j

Thi
un

qty i assume that

g L w Il tha f j 0 in dirt Since

m Il U Il
h

E B th al t l 11h11pm
Lt er

Lu f o

11h11 d lo
Uj u weakly in It M andHolm














































































































hj u in that It follow that h is a real

solution to
La In in r

n O u Jr

Since I I 4 0 but 11h11am Il El

Remark The constant above as I I

Elliptic regularity

Theolinteriouregulari Let aij E c'cu bi c E
L Crl f E L Lr and h E H LM be a weak
solution to Dvb Then h E H n Luzy are
in r a L for each Iccr then exists a constant

4 411 aid bi c gud tht

Hain I 4 fHu t Han














































































































Kf Lot a be such that

I c r car

and o e est be a chain such that 9 1 in t
Since Blu o f rto for all v E It in we have

faijdingo f to
y

A

I f bi din on Let

Dina is
atttheet

abethe difference quotient of u assume 1h1 small and
set

o Dj 9 Diu
Note that o E It'olas we also note the formula

ft Dj w f w be't
n n

integration by pact I t compactly supported h small and














































































































De tw th Dehw t wDe z

product rule where 2her I 2 thee Then

Lit k
Lais'd a Oj De E Din

De aijdj.at9 E Delhi

I
aid De 9 a dj e Dja t Dea'join 9.16 beta

aid Deh9 u Didjue

t f 290,9 aid DehdjaDiu t Deha J dinDe dja en

t 290,4 De a'idinDehn I Is

By ellipticity with 5 9Dion

A Eh piral I I
r














































































































Fo Iz e Citra t ID 0h12

II I f d E HehUn Il Din I t E ion liberal
n

e e e'Dehont te Ibeal

f eJ y l Dehont t E J IDE ul t 104
r ri

we will show in a lemon below that

He ni saffron tho

II I f eJ y l Dehont t G J Luni
r

r

Jo

LHS HI I t I 7 Ia Ine e 04 a
firm

Next

AHS H1 fo E C Ifl t loultial lol














































































































t G If ta then I t E f r

By th lena belo

fo e a faire Dinh
s G
In I

Dehul t G
fue IDE oui so

hits 1h E E
1,9 lDehral t GJalf't n t Pul't

Therefore

IelDival finial a'felt't n't trail
By the lemma lelov Pu E It Lol so u C HI.cn
and

n

Hain E G L h

y
t f t














































































































Next observe that if we repeat the argument in a set
I Cr er we in fact have

u

pain I G lull
H'one

t there
In A choose O Eth Of 411 4 1 i n ECenThis

e'tout I G f n'tf't
r

D

Lemma Let u E W Pcry I e p Lo For each

icon
11Dh
ally y G Ilbullying

Shh Dia Dial O c tht c te dit Li do

If I crew and h E L'ti satisfies
11D ullage E Ci

o c tht c f distle Tn tha n E wiper and

11Dally y G














































































































Ef Assume first a smooth Then

act thee was I f ult t thee dt ft but rt thee hee It

I e f loulttterildt
Set then

f that ax GÉ loacettees Pdf dx
t

use Jensen's
inequality

Ici f f court feel da dt
r

e a non Iris
Assume now 11Dhull

peg
I G I c p co Thes

s p Il D allergy t o

so there exists a o E L'it such that Dita ve
weakly in Pet as h so so














































































































like like't Ii.ie iii Leine
Saree Saree

So ve den is the weak sense Vn C Lrv El

Theo higher elliptic regularity the coefficientLet

aij.si CE Cht r and f E Hhlr h o an integer

If u E H'ow is a neat solution to Dvp tho
u E HY Lr and for each Iccr

yhtaw.EC f ahu t ow I

In particular if aij.si c f c III th n E Eun

Proof This is proven by induction is he withLeo done above

I














































































































Theocboundaryregularity Assume that aij E c'coil
bi c E L'cons f E L'int and de is C Let a Gitter
be a weak solution to Buro The u E H an Lu f a ein a and there exists a constant d d r a j bi c
such that

u
pain I 4 fl t hang

Lf Consider first the case

R B co NIT't

Set I D coin in't and let 4 E C B cos be such

that 0 feel 9 1 in Byod Note that est is I

failing
r

f fo
Mt Niii

for all o E It s where














































































































For h shall and l E I x t put

i

De E Deh u

We have

vets De
h
y ultthehl uh

tha E Lt hee aus ult hee 44 1 ultthee nas

The Nts has a neat derivative for t E e recall that
I E l En l and 4 0 on x o in the trace sense
thus v E H In We thus repeat the proof given
in the first regularity to conclude

Ten E H II I 1 1 u l

and

11 deVully z
E G l f law t n I l't n l

Since we already know h E H com we have Lu f
9 e is I thus since a't E c'CI














































































































aij 9,9 h t bi Ija t 19 a t ca e f
se

n
ahh9 u I aijd.ie u t bi Ija t 19 a t ch fi j Il

itg 22h

By the above estimate for dePh 1 1 n l we have

an E int so n E H'wi ans G o by
ellipticity Kh es e As before we also obtain

H ca
E G f visit allies

Using the compactness
of it and load flattening ofthe boundary we obtain the general result

includingthe desired estimate in Italy a

R Observe how we made
specific use ofthe structure of the equation to estimate 9in














































































































Theo higher boundary regularity Assume that
aij bi c E Ch coil f E Hhcr a 1 Or is Chth
b 20 an integer Let n E H'oir be a weak solution
to 43h9 Thes n E Hh r and we have the estimate

uhh s
E G f ghee Lace

In particular u E c Csi if all the data is
up to the boundary

proof Again by induction a

Remarks The regularity theorem say roughly that
n gains two derivative in relation to f so u is as regular
as possible

If n is the unique weak solution then an argument
similar to the one used to prove 11h11Law E GKfk giros

ah ya E f when














































































































Maximum
principles

We will now assume as elliptic operator of theform

u a j liq n t bdin t ch
in a domain r with a j bi c C Lace and aidCCold
Ellipticity is a before

a j es Sj 11912

The basic intuition of maximum principles is thatif X E r is a maximum fou n over I and so the
Lncto aij did alto E 0 since lOjhlto is non positive
and a Jaro is positive definite by ellipticity Thus ifLu b O u cannot have an interior maximum

Throughout replacing u by u we obtain statementfor minimum














































































































Theo went maximum principle Let n C classical
satisfy

Lu 20 fo

in a bounded domain R cul suppose that c o The the
maximum minimum of h is achieved on it

P f Since a J O we can choose a o large
so that

xx
L e k n t ab't e't 0

For any E O

L Luteed 0

thus n t e ed achieve is maximum or 9h by the
above

argument So doe u by taking e o El

Consider the same assumptions as above but instead
suppose CEO Thes

s p u e gunput if u s iffin
at may ut ol u min u o In particular

SIP 141 YI 1h1 if Lu o














































































































not set

at a x Er I mix o

If Ln o the

Lyn a'i did a t bidin I cu O in at
since ch 0 in at Then the maximum of u in It is
achieved on dat Since u 0 in what and act I 0

if t E dot na we must have sup u s sup ut
r on

a
fore Under the same assumptions of the previous

corollary if Lu Lo in u and u too Oh

the neo in r In particular war if Lazlo
in u and u s on a

1h The assumption of o cannot be
related a there exist positive eigenvalue to
the problem Da t da so i d 4 0 on On














































































































Def A domain 1cm satisfies the interior
sphere condition at to E Or if there exists a x G R and

Isod that Drax Ca and to dBritt

I Suppose that L satisfies c o and 1420 in

i u is continuous at to his act not for all x E r

iii

in or
satisfies an interior sphere condition at t Then the

outer normal derivative of u at to if it exists satisfiesthe Ict inequality

If c 10 the conclusion holds provided that acxo 20 Ifmore so the conclusion holds
irrespectively of the signof c

It Let Bray can be such that to Gosney by
the interior sphere condition Fix O Lg CR set

Oct I e
er

e
an

I

It y g a Jo to be chosen For c f o we have














































































































Lou faijd.iq big t c rix

e
tr G x aid x yilly y Lala t sick yi t co

y e Ga'd r Lacaiitlbir t c lb i Kb 511

Z e
ar Ga'd Sh Lacaiitlbir to

x 2
since r f e and c o thus taking a largeenough

Lo 20 in N Bj4 13gal

Since n mix O o dBgcy there exists a E O sues
that U hero t Ev SO on dBgly We also have
h UCH t Ev E O on OBp.ly since i o there Moreover

L h alto t E o n Lu Chito t a Lvm w
Zo o

Z Charo I 0 in r

when the last inequality is valid for c o or c so
with alto Io Since h E dir ant u is
continuous at x we have h C C tr't n coli't














































































































Thus by a corollary of the real maximum principle

L w L Z is r w f 2 o Or w EE in r we

have h alto t e r fo is r Because the

function h hito t so vanishes at Xo we concludethat
its normal derivative at x cannot be negative so

Ito Z e 90
Tv Jv to

But to I Douro Xo Mcr 24 A e go

For a arbitrary if not so the above argument work
with L replacal by L ct

a

Theo strong maximum principle Suppose that u C chat
satisfies Lu 20 EO i r and c o If u achieve

a maximum minimum in r thes n is constant
If c E O

they u cannot achieve a non negative maximum non positive
minimum in r a less it is constant














































































































Prof Suppose u achieves a maximum M in r

If u is not constant e is x est next m is not
empty neither is da na thus there exists a to such
that distero de distend Let D exo be the largest
ball centered at to such that Brito Crt then hey am

for some Y E OB exo and u s n in Brito By the above
lemma fly yo but Only so since y is an interior maximum El

Ih the proofalso gives that if cox co at
some X E e the the constant is theorem must be zero and

if u vanishes at the interior maximum minimum they 4 0
regardless of the sign of c

Thee Let La If I f is a bounded domain r
n E c c'coil and assume that a co Then there exist
a constant c o depending only on the diameter of a aid on
p aces such that

spacial t guy at ait t c
III It

f i f f of at sup not














































































































proof Let a lie in the slab o x c d and set

Lo aijdid t b'd

Then if 2 Ptl
Lo c I K a t as e z la'd t ab e

I a'A a lb e I K A a 11 b still ch

4 d hap e A

Set
o sup ut t c e e sup If't

on 2 on I
Then

co looter
I'II

f sup if 1 thus
r

Ltu ul Lo La f s p If l f f o
We also have o h 20 on On Thus by one of thecorollaries
of the veal maximum principle L w Lt in r v f t o do
then w f Z is r a f o in r














































































































thus

u sur ut t Ce'd e sup If't
da n I

i sent the t I IIon

Core Let La f is a bounded domain n h E Chinnici
Lot be the constant of the previous theorem Suppose that

A I c sup at
n I

0

Then

sin int f at four in t c
I Ifl

Kt write La lot c n f as

Lo t o in f ctu p
From the theorem

Ir
ta
fi lui t c sup Iftn I














































































































equitcil t't So

l C
Ir II supine fire i t c sup fn

I
i n

Remark Since we can take a e'd I o as

d 70 Thealove corollary implies
uniqueness hence solvability

of the Dirichlet problem on any sufficiently thin bounded

domain














































































































iiiiiiititii of equations of theform

cut flint

u
where L is an elliptic operator When f is nonlinear is
this is a semi linear elliptic equation Ourgoal is to illustrate
some techniques thus we will consider special cases of A butthe

a

hconsider more general nonlinear equations The arguments we will
employ is this section are soft thus it is instructive to consider
a more general setting Therefore in this section we will take
M y to be a Riemannian manifold and let

Dg be the Laplacian air t
g

which in local coordinates
reads

by j
d Tty g't'd students notfamiliar with

geometry can take M th h dimensional tonus and Ag D

Here are the facts that need to be known for our analysis
We can define the space whitem and the embedding

theorem
go through














































































































The Fredholm alternative remains valid

Elliptic regularity remains valid In fact we will
use that elliptic regularity hold in whelm Icp La Thus

f C whinny Lu f u E w trim if the coefficient of Lare sufficient regular

The strong maximum principle remains valid
As a

consequence of the above whipcm L wht Pliny herl't
C P C and who L is invertible Lti WhPIM wht Pliny i
a isomorphism

Thenettions
They Consider in 44g the equation

D
gu

t fl say 0

where f E C c Mxr Suppose that there exist function
4 41 C calm such that 4 EY and

Dfl tfc it I 20
Dg4t t fl 4 1 0

Then there exists a smooth solution in to bgutfc.in so

4 and Yt are called respectively sub a I
open solution to the equation














































































































proof Lot A be a constant such that

A E Y t 4th A
a I choose a constant c 0 laye enough such that

F cx.tl at t flx.tl
is increasing in t E C A A for each X E M Set

Lu but cu
j

Dy the maximum principle herk 01 To sa notice that
if a coast solve Lu 0 tho 4 0 since c o But if
boy tou fo tha n cannot have a non negativemaximumless it is constant so u 0 and if Dutch 10 thayu cannot have a non positive minimum so 420 tote thathere we are applying the strong maximum principle to theequation multiplied by 4 max and hi always achieved bycompactness of M

Alternatively we can see uniqueness by

Dg t cu 0 Illegal t.cat Lrolgz0 h Io
by
Paul 14

we also note that L is a positive operator














































































































i e Lu 7 Ln h Z na since the maximum

principle gives Ltu hat 10 u ah cannot have a

non positive minimum so Ui ha O

Thu we have an isomorphism

I i whirls wht PLA 1 Cpc
2Let J E C LM Then r E w PlM for my p since

µ is compact Thus C r E w PIM for any Icpc
Taki j b large enough so that 4

Ip 2 by the Sobolev

embedding w MM c h we have that o Cdm

Define inductively

10 4 Ie l f life

Yt 4e i L Fl 4e ill
observe that

LI Fl 4 I a't t fl t l ch Dyk LY
and

L T Fl s 4 1 Ttt fl's4 1 c4t Agh LYt
thus














































































































LY E LE FL Y l FL 4 1 LY LY
I

f increasing in the
second

argument

Hence Y E E e T I 4 by the positivity of L
Repeating the argument

4 Ye Ye Ye Ye I Yt for every l
Thus we have monotone bounded sequences Ye Yet the
they converge pointwise to limits I and I E et

Since IYet G we have A Fl yetsilly a

for any p Because L Ye Fl Ye I elliptic regularitygive
Ye wapom G Fl Ye ll

pint Yelling G

By the compact embedding W PCM GC r 27 we have

that ye c c dim and
converges up to a

subsequence

in c im But r E c lml implies that for anyP we find lollwi pen G holla aim Hence














































































































4
e ws.mn

a E what Ee em G

a L by the compact e bedding w Mmy Chicas we

obtain
convergence in Clint We can thus pass to

the limit in the equation to obtain

4e Ft Ie La Fl's El

Similarly Lai Flint But

Lu FC la Dga tca cut flint Byutfl sat o

Applying elliptic regularity inductive as above to Dghtft 4 0
we conclude u C Calm

4
1 There might be many sub and super solutions Ey

Dg h flight t cos u Ifl El Then will 2mF and hits In 1 I
are all super aid sub solutions respectively so we find atleast one solution on on each interval n 1 TE n e 2mi














































































































We will now
give a proof of the easy case ofthe uniformitation theorem

They Let Mig be a closet two dimensional

Riemannian man fell with Euler characteristic 2cm Lo
Lef Ti E O be a snook function is in that is not identicallytea Then there exists a metric

g conformal to g suchthat big F whoc K is the Gauss curvature Is
particular we can take To l and obtain the
mifornization theorem in the negative case

proff Unite g e
g Tho the scalar curvature

of J and g are related by

FL e R 21gal
Since scalar 2Gauss the Gauss curvature are relatedby

Bu k t I e 0

Hence we only need to find in solving this equation
Let us find a super solution Yt We claim that

we can find o E calm such that














































































































Bgr Fo E

where To froeglin 1nFduty Then E 5 duly so

i e Fo E is Ld orthogonal to constants But herlDg LR
since

Byu o f gal do.ly O Thus by Fredholm

we can solve do Eo 5 Elliptic regularitygire o E CTM8

Set 4 a v t b a b E IR Since I C O by our

assumptions we can choose a sod that a F L KLx fo
U x C M Tha talc b so large that edlarts a go
Thc

DgYt Kt Fed a
Bgr k I edit

2C artsalto K k th e
t

aFo k th e a Lo

Next we will find a sub solution 4 such that 4 E 4
Let v solve

Bgr K ko ko fought Jmkholy
which can be found by the sane argument as above Put
7 o c where c C IT is large enough so that Y E Y














































































































Then

BY hi the 4 hi hi the tire

ko t F e
do

Since Ko Lo by XLM L 0 and Gauss Bonnet we can

choose a large suds that hits so

LT

It is possible to give a full proof of
the uniformization theorem using PDE methods

Implicit function theorem methods

we recall some notions of frictional analysis

DIF Let II I be Banach spaces U C I an open
set and fi U I We say that f bas a Gateaux

at E U if
f It y tf fl't t.lt t o

exists for every y E E we say that f has a














































































































Freihot derivative at x C U if there exists a continuous

linear map Dfcr I I was that

flirty fix t Dfix ly t 01141

for every y such that ty E u in which case one sees that

Dfw is in fact defined for every y C We say that f iscontinuouslydifferent Cov c at x if the map
x c UH DfwCLCE 1

continuous

tho Let I I be Banal spaces UCE res f U I
If f has a Gateaux derivative flexy in U which is linear
in y and if the map X C U 1 7 f'Cx E III is
continuous Hes f is F rechat differentiable i U and
Dfcxicy I f'tx y

implicitly Let E I t be Based spaces
Let fi Ex I 2 be continuously differentiable Suppose that
flxo yo 0 and that Df Ito yo O I 7 Z is a CBanach














































































































space isomorphism Then there exists a neighborhood Ux V 2

toy and a Friohot differentiable map g U V such

that fix gin 0 for all EU

Def Let pi c cat c.cn be a differential
ore Ator Its linearization at n E c cel is the linear
operator

Luo Lo IT Plat
toll

to

This definition extent to P defined on It'm etc

As an application let s c n be a bounded set
with smooth boundary Let h Oh IN and consider the
problem of extending 4 to r as a perturbation ofthe identiy that is volume

preserving i e

Jael it 1 Vu L

when u extend h and il tou is the map

E r H X t 0h41 G H














































































































Expanding the Jacobian we see that Jaclitton 21 is
equivalent to

Bu t NCH IO
where

will fix fyytfxxfi.at yyfee fxy fxy fyi
dot Dnf

Thus five h we seek to solve

Dh t Wchl I 0 is r

I n e h o or

which is a fully nonlinear Dvr If 4 0 the 4 0

is a solution Thus we expect that a solution u is

small if h is small But for small h the equation
heat

Du t 011mn14 0

and since Dhul LL 1Dhul fou n small we have
a perturbation

of An 0














































































































Theo Let s ta and B t
Cor be the open ball ofradius of in Hst2Cdr where r is a bounded domain with

smooth boundary is 1123
If 8 is sufficiently small there

exists a solution h to H

P f Give L E H't Cdr duf.ie

F H't Lor x 4 Ice y tacos Hst's leg
FCh n

Yon h but Nini

This is well defined since Dhu E Cour by Sobolev
embedding and nlg E H't coat by the face theorem

We have Flo o 20 Fi C is the neighborhoodof the
origis a d

D Flo o w D Flo o Osu Calor Dw

Gives 1g fl E H't Cdr It t cry there exists
a
unique h E H SILA solving

b w e f is i

I w i g o m














































































































and elliptic regularity gives

ysi.su
C Ci 1 H'this t l strong

so Da Flo o is an isomorphism we did not quite
see how to solve the Dirichlet problem in those fractional
spaces but it follows by similar ideas to what we used
solution with u 40 on Or follow by considering
a problem for n

g with homogeneous boundary condition

By the implicit function thorn there exists
a f 914 solving HI if h is small I

The implicit function theorem is generally a good
tool to find solution by perturbation














































































































The continuity method

The basic idea of the continuity method is Hefollowing
Suppose we want to solve plug 0 We e bull this problem i toa one parameter family of problem

PfCh O O Lt I

who c P Ih Pla Wc the consider

A t E lo I Peta o has a solution

The goal is to show that A a 1 that A is orcs
and closet so that A 0,13 The usual strategy is

to shoe A 4 choose Pt so that Polu so is
easy to solve

to show that A is open use the implicit function
theorem to show that if Pt.lu so ha a solution s Loe

flu o for all t hear to

to shoe doselness use estimatesfor solution to showthat if Itil CA t t Ho there exists a subsequenceofhit where hi solve F lui 0 converging is a topologysudti
that Feilnil Fetal














































































































We will now illustrate the moth aim the

equation

Dg n t f he 0

whone f b 0 compare to the quation studied in
the

uniform zation theorem

tho Lol M g be a closed Riemannian manifold
and f h M s 112 be smooth function satisfying f 1 o
Then there exists a n E C LM soloing

Agu t f he 0

p f Define

Flt u Agn hut t f hle ul
Then Fll ul Ayn tf he Set

A t E 0,17 I Flt.nl IO has

a solution n E ch l R














































































































For ti O n I 0 solves Fight to so A

Suppose that f Ito no 0 The linearization
of F at 4 41 is

t n Ago 411 t 1 tent ot t

Lct p 2 so that w PCM Colin Circus Thus

I define a map

F Mx W Pcm PCM

and so does Lita uµ
i W t.IM PLMllta.hn

which is a bounded linear map between these spaces

Consider

4t a 4E.is l suPll4t a LIE a lol
11Wh I

whipch

sup 1h11 tattie v hit title lol
HUH I 1

whipcm














































































































I hit C th ti e tell

Since WhP M Colin and M is compact we can

make this expression as small as we want by taking
ty close to I in IR and up close to T is Wh m

Thu L depend continuously on lt.nl the Gateaux
derivative

equals the lineanienko which equals the Fuichat
derivative and F is c

For Lto no we have OC toll we have

Lce at Lr Ago 411 t.tt dojo

and I to t fo e s 0 and since 430 by the

maximum principle L o O 0 0 By thelto.ro

Fredholm alternative and elliptic regularity L is a
Banach

space isomorphism L Whelm Ulm By the
implicit function theorem there exists a ht solving














































































































F t.net o

fo t na to Bootstrapping the regularity of a

a we did in the sub Kuper solutions thconen we

find the E dins Thu A is open

Suppose now that we have a
2 solution

Flt ai Agn hut t f hle ul 0

At a wax of h

O D u hu tcf ble a

tf h H Hutten

Since 430 and e Itx and t 20

0
tf tht i Hn t htt Ith

t l f tha that
20

2 tf tin
Since t El














































































































u e tf e f e sup th sa L

since b O and h is compact Applying a similar
argument to the minimum of u we conclude

Hull
0cm f d

when G does not depend on t Using this board
writing Flt.nl to a

Dn n hn t f hle ul I
f Hymn Ed applying elliptic regularity and

bootstrapping the regularity of u as before we get
11 UH

cha n
f Gl

when 9 does not depend o t C Cos If Itis C A
ti t let a be corresponding solutions to
FL ti ni Io Then

hi 2 x
h E C














































































































where C does not depend on i Thus by
Artola Ascoli up to a subsequence Ui 14 in

4th We can thus pass to the limit is the
equation to obtain Flt 4 0 so A is closed

Thu A n Co D and we found a Cd solution
Bootstraps the regularity of this solution as
above we find a C count

a














































































































Linear hyperbolic equation

We will now study line hyperbolic equations which
are generalizations of the wave equation in a similar as we
saw that elliptic equation are generalizations of Laplace's equation

emma Guorwall lemma Let A 4 and u be
b negative function on To T C R h E L lCTo.TT
Y E L CT TI and A 1s non decreasing Suppose that

nut E AHI t ftp.eriucaila

for all f E Eto T Then
t

CH E Ait e ft E Y
de

fo ah t E Cio TI

p f It suffices to prove it tr t IT since A
1 s non decreasing So we can assume

A ALT constant














































































































TSel Htt A t f en un de Ther

To

F is differentiable a e

F en

F is absolutely continuous

Tha t
C 4 I fly e

It I da

Tis absolutely continuous since I 4h1 Lt is
To

C is differentiable a e

We have

c n Fini't e e
ii h

w

ectinitt

g ceca Lt
Htt ult Fit e f o
o EO

SptoerudaThen C It I C IT FIT A F E A e Shee
n E F the result follows 4














































































































R For simplicity we will work on the interval
01T i.e To 0 It will be clear the results will hell
07 Cto T To Io

Linear first order symmetric hyperbolic systems

Let us consider the initialvalue problem or Cauchy
problem

A 17 n t D u f in cost x Rf n n on tiolxmi
he e f i lo T in Nd A Bi cost x in hd L dirt
matrices and U Cost xp Rd is the unknown

If we say that the PDE in H1 is a lli
fiust ymmihypeys.FM if the matricesAt air symmetric and f At is uniformly positive definite
i e A01 119,5 I a 1512 for all C Cost x R














































































































Itation we will often write tox for points in
at IT i.e tax E GT x in Denote

My I M CO T x M

2 It H G M

We often write u for at a transpose of n if it is clear
two the context

e.g uan Intan A did matrix

theorembasenergyestimate Assume that u is a

smooth solution to the Fos it system A such that act and If ult
are Schwantz function with constant that are uniform is t i e

x't IDE ult IDE Tul Cee
Mi note that f thenalso satisfies similar bounds Suppose that Af D

and all their derivatives are bounded in Mt Set

Elt J u tends I I f u A'udx
Zit It

Then there exists a constant C 0 independent of u
was that














































































































TCH EA t Ci ft life ill de te't
for all t E Mt

Prof Conput

O E fit A t I ut de t Otti
Lit

It

sg.tnysymnat ha
Zit

flu A din than uf t t t f ult ti by symmetryof Ai
Et It

di nai l I n 9A n t flt ult ti taf non

It It

by part f th ith Du t af
Zit














































































































We have

JeffOrfu
nm E Cif i e a futon G'Eat

It

it ma t ma t 1
a so

f E E G E t G TE 111.11

setting E Itt ECH t e e 0 the sane inequality
hell fo E HI so

91 E E G E t G TE ftp so

9 E a 9ET C G ET t f They
TE

Et e EET ta't f let Ein de

Dy Cvonwall's henna i














































































































Eat Eet ta infling Je't
which gives the result taking 0

G

Def The commutator of two differential operators
P and Q is define

P Q a PQ ap

whenever the kits is defined

Remarh If P and Q have order he and l respectivel
and are linear then P Q has order htt 1 since

P 2 as D Q L bad141 th la El

Pa 2 abpD t tern where at least one derivative
121 L

falls on b

QP 2 pan Det t tern where at least one derivative
121 L

falls on as














































































































Coro higherorder
energy estimates Under the same assumption

of the throne

ii Eh c CIEL t G FEL f yhcz.se i

Eun atleast I f ah l
where CT constant depending on T and

ELLA f DinAoDinLx
1

proof Write the equation as Lu f al EL Ehler
Then applying Dti to the equation

DI Lu Dif
Ii L Th D f t ELDI u
D 5 t DIL u

Applying the basic
energy estimate to Tj n will f replaced

by DJf t EL DT h or more precisely applying an intermediate

inequality that was obtained in the proof of the basic energy
estimate














































































































If Elin I G El Mal t CELIA H ft CL tall
ice

we have since II't th
flying ghazi

Di L u Di And a t CDT B h

DtAnd a D Arfa aid bin

p
I is i'arqbin Argo n

I

fi I is fargoin 2 E is fargoin Ail u

p CI

p
is fargoin

g bi it Din t

y
bi FA g bin

The second to n
give

112 É 15 FA'd D u bl G llull
f c I HhL2














































































































For the first ten we use the equation and the fact
that A is invertible to write

den LAY f A din
so that

o A u

p
o A Di'd u

I to it di A If Aid ni so

11 I 15YA uh C
ftpint

cilium
Hh12TH

e Ci lif yh t G
thiefwhen we used that CA is s ooh since Ao is D'd B u

is handled similarly Tho

If Elin I G El Mal t ciEÉ H ft CL tall

I G El Dia t CiEINE yh t a Elbit f yh














































































































Since 1 is positive definite awl bounded

2

Aha Entre cilium
H'vii1

so using that El Din t Eh

If El ul E G Eh 1 Etf f uh q
Sunning over 2 and using

Eh I Elbdal
121 th

we have thefirst inefuality Dir Ling by FEL LorEF ta as
before and using Gronwall's

inquality give the result I

text u extend the result for negative h
Undo the sane assumption as above

Ult 111 Cit 11h10 in
t

that Hhc it fol't't t da
o Hhlaa

for any h E Z














































































































proof We already have the resultfor h2o so take

k co Set

r I B u

Because I D
h
maps into itself it is defined using the

Fourier transform that mass f into itself o satisfies
Schwartz bound similar to n

We have

h
H n HC Dl n 11 114 DI LollHh12TH Klay 41471

11011
H Yay

G'Each

Since s identically satisfies the equation

Lo F Lo

the energy estimates give

uh ciEii ta
y y

Since














































































































ahim Hhizio

it remains to estimate the ten 11hr11
y h

Observe the identity

l B h
Lo t C L C B h v

d D k
L v t L l Bl h o C y

h Lv

n L l BI hr La f so

u

C D h
Lo f CL Cl bi h o

Apply l b HI a I take the L2 noun

HCl D hi
Loll Mk't

iq1471

Hf Hh12THto
Hhiatt

µ ay i i is huh
lati

HC 44 Dl hollyheat














































































































Expanding C D h
I ay Dd Hc recall hco
El I 2h

L d B1
h To Aron i'Dido

LL

2 Arg aybar AID'carfoilLITE 2h

2 Arfa Dar I I l lay DI FargeDioIII E 2h 12112L f LI

Thu
LL 2h i4 Mullah ta Deok t Ci Ell De9onHhCat e o Khloe

Ci 110
Hheat Ci 11 0

y h cat

using that D It H is bounded

Let us estimate
to

H h ican
Set I LAY L The

arguing similarly to above

I B h
Lo t C L d B h v Lcl Dl hr LAY t














































































































But C D
h Ev d o to CAT Aid o so

l D hdtv Ci At
h
A Aid o

CI l at h o

A f
Since

Ildfully hi 11 l D
follican

we apply i is and estimate is L

Il l D foll Cilla 1 Doll
H Litt

Cilice C D
Ah can

Cill f yh et

l D Do contains at most ah ti derivatives and

E C D h at most 2h derivative and no time derivative
so the first two terms on the Rit are bounded by














































































































I D ullah t
H heat

Thos

9
y.hu

ta o

y hczii.it
G t ithyay

putting all together and invoking Groswall's inequality

gives the result
I

Unto the sane assumption a above

Ult 111 Cit Hult 111
T

thief Hhiat f f't ll da

t
Hhlaa

for any h E Z

proof set

wit r iz A T t H frit r t A LT t.rs rctix1
1 DC T t il wit r

inCt v I ult t x

Then I tilt it e Oyu T t dial f 71 dialT Titi














































































































s that

n nult A T t r t ult r t A T t.ir 9iict x1
1 DC T t x htt x

I A T t x Ith T t r A CT t 4 alt t t
t B T f x n T t.tl

Lu 1 T t il

The operator I satisfie the same assumptions as L th
we have an estimate

ah ethicist Ah

For r I

l iii
ha I

una

I t Ha II i Hhc














































































































So Since Lu f
Il ne t t 111 G Hult 111 fifth11 dgIt let t Wheat

T t they

Since
any t E co t is of the form

t T t for some t E Ost we have the

result

G

Def we denote

6
to to a

it E Mt o etc to X E Bt

rt

c Cocco

y't t

xI














































































































Theoldomainainiqueness Let
h G c co T via solution to the Fosit system Is where

the Ar ane C bounded and have bounded Levirahres B
is C and bounded and f is continuous There exists a
co 0 depending on the lower touL of A and the upper
bowl of Ai such that if no 0 on Brix and
f 0 in Eu o c then U 0 in br.ro c
In particular solution are unique

P f Consider for a o

g e
at
uAfu n e

at
2hAM u t e atuqtru ae

atua.az2 e tuff Bu t e tuff n ca
al
upon

Integrate over E Er ro c when co will be
chosen

force narn

f e nah














































































































J e
at
aAinur f e tna n

ogL Brito

o

when V is the unit outa normal to 6 O E is the
lateral boundary so that 96 Olb U D Cto and we

used v I l l O 0 on B Lto we can make

the components
v as small a we want by taking co

large enough so that v o and

h A Inv I na n Vo t n A avi

Ci Init Ci lui j G lait

Thu J o I e at n Arn 2 o o the other hand

20 in f G In
2 e tuff Bu t e tuff n a c tuton

c Gye
al f du Dn t no Ain acini o














































































































if we choose a large enough Thu RHI E O LHS 20

thus since LHS kits both side must vanish Since
we can freely choose

a large enough we must have a Io
in Te

a

Dff Let L i Aff T D be a first order synnots
hyperbolic operator The f jtff i

L n It Aou 9 Ain t B'tu

Aldrin YAI n t B n

where Dk transpose of B

The motivation for the definition comes fromintegration by parts e y if Y E Cf ont

J Arquhrlt f f etognatdxin
IR 7Aoe














































































































A y

ft f Taidindrdt ft f ftp.eelndxdtO n o pl
t

ftp.dicaieindxdt

where there are no boundary torn because Y E C Mt
Theo Consider the Cauchy problem for the Fos It

system I Assume that n E c n't f E c axial
AM Dave C with all derivative bounded Then there exists
a unique solution n E Mt Moreover there exists a
compact set a C in such that n o outside Coit xk

proof The uniqueness and the statement about A
follow from the domain of dependence uniqueness result

Let 4 E c ax in be such that El tix o

for t 2T Since Lt is also a first order symmetric
operator we have by one of the above corollaries














































































































ahim
a

ithia.it
y.ua

i a
AHH Haa

This implies is particular that if 1 4 0 for
f E co t Hc 4 0 Gives 4 E L Cosi Hhc nil
for 4 as above and h L set

9,45 J 1441 It

which is well defined by the generalized Candy Schwartz

inequality

Fo E as above Lt e E L cost H Lin's

Lct I C L Cosi Hhcm'll be the subspace spanned

by Lt e E as above
Define Fy I IR by














































































































Fl Lte LY EY

Tote that Fy is well defined Lte o y so for 0ft'T
and is bountal by the above

energy estimate By Hahn Dasa
Fyevtal to a South linen functional E o icco.is it him7
with same horn as Fy By one of our duality theorems

then exist a n E LMcost HhcMl such that

Fy lol i got in obdt yo

for all v E L't cost H
h
coil

In particular for elements in I

Fplay Fy Lte f cu Helo dt

4 e J l 4 el.tt














































































































i e ft 14 e at It In Hel at
Consider now f as is the theorem but assume furtherthat
fit x so for t 10 Take y f above and

extend u to be
identically zero for t 20 I

u E C at Hbcu's
Therefore

ft f el It ft nickel dt
o

o

for all y e c exit such that ect.tl o for t t

We would like to integrate by parts to obtain la e and
then Lu f but u is not regular enough in time Thus we

proceed as follows

Let I E LY C at rn such that I is h time
weakly differentiable with respect to x and such that

t

fi e dadtft fullest f
n

w it














































































































for all e E co 1 at x in the existenceof such i can be
demonstrated I is essentially h Applying this to 4
replaced by Lte and

using the above we have

ft f feast ft f ten att
o IT

o M

for all y E c c at in Write

ft f guided t ft f Otta'ejidxdt
p p w it

YBT

f fadaitadeltt ft f Thi drato o inwe can
integrate

by parts because of
the x

differentiability
of 5














































































































ft f flt e i dadt t ft f 9 A din drat
w it D 1ps

ft f e Bi dadt
o n

therefore

I f f e dat ft gotta.ee idxdt
o ith

w it

t ft f 9 A din drat ft f e Bi dadtD 1ps
o n

Write this as

ft f e f A dit Ba drat ft f ftp.elidxdtN N
o in














































































































Any Y G Cf CC et n'I can be written a

Y A 4 for some 4 E C C C att xii by our

assumption
o Ao so the above reads using that

A is symmetric

T

J 14 A f Ail i Bis sextet

f t4id dt

for all Y C Coat a tix in This show that
I has a Of weal derivative Moreover 7th is

given by

f I Ao f Aid 5 Bi

Since n is k time really differentiable is

X the kits admit h I want spatial derivatives














































































































so D If I If 1 IT exists 151 Eh 1
We can now iterate this argument apply the above
identity with Y replaced by 91174 121 th 2

ft ofDIY A f Aid T BI drat
o pi

I I 9,1 1 4 i drat

It

Since by the above If DIdin exists we

can integrate by part on the bits to conclude

that the 9 D woah derivative of a exists
Proceeding this way we conclude that

9J D y jtial th

exists weakly Since we can take h very
large by Sobolev embedding we conclude that














































































































I is say Cl fo some large l we havenot
said that I E their but to conclude that i is Ce
it suffice to apply the Sobolev embedding theorem to 95
with test functions 4

we can now integrate by parts to got
Lu f pointwise in C at x it

To conclude finally that I is C
observe that for a large h we obtain a Cl
solution and for a different large h we

obtain a Cl solution and in principle these two
solutions need not to coincide However since we can

assume lil 21 the previous uniqueness result says
that both solutions coincide Thus I is Cl for all
l hence smooth














































































































Observe that since I is C is C at xR
and vanishes identically for t Lo we in fact have
that in o on t olxN so this T is not yet
the solution to the Cauchy problem

We now remove the assumption that f vanishes
for t.CO Let o e ee l be a smooth

function os in

such that 411.1 0 f to UH I t 21 set

fact xi 41E Html

For any e o we have by the above a solution

me to Lue f sud that meltx1 o for
tf 0 f and not only L by the above By the

energy estimate

no
una toilette El elf ll't

µy














































































































Thu ne for any f E Co T he converges to

a limit in Hh12TH fo any h 1 c cats Solvingfor
7th in the

equation we get convergence of the
time derivative as long as 1 So Haa we have a
smooth solution to Lu fi co T in Let us show that
this solution extend to Teo We have fo any hi

ithian oil f ah Citi t
iq

The kits is independent of e Hu the inequality holdsforu too Hence thing h target n and Din converge totero as f Ot We can solve for 9th in the
equation and He yet convergence of Itn as 1 ot

t whatever it has to converge according to the expression
for 9th determined by the equation Inductively we

get convergenceof higher fine derivatives














































































































Thus we obtain a C Contini function
in solving Lu f i 0 TT tix and satisfying neo
on t o N To obtain the correct initial condition
we take a CIN O E E El et fo I E t c Ttl
and consider the problem for u Yu

a

theme Observe how we get the x differentiability
from general argument and the f differentiability by usingthe
equation to solve fo If even in the caseof the weakderivatives

Compare with what we did for elliptic equation
to get the 9in regularity o the boundary

Congo Consider the Cauchy problemfor the FosH
system is Mx IR Assume that u E c coil that

f C C Cmx Iii and that Af al D ane C Suppose that

for each CT T2 C 112 there exist a 5 such flat














































































































JA'S alesi 1AM Eb

Thc then exists a
unique n E c IR xn Md solvingHJ

P f As before unique.es follow from a theorem
further above

For existence we now do not necessarily have f compactlysupported and AM 13 with booLet derivatives so we will usecut off functions
Fir T 30 Let c be as in the domain of

dependence theorem co depends only on the constant
a b or Coit Let t Tc ti and set

fr It HE lost I t E Br c
Let 4 E C Rx i O le 4 1 on bar not a

Y C T N satisfy 4 1 on Ducos 4 0 on Barco

Set see picture below

F YA Ll 4 A'Lois I 4A 5 4 B
Fo Y no I 44f and consider

Ffqui t 55 f in Coit x Rh

Tn To o 1 so xD














































































































t
K 0

belowpurple
O j 13 lolline I Br cot Tcott cot

I 1
I I cos

I colt t ti
I li

f T I B.co I
I J l Bertil T c f

i r I i
s I i e j

f i i Blt tool 2T t
I i v i

I r l
I i i

C 7 Ge
e in ibelow purple line

t i se the smooth solution Since

3A'S ESA's t 4 41 Stlouis
4 a 191 t l 6 a 151
a15th

IT l E IAit t b

we can apply the domain of dependence property to 5
with the same constant co Thus I vanishes outside

Bart I t C Coit In the region where I does not














































































































Janish In A I D so I solve

A forint Bi f i

Tr I Fo

is Lost x IN In Gr I f so I solves the original
equation in fu

Next repeat the argumentwith g v obtaining a

solution n to the original equations is 6 that agrees vill5 i En In this way we obtain a solution in Cosi xn
Since T l's arbitrary we can repeat the argument and use
uniqueness to obtain a solution in 947 IN

To obtain the solution for L a 03 we reverse time

a

Remark We will often refer to reversing time
a garments so let us write the details here once Set a t

AMlt r Art tix Blt x Bit
It it is flt.tl














































































































Consider

Ict x Toltimotilt x Fil't.rs u lt.x

Bit Hittin Ict x1
For t Lo we obtain a solution by the above Then

setting ul tax irlt.nl Of ul t x 9thHix

Act xydfhlt.rs A It x dial tint Flt r ni tix fl f XI
Al t.tl Of ul t x A C t.xldn.nl t.nl 1 DC t.xlhl t.tl fl t x

which is the
original equation evaluated at C tix














































































































linearhyperb.li waveeguatio

A Lorent matrix
y is a nti ninth symmetric

invertible matrix with the following property Denoting the

Irv rn o go.co and

Jiji ajit oh are the components of a positive definite

We denote the components of g by gro Observe
that g is also a Lorentzian matrix i.e go O and

yij are the components of a positive definite matrix
A Lorentzian metric in cost It is a nap g fro
continttorentziaumatrices

with naif
bound

go.lt.tl I C Co gig 50 4151

go text Ci Lo gijlt.ws 20151
o all tix E LO TI it and all 3 EM














































































































Def A second order linear system ofhyperbolic
PDEs a.k.a a system of linear wave equationis is Co t inTs a system offief

grugru t ardent su f
where af S cont x in dxd matrices f cost yin In

g is a Lorentzian metric and u Co T x in Ind
is the unknown

TheoremCbasicenergyestinateforwareegration In the

above system linear wave equation assume that g af b a Lfare smooth and all their derivatives are bounded Let
u be a smooth solution with the property that for each t 0

there is a compact set y c ith with ult ti o te cont XofG
then

ET I ECT t G St lifer oh
Lili
defect

for some constant independent of u where














































































































Elti t J g 19.4 t g 4noon t ion l DX

y t l ugh gijq.at g u but as bef c we omit

the transpose
sign in ut

proof We have

9 E J f g quoi n t y 4 no 9 a

Zit

Dfg 11th t 9gii 9 no n t 249th I t Ia

I I f f g 9 ult n t g's dial 9th
in

Ip by parts

f ta g din t yiioiojul
fyjgiioiuq.ir

gmqqu 2g.iq iu
f arqu bn 2go 9.9 h














































































































Lf go dead den Iota f alfa su f digitlindent Et It

f goi d 19gal I 9th f alfa su f digit lindy
Zip t Itby part

f 9go opus Oyu f alfa su

Zit

djy'tdindin
Et

G E t G TE l flip since under our assumption

I E f f 19th t 1 Out t int f Ci E

Et

Using this we also obtain I E E so

Op E E G E t Elif Ilic and the result follows
by dividing by re and using Guinwall G














































































































Ie Let y I L d be smooth Lorentzian

metrics in co o x IR such that for each t o g
satisfies uniform bounds in the sense of the definition
of Lorentzian metric in Coit x1R Let agr SI
FI E C CO D xin I L aid Let me n e can't
I L r o d Consider the Cauchy problem

Jr go ut ta fu t b n ft in co six inI
l

Utto not on to xp
i

914110 I hit on tao v IR
where I Jet I and there is a sun over J but not
over I Then there exists a

unique smooth solution
u E Cocco a in Md If the date has compact
support and felt x so for te cont x 44 compact the
there exists a compact set 5cm suchthat act x so if














































































































t C cat x Cf E Moreover the following domain

of dependence property holds given t o there exists

a co o soul that if not a I vanish on Brito and

f I vanishes in Gr then u vanishes i tr ro c

This last statement
requires only y to be c

with uniform bomb a r
big and f to be continuous

and n to be a c solution

f This can be prove with idea very similar
to what we used for f OSH tinea systems For existence
we derive higher order energy estimates by considering the
equation satisfied by Din and tics invoke functional
analytic methods For uniqueness and the domain of dependence
property we

integrate oven 8 close C
appropriatelyr to co

and analyze the boundary integrals we will however take














































































































a shortcut as follows

Sot for each 1 1 L iii L t l h

E a co onf qui 9 UI 9 u UI

A giji.AE Ani I

h o LAi AE gt Ai II
From this we obtain n 1 2 nta matrices f IO and Att where
the entries that have hot beer defined above are set to zero

Set

II f d a d Ii
d b d s411,412 J J 412,411 J

and the remaining components are set to zero
Then

if n is a solution to the ware equation
it satisfies the FosH linear system














































































































A
I
Afo

I A Ii 9 OI t LI o HI HI
no sum over It Moreover Oto satisfies

Ito I V lo Jul0 t ont lo t 1 219

0,4110 I QUICO I 71NILO I a 19 t

Observe that the initial data has the property that
O ale Otto Ht

From our assumptions we can apply our results
on FOSH system to obtain a smooth solutin v citt
a domain

of dependence Assume
father that the initialdata satisfies Frou Hs taking the

j component
D

AI Itu
j FAI t oI digit a

j
O

AIfm toIlm A Pio't t d
j lo't O
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Also

I th i ft outa Jati

Hence v is of the fan stated in terms
of u

a l n
satisfies the original equation
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Xxicugff.lu tions

Our goal is to study system like Hc above linear wave
equation whene how

g and a b etc depend on u For this
we need to make some specific choices about His dependence

Dff We say that a Ch map

g Nd
thd th ti space of htt xCurly

Lorentzin matrices

4
is a C n d admissible c or admissible metric fo shout
if

fo every multi index 4 1411 I tendthetest

such that 121 f h and every compact interval I Ti Ta
there exists a continuous

increasing functions

such flat
I a N n

l Ddg lt't 311 HI

for all r v 0 n x C IN t E I S E M
t't














































































































Fo every compact interval I CT J there exist
Susan a J o such that for every t x g E I and tilts

go.lt x f ai gift t 513 3J 9,131 for all 3 EM
and É Jm tix as

It follows from the alive definition that if g iscoin d admissible than
yl 3 is a Lorentzian metric

Def A map f Man Md has load compact
rtTnx if for any compact internalftithore

exists a compact set w c in such that

fit xiao t E Cti ta X G

A smooth function f exit nd that has local compact
support in x can be regarded as an element of

C IR their Intl














































































































for any m h O integers This is not necessarily the case

if f has the property that for any fixel t fit has

compact support Consider 4 E CEI N 440 Set

fax I t t O

Then f is smooth for t o and fo f Lo For each
oil there exists a neighborhood UF co x such that

f 0 in U Therefore f is smooth Fo fix.lt
f It has compact support For f fo

Il fit theyµ o

but for tso

flt 111L SO

so f co M HTM IRI














































































































Deff A Ch map

fi
Mhd t 2d tht

n

is called a Ch n d admissible nonlinearity or admissible

nonlinearity for Sho t if i
fo every multi index 4 1411 I tendthetent

such that 121 E h and every compact interval I Ti Ta
there exists a continuous

increasing functions

I a IT in

such that

I 15fttix 311 HI

for all t E I G N S E M
t't

The function of tix defined by flt.no has
local co not support is X














































































































Let 1C Mxn and nine Rd is differentiable

Let g
be an admissible metric and f as admissible

nonlinearity Define gas to be the Lorentzian metric

glen tix g f x ult.xl.lthlt.ir Quit.tl
and far to lo the function

flu It x f t x ult.xl.dthlt.ir Onultixi

Vote that

GIRL CMt G mud
I ndt 2dt ntlt x ult x dfhlt.ir 9ultixi Quit xi C IR

CRiina

which explains the above choices

Def A 4,4 admissiblemajor 2e o simply major you
s a map that associate to each Ccd hill admissiblemetric
of 494,1 admissible nonlinearity f and compact interval

I CT T a continuous function














































































































2Icy.FI R co 1

where he is fixed with the property that

2 I 4,13 E 2 If gift
henevor I C Iz

Def A q L sib t o simplyadmissible
constant is a map that associate to each Ccd hill admissible1

metric of 4Th d admissible nonlinearity f and compact

interval I CT T a real number CICf f 0

with the property that CI.cy.fIECIEy.tl it
I C Is

we will often omit the argument cog f a I
write 2 I G'I

Kotah we will henceforth write g fo of f
and yn for groans Similarly we will write f fou
fcu's Or sometimes we write Jmu fu etc Also we can

assume without lossof generality that g I














































































































We will study the Cauchy problem for
the quasilineau ware equation

GM0,9 u f is cost x m

l If 410 I U

with gin GI fatal

Theoremlunigic Lot g be a c alnissible metric
and f a C admissible nonlinearity Let u a to be

two solutions to Hj with no oo h r Tha ne o

p f Write

gmqo.ir fuu

given fr
so

griorovin ol y Ilario fit














































































































By the fundamental theorem of calculus

f n fo f ftp.ltutll tiolldt
I

J V fl tutti hot 13h 7 Lt

O

f la ri t Ir flu ol

for some continuous function f FM and similarly

Jr GI g ruin ol Jr 9 in.rs
for some continuous functions JM Jr

t
Thus with

w u t

gffouw jruqqrwtjmiqo.ro w

t I w t f rqw
This is a linear wave equation fou w for which our

uniqueness results apply
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Noth Derek

Mhchutt
yht.cat

t t Hh e

Whitt I l DI de
LII't tj 12

the Lef g be a C admissible nature and

f e C admissible nonlinearity Let no h CCECHRd
o E C Clavin M Suppose that r has local
compact support in x Set g geol f for and
let u be the solution to

JT 99 n fo in 112 112

410 no or to x112

9 49 h or 1 01 112

which exists and is of local compact support i x














































































































Set

ELLO WH I ta
fr lb teal t g DI9 a DI's u

t D ul l die
Lct I co T

Then there exist admissible majorizer and constants

I i th I G I Ca I 4 I such that

Much4 I E C Macnicol tf Ca e

t t ec Ncos Ct Wars Mhc 3 t Mucci de

T.Ehlo.nl G I t 2a Nous Wen Milos
1 EL coins

It f Ct x o n o ca I can be omitted














































































































Under our conventions f l but it is
convenient to write it for keeping trackof things
we will son fine write

gct.x.ir for gct.x.v.co etci O D D spatial

r f tote tht

tf EI co E Iti e MHCEIIHECIEI co.int

provide.IE is such that this is defined
To
simplify the notation write Eh EL Cair

E Eo Co rule

4 E f y quoin t g ji 0inopen

by part

ta f leg I9al t degjidial n t Lu 9th














































































































f g din t fit did 19th I g't judeaat T.gr 2gi07idt
t I off total t digit dugh t ha 9th

Saf th
t 21 gig qq.no

t by part

th f f day total t deglidi gu t ha th 2 g jugal

f f dah t day total t deglidi gu t ha thZi Li

29g jaga 29 g 1941

Since I Ddg ul tix 3 I f hiall and g depend on up

o d o

10girl t.tw t

thus














































































































TE E Z Neo IE t CI fully FE

Mert since EL co us 2 Ece Din differentiatethe
121cL

equation

g Ie Din D't t Cgi'll s's
Apply the above energy inequality to this toget
d Eh ZIC Win Eh t CI to yh Th

CellCgi D Jul
L'Lait

Th
To estimate the commutator

gillubin pigeon
note that it is a sun of terms of the form up to
constants

D diff D Qiu














































































































where if't t I p't 121 1 the d is there because at
least one derivative falls on gin write

Did g Dt flu DEdi g g D Youu

Did g Diqin
go geo o Since l

g 0 if p v o s

d d h at least one of the derivatives is spatial

Then
using some of our inequalities for Sobolev spaces

I D a
Dunellen f a INDhilly ft j onis

is It it del th we find D a spatial derivative

y't D Étui
Illit

tall b D't 2.111,12 D
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Since u has local compact support in t

gl tix on get not a golf.tl for x 4 Kc at
G compact

depending on T

11 Dlg g 111,012 1 ZILWCT

Recalling another
inequality

aisiiiiiiiiHans

fo F such that Fox or so

in D

uh
increasing

we find f go tix 01 0

Il Dh D't g illicit Eto athist
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we get do because gig dui Therefore

110 di g g D Youu11
L'ILit

E ZICWars Maco W Ca t ZILW Crs Mach

f ZI Wco Mala t Wen Mh o

write to fr f It fo felt.tl fit no
Since f has local compact support in t

folly4 GI
Applying the above

inequality for F to f f
f follyh I til Wen Myers

Putting all together














































































































9 EL E 2 i Win Eh t CI to hey tF

t HcoffYou dull th

E 2 Wco Eh t CI t til Wco Mhc 3 Ehf
2 Wars Mhcu t Wen Mhc 3 ET

E 2 Wco Eh t C
e FEL t

2 was Mhc r t W u Mhc r t Mani FEL

Using Ce JE E C CI t C EL

Mhc 3tW usUher IET twins Mhc STEL
E Cid t Wen Milos ta EL

Mhcn few E Ci Eh we obtain the second inequality














































































































for the first inequality divide by FEL integrate
a L un VEL F ML a

Lot g be a C admissible metric and

f a co admissible nonlinearity Let h u C CT N1
Vi E Nrm Md have local co tact support in i 1,2
Set
gin g Cri fief coil and let hi be the solution to
Jr 1 ni I fi in 112 112

hill I no o t o x112

44,19 hi or 1 01 112

t I Lo T O Y o and h a u

Then there exist majoriters 2 I 72,1 and as

Inissible constant C such that for t E I
Mola Ctl f Ce eup f Z Il Wcml de Moca Lol

t
t J 22 I Wani Wwii Wen Molo LT
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proof n satisfies

t.in 9n l orovu E horn

g Hun g him 1 Cgi f go.vn

fr fr t Iff g then
Sal

E ta f g lien't g 0 no u thin

a L proceed as above to get

ii E E 2 I twin E t fo f a TE

My g Hr
init

recall that in the basic estimate the team in power one in
the energy is multiplied by a Wi 1 tern that comes from
differentiating gY this is why we have wish here














































































































the difference can be estimatal
using the fu Law.taltheorem

of calculus like we did for uniqueness 4Th
gives a Wcw torn recall that 9th doesnot appear
Thu

Igi y 19h44am tater t

ilka
fobgiv.io

E t l Win Wwii Wun 9 ill 01
ma

E t l Win Wwii Wwa Mo v

similarly

fr f a ftp.lwwii.wwnlulolol
Thu

It E E 2
I Worn E t t l Win Wwii Wwa Mo v

Dividing by TE integrating using JET Moons














































































































and
involving Gunwall produce the result I

Thco Let g
be a C admissible matric

and f a C admissible
nonlinearity Let u C Hht't iii Mt

n E IthCri Ind where h Katt Then then exist
a T 0 ant a

unique n E C co TIxiR 1N
which is a solution to

GMO u e f is Costain's

UCO I u o t o x IR

Italo t u on It 03 1124

Moreover U has
regularity

u E c cost Hht cnn.in't

9th E C cost Hhc112 1124

Finally for any t C Co T we have














































































































htt f IEhco g f y e
f telwhildt

where the hits depend only on T and an upper bound

for Huo Il
yh

and 11411
Lio Hhlzio i Elt Elainct

Ef The proof will be split in several steps

Set up Let Luo ih and lui.it be sequences of
CT CIN Intl converging to Mo and n in It htt a d

Ith respectively We can assume that

no i µh t i ill
µh Cloth

where

do i Huo
Hah t 11h

uh
set

o tix o ol X

which has local compact support in x Define














































































































dit inductively as follows Given ri G Clavin in

with local compact support in x let wit E Claxin int
be the unique solution to

grit did it I fit in Rx in

it no it on t o xp

Dt it 9 t hi it on Itsolvir

where
Jit geoid fit f Cris Not that

it has local compact support in X

Boundary Let us assume inductively that

Macri 6 Multi a 6

for some b and O f t ET We have

W Co E G Il Deville tall't'd ill t G frillycap
E G Il ill ha t Ci'lldevilith 4 t icon














































































































where we used Sobolev embedding Using the equation and
our assumption the last fer i Itoi is bounded by

Iri
Louie

G
to oui viii it

toi t ti Louie
2 It 2 Macri t 21181

c 2 i 16 I t Mhcois

after using Sobolev's embedding our assumelia o g f
the miscellaneous

inequalities we used before and the induction

hypothesis Thu

Wco I 2Ille l t Mhcois

Similarly

W Loi i E 2 E i t ML Eri i3
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using again the induction hypothesis We now use the
energy estimate

Mcnitt E C Macnicol t f Ca e

t t ec Ncos Ct Wau Myers t Mh cut de

with a Hoi r ti ri to get

Mh Loi G
eMacri lol t J L C

L b
t 2 i WCri it Wcoi dacoit t Mhcois deI
1 Eel 6 E 7,161Cl tuna

I G Meri lol t 2 It 6 J l l t ohhhh da By Cromwell

Mh coil C G'I Maco cost ftp.ce et














































































































Choosing 6 large enough depending on Co CI and

T small enough depending on 6 we have

Mh Iri E 6

We need to verify flo is 1,2 case i e we need

MhCoo f b Mu Lo E le For i l we have

Mh Coo MLC no G tl
so choose 66 Gb 1 I For i i e v we apply Hcabove induction

argument Io this we need Cri 1 woo
E 7,161 which above we obtained using the induction hypothesis
for Ui a uhch here would give 1 see the above where it
says similarly But here in have Woo 2ele directly

from the fact that v is constant in time and fun 5boler
embedding














































































































Lower norm
convergence From linear theory we know that

i E C 9T Hht'Limi A c Coit Ithunn

In the estimate for differences

Mola Ctl Ce eup f 4 Il Wcml de Moca Lol

t
t f 22 I Wahid Wco 7 Wco Molo LT

O

V V v2 I aid us u u choose H Oi o H Y
a H 0in n 1 74 to get

Mo Jit il E C
I exp f 2 Wco 7 da L M sit 9 Lol

tf 2 Wlvi wcsi.is uloCoi vi di

3y the foregoing We coil ftp.lbllltmhcois 2 i Ill so

G et t M Crit ricol t t Elf Mocs ri 712














































































































put a sup Mo r ri tt We can assume
0 It

ThatT is small enough and the approximating initial data
squence are such that C et t t 2 IE C t and2

C et t M rip ri o E 2 they

ai E L t
t ta ai i

The
air f t za a e toot ta e toot fo t ta

i f i I

Ti t g Thu

Mo Oi j ri M vii j ri j t t d Crit 9J
f it j 2

It
t 1 t t t

Li 1
Since

converges we conclude that foil is Cavalry

in Cocco T H in MC CGT Latin l hence
coveys














































































































High norm convergence For any 0 Lech interpolation

Il n Il f Il U Il ss s
H ca't H's

in History
S L s CSs

fires

oity Vi
yet t to t i t

Helge
htt Lei11 lt I1 vii j ri

ti ri
a

o bounded by energy estimates

h e
l o1 levity 9vill h o ToHdfii j t
HhEtHLEH

hence foil converges in Coit AltCir's A c cost Heem
e ch Since he I l l we can take l not necessarily integer
that l 1,11 He.cc by Sobolev embedding the

sequence converge in o T C CMI Mc cost C CN l 1














































































































Using the equation we got that did converges in Cocco t cons
We conclude that the sequence converges in C cont x in

hence we obtain a C solution

Top nor bou l.tn Desoto by a the above solution
we already know that u E H't'llp 7th E Atlatl Ich
or each fixed t the sequence wilt 11 converge in Hht lift
and i bounded in Ith ait hence the limit is in Ith call
Similarly fo 7th thus ult E Hh Litt Janet IE It Lie

It remains to show regularity wink t and the
energy bound

IIcontinuityweal Let us first show that u is really
continuous win t t i e gives a bounded lines functional 4 on
Itht ca't the map th y htt is continuous

9 is represented by an element in H
h
LM

which we still denote by 4 so














































































































4 n Jen
In

Let 9 be a
sequence of Schwartz functions converging to 9 and

i as above

54 alt CL Vitti

E htt LY htt t Yj htt Yj Vitti
t Leg i It Y Vitti l for o c e ch

154 alt CL Vitti 119g Elly hi ma l attilllyletian

t 114 lifelaw act l Vitti
yet 4

41gal yh't

Fix j large enough that

Yi Elly hi hlti.tl
yhticm thViltitllyhtil C E














































































































which is possible since htt
light th wilt tlight is bounded

by the above Then Choose i depending on j such that
114glifetown tutti Vittislyly t

which is possible by the convergence for 12h thus

I c e hit wilt I 221 O ft T

and u
converge uniformly in f to a writ the weal

topology But the oil are weakly continuous in t since

they belong to co cont Ithacan thus u is the
uniformly limit of weal continuous function hence

weakly continuous A similar argument applies to 9th
timi.ca invity str Let us show that

lin
g

lactis 9 Ight t tutti l deals
yh

20

i e right continuity at t o Left continuity follows by














































































































reversing time and continuity at any to by taking nlt quite
as initial data for the problem on to T We will use
the estimate

htt f IEhco t g f y e
fo t't Whildt

that we will prove later Sot

hit x
y t lo n da i.e y t lo t uh dulosis

Under our assumption and the results established so farthe following is an inner product o Hht CHI v Khun's

equivalent to the standard one

lo ist la si t h t l D o Oj w t Dia Dio

t DIR DI w dir

Connote

h no 7th u I h no 9th hi

width Cho n I l n Dfa Cho h














































































































I l th9th la 0th t no 41 theh 2 Lh Oth Cho n

Since
fo I gio u int 4 we have

IELLO Cho a I Iho 41

The map n t 9 deal Cho un defines a linear functional
thus by the real continuity established above we have

din l n fer Cho un Cho a I Iho 41 IEh oC ot

Thu
Limsup f h no 7th u 1 h no 7th hiC of

lin sup th 9th la 0th t no n the h
1 ot

2 dins p l 4 th tho u lin sup th 9th la 0th Ehlo1 ot 1 ot

fin 4 th la lehi IEuti

t dinsup HILLII ELIO
t not














































































































F non the energy estimate linsup HILLIl ELIO so
t at

Limsup f h no 7th u 1 h no 7th hiC o t

f f soo H th la 0th 1Ehlti

Write

H th Iu 0th IFhtt

ta J III DINI't h tD Dino D.int DIu1d dx
Zit

ta fl g lot's ul't gatO Dino D.int DIu1d dx
Zit

n I h t g D D n D D IndiIfill III
c a

c G h J
L ith cat

For I t i e e ch by Sobolev e bedding our assumption the
miscellaneous

inequalities as above the fundamental theorem














































































































of calculus and writing
lo t Inco x g l t t dulo.tl ty lt x 7ul9tij j'Ct x7uCthe hare

11h J 11L t 2 It to the
He

which
goes to zev who t ot since we have strong

continuity in the Hht Hl norm Thus

0 Limsup f n no 9th u 1 h no 9th hi I 01 of

which
gives the result by the inner product

equivalence

Energy estimate for u

It remains to show

htt f IEhco t g f y e
fo t twins d t

tote that we here to prove this cithout using the strong
continuity since the proof of the latter relied on thisestinate
Recall














































































































1 Ehcoins G I t 2a orcasWerst Mico
1 EL coins

Apply this inequality with 01 7 ri n t rit no Huo i U H ni i i

Euloi sit E Ehl vi rim lol t J CI

t 2 Il Wwii Wwii 1 MI wit t Euri vii n dq
We compare

1Ehloi vii Ehler vii it

go I't it l t f f Dion le on
I D vii 12 dx

ta I I't's it l t fine fDilip le vii

l DIvie 12 dx I

fti g
Louie

d t














































































































Since Ji 7 h in Cfl coitsxn we have that the

hits 20 th

dinsup EL tu dit kin've Ehloi viii i s

E linsup Ehl vi rim lol t J CIi s

t linsur2 Wlvi Wvit 1 wth wilt Ehlri vii n dai

we used the reverse Fatou's lemur to move the linesup inside
the integral which can be invoked by Ehlvi it Cip161

By the C convergence Nevil Wth and from how the
initial data was chosen

Ehloi vit Ilo Eh lol Moreau

Mil vil f G Ecu vi by the properties of a established so

far and
consequently of ya so

linsup MI wit E Ci LinsupE th uit
i i i s














































































































Thus

dinsup Eletu Viti
i a

E EhlottJ CI t t th
jur Ebla oil di

Gronwelling

t
fo 2 Il Wchl Izdinsp ELL n uit E Emo t 1G'I ei

Since Oi converge is Alt Hl and is bounded in Hht Hh
it converts weakly to u is Hh Hh this remains truefor
the equivalent inner product since it is bounded there too So

5him f 27 ti t's 9 D T t g deDia DIn1211L

t a Ddg

dinsup Cu Oth lui dere
i a

f dinsup Il C u 9th Hu II lui 9Ji 11hi s

112
Ehim Ehlu oil














































































































where we used the Cauchy Schwart inequality for the
equivalent inner product kith norm denoted 11.1in Hence

dividing

IEM in lineup Elitch oil
i o

which implies the result
El














































































































Continuation criteria and smooth solutions

we are interested in the following question if a solutionis defined on co T can it be continued past T If the initialdata is c is the solution

Thco Let g
be a C admissible matric

and f a C admissible
nonlinearity Let u C Hht't iii MY

n E IthCH Ind where h Katt Let n E
C co TIxiR int be a solution to

GMO or n e f is cost ah

UCO I u o tiolxin

If 410 I u on It 01 1124

T o Then u has
regularity

u E c cost Hht CIR int
µ9th E C cost Hhc112 1124

and for any t C Co T














































































































htt f IEhco g f y e
f telwhildt

ft
where teh is a in the previous theorem Let Th be
the Supreme of T fo which n is a C solution defined
on cost and satisfying H1 The either TL o ou

din sup WCh z N
t Th ol ttt

P f We know it and ft to hold on a possibly
smaller interval i e the interval where the iteration ofthe previous theore

converges Let I s the set of time
To C Coit soon that Hl and HA hold e Cost we

already know that I is not empty For To C I we have
ulto OthIto C Hht Hh so we can take it
as initial data and obtain a solution defined on Cto To t e

for some e o and satisfying HJ a L HH on CT Totes














































































































Since and kx hold on 19T by the definition of
Te HJ holds on 0 To t E Moreover

1 2 Wchl di
IEutt e GE lo t Ct e OE t E To

t
z Wen t

Eutt E thro t aCf Te et to E t 1 Tote

Applying the first inequality citt 1 To u find that the
second

inequality gives

t
z Wen b

ELCHE Euro t all to I e't
To

Eaco c y e

2 Wen da

w
t cicf.to I e't

2 Wanda

f C t since e at
f E CT T t El

El Eno a et yet
2 carnitine














































































































fof 2 was de
E Ehlol t G't e

showing that I is open

Let T To T E I Since Ti C I
HK holds for each c hence htt Itu T 1 C Hht Hh
is uniformly bounded independent of i Because the time
of existence depends only on the site of the data and

the structure of the nonlinearties this uniform bound
gives

a solution for each data htt i 1 tutti t defined on

Ti T t c where E 0 is independent of i He
we get a solution

satisfying Hj past To art by
continuity Hk hold as well Hence I is closed thus
Hs and Hk hold

For the characterization of Th suppose that
Th ca but

Li sup W ch z D
1 Th ottet














































































































The Wen is bounded on 9Th Then HH implie
that teh has a uniform bound on 19Th Arguing a
above we can construct a solution past Th contradicting
the definition of Th a

Convo Under the same assumption of the local
existence and

uniqueness theorem if no u E C Clint

the the solution is Ca

proof this follow from the fact that the data
is in Hk for any h a L that Th is the previous
theorem is independent of k a

Remarh If y does not depend on In we can

replace h Iat by h I and was to involve up to first
derivative of u only This can be seen by inspection in the
local existence and

uniqueness proof














































































































theater
we will now discuss the concept of characteristic

manifolds or characterities for short Those play a role similar
to the core in the standard wave equation It will be
important to distinguish between elements of the tryout and
cotangent space at a past even if we will consider primarily
equation defined on 0,13 112 the generalitationfo manifolds will
be straightforand though We begin with several definition and
give a motivation further below

DIF Consider in I Coit xD a linear Scala differential
operator L of order h with principal part

p n I a D
121 4

For each E I and each J G T I we can associate
a polynomial of degree h is T I called the characteristic
polynomial of at Sy

P ix 3 air 5
Idle h

where 5 30 5 and we abuse notation
using P fo














































































































both the principal part of the operator at its characteristic
polynomial The con V c PI CT Ir is defined by

Plex 3 0

called thorite at x Although the set
need not to be a cone in all cases but see below

i Fou the wave equation more precisely the
wave operator but we abuse terminology

htt t Dh 0

the characteristic con at any is given by the boundary

of the light cone so't1512 0

EI Io the transport equation

9th t T On o

the characteristo cone have the form

t I I e o

is ii It
Identifying it with a

ii iii 13,5s0 e for
I

Vycpj














































































































Def A regular hypersurface 2,7 C E i e a

hypersurface for which tangent sectors are well defined is called
a Iacteristimated characterist surface or simply a

Frauteristic for
P Lor fo L if the following holds

2 can be locally represented as X E E 441 01
d4 O Setting d4 E V er for all x E

f 41 1 0 We also call 2 a Ill hypersurface

It is convenient to also define characteristic who
we have a curve instead of a surface More precisely
we say that the flow lines of the vectorfield u are
the characteristics

for the operator und this is
motivatedad by the characteristic cone up so

Ey For the the wave operator htt t c art
the characteristics are the curves x tot ate The
characteristic cones are go t c 3,2 20 5 I C13,1
Take e.g fit x x Ict dy txt cdt 3 5 to 15,1














































































































In order to generalize the above to vector valued
diffatial operator i.e for systems of PDEs we need

to define the principal part of a mixed order
openato live consider systems of PDEs when the
equation might have different orders

Def Let Li C Cr Rl CTR 1124 be
a linear differential operator Assume that itis possible to find non negative integer he 4g suds

that

Lu J ht Cx Dm JI UI t bJcx Dmk hi InkI

t E r I J K I d sum over I K where

h ex Dmt J is a homogeneous linear differential
operator of order me ng which could be identically
zero and b'Cx Dm T is a linen differential
operator of order mu ng l which could also be Zeno
Under these conditions the rt of














































































































f L is the operator

P h Cx Dh Jj
Ii J I d

and the characteristicnl is defined as

pcx.es dot htt x est
The definitions of characters and characteristics
extent to this situation

Read We also call 4 x es the characteristic
matrix and dot hfcx.gs the characteristic determinan
of P tote that it is a homogeneous polynomial lines

of degree m
hg The indices he is are defined

up to an overall additive factor

EI Consider the system

unfit Y t da t f

JM9,14 It t Id t 04

JM u 9,49 4 0h4 t O't t 0h01














































































































This system has the above structure with
the choice

4 4 01

hi 3 ha 3
my 3

n z z l h 20

Then the principal part is gives by the LHS

all 0 O

II L fir

ruin XO 0

even though there is a 7h01 10h42 dependence on the
RHI To understand this recall that we already
know the definition of the principal part itall equations have the same order Transforming
the system into this case by taking 92 of
the first equation a I 9 of the second we find














































































































ay to to'do

024 t o d t d'd

and we see that the kits is indeed lower order

Def Wesay that pox s is a hyperbolopolynomial at t
f thereTrist J E Tt I with the following property given a
on zero O E if I that is not parallel to 3 the line 13 0

where d E IR is a parameter intersects the cone VIP

operator at x if pox s is a hyperbolic polynomial at xiiiiiiiii.iiii.isTsimply say hyperbolic if these conditions hold at every x
h is the degree of Pex

Remark The definition of hypertolicity varies
across literature and sometimes qualifiers such as
strong strict weak hyperbolic ane used to make
distinctions among different definitions see below














































































































i Fou the ware equation any 3 in the interior
of the lightcone satisfies his property For the transport equation
any 3 not parallel to 3 I 5 0 satisfiesthe property

13 to
1,3to t

To
nTo n n 1,5

3
1,51 13,5 0

VycPl Vycpj

theory If Pix is hyperbolic at x anddin I s s the the set of 5 s satisfying the definitifies
forms the interior of two opposite convex half cones
I t't l Pi f CP with II cry non empty and
whose boundaries

belong but need not to coincide with V P














































































































EI Lct g be a Lorenteia metric and h be
a timelike unit vectorfield i.e

g pump l The
operator grunt 9,40 is hyperbolic

pix.si Jmu 3,13 0 Thu

18 1 0

n 3 0

13to X

n 3
3

un

y
VycPl

Ws gmu o Illustration














































































































rt s

h

flub
5 O

y
x g

Ub one form

DIF We say that L isweype.cat x

if PCx 5 is a product

Pct 5 P ix 3 Pyle
where each pilx is a hyperbolic polynomial and the
intersection

I tip II I CP I't er II I crit
Ahave non empty interior when I Pil are the convex

core associated to Pitt 3 If in addition P is diagonal
i.e h O fo I J and each diagonal entry














































































































of P is a hyperbolic operator Cat xl Hc we say

that L is a hyperbolic operator in diagonal form at x

The reason to consider the intersection of the cones
can be understood with the following example Consider

htt t hurt hyy O

Trx t Ttt toy I 0

which are two wave equations with x playing the role of a
fine variable for the second

equation But

htt t hurt hyy v

Trx t Ttt toy I h

is not a couplet system of wave equations because they donot
shame a common direction of e ohh's i e a common fine
variable This is reflected by the corresponding cone having
empty intersection














































































































Consider instead

htt t h xx thyy v

291 4,43oh t oxy toy U

This is a system of coupled rare equation with
a common evolution direction The cones are omitting the
y rariable are deprotel as

t n t
t.br1 x

r t 4 1

f I ri i
t

x

1 tr
r I

The blue cone corresponds to u and the red
cone to 0 To see the late consider the coordinate
syston given by 1 tf x o t Sx 0 i e consider














































































































the variable

E Eax Lt I tax that
with respect to which the red cone is a standard

light cone Set

w II I ult ri
Thes

nI f I Eat f x X x t ft
AI I at I 47 xp 7it Eat Lt Iti En ti I
we of te t ox xp Kot t f or

rWII 9 t ti t 9 tf th 9 ttt tox te
L

11

1 off t 21 oh t oxx4 I 121

Wj of 1 I tax x t of x 4,1 ryL

w
EF 110ft tf toerag I Ittf on tiL 11

Tutt FF9 x t Tx Hu














































































































WII t II 20ft Foix t oxx

so th r part is a wave equation with time I
and cores given by T III i.e I 70 ant

tax taxthat Ex ft t rf x I I tatty1

faxthat t x

The next definition dualize the above construction

Eef We define the du let IP at
T I as the set of r's E Tr I such that slot 10

for every 3 E I't't c P be similarly define 6 CP a I
set 6 P n ExtCpsu z p If the cones 8 LP and

GILP can be continuously
distinguished with respect to

E then E is called tinted and we can define
future and past time direction A path in E

is called future if its tangent at each














































































































point belongs to Et CP e Ps and I
Lausal if its tangent at each point belong o is

tangent to e tip film A regular surface 27
i.e a surface forwhich tangent vector are well defined
is I is called spacelike if its tangent vectors at
each point are exterior to 6 P

them Despite the terminology the above definition
are made in terms of the principal part P of the
operator L without

reference to a Lorentzian metric
The terminology capture the close connections

among
hyperbolic equations and Lorentzian geometry














































































































Let us now give a motivation for the definition
of characteristics Consider the linear PDE

i II in t

E
in

Pu 1 Qu f
where the a are dirt matrices so we assume the equation
to all have the same order for simplicity a I f is given
Consider the Cauchy problem for L with data give
on 1 0 01 i e

Lu f in Lo t x 112
I

Dhu lo Ux on to o x 112 IN E L l

At this point we are not assuming L to be hyperbolic
on have any other structure so we do not think of to
a time If the Cauchy problem is uniquely solvable
then in particular all derivatives of u on I x i of
an
uniquely determinate intern of the initialdata Land f














































































































Writing
tPu a D u a D n t I asDhu

KI Ih i al IL
L at

where 4 2 h o o the equation fire
k
in
HE i ti lok

The kits is entirely determined
by the data This fok

b ul to be falgebraically determined by the date ne
Li

heute

delLaila to

Observe that if we define 441 xd tho I is
441 01 3 dy L l o o and a ak a 3 so
the condition become

Letta 34 to














































































































Differentiating the equation and arguing a above we can
inductively algebraically find all Levirah're of u along E in

terms of the data I e we can formally solve the Cauchy
problem if I i non characteristic

Consider nor the case where we give Cauchy
4th along a hypersurface 2T gin by a level sat
041 0 with dy yo Let us

again ash whether
all derivative of h along E

Since Lcf fo in the neighborhood of each x ELT
7144740 for some Leo n Let us assume for simplicity
that 9 of fo Then

I e f
fl t d o

ya d 0

defines a change of variables Tho

i mi
e mri














































































































we can write D ME D
Intuitively

we find for 121 L
Dd MD t nd

whine Rt is a differential operator of order C h l and
175 It is obtained by considering In as a constant matrix
i e not applying differentiation to h when we write
the several terns in MI5 h ey

Enot.in a Imi I hi III t

Man Rae

Then in I coordinate P become

P n I a Dd I a 51 Z E Ed
121 h 1412k 121 L

Since derivative of order l in translate to derivatives oforder l in F and vice versa the data on 2T give data














































































































on E 150 01 fo the Cauchy problem is I
coordinate and the insensibility of the coordinate

transformation implies that we can determine Dhul
in terms of the date on 2 if and only if we can

determine 5ha
Iq in term of the data on E But the

latter holds by Hc ahu can fly x if and only if
dot 5gal 0

2K h o o Now

richo o ad M with 5 11,0 o i.e

451 Mitra Mi HEI mish
C y is 2L 2 1do d

on in.io rt i i tn

5But ME ha p for 5 11,0 ol But

MY n

0,4 441 i.e














































































































MT dy 3

and the condition to determine Dhul reads

delta det aachsid I detta 5 f o
i e I must be non characteristic

From this we conclude the following Data can

be freely specified o.ly on non characteristic hype surfaces If
E is chanacteristic the there must be compatibility relation

among the data also called constraints E y consider

att x Uff t un t 9th 0 in Co 01 112

Uto I J l

91410 L

Suppose that alo xl 0 Then if h is a solution restricting
to t o

4 101 1 t 0th19 1 f t h 0

so g and h cannot be freely specified














































































































Image startingwith a non characteristic hypersurface

and bending it become characteristic

eristicChanel

non characteristic

Sisu in this case we transition from the ability
to freely specify data to data that is constrained we can
imagine that this mean that along the characteristic the
values of the derivative of a hare already been determined
by the values assigned as data before we reached the
characteristics

For hyperbolic operators something like
this is true

For weakly hyperbolic tho also hyperbolic operators
under very general condition we can define the causal past
of a point which is the analogue of the past light cone all
re tox at a L prove a domain of dependence property i.e














































































































that a solution at depend only on its value e the
causal part of X at the boundary of the canal past of y
s a characteristic

manifold exactly like the boundary of the
past light cone is characteristic for the wave operator

It follows that we can roughly say that for hyperboleoperators i fo nation propagates along the characteristics This
maho the study of the characteristics important in hyperbolicproblems

One way of understanding the atom domain
ofdependence property is as follows Suppose that we have

an operation L with the property that gives Cauchydata on a subset 5 of non characteristic hypersurface
27 thou exists a unique local solution is a neighborhood

of S Let us not worry about the precise hypotheses
regularity etc but let us imagine that everything

sufficiently well behaul so that what follows
makes sense If the operator i hyperbolic or the problem
satisfies the assumptions of the Cauchy Kovalershaya














































































































theorem see below or of the Holmgren's uniqueness theorem
a typeof generalitation of the uniquenesspart of the Candy
Kovalevskaya theorem the such a situation is true Consider

jira initial data so the solution is uniquely determined in
a neighborhood U of S Lof be the largest neighborhood

of S where such solution is uniquely determined by the data
The IT is characteristic To see this suppose a portion

c 9Th is not characteristic

The solution is fr induces data on V Thos

he can solve the problem and obtain a solution

is a neighborhood T of V that continues the
solution beyond Tr Since the solution is 2T is

uniquely determined by the data on S so is the
data induced on V and tho the solution in T
But this would contradict the definitionof Tr
The above argument is only heuristic but

fire an idea of the domain of dependence property














































































































Illustration

FS

Default All of the above notion generalize
to quasilinea equations In this case given a function o
he frasilinen operator

Lu h Lxu D J n Dn hi t b't x Dmt J nu
ccomes a linear operator if we replace

En t h Cx r Dh hi o D HJ t b't x Dmk J K














































































































so that all previous notion apply In this case we

talk about L being hyperbolic at x for a fire r etc
we are particular interested in the case when u tha s.luio1self if it exists or is the initial data which makes sense
since the term in involve only up my h 1 derivative
of although in the mixed order case move care has to
take in defisining what derivatives must be specified as
data and there might be compatibility condition even

for non characteristic surface thinkof previous example
of the system with indices for 01,02,4

2 the previous argument of solvingfor Dhul
in terms of the data if Li is non characteristic which applies
to quasileau equation as well can be used to produce solution
in a neighborhood of E as follows I duotively we determine
all derivative Dent The l taking 29 1 x t o fo
Simplicity we consider the formal expansion














































































































Iactin 2 atDdalo x t
121 0

If everything in the problem is analytic then we can

show that the above series converges and is a solution This
is the content of the Cauchy Kovalershaya theorem This
procedure of solving fo Dhule can also be useful for noanalytic data although the series will not converge on genealfor non analytic data for data in Gerrey space which is
a generalization of analytic function we can still workwith
the formal power series as a consistent tool to produce
solutions More generally we can consider the truncated series

µactin 2 at 15h10 xi t Ivy II
121 0

to obtain an approximate solution Such an idea is often
useful when dealing with a technique called the Nashikitch which can often be aplicL to PDEs for whichenergy apriori estimates are not directly available














































































































Einstein
Einstein's equations are the fundamental

equations of
general relativity The basic problem we are interested is
the
following find a Lorentzian

manifold 44g where Einstein's
fuations

Ring tugsg T
or in coordinates

Rap targap tap
are satisfied Here Rap Ring ja is the Ricci curvature

of the Lorentzian metric
y n is the scalar curvatureof yand T is the

energy momentum tensor of matter which contains
information about matter and energy interacting with gravity and
depends on the problem ey if we are studying a fluid
interacting with gravity has a certain form if we arestudying electromagnetic fiells interacting with gravity T haanother form see further below for examples














































































































when T 3 we have the vacuunEinsteinegia

Rep tangap 0

In relativity a vacuum can be dynamic and quite complexand u should not think of it as emptyspace when
nothinghappens

bc sometimes use the t.vn
eEisteiefatio or

Einsteinium to refer to the case T fo
The touminology matte i used because in general relativitywe call matta anything that is not gravity so electromagneticradiation would be called matter

Although Einstein's equation can be studied in

my dimension we will consider only d 1 4 which is
the case of most physical interest

Taking the trace of Einstein's equations
HT g Tap R

we can thus
equivalently write

Rap Tap Tat CT gap
I particular in the case of vacuum Einstein equation
can be written as














































































































Rap O

Thus the vacuum Einstein equation correspond to the

geometric problem of finding Ricciflat Lorentzian
four manifolds

We will work in local coordinates with x'I an

arbitrary coordinate system 1 when needed later on we will

specify a specific system of coordinates Since we donot
hare a canonical system of coordinates we do not at
this point think of yo as a fine coordinate although
there will be a way of constructing a time coordinate
late on

Most of the features we are interested an alredy
present is the vacuum case so we consider this case in detail
later we comment on the case withmatter and by Einstein
we will mean vacuum Einstein who there is no confusion

Shu Ricci involve P to tu derivative of the
metric we see Rap as a second outer differential operator














































































































acting on the component Jap Thus Einsteins equations

are a systen of nonlinear in fact frasilinear see below
sew 1 order PDEs for gap

We are interested in the Cauchy problemfo Einstein's
equation Fo this we need to understand which hypersurface are
appropriate to prescribe initial data i.e which hype surfaces
are non characteristic A direct computation

using the definitionof Ricci curvature gives

Rap tagmqougap lzgmq.org terns invoking
up to 7g

tagmoaovjrptkgmf.gg t Hardly
I ping t Hapcog

To make the notation mon dear first consider a at a

nitric h recall the remarks on the definitionof characteristic
for quasilinen problems

Rajoy tahmqouyap tahmo.org

tahmqovjrptthmqf.gs














































































































This is to viewed as a operator acting
in the unknown variable y which is organitol
as a recto valued function the function taking
value is Med in the previous notation which we

write a the ten component rector

u
Joo go Js

there are 16 components

gap but it suffices to
cons d the 10 independent components since

gap JpThus the characteristic matrix of T2 al h
acting on u is

Pch 3 a
a tahmfufap

tahmsisrgmttahmsas.fr
t

trippy














































































































For
any h anl any 3 Plh

always has a kernel a we can always pick
u with entric

Jap 3asp 3 to
go

pch.edu
ap

0

so dat Pch IO

Hence
every hypersurface is characteristic

fo Einstein's equations This can be

viewed as a
consequence of the diffeomorphism

invariance of the cfuations One
way of seeing

this is as follows Suppose that the Cauchy problem
can be uniquely solved fo data given on a hypersurface














































































































LT with the solution defined on a neighborhood U

of E So we have a
unique g satisfying

Riccgl 0

in U and taking the correct data we leave

a t for a moment what it means to presuovibe data

for Einstein's equation but at leastconsidering them
PDEs fo the component gap in local coordinates

it is not too difficult to make sense of it
Take a diffeomorphism f i U a suds that
4 identity on a neighborhood is of 27 with VT
properly contained in h Sot hi Etty Tha

Ric h 0

Moreover hi y on 2T and their derivative also
agree on a coordinate chart but h g in U
Thus h and

g are two different solution to H
Cauchy problem














































































































Of course h and y are isometric but from
a purely PDE point of view they are different
metrics hence

different solution This tells us that
when we consider solutions to Einstein's equation we

will have to do it up to isometrics

The constraint equations

The fact that every hypersurface is characteristics

f Einstein's
equations implies that initial data cannot be

prescribed arbitrarily To understand the constraint that theinitial data has to satisfy consider a fine oriental Lorentzian
manifold Mig with a L embedded smooth spaceliho hypersurface

Li We
require 27 to be spacelike because it should play

the role of the t o surface where we prescribe data Let
g and to the induced metric on I and its second fundamental

for inside Mig Then j a it must satisfy Ho
Caus Cola2 ti equations














































































































Euro gigi Iron ri tart
tert

It It throw Ii
where it is the Rieman curvature of J F the
covariant dviral re associated with J N i the futurepointing unit normal to 27 and indices are raised andlaunch Lith

f
tote that Jap ga t Nate since

JapNP i N t n t NP 20 so give a vectorfield
I we have

It Ernest t g f If
projection ont µ projection onto

orthogonal to µ I














































































































so that

Jap E Ef ga j rjfx

g.pl gftv.ir lgftifNs1xr r

Jpn 1 trip gritters I'IT

Jps t intr t trip trial IT

Her tirts Ir I g a Er or

as it should be for the induced metric

Observe that

tip jar ii err
I forties

where Rap and I are the Ricci and scalar
curvature of g Thus if g satisfies Einstein's equations














































































































pi jar g fr Rapier

jarjrrljigigiiron.no tartu
tier tar

g for g Earl't j joint
H t t Il foot trio Rzr

R

L g o R not N to R t t N'Jorge
p3fµr to R no

Ry one

0 by Ryne Rr zo
t Rojo

n R t 2 Rap waif 2
Rap tangy N NP 0

when we used
gsp jeg ajar and similar identities that

can be verified directly














































































































So

E t t's A
If I't 0

whom the barrel indica indicate that contraction i
with respect to f Also

7 the art throw o

But

g
r Jatinp grip liar j r r nitrate
fj r Fair ft E I Eptp ar

N N F tir t N Nr iftar compute

N N E Er t Nd n r iftar N'NrlTstar Etr
n't f j O tar ji Ostre
iv Nrl ggo Krp j O orNe 0

where we n s L














































































































tar J O tap tap Kip
Nrµr I NrKip O N j 0

Thu
i

5 I
p Ept 0

we are led to the following

Def An i t for the vacuum Easton
elevations is a triple E y h where E is a three dimension

manifold g is a Riemannian metric on I and h is a

symmetric two tensor on 27 such that theEinstein
constraints

Rg thigh try 0

Og trg.h dirg.tn o

are satisfied The first equation is called the
Hamiltonian constraint and the second the momentum

constraint














































































































Above the notation should be self explanatory
but

Rg tug I
ly Og a I

dig anu respectively

the scalar curvature trace norm covariant derivative
and divergence with respect to go

Def thccavohyproblcmforlvacw IE.is ei

Iti's consist of the following Given as initial data
set 12T y h find a Lorentzian manifold Mig where

Einstein's
equation are satisfied and where I g embed

isometrically with second fundamental form h

Several remark are in order

We
roughly think of I as playing the note ofthe It 01 surface go and h a

Jlt d tHt o
although even in a heuristic sense this cannot be
quite correct If we consider the equations in local














































































































coordinates we should be prescrib t JapIfe l
t Jaffe

fo th le independent
gap b t Siu

g and h are

symmetric tensor
or a three dimensional manfoll they

only have six independent components so we can only
prescribe taking coordinate where X 1 0 represent E

fit It Go ij i 9JigIf f hij We will see that

the
missing component

go 4go can be chose more

or less freely This is what physicists call
gauge

freedom and it reflects the fact that Einstein's equation
are

geometric i.e invariant by diffeomorphisms
Thinking of diffeomorphism as firing locally a change

of coordinates we have few coordinate faction 1 41that we can freely reparametriec to fix go the
way we want














































































































Before investigating the Cauchy problem we
need to make sure that initial data exists i.e that it
is possible to find g a l h satisfying the constraints
This turns out to be a problem on its own When

appropriately formulate the constraint efration become

a system of nonlinear elliptic elevation for Iyo h
The solubility of this system depends

among other things
on the

topology of 2T Moreover
often we want more

than just satisfying the constraints For example ifI is not compact we would like to find gosh will
prescribed asymptotics

We will not discuss how to solve the constraints

It suffice to know that there are plentyof situation
whoa Hi can be done so statements about initial data
set are not vacuous The study of the constraint
equation has a long history and continues to be an
active fiell of research














































































































Thecaudin
Is this section if regularity is omitted it momc

We will use a special system of coordinate to
study the Cauchy problem

Def A coordinate system x4I in a hoatzin
manifoll Mig is sail to form w dic if

47g Xd I 0 2 0 3

Ig is the wave opeator u r t X i.e Dg Off
0g xd means Dg acting on the scale function x feach 2

R h Notice that wave coordinate depend
on the metric

tear In the Riemannian case f Of is the
Laplacian of y so the corresponding coordinates are

called harmonic coordinates We sometimes use th ter
harmonic even in the Lorentzian set














































































































We have

Ugx qorxdn.gr qq.in
gm fax I v x

p gov 4x4
Sf ga

l

gruff
hence harmonic coordinates can be also characterized

by

gruff o

It is always possible to construct rare
coordinates in the neighborhood of a point

V f Consider coordinate Ix Ij about a point p
we can assume XDLp 0 and

identify a neighborhood ofP where the X l
are defined with a do ah U

containing the origins i m with the x s identified














































































































with the
corresponding coordinator is A Denote f i yo

Consider for each 2 0 S the Cauchy problem

Dg y 0 is Mr R

y lo x x4x 2 x on It 01 112

Jtyilo r x x o on teo xD

Dg Y e O in 112 112

Yolo x x4x 0 on It 01 112

II Yolo H Y x I 1 on teo xD

Ely computed c v t X's coordinates

If the xD's wac wave coordinates the year
would be solutions This problem admits a smooth solutio

Y Is a sufficiently small neighborhood of the origin
the yd fo n a coordinate system by the implicit














































































































function theorem since they
agree

with X on the

initial slice But since
Dgyd is coordinate

invariant it also bolt that

Dg y o

with
Ig complete v ht y coordinates I

we will now derive a
useful identity Set

f
gruff

Tho

did
grog org vt gx 9 Irv

2g grumpy theyre Order

2
gruff gM9rJm

dependingTh
o atmostog

ftp.f 2fmhhgor gMla0ogrvtHarl9yi














































































































Switching the roles of 2 and r ant adding the

resulting expressions

29 lyr.tn t29oCgaa 4

2gruqoayota0r0rg.u 2fruhiojmtHar0p1

Recalling that

nap t.gmqouyap trmo.org

tagmqovjrpttgmg.gg t Hardly
Comparing to the above

Rap t.fm y.pttalklgprIrltflgy
rtItHapl9y

In wave coordinates the tern is brachots vanishes so

Ra tagruff ga t Hartog

The principal part non is a diagonal matrix with














































































































entries
Ign7,9 i.e Einstein's

equation is

war coordinate heart

tagruff ga t Hartog1 0

which is a system of quasilineau have equations for which wehave a local existence a L
uniqueness theorem The problem

however is that wave coordinates depend e the metric i.ewe need
g to construct wave coordinates but g is what

we are trying to solve in the first place We will see
how to overcome this difficulty in the next theorem
using a nice trick due to Choquot Bruhat is the
50s when she established the first local existenceand

uniqueness result for Einstein's equations
Def we call RT Lymon gap the

reducel Ricci tensor and 13 t Har vlog 0 the
retral vacuum Einstein

equation














































































































tho Let I 2T go.LI be a smooth initial
Lata wt fo the vacuum Einstein equations Then

there exists a solution to the Cauchy problem for
the vacuum Einstein

equations with data I

them We sometimes call a Lorentzian manifoll
Mig that is a solution with data In development
or

Einsteinium.to I

P f Consider Rx 27 let p E Li xil
be coordinate o a ope set U about p r Li and
defire coordinates on an open set about p in 1hr27
with Tin Li cu by 1 4 with ti x a coordinate
IN We can identify u with a open set in Ny in al

p with the origin In order to apply our theorem forsmall
solutions to quasilinear ware equations we need to formulate the problem

Dx IR have compactly supported data ash guarantee
that that the principal part i alway a metric eve when

the data vanishes














































































































rt

Tr

L V Cc in Itu E C c c n'I be
such that 01911 4 1 in V Ezo outside in It ol
Consider the following initial data on It of

Jijlo t 4Cfo j Jojo E foil 0 1 0

IfJiji 9 Ethij
To specify 4go co recall














































































































go gruff tagalog

g 9go t g 9g it g 4yr
tag org g org Lgiiirgi

F Joo 1
go o l g l g so the hits rent

9fro t ta logo t D

where Do fo data is D girl gr tagttrfij
Thus we can choose Itfor sich that Id O on U Indeed

r i i ItJie t tadigoo 1 D O leg Di
ko w

already known by
theprevious data choice

rio i I n
tJoo t tallJoo 1 Do i 0 IfJoo 2 Do

Hence we put

It go 10 I Y x above choice

This give Id O on U














































































































unknown U IJoo g is the previous languageet g Jcgap be such that g to hinhou.li

Jigar gap in a co rat neighborhood of gap f fo Yu
where

ya Lo is a above We can also assume that
the derivatives of J with respect to is argument are bounded

Under these conditions the exists a unique smooth
solution

y to

tajrvqoug.pt Haplog 0

defined on some fine i tame co TJ We can take T so small
so that

g is a Lorentzian metric since it is one at 1 so

By domain of dependence considerationsand our choice of Jwe have
J g in some sufficiently small

neighborhood w
of p Therefore we obtained a solution to the redroot Einstein
equations in W taking the correct data on Whited
It remains to show that this is a solution to the full line














































































































non valval Einstein equations in W

we know that Id 0 on V A computation
using the constraint equations which we leave as an exercise
show that Iff D on V Since

g is a metric in W
we can consider it Ricci and scale curvatures and the
Bias.li identities give

V Ing Ing o

Using that thread so another computation that we leave
as exercise gives

ftp.gruqduf th 0

Or

ta gruff f t g ihr 0

where hp is linear in It a so 3 we thus see that the
I arc solution to a linear system of wave equations in W
After properly setting this system as a system in CosTIxin
with ideas similar as above by uniqueness and domain of dependence














































































































consideration we conclude that I D in a domain

2 C W with 2 A W C V since 191ft D on V

But if I D then Ricci Rick and our

solution to the reduced equation in 2 is in fact a
solution to the full Einstein equations In other words
we showed that the coordinate xd we have

using arc 14

fact ware coordinates in 2 we did this by showing that

if the coordinates are rare coordinates at teo which a

see we can arrange to be the case tho they remain ware
coordinates for f yo this procedure is sometimes called
propagation of the gauge

Before continuing we make the following observation
By domainof dependence properties a L our discussion of characteristicsthe solution at a point r E E in war coordinate depend

onlyon the data on J tr n I when J Cr is the causal pastof v v r t
g expressed i ware coordinates Using that our

solution is a solution to thefull Einstein equations in W














































































































a I flat the causal past is invariantly defined
we can show that we have a solution to Einstein's
equation is W

regardless of the coordinate system and thatthe solution at a pout v depends only on the data on T win

Summaritry
giros a point p C It 03 27 we

obtained a solution to Einstein's equations is a neighborhood2p E 112 27 of p taking the correct data on 2 no Moreover
the solution at VE Ep depends only on J lush 2T where
we can assume that J w E 2p fo all r C Zp
The next step will be to define H

y as the union of all
sun 2e's For this we need to show that solution

agree
on intersection More precisely let us show the following

t y v G 2T and let Zg Zu be corresponding
neighborhood a above Denote by Jg and Jr the
corresponding solution Assume that 2g AI h 7 no

Then for my w E 2g A E A trna then exist














































































































neighborhood Ny and Nu of W is Zg and Er
respectively and a diffeomorphism 4 U U

of r

such that gg.eutcgrl

Tah normal coordinates Yi at a relative to
go We can assume the normal coordinates to be defined inside
2
gACT

Construct
a is a previous henna ware coordinates

x'II is a neighborhood Uy of w in 2g Tha x
gg

satisfies the retral Einstein equation is a neighborhood of
the origin in 112 117 We

carry a similar construction of worse
coordinates 154 a

neighborhood U of w is Z and obtain4 0
a solution Iy'tly to the relucal Einstein equation is
a
neighborhood of the origin is A M Let W ba Hc

intersection of both neighborhoods of the orig's just mentioned
Because yi is intrinsically determined by go and 2gand to induce on ftp.nzijnltrnII the same data
Y and I agree on It so x V where V is some














































































































neighborhood of u in 27 Thus a j egg and E Icy
are both solutions to the redroot Einstein equation is W

with the same data o It 03MW Therefore we have

4
yay F Y ly possibly shrinhisy W for

gvenes by domain of dependence thus

Jg I or l l fr
We line thus construotel N g finishing the proof

I

Thc above solution is not
unique even in a geometric

sense as we can take a neighborhood 171 of Zi il M
and consider N

gym
and H's

ftp.t nil LM g and

h gym are not isometric in general To get uniqueness
first we need the following definition














































































































Def A closed achronal sat E C M M endowedwith
a metric

y is called a C
if every i extendiblecausal curve in In intersect's 2T and only once if the curve

is timelike A development M g of I II y h is

call.lyhypei f I LM is a Cauchy surface

too Every initial data set Is yo h admits one
and only maximal globally hyperbolic development

P f We already know that I admits on globally
hyperbolic derclonent we have not showed but we can proof that
by taking n to se a sufficiently small neighborhood of Zi CT will
be a Cauchy surface Let Cy be the set of all globally
hyperbolic development of 1 modulo isometries We say that
if E K h if Mg embeds isometrically i t Nh keeping 2T
fixed This is a partial order it y s by Zorn lemme

there exists a maximal element Uniqueness is obtained because

if there exists a Mig that doesnot embeds isometrically i to
Nm gm we can glue CM.gg a L mm gh't to construct
a larger solution El














































































































Let us finish with some remarks

Observe that the need for a correct choice of coordinatesdoes not come specifically from the fact that we are dealing
with abstract

manifolds we still need to construct war

coordinates in our proof even if I in where we have
some a priori canonical coordinates The wave coordinates
depend on the metric we see that in a sense we constructed

the coordinates alongside the solution In fact a rotated
approach would be to couple Einstein qualia with the
equation determining ware coordinates i.e consider the coupled syston

Ricci If I 0

ayy I 0

with suitable initial condition tote that this wouldbethe case even in 112 112
Although we have not done

so such a situation when we need solution dependent
coordinates that are determined alongside the equation
of motion themselves are very common in hyperbolic PDEs














































































































Let us make a brief comment on the case with
matter Since

O hap ftp.p 0

a
necessary condition to solve

Rap Inga Tap
is that

QT 0

This provides supplementary equations for the matte field thatcouple to Einstein's equations For example the
energy momentum

of a scalar field is

Tap 9994 199019gap
so that

DTI O d 40pct Vaq 0 ope 0,99014
O'one opt

since D is torsion
free Thus if 24 O

O 0 4 0














































































































Hence Einstein equation couplet to a scalar full real
Rap tangap Tap 9499 la Floregap

010 y 0

Since T i O y 0 4 we can also write

Rap Tap Tat CT gap 990,4
7,0 4 0

All the previous including the propagationof the gauge applyif we can solve the veducut coupled system

ni 9494
O O y O

fou g and y The same remains true if we cons Lou a

different matte model i.e another
energy momentum tense

T the argument boil down tosolving the reduced
couplet system














































































































Elem.nl
tcohattigomyfgieawave equation

Her we will present some idea that for the
basis of modern technique for the study of quasilinear
wave equations These techniques are tied to the geometryofthe characteristic

groggy D a I thus are loosely referred
to as the studyof the characteristic geometry ou since

1m45 o say that 3 null Ii the sense of Lorentzian
geometry also as the study of the null geometry Unless
stated otherwise we will work only in 311 dimensions

We will consider war equation of the form
Jmu1414 4 t fly 991 0

where it will be convenient to call the solution E insteadof uNote that we consider metrics that depend on e but not on it
derivatives We will al often omit the dependence o Y and
write gin ymca














































































































Although in
specif problems the form of flyhe

is in general relevant for most part we will be
considering

properties 1ich to the principal part in which case we all
consider

ymcqf.lv4 0

It is also convenient to consider geometric ware efrah.ms

I 4 0
Jie

where
Gg is the wave operator associated with g Luh d

depest on 4

Dg Img Fey gamedefy

a
equivalently

Dg 0,0

when P is the covariant derivative of y whid depend
on E














































































































Therolcoft
Having settle the question of local existence fo

quasilinear wave equations thefollowing question is natural when is
a local ii fine solution a global in time solution i.e a
solution that exists fo all fine

We saw that a solution can be continued past T
f

Lin sup NCE L
1 T o c I C t

where Wee 79 recall that here
g
does not depend o

H But an inspection on the proof shows that something
weaker is neutral i e it sufficic to have

dinsup t

1 t
Jo 2 Wanda

ie we need to show that 2 Wey de is integrable
is fine on o t In particular if it is














































































































always integrable in tin i.e integrable or co T fo ay
T 01 then the solution will be global

For many cases of interest the structureof the
equation is such that the worst terns in 2 Wcw are

the one that contribute linearly E y if 9 L
HHwhich is integrable and 2 is quadratic the y is

actually bette when it comes to time integrability
Also although wees n y t ly so we actually heal

integrability of both 4 and le experience shows that it is
typically 94 that it is the riki that is potentially
non integrable this can be motivated partially from the

theory of shoots when it is shown that for large classesof
equations that form singularities 4 remains bounded whereas
le blows up Finally working out our energy estimates














































































































in men detail for the type of wave equation we are

considering in this section show that indeed solutions can

be continued as long as

7 I van co

which we will take a the basic continuation criteria
that motivate the discussion

This mean that solution can be continued
ifwe can establish myform pointwise decay meaning decay

in time estimates of the form

1991 t.nl E C

4 t f ite
Is this possible

To investigate this fustian letus look at themost
basic problem i.e the standard linear wave equation is Atm
9thE t Dy D of course such solutions are global but letus
look at their decay properties as a guidefor the nonlinear














































































































problem Kirchhoff's formula gives

YCt.rs 1

J leocyltte.ly drcyoldBt t
913th

t I f ve.ly cy xidrcyjol 9Bt
913,1 1

where 919 Yo Italo y let us assume that
Yu and E au compactly supported It is not difficult to
see without restriction o Hc support of the initial data
decay might not hold E y if 40 0 and 4 1 th
Elt x1 t is the solution Tha since e e O outside
D lol for some RSOR

YCt.rs 1

J kocyltte.ly drcyvol 913th

gpt.inBro

t I f ve.ly cy xidrcyjol 9Bt
gigfixin Bro














































































































thus

lelt.nl E
roecoq.in I l t t t t ly ti dray

713thADplo

f Cilitti dray
roll 013th I

913pct nDplot

where we used that since we are integrating on

a portion of 1 He ball centaclat x out

of radius t ly Xl t The area of 9131.4inBrio
is at most 45th and roll 913th n f so

14lt.nl t E
t

Sina Ect r has compact support is X for my
fixed t l Elt.rs E G for 0 I te T fo son














































































































fixed T so we can alsowrite

lelt.nl I d

It t

Since 94 is also a solution to the wave
equation we also get

194L t.nl Is
Itt

Therefore the estimate we obtained is not good
enough to have de integrable but it is almost
good we got a borderline estimate and if we

can improve the estimate by an ego having
Itt t

instead of Itf then we would have

integrability














































































































To investigate this further first noticethe following If we denote by fly S for
solution Hc solution to the Cauchy problem with
40 0 then

4 Scent 9Sileo
is a solution will date 90,4 since

diet by f oitb.sce.it9 l 974,518
O t O

lie t Ice t 9 Ste fill.lt JflYo
but ice is the solution that satisfies It

1f.jo9 ble 4 and floe is the solution thatsatisfies
fly Ipo and Ot's144 4 so

t o t o














































































































Elko Yo 9Elf E

Therefore we can reduce the problem to the case Yo 0 so

Yet x I f E 41 drayoldBt t
913th

continuity to assume compactly supported data since we

always have 14hrs1 Eci for 0 Et ET T fixed it
suffices to obtain decay for t 2T so we consider 1 22h
whom

supply I C Bp.co In this situation we have the
alternative formula

Ect x t fl r t w f
where

f Mx S2 x o tf 7112 is smooth and vanishes

for 1ft N f fl f w Z Here r hi and x rw














































































































To see this let us make a change of variables
we can take x re

in't
y x

y i Ii l

p Y X ve X

ly xt t x re
y X yl r y y't

th i ly xi r y tyg toy Ty r f Cyi cy's

tote that lyytly.IE R since y x E Baio and

if I ly y'll n that will not be the case

Therefore Belt can be parametrized as














































































































cyl y y e r ft lcyyh.iq y y I Yly y
Thus from multivariate calculus

droy I 0,4 4,41 dy dy

t
dy dy

t 1447444

Then

Yet x I f E cyl drayol 913th
913th

aft 19,4 fdccyyhxcy.TT y y dy

Brno t 1447442

J 9 r fd ccyyhic.PT y y y dy

Bhlol t 1447442

Sot f r t the














































































































td lcyyhc.PT f r j n ly't't Cy's I
t

r f fl HiI
r td lcyyhic.PT r r f f

2 44 44

rt If El H i I

1 C fl ait jug
IC El Hit j

a

HC El HiI j
r l l It't l4

Yy J

HIC fl HiI j
2 f t ly't t ly j n g

F

HIC fl Hit j














































































































Inspecting the above expressions we see that both are
smooth

functions of Cf t y y but y a L y are

integrated away
By the strong Huygens principle the solution vanishes forf I It r I Z r and for 1 22h it vanishes for 1 1 Eh

so r 2 R or tr E ly as claimed This construction is
smooth on its dependence on the base point re so fora
general we also obtain smooth dependence on W

t

To
2,2 i

i
l

It vis R

R

i

9 0 9 0

I I

R














































































































Consider now the veotorfiell

L Ot t Ov f n Ot Ir

El I do ez I 7
r sing

1

where Or wi di 9 is the radial derivative

a I do 94 are the derivatives in spherical coordinates

with the convention
r sincecosy x r sindsi y X'srooso

If we introduce the rotation
ratafield

R x 9 X da R x'd x'I R x 9 x'di
tha

e sisof Rj 1 cosyRI
e e I R

Sir0 J














































































































Compute

Ly t th I t f I r t w f

f fg f f t I fg tr f Ol H

R E x 9 x'da t f tr t w tr

f Hoi t Yak r t f x'f f Ov t fwidwi f t.hr
f t l fgov t fa id wi f I oil
taxi f r't t t l E El tal I
t f f ai x29 ai x'qui

di w wi Sai w wit

Oct
so

Ry y OL f and similarly Rf 4 Rfy Oct
thus e e e e Oct














































































































Finally

14 e_or1f flr t.w f

I f t f f ffg tr f Oct
Since the solutions is not zero only for It rt ER
we have Oltl Oct Thus we have the decayestate

Lce e e e y Oct Ee OLE
L E e e I form a basis of 1124 thus we can

reexpress De in tons of LE Le e 9 e 9 Except
fo te all the other derivative decay better than
our previous t estimate Can we get ten OC f

The answer is no because we can show that
the decay for solution to cave equation is sharp

i.e it cannot be improved for arbitrary compactly
supported data To see this conside again Kirchhoff's














































































































formula with 4 o and y I on 13,10 9 compactly
supportal ant E S O The

lain 1

J they treyul 913th
I Dftxl non negative

sina.it in Fi
ruin in mail.i.in

Fon any 1 1 f and t Il the arc of 0131.41AD co is G 0mix
nt

i
I 1 iP g X I

B lol

P I X

Thu 91hr12 a

t














































































































We learned however that the obstruction

to getting better decay is the derivative in the

direction 1 derivative in the other direction do

decay better

What this mean for the quasilina problem isthat u should not expect to get better decay than
tf as we should not expect the nonlinear problem to behave

better than the standard linear wave equation So in generalwe shall not expect 119yup to be integrable in time
Does that mean then that he cannot get fothocellodr Lie
and have global solution The hey hena is the word

general We know that there are examples of solution that
blow

up so we should not expect to get f 1109116 Lo

toucan we do know at least one global solution the Zaro
solution The correct question then is whether we can get














































































































gobal solution for small data solutions The answer is

yes for important classes of equations These include
gasilinean wave equation satisfying a condition called
the null coalition For small data Einstein's equationalso admit global solutions where smile hee refer not to
initial data that are perturbations of the zero solution
since fo Einstein egration solution need to be a metro
s l rake to perturbation of the Minkowskimetric This
is the celebrated

proof of stability of Minkowski space
by Christodoulou anthlainerman the stability of Minhoushi
space in fact refers to more than the existence of small
data global solution it also say that such solutions are
stable in a precise sense

Inspired by the linen case the first thing
to do to address global existence is to understand the
obstruction to proving better decay than Yt Thus we

try to ilentify a in the linear case direction along














































































































which we have better decay Such derivatives as the
L er e derivative in the linear case are commonly

referral to a good derivatives whereas the one when
better decay does not troll as the L derivative in the
linear case are voffervel to a badderivat
Roughly we expect the good derivative not to cause too
much trouble art the b L derivative are the ones that
heal to be carefully estimated a L where the smalldata assumption enter crucially

In order to identify H good ri bat derivatives
we once again take a clue f the linear problem Since we areinterested in perturbations of the zero solution it is natural1 consider

grucelqory t 0 s oh that girl4 01 mmwhere rn is the Minkowski We expect that at least for smalltime
mrvq.lu f will be a good approximation for affodrove since
the date for he is small In other words if we consider say

fright 9 0














































































































we ca look at it linearization at 4 0 which is precisely

impulsive D

This hint that if good derivative exist for the nonlinearproblem they should be approximated by L Itt du C I f do
and ez at least for small time In such ar sin 0

calc the bnl derivative in the nonlinear problem shouldbe
something close to L It On The problem with this
reasoning however is that we want to prove global existence
and we do not know that y o is a good approximation for
large tin infact we can only make such a statement if weknow solution to be global Thus we try to abstract fromthe linear problem the geometric feature of E e er

that can make sense in the nonlinear problem even ifwe do not know YE O For this observe the following
L e e arc tangent to the lightcones whereas L i
transverse Moreover L and L are null w r l the
Minkowski metric whereas e ee ane Spacelitre














































































































rt
lightcone

r t n L

Ci L

f I It att
sphene

intersect 7

of lightvon al El

C

mm L1LV I t digYi Yi I t ti o
t

m II it dijl It it so

To compute further consilo He Mishoush metric in sherical
coordinates

o o

y
m e o l O O

O O v L

O O O r sis O
so

me e e L too too L

n ee 4 04 I t 3 1














































































































Furthermore

me Lf I I t dig L 2

Mru V e n L Otto e 0 this is easy to seeusing
her in sphericalcoordinates

mrvei.ie troy ooo 0

so the vectors are also orthogonal

Since the lightcone are characteristics for the
the operator neutron this suggests the following approach
to identify good and bad derivah're for the nonlinear
problem conside the characteristic hypersurface of gm9,9which will be hull hypersurface for the metric

y a I
construct a frame of vector L f e e where La L tare null vector Cw.nl g L is tangent to the characteristic
and I transverse e and ez are spacelike unit vector
wir t g tangent to It o A lohanacterishes all the
vectors are orthogonal Cw v I g with exception of L E
In particular they form a basis of M














































































































We then expect that under reasonable assumptions
we can show that L e e are good derivatives i.e
Le e e e y have better decay than Yt

The crucial observation now is the following
since
g gce the characteristic and thus the rector

L L e er will depend on the solution y Thus before
trying to prove that we have fool derivative and
eventual global existence we reel to understand in detail
the properties of those vectorfields This leads to a

study of the characteristic geometry of the g














































































































N.lt ranc

Although we are primarily interested is the case when

y gie come from a solution 4 to a quasitinea problem

what follows applies to a general metric g Throughout we will
consider the spacetime tin yl although our construction an local
ant apply equally to a general Lorentzian

manifold We write
and 1.1 for the covariant derivative and noun of y witty legand I 1g if u want to emphasize this dependence Indices willbe raised and lowered with g

Def A is a basis ten to tothetangent space at x i.e a bar of 1124 in our case ra y smoothlywith the base point such that

g l e e
glen en I I gle e 1 0

Jl ei ej O i 1,2 j 34

y les es glee ec O

y les ee i 2g y 0

we often write e n f ee L














































































































EX The basic example is levee E L constructed
above fo the Mishoehi metric I that can

p I The
choice of y should be viewed as a normalfah's since
41 are null so we cannot fit their length by prescribing
yll.LI glt.tl

For another
example consider the Schwarzschildmetric

y fl Idt't f Ei dr t into't r's.no4
720 Then we can take e e as in Minkowski a l

f i Il l 21110 Li 9ft I f Or
For the Kerr metric

y
A si

If t
EgLv 4ahrsi.LI It dy

t A sis Ody t I da
where I r't a'c50 D r't a Imr Ai Iv'ta1h a'Dsiio
the Kerr metric reduce to the Schwarzschild or if a o
we can take














































































































e

atJo en

q
I dy t a sis 0Ot

I It t a
ly b

or
V ta uh al

L t.tv f t
2

r

For the Kerr metric e c one hot tangent to sphere
1though this property is desirable see our motivation above
it is not strictly needed a L is not part of the
definition of a null frame

The dual basis of a hull frame is
e e e e cent es
e cess'te f en e leaf ate

when duality is defined is the usual fashion

eye gaf p l

and left Iep glee ep In fact if far are














































































































the components of g relative to a null frame and gdr
it inverse Hcs

edn g Pep
since

c ler gcgdrer.ee gdrgler.ee

gdrgrr sf
thus relative to a null franc

of
e e t c e 2g e e 2g e e

or in matrix for

it L
4

We can also express g in coordinate but relative
to a hull frame More precisely we have














































































































the Il te fatale t ga
where

is positive definite on the space orthogonal to
the space spanned by L a L L and it vanishes on spa144To see this define

Hap da t
at Lake table

The

Fa L'll

gapivttylavtplfttyk.in44 0

o o
0

0 D

Fa EE Ia II ttylavtrlfttrt.vy.us 0

0

EE EE EHa I Lf ga ELP t 2,45Epi tart tell
2

O














































































































of.pe e
gape

e

tf Lae Epee taft Lee

all products are two
A 13 1,2 showing the claim

At this point it is convenient to introduce
Notation We use uppercase Latin letters A B to

denote indices 1,2 The sun convention is adopt I fo suds
indices

including when repeated indices are both up or down
The inverse of g is given in coordinates by

g Ii E e e e e

A 21,2

Su ore A 2
see below

for the notation is
gIndeed

g Y'gyps ii eildprtathtrtfk.hr
e eh 1ps














































































































To confirm that
y is the inverse we need toshow that this last expression is the identity on the

space orthogonal to spank Lf and vanishes on spault.LI
The latte follow fro

tf I y Ls eieagpgv e.es Lp o

If't y I eaten g se e ea't so

If I It en n IA ego I da where

IA are the components of E relative to legly and

the components relative to 9 1
0
Thus

9 ftp.g
r

e efgpgEceE

e't E gpref e It e's It
S

showing the claim
to














































































































Rc In general the components of the inverse
f are not obtained by simply raising an indexunless g is defined in terms of g and we raise and lower inlice
withg which is the case here but might not be true in general
eg g l's the acoustical metric but we raiseflour indices will the
inhowshinctic

This is because indices are raised and
louvel with

g and
gap is both the inverse matrix

of Jap and gap raised indices whos indices are raised

with
y But here we have the matric

of but are
raising and touring indices with

y That is why
we wrote

of indicating explicitly that it
is the xp entry of the inverse matrixof of

whose entries
are

far In particular far means what it meansfoany other tensor namely
Ya raised the indices withthe spacetime matric i

par gargoyles














































































































It is useful to see that
g is in fact the inverse

of gap only because we raise i Lice with
g itself

F'fer g's T For
gorge go.ttulrl.at r4llgprtlz4ks
44 Hittite Iii Kurttires

fleets

of tf I tf rt's Ils
En 0

I ah outstay.EtrileZr

tf Lp Sf
text we claim that

of talk tattle
projects a vector onto the space Spaniel by ee en














































































































Indeed

I It eat It f t Il L

IA einda t Et IO t e Lah

If we denote by E the components of E nothin
to eat the aboro can be written a concisefour

I n Eld e 9

recall ez f ee L Then

89 tf L't t f I 4 I

df tf L't t f I 4 E end

It ef t f L I t e't ta Ef Etr Lair
I

frig 0 if rt
4 if r 4 2 ifPs3I ere I Ll E Lf

Et en t E ef t I e I Lf E EP














































































































but es L e L so ef Lf ear LP tho
Et ear

shoving the claim

Kotas We denote by II the projection onto
span le e

By the above

I sit fit tattila
Observe that the gratia Pe expressed relative toa hull franc is

OC e ly e teal e en f eque es freshleg
Indeed

e i GE t en t e t f t 091 L so

e A give et Goyt L glue L1
Qe a tar glue.tl














































































































But glue eat yer ore ear gppgorse e

OnEef or9 era eforce
e lb

Similarly gives a vectorfiell I

I IA e t EE t t Il L

It
g CE ea It T gl E L I atGCIE4

S

I GII eaten tangle LI t f yl I t l
Let us denote the contraction of I will en k a l L
respectively by

It E eat If Ia t II Ia LThen

I Iaea 1a Ic k f EE L














































































































It An e efu or opt f is asolution to the eikon
gmquem 0

It follows that the level setsof n au characteristic

manifolds for the operator
ginger Obscure tht if

u is an optical
function Hc Hc rectorfield

Li Ou

is null the negative sigh is conventional1 Since the gradic
is orthogonal to the feral surface this result is also true forLorentzian metrics L is both orthogonal to the characteristic
below a shoe it is also tangent

EI For the Minkowski metric u t r al
Y f tr arc eihonal functions Their level sets correspond to
lightcones Note that Un 9 ton L Oy It Or














































































































EI consider
y dt t

gijdxidxj.lt n be
as eihonal

funk and assume that the intersection
ofu cte with It etc is a topological sphere this canbe achieved by choosing initial data for the cihonal equationappropriately

set
5 Htt I t t ult x o

Put

On OthOt g 9in Dj
It is orthogonal to E a I L orthogonal to 1h ol
tho

gijq.nl is orthogonal to Sa o Anotha ray
of seeing this is to notice that gijling is the
gradient of the the function ace os Ia whose level
sets are by assumption spheres these spheres are precisely
Sy o Write F gijl.no so

glF.FI ga F Fr Gi Fifi gijgihqago.lk

ghlOhhhh 0th














































































































since n satisfies GM fufu death gilding.n 0

Set

a L

qu
Tha w e a F

gtugijq.nl is a unit normal
motorfield to the sphere say Let tenens be a
orthonormal

frame on Sa r with respect to the metric
induced o Saul and sat

a lot N Little.tt
Then e en E L is a null franc no malitel by

yl t.LI glf.iq glhM 2

when u used glot µ 0

Obscure Hal L is also tangent to 2 1 us v's
Indeed the tangent space to Insert at a point p is
the orthogonal complement to a normal to Tpc














































































































Since L oh L is orthogonal to 6 But

e e L are linearly independent vectors orthogonal
to L L is null thus orthogonal to itself and since
dim Tpb 3 Tpb span e ec L In particular
Li's tangent to b

Sisco he is linearly independent a v I e er Llhe is transverse to b Thus we have obtained the
analogue of the previous Minkowski

space picture

u o n t

r t n L

Ci L

f Ia It it
s
T O














































































































therefor
we saw that we can construct a null franc adapted

the characteristic with help of an eihonal function A
ee we hope to prove decay ostinato showing that
L ey are good derivation Because Lies arc themselves
dependent on 4 this turns out to be a difficult
couple'd problem With the current

technique known to the
date appropriate decay estimates fo solution can onlybe derived with help of some complementary estimator

for several geometric tensor associated Such
complementaryestimates are obtained with the helpof a systen ofelliptic and evolution

equation for various geometric
funkties associated with the characteristics Such equations
are known as the hull structure

equations

Set up Throughout below we consider the situation
when the intersections of the level sets of u with a
an topological sphere like in the example above although














































































































we do not assume like in that example that g I

g i ol Let T be the future pointing timelih
unit normal to 271 N the unit outer hound to

St a inside It and put l Ttt f T N
Construct a null franc le ea El by considering
e e an orthonormal

franc on Sfa tote that
gll.tl 2

Let us begin with some basic
definitionSince Ve e is a vectorfield we can express it relative

to a null frame Thus

9 ee i f er

for son locally defined function Ian known as the

f eff k Those are the exact analogue of
the Christoffel symbol when we express 0 I is a














































































































coordinate basis Their symmetry properties however are
not the same as is the Christoffel symbols E g

flea.cn Sto ylkeep en t gley recent o

to y gleb en t Ic flea co O

fo p t I e't D 0

Recall that II is the projection onto spnale ci
which in our case corresponds to projection o to the sphere
St u We can extend it to projections of arbitrary lesson
For example if w is a Tuo tenor

5 a If is rr
we say that a torso is tangent to St if Kes'sFor tangent tensors their

of noun is defined e
y

131J qyarcfyrres.pro
Note that the atom is also

gives by














































































































qyarcgfyrresq.gr ejearege.ir Sapesrr SaisSais

If 5 is a St tangent tensor we can viewed it as a tensor

defined on the entire spacetime by extending it to be zero
whos contractel against L o t

We denote by 0 the projection of the covariant
d k onto St u i e

0 3 5

for any reotofield I and torso es If Dl denotes the
connection of the matric

y on Stu and both I and
arc tangent to Sun this 0 5 5 3

If J is a symmetric 0,21 tensor on Stnits relative to gf is defined as

try tf ja sap Say
we then define the f t of S as

S t
traysof














































































































Notation We will abbreviate

Py I Oe
A

For a Sen tangent onefan its g geu at
g l relative to easy's an defined respectively by

difes 0A 5A

cafes et's so
where Et is anti symmetric on FB with E I l

Recall that India A E and L in tensor represent
contractions with ca f awl L Such contractions

are alway
then after the derivatives e

g

Ffs eaten A Sp einen Hosta
eine interresr

If J is a Stu tangent symetric Coins tensor its
g din you and g curl relative to leyla are defined by














































































































dir S y 0133113

cuff 5A E XDSay

We denote by II the projection onto

It It is not difficult to see that

If S t T.tl

We write
af for the not i induced on It

Fo a general tumor 3 we put

i

It 5

We denote by L tho Lie derivative According toour contention we have

K 3 IL 5

1 3 I L 3














































































































Def Lol T denote the unit tinalih future
pointing normal to 271 and N the un t outer normal
to the sphere sq an her Consider a hull
fname 14,4 E L as described above s L TtN I T N

gll.tl 2 and the atom definition and notation
We introduce the following quantities called

ffints

sec.nl
nutafo
f2pihcEiIl

gl0 TiI
I I C Tea
Second fundamental fan of Shui

Oa ie yl Oak EB
Null second fundamental forms of Shui

XA I
gloat en Iab I gloat ers














































































































Sfn tangent torsions

3g I tag10h eat I fgloat eat
The hull lapse i

b i 1
g metric i drool on ItIO ul

E E

Pryor The following relations hold h O X and I
are symmetric and

h
tatty LL t

X taxes taxis
E taking takes

0µV flub

HAND DAD














































































































Moreover

OpL Xp ey haµ L OpL tassels ha L
Vel l hut gift Lill 9k Ia et th.mu
L t 23hen th v L Off 2 tables hmu t

Leg I Rea t 3a L V t tea 1Ltg Et Ia L
Finally

Xp Oars hay IAB Ops ha

I g haw 3 Atsb thaw

P fi The first propertie synnotny and identities

for moreover are standard The second one Sethu

moreover and finally follow from direct computation
a l the definition recalling that to any vetofield

I GCI eaten I get c E tagCE Ell














































































































For examble

Opt ft ft Eisley taglopL Ll f tagCOAL LIL

x
AD the'tJIL L

O
a L

y lo L L glory Ttt T t
theygcn.is O

gCOAT T float n t gloat.tl gloat t I

ta e gLt y float t EAJlMT Jlt 0ft a 2h
AN0 0

So Oy L Tansey haµ L

The other rotation are proved similarly The remainingrelations after finally 1 follow from the previous one and
the definition

I














































































































For the next theorem we introduce the

ft doty
Fdel

when is the round metric on S is a partial
measure

of how far Shu is from being round

We also define the eo to
to be

vii
ftrgtttztrgxtr.ge

The idea of introducing or is that we want
to control 1 try x This quantity however does
not

satisfy a good evolution eyv.hn but y whichcan be viewed as a
modification of tetryl does

the connection
coefficient satisfy the following

PDEs known as the

hitters














































































































I
Theo The connection coefficient satisfy

LV rt X

L b l kµµ t gC f T L I I b
L t.pt tattyH I I ly hmutray RL
FL Ia t tryX l Ia kµµ Ias Run t t Ruda
K 3 t Hrp713 thisµ 13,1 Ia tryhmu I RALLL
L try It tng t try I 2dir t hmu try I

I It t 213 j t NALLA
Ay Ia t ta tr

g E Ia i talng
XIa t 2 3

dir3 Sa t hmu Ia t 23A3D 1312g da
R
AL EB Iz R c L f c

d
AB Iac I Bo

t
z Ic Ia diB














































































































Ly t tryzy t.LI rgxtryE1t HryxYtyI
20yIaDIast2lZa

3ylFatryX I Ru
thuµ tugX L trythmu

dir I t I hmu t
ftp.trgtthartryt

t R
DLBA

dir3 r hmu try X 21312g lily 2ha.tn
t
RAELA

aff 3 ta it Iac Inc it Rayo
Above Rap is the Rica curvature and

Mapps the Rieman curvature of g and according














































































































to our conventions RL L LfRap Ream
L eaten In Rams etc

Proof The proof is a series of lengthy calculations
we will derive the equation

Ltuyt t tattyH lily lemutryR
known as the Raychaudhuri equation which is one of the
mais equation is the study of the characteristic geometry Itplays an important role now only in global existence problemsbut in many other problems see below It is also importantin the prove of the singularity theorems in general relativity
Nixa eaten Kira eaten Ktla
eaten i fours ieieihikfr.hr

but eat I eat Sar taint that
Cyr so














































































































V et e Orang eared qtr
Oil cane xp Renae err entree Xp
O ta Kena e err entree Xp

Since I vanishes who contracted with vector not tangent
to St a XrgYear Xp Kean so

V Hea Eis XLF.es e Hea then
But

if Klemens OL flophers

y 19 443 t yl UAL Reno
and

often 90th gleb oak tree
t Riem L Ea L














































































































flops 9 0cL t y Leis Occeast

t yl EB RienChea Ll

Rien leg L L eat
Thus

0 J lab 9 0cL t
of Leis Occeagle

of UAL ther t rien les L L eat

HEE e Hea then

Using from the proposition above

OpL Xp ey haµ L

Vel n l hut gift Lill

Open ten that Et Ia L
and














































































































L ca Flea t In L tape t haul
flea tapes

which follows fun I I 0 I 0 I

and our previous relation one fist

glen PARL Xp hmu

1143 Vueast X Teaser Zack

float Olen X et Rep
Thus

Aya J lab 9 0cL t
of Leis theeayL

t yl UAL then t Rien les L L eat

XLFes.ie Hea then
becomes Hites en and Hep then
cancel out i
























































































D Xp Xpyhµµ XtcXo Dt RBL
LATahar the tuna and using that after some algebra

Ft x oxo III'g tattyXP
we find

Ltytttactyxt lily lemutry Ru
which is the desired result I

let us how
gire some intuitionof why those gearch

constructions
are important for the problemof decay we shall

warn however that thefollowing discussion is very heuristic atthe
goal is only to give some idea chy the geometric formalinintroduced above is important for the study of quasilinearwave equations and the study of their decay propertiesand global existence in particular A more precise

discussion would
require a more detailed exposition



In our standard
energy estimates the energy we controlarises from an integration by parts ey fo the

linear wave equation

9h4 t by 0

multiply by te

9.4014 t 9 Else 129.1941 t 9.919 0

integrating

Laffitte t

geese hot fleteitwei so

112

by parts Jofre09 t 9heel
112

Thu n

E LH E El 01 ETH
LJ cleat.nl't locect.nl dir

IR
wa saw that we can consider higher versions of thiswhen we control derivatives of e and that this generalityalso to the quasilira case



If we want to obtain decay for solution
it is natural to try to control weighted energies
e
g expressions of the force

EACH J w th t 10412 Lx

112

whom w is son
weight E y if u Itt and

we can show something akin to Eult E G Enlolthis would mas

J CH t 10412 Lx E E
Itt112

This is decay of integrals of 4 and we want
pointwise decay But we know that if we control integrals
of enough derivations of e Ho we control 4 pointwisebySobolev

embedding thus we seek to bound
something lil

Ew f w l l't Dhel t tbh e tdy
1,23



In reality this heuristics is too crude and the

precise way of obtaining pointwise decay from suitable

integrals
require more tools one of which is known as

the h
ifity which is a generalization

of the Sobolev
inequality that involves decay But even

if we take the above heuristics

for graft it remains
the question of how to sound the weight energy
i e how to prove Eult Ed Eno Since our
goal is to show that good duivah.ec have hotter

decay this should be encoded in our
energies That

means that instead of considering
energie obtainedby multiplying the equation by 9he a I integrating

by parts we shall multiply by by Ice a I
integrate by parts where

IT is some specificvectorfield that also carries the weight For



example since we want to show decay of Lce
we can choose fwy w Le when the

weight has to be a suitable power of r or f

for technical reasons r weights and not only 1 weight
have to be considered But then when we integrate

by parts we are
going to pick derivatives of

Iw which had to be estimatch Since I
depends on the characteristic

e.g I L
estimating it depends on ostinato for the solutionitself This can be accomplished by decomposing
0 In relation to a null franc the coefficients
of this decomposition will be connection

coefficientse g

L floe L e e t

Xp



The connection
coefficients in turn can be estimated

from the null structure equations

In this
way u can get decay estimates orat least decay estimates for the good derivation

what about the bad derivation EE In general

it is not possible to show that it has integrable
decay However

if the equation has certain special
structural conditions

e.g the null condition
previously mentioned

wa ca sho that the bat
derivative terns that spoil the integrability is fine

in fact absent leading the to global existence

Let us finish with the following remark Even
though we introduced the study of the characteristic
geometry motivator by the problem of global



eristence it turns out that these geometric technique
find applications in many other problems related

to the study of yuasilinear wave equations Those

include the study of shock and low regularity
solutions by which we moan local well posednos

for data 1 e I E Ith r Ith aik he the
classical well posedness theory which we deroleped
here treat only he 2 ou k 311 if the
matric

g also depends on


