HOMEWORK 4

MATH 3120

Unless stated otherwise, the notation below is as in class.

Question 1. Prove the following fact that we used in the construction of solutions to Pois-
son’s equation: let f : R™ — R be continuous, then
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Hint: Consider the difference f(z) — fdS and use s =1.
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Question 2. In class, we constructed solutions to Poisson’s equation in R™ for n > 3. Carry
out the construction in the case n = 2. You do not have to do all the steps. Rather, follow
what was done in class and point out what changes in n = 2. This boils down to slightly
modifying some of the estimates for the fundamental solution.

Question 3. Let u be a non-trivial harmonic function in R”. Can u have compact support?
Hint: mean value theorem.

Question 4. Prove the converse of the mean value theorem. Ie., let u € C?*(2) be such
that
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for each B,(z) C 2. Show that Au =0 in 2.

Hint: Assume that Au(x) # 0 for some x € 2. Use the functions f(r), f'(r) used in the
proof of the mean value to derive a contradiction.

The next questions are optional, i.e., they will not be graded. They are intended to help
students who may have some difficulties with the formal aspects of PDEs discussed in class.

Question 5. Write each PDE below in the form F(z,u, Du, ..., D™u) = 0, i.e., identify the
function F'. State if the PDE is homogeneous or non-homogeneous, linear or non-linear.

(a) uy — Upy = f-
(b) u, + uu, = 0.

(c) a’*0}v+v =0,
where 7, j, k range from 1 to 3.

(d) Uy + 2%y Uyy = (z + )%

(€) gy + cos(u) = sin(zy).
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Question 6. Consider a PDE F(z,u, Du, ..., D™u) = 0. Prove that the PDE is linear (as
defined in class in terms of linearity of F' with respect to some of its entries) if and only if

it can be written as
Z ao D% = f,
loo| <k

as stated in class.



