VANDERBILT UNIVERSITY

MATH 2420 - METHODS OF ORDINARY DIFFERENTIAL EQUATIONS

Ezamples of section 8.6

Question. Solve
22y +xy + (22 —4)y = 0.

Solution. Write the equation as

1 2 —4
y'+ -y + —=—y=0.
X X

Then =z = 0 is a singular point, since

and

This singular point is a regular singular point because
ap(x) =1,
and
22q(z) = 2? — 4,
which are polynomials, thus analytic functions.
Computing

x—0

and

qo = lim 2%¢(z) = —4,
x—0

we find the indicial equation to be
r(r—1)4+por+q =r>—4=0.

The solutions of the indicial equation are r = 2 and r = —2. As discussed in class, when there are
two distinct roots, we ought to take the larger one. Thus, we put r = 2, and look for a solutions of
the form

o o
Y= z? E anx" = g anx" 2.
n=0 n=0

Differentiating and plugging into the equation yields
[e.@] o o o
Z(n +2)(n + Dayz™? + Z(n + 2)anz"t? + Z anz" T — 4 Z anz"? = 0.
n=0 n=0 n=0 n=0
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After some algebra, this becomes

5a12° +Z 2 1 4An)a, + ap_o)z" 2 = 0.

This gives

a] = 0,
and

_ 1
n (n+4) 2
Then,
11
2T T Ty
a3 = 0,
1 1
a =
Tt 2N
as = Oa
1 1
a
57 7 6(10) 25(30)(5))

a7 = 07

and we see that
—1)"a
a2n ( ) 0

- 22n=Inl(n 4 2)V”
and
azn+1 = 0.

We find as solution

2 ( 1)na0 2n
v== ;2% Tnln+2)!"



