VANDERBILT UNIVERSITY
MATH 234 — INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS
PRACTICE FINAL SOLUTIONS.

Disclaimer: I cannot guarantee that these solutions are typo-free!

Question 1. Solve the following initial-boundary value problem
Ugr = 0, §2> —r,—00 <1 < 00,
u(—=r,r)=F(r), —oco<r<oo,
us(—r,r) =G(r), —oo <r < o0,

where u = u(s,r) is the unknown, and F' and G are given C* functions.

Hint: Change variablest=s+r, z =s—r.
Solution. Let

t=s+r, (1la)
r=s—r, (1b)
which gives

ts =1, (2a)
tr =1, (2b)
xs =1, (2¢)
T, = —1, (2d)

where tg is %, and so on. Let

u(s,r) = u(t(s,r),z(s,1)).
Using the chain rule,

Us = Utls + Uz T
= Ut + Uy,
where we used (2a) and (2c). Differentiating again and using (2b) and (2d),
Usy = Ugtly + Utg Ty + Ugtly + Ugz Ty
= Ut — Uty + Ugt — Ugz
= Utt — Ugg-

Thus, ug = 0 < uy — uz, = 0, and we see that the original equation is simply the wave equation
written in a different set of coordinates. For the initial conditions, we see from (1) that

u(—'I", T) = U(O, _g)7
and
T T
us(—r,7) = ue(0, —5) + u,(0, —5)
Hence,

u(0,2) = F(x), w(0,2) = G(z) — Fy(x).

From these formulas the solution is now easily found via an application of D’Alembert’s formula.
1
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Question 2. Let u(t,z) be a solution to the following initial-value problem:
Ut — Uz = f(E, ), —o<r<oo,t>0,
u(0,z) = g(z), u(0,2) = h(z), —oo <z < o0,
where f, g, and h are C'*° functions. Assume that there exist numbers X, Y, and Z, such that
[f(t,z)| < X, |g(z)| <Y, [h(z)] < Z,
for all t > 0, x € R. Show that for any ¢ > 0, and any « € R, it holds that

1
lu(t,z)| <Y +tZ + 5XtQ.

Hint: D’Alembert and Duhamel.
Solution. By uniqueness, u can be written as

Uu=w-+uv,

where w and v are, respectively, solutions to

Vg — Vg = 0, —oo < x < oo, t >0,
v(0,z) = g(x), v:(0,z) = h(z), —oo <z < 00,
and
Wy — W = f(t,2), —o < <oo,t>0,
w(0,z) =0, w(0,2) =0, —oo0 <z < 0.
Problem (4) is solved with D’Alembert’s formula
_ 1 T+t
oftyr) = LEDIICED L 2T Ty a,
2 2 r—t
so that
1 1 1 T+t
o(t. )] < 3lata 01+ glate +01+ 5 [ Il dy
1 1 1 T+t
<=Y+-Y+ - Zd
=Y +tZ.

Problem (5) is solved using Duhamel’s formula, i.e., w is given by

t
w(t,z) = / z(t — s, 8,2)ds,
0
where z = z(t, s, x) solves
2t — Zgg = 0, —oco < x < oo, t>0,
2(0,s,2) =0, 2(0,s,2) = f(s,x), —o0<x < 0.

Problem (8), in turn, is solved via an application of D’Alembert’s formula,

4t

1
Z(t,S,IL’) 25 f(57y)dy
x—t
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Then
1 x+t
sl <5 [ 1Fs)ldy
€T

—t
< Xt

Combining (7) and (9), we find
t
wt.a)] < [ [at = s,5.0)]ds
0
t
< X/ (t—s)ds
0

1
= - Xt%.
2
Combining (3), (6), and (10) yields the result.

(10)
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Question 3. Let v and w be, respectively, solutions to
vy — Av =0, rzeR™ t>0,
{0(0737) = fi(x), v(0,2) = g1(z), zeR",
and
wy — Aw = 0, zeR™ t>0,
{w(O,x) = fa(z), w(0,2) = go(x), z€R",
where f1, fa, g1, and g2 are given smooth functions. Suppose that fi(z) = fo(x) for all x € B;(0),
and gi(x) = go(x) for all z € B1(0). Show that v(t,xz) = w(t,x) for all (¢,x2) € C, where C is the
cone
C= {(t,:c) € [0, 00) xR”‘Oﬁtﬁ 1, |z] < 1—t}.
Hint: Use

E(t) = 1/ [ (Bpu(t, z))? + 2| Vult, x)\z} dx,
Bi—(

where V is the gradient in R™ and |Vu(t, x)| is the norm of the vector Vu(t, z).
Solution. It suffices to show that if u(0,z) = 0 and w(0,z) = 0, for |z| < 1, then u = 0 on C.
Define for 0 <t <1,

E(t) = ;/Bl—t(o) (uf (t, ) + |Vu(t,z)|*)dz.

Differentiating and integrating by parts,

d 1
—E(t) = / (wpus + (Vu, Vug) ) da — / (uf + |Vu|2)ds
dt Bi_+(0) 2 JoB,_,(0)

0 1
= / Ut(utt — A’U/) / 8uut ds — 2/ (th + ‘Vu’z)ds
Bi_+(x0) 8B1 +(0) OV 8By _4(0)

ou 1,
= —u — =u; — =|Vul7)ds
/(931t(0)(81/ gt 2’ )

where in the last step we used uy — Au = 0. Since ab < % + % (because (a — b)% > 0),
ou

a7 Ut

ov

We conclude that %E(t) < 0, hence E(t) < E(0) =0 for all 0 < ¢t < 1. It follows that u; and Vu
vanish identically and so does v within C.

1 1
< |Vl < S + 2| Vul’,
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Question 5. Prove the following improved version of the maximum principle. Let € C R" be a
bounded domain with smooth boundary. If u € C?(Q) satisfies

Au>0in €,
then u attains its maximum on the boundary, i.e.,

max u = max u.

o) e}
Hint: Assume first that Au > 0, and show that this cannot happen if v has a local maximum in 2.
For the case Au > 0, set u. = u + €e*', where € > 0, and conclude that Au. > 0. Obtain the result
by taking the limit € — 0.

Formulate, and prove, a similar statement for the minimum of w.

Solution. Suppose first that u satisfies Au > 0. Let x¢ € € be a point where u attains its maximum
(which exists since §2 is compact). If zy were an interior point, i.e., o € €2, then zg would in
particular be an interior local maximum, and would satisfy

Au(zg) <0,
which is contrary to Au > 0. Thus z¢ must be on the boundary.
Consider now the original case, Au > 0. Then
Au, = Au + eAe™?
= Au + ee™?
> Au
> 0,

where u, = u + ce®, € > 0, and we used that ee** > 0 and the assumption Awu > 0. Thus Au, > 0,
and by the above u. cannot attain its maximum in the interior 2. If u is constant then
max u = maxu
Q EY9)
obviously holds, so let us assume that w is not constant. In this case, we claim that that u cannot
attain its maximum at an interior point. Indeed, if © had a maximum at xg € €2, then, by choosing
¢ sufficiently small, u. would also have a maximum at an interior point, which is ruled out by the
above. Thus the maximum of v must be on the boundary.
Changing u by —u, we obtain that if Au <0, then v attains its minimum on the boundary.
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Question 6. Let 2 C R" be a bounded domain with smooth boundary. Consider the Dirichlet
problem for the Laplacian

{Au:f, in Q, (11)

u=g, on 0f),

where f : Q@ — R, and g : 9Q — R are smooth (i.e., C*) functions. Show that this problem is
well-posed.

Hint: For existence, you can simply quote the results from class. For continuous dependence on the
parameters, use uniqueness to show that one can write u = v + w, where v solves (11) with g = 0,
and w solves (11) with f = 0. Next, define the functions

e2ad - ea(:rl +d) )

v = max| .

and
v = —(?P1 — PEHD)) max | f].
Q

Show that for suitable choice of the constants «, 3, and d, one can apply the result of question 5 to
the functions v4 — v and v— — v to conclude that

|v] < C'max|f], (12)

Q

for some constant C' depending on «, (3, and d. Finally, use (12) to conclude that u depends
continuously on the data of the problem.
Solution. In light of the results developed in class, it suffices to show (12). Let v_ and vy be as
above, where d is any constant satisfying |z1| < d for all z € Q, and « > 0 and 8 > 0 are constants

that will be determined below. Notice that with this choice of d, v+ > 0 and v— < 0, for any «, 8 > 0.
Compute

Avy —v) = A((ead — @@+ max |f|) — Av
Q
= —max|f|Ae* D) _ g (13)
Q
= —a?e®@+ ) max | f] — f.
Q

Since |z1| < d and « will be chosen positive, we have that
ea(lerd) > 1.
Therefore, if a is chosen sufficiently large, —a2e®@1+4) < —1 and (13) implies
A(vy —v) <0.
Therefore, by the previous question, v — v attains its minimum on the boundary, and we conclude
vy — v > min(vy — )
Q
=min(vy —v
nin(vy — v)
= minvy

B
=0,
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where in the next-to-the-last step we used that v vanishes on the boundary, and in the last step we
used that vy is non-negative. Therefore v < vy, or, explicitly,

v < (e2ad o ea(;r1+d))mgx|f|
Q
< el max |f|.
Q

This shows that
v < Cpmax |f], (14)
Q

where C} = e,

Next, compute

Av_ —v) = A( — (%4 — @1+ d)) max ]f\) — Av
Q
= max | f|Aef1+d) — (15)
Q
= B2’ max|f| - f.
Q

Since |z1]| < d and 8 will be chosen positive, we have that
eP(@1+d) > 1.

Therefore, if § is chosen sufficiently large, 52¢%@1+4) > 1 and (15) implies that

A(v- —v) > 0.
Invoking again the previous question, we have that v_ — v attains its maximum on the boundary,
and so
v_ —v < max(v_ — v)
Q
= max 0Q2(v_ — v)
= maxv_
o0
<0,

where in the next-to-the-last step we used that v vanishes on the boundary, and in the last step we
used that v_ is non-positive. Therefore, v > v_, or, explicitly,

v > — (2 — Pty max | f|
Q
16
> —e?Pmax |f). 16)
Q
This shows that
v > —Cymax |f], (17)
Q

where Cy = €24, Setting C = max{Cy, Ca}, (14) and (17) give
—~Cmax|f] < v < Cmax|fl,
Q Q

which means
[v| < Cmax|f],
Q

as desired.
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Question 7. Prove the result of the previous question using the Green function.
Solution. As in question 6, the results discussed in class allow us to consider only the case when u
solves

Au=f, in Q,
u =0, on 012,

and it is enough to establish the inequality
|ul < C'max|f],
Q

for some constant C'. Using the representation formula

ulz) = - /Q Gl 9) 1 (y) dy,

for any x € 2. A boundary integral does not appear in this expression because v vanishes on the
boundary. Notice also that there is a sign difference from the formula derived in class, since in that
case we studied —Au = f.

From the above, it follows that

ju(a)| = ' [ csw) dy‘
< [ 6@l

SmaXf\/ |G (z,y)| dy.
Q Q

Recall that G(x,y) = T'(x — y) + h(y), where I'(z — y) is the fundamental solution for the Laplacian
and h is a harmonic function in €2 that equals —I" on 9€). This gives

uw)] < M max] /Q !

T dy—l—MmﬁaX|f|vol(Q), (18)

for some constant M, and where vol means volume.
Next, choose some R > 0 such that Q C Bgr(z), and estimate as follows:

1 1
B S S
/Q ly — z["2 Br(z) |y — 22
1
/BR(O) |y|m—2
R 1
= / (/ —_27“"_1 dr) dw
Sn—l 0 Tn

2
= = / dw
2 Sn—1

vol(§n~1) R?
s

Setting

¢=M (vol(@) + V1<5‘1>R2> |

2
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(18) produces
|ul < Cmax|f],
Q

as desired.
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Question 8. Let Ri be the upper half plane in R?, i.e.,

R%r:{(x,y)ERQ‘y>O}.

Consider the boundary value problem

Au =0 in R?,
u=20 fory=10 (19)
% = Lsin(nz) for y =0,

where n is a given positive integer. Notice that this is the case where we are prescribing both v and
its normal derivative on the boundary.
(a) Use separation of variables to show that the function
1 e™—e™™

u(z,y) = R sin(nx) (20)

is a solution of (19).
(b) Taking the limit n — oo in (19) and (20), what can you conclude about the well-posedness of

the boundary value problem (19)?
Solution. Taking the limit in (19) gives the problem

Au=0 in Ri,

u=0 fory=0
ou __
oy =0
which has u = 0 as solution. On the other hand, taking the limit of the solutions (20), gives

for y =0,

U — 00

for y > 0. Thus, the limit of solutions to (19) does not converge a solution of the limit of (19).
This shows that solutions do not depend continuously on the initial data, and therefore (19) is not
well-posed.
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Question 9. Using the Green’s function for a ball of radius one,

T

G(a,y) =T(y —x) = T(|zl(y - W))’
show that if u is a positive function that solves
Au =0, in Bg(0),

then

R"2(R — )
(R + [a])»~

R"2(R + |z])
u(0) < u(z) < ———————=u(0).

(R — [a])»~
Solution. Consider first the case R = 1, and let ¢ denote u restricted to 9B1(0) (it is assumed that
u is defined up to the boundary). The representation formula gives

u(z) = —/ 90 G(x,y) ds(y). (21)
8B1(0)

Since

or'(y —z) 1 zi—y

gy ma(n)fz -y
and
3F(Iw!(y - ﬁ)) B 1 yilz|? — x;
Oy ~ na(n) (|zlly — )"

1 y1|ZL‘|2 — T

na(n) fo—y*

for y € 9B1(0). Since v; = y; on 9B1(0),

n

=G
Yi——n " 8y,

! (22)
:_na(n |x_y|n ZyZ yi = @) = yilal” + ;)

1 1—|z?

na(n) |z —y|*

Using (22) into (21) gives

1 zf? 9@ .
u(z) = /8 » ds(y). (23)

na(n) o) lz =y

Consider now the case of arbitrary R > 0. If u solves Au = 0 in Br(0), then the function u(z) =
u(Rz) solves Au = 0 in B;(0). Changing variables in (23) gives

_ R?—zf? 9@) .
u(z) = 12 /a ds(y), (24)

na(n)R Jopuo) [v—yl”
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for x € Bgr(0). We shall now use (24) to solve the problem. For y € 90Bgr(0), it holds that
|x —y| < |z|+ R. Thus (24) and the fact that u is positive imply

R o
u(a) = =12 /8 . ds(y)

na(n)R © |z —yl"
R? — Ix\2/ 9(y)

> —=ds(y
ol B Jopo) (ol + B W)

- R? — |z|? 1 s
~ (Jz| + R)"na(n)R /BBR(O)g(y)d ()

_ R—|z] 1
~ (Jz[+ R)" 1 na(n)R /aBR(O)g(y) ds(y)
2 T 2
= ™ 9(y) ds(y)

TR e BT Jos, 0
R™2(R?  |af2)
= u(0),
CESo

where in the last step we used the mean value formula:

1
u(0) = na(m) R /833(0) 9(y) ds(y).

The other inequality is similarly proven using that |z — y| > R — |z| for y € 0Br(0).
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Question 10. Prove that the Green function is symmetric, i.e.,

G(z,y) = Gy, z),
for all x,y € , where €2 is the domain of definition of the problem.
Hint: Define v(z) = G(z, z), w(z) = G(y, z), apply Green’s identity on the domain U, = Q\(B.(z) U
B:(y)), and take the limit & — 0.
Solution. Let v and w be as above. Then Av =0 for z # z, Aw =0 for z # y, and v =0 = w on
09). Applying Green’s identity on U, gives

/ (vVAw — wAv) = / (VO w — wWIV)
5 OU.
= / (VoW — wWILW)
oN

+ / (v0y,, w — woy,, v) + / (vOy,, w — wdy,, V),
0Bc(x) 0B:(y)

where v;;, denotes the inner normal. Since Av =0 for z # xz, Aw =0 for 2 # y, and v =0 = w on
09, the above reduces to

/ (vOy,, W — wd,,, V) + / (v0y,, w — wdy, v) = 0. (25)
OB: () OB:(y)
Since w is a C? function outside B.(y),

|0

Vin

w| < max |[Vw| < C,
8B, (z)
for some constant C'. Thus,

<C [l
OB (x)

< C max ]v|/ ds
9Bc(z) OBc(x)

< 0/62—71571—1

/ v0y,, W
OB:(z)

= (e,
for some constant C’. Similarly,
/ wd,, v| < C'e.
dBe(y)
Thus, taking the limit e — 07 in (25),
lim w0y, v = lim V0y,, W. (26)
e=0% JoB. (z) e—=0% JoB. (y)

Recall that
v(z) = G(z,2) =T(z — 2) + ha(2),
where h, is a harmonic function in © equal to —I'(z — 2) on 9. Since h, is a C? function away

from 02, arguing as above yields

lim w0y,
e—0% JoB, (z)

hy = 0,
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and the same argument shows that

lim v0y,, h, = 0.
e—=0% JoB.(y)
(26) now reads
lim woy, I'(r —2z) = lim 00y, I'(y — 2).
e=0% JaB, (x) e=0% JaB.(y)

The above limits were computed in class (see the construction of solutions for the Poisson equation),

lim woy,, I'(z — 2z) = w(z),
e—0t OB (x)
and
lim v0,,, I'(y — 2) = v(y),

e—0t dBe(y)
which gives the result.
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Question 11. Consider the time independent Schrodinger equation studied in class:
2

—iAw + Vip = En.
21

Show that, under suitable decay conditions on 9 for |x| — oo, the energy E is always a real number.
Hint: Similar to when we showed that FE is real in the case of the radial equation.

Solution. Multiply the equation by *, integrate over Br(0), R > 0, and integrate by parts the
Laplacian to obtain

B2 B2 .
ua rwz—/ ¥ yw/ VWzE/ e
21 JBR(0) 21t JoBg(0) Br(0) Br(0)

We want to take the limit R — co and guarantee that the above integrals are finite in the limit. We
also want the boundary term to vanish since it is the only integral that is not necessarily real in the
above equality.

Recalling that in polar coordinates in R"

/BR(O)(.”) _/Sn_l (/()R("')T'"ldr) dw,
[ =

we obtain the desired results if, for instance,

and

C
<
and
C
V| < —5—,

provided that V' is also a function that decays for large |z|.
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Question 12. Let Q C R™.
(a) Show that any integrable function u defines a distribution via

) = [ .

(b) Suppose now that u € C2°(§2). Show that the weak derivative of u, when w is thought of as a
distribution (see part (a)), agrees with the usual derivative of w.
Solution. If u is integrable in €2, i.e., fQ |u| < oo, then it defines a distribution by

(u, f) = /Q u(@) () d, (27)

f € CX(Q). To see this, first notice that if we let K C Q be a compact set such that supp(f) C K,

then
/ w(@)f(z) dr,
Q

since u is integrable, and where we used that |f| < M for some M. Thus, (u, f) is well-defined.
Linearity follows from linearity of the integral. Finally, if f; — f in C2°(£2) and we choose a compact
set K C € such that supp(f;) C K for all j (which exists by the definition of convergence in CZ°(2)),
then

< M/ |u(z)| dx < oo,
K

- [ w@) @ e = [ u@)s@de = ..

For part (b), let u € C2°(€2). Then its weak derivative is given by
(D%, f) = (=1)%(u, D).
In view of (27), we can rewrite the right-hand side of this expression as
D% f) = (-1 [ @)D (@) o (28)
On the other hand, denote by 0“u the ordinary derivative of u, i.e.,
olely

Ozt - dzpn’

As 0% € C°(Q), it also defines a distribution via

(0%, f) = /Q@au(:v)f(x) dx

Integrating this expression by parts |«| times gives

(0 1)l / 5D (x (29)

where the integration by parts does not yield any integral on the boundary because f is a test
function. Subtracting (28) and (29),

tim (v, £) = Jim [ u(e)fy(a)do = [ ula) lim g0 do
K K

0%u =

(D% — 0%, f) = 0.
Since f € C°(?) is arbitrary, this gives D%u = 0%u.
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Question 13. Consider the function u : Q — R, where Q = (-3, 3) C R, given by
0, —3I<zr< -2,

20 +4, —-2<x<L0,

—rz4+1, 0<z<1,

0, 1<z<3.

u(z) =

Show that u defines a distribution, and that its weak derivative is

u' = 2X[_2,0] — X[0,1] — 3d0,
where Jg is the Dirac-delta distribution centered at zero, and x4y is given by

1, x € la,b],
X[ap] (T) = { (a, ]

0, z¢a,b.
Solution. w is integrable, thus it defines a distribution. Its derivative is given by
<ul f) = _<u7 f,>7 (30)

for all f € C°(Q2). But

(u, ) /uf—/ (2 +4)f dx—l—/l(—x—i—l)f’(x)da:

:_/ 2f(x) dx + (2z + 4) f ()

:—2/_02f+/01f+3f(0)

=— /9(2X[—2,o] — X[o,)f + 3£(0),
Comparing with (30) we conclude that

u' = 2X[—2,0] — X[0,1] — 300,
where §y is the Dirac-delta distribution centered at zero.
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Question 14.

(a) Compute the (weak) derivative of the Dirac-delta function.

(b) Show that any distribution has infinitely many weak derivatives.
Solution. From the definition of weak derivative,

(D6, f) = (—1)1*N(5,, D f)
= (-1)l* D f(x).

Thus, D), is the distribution that associates to each test function f, the a-derivative of f evaluated

at = (which is a real number).
For part (b), notice that

(D%, f) = (=1)l*l(p, D*f)
is well-defined for arbitrary a since D*f € C°(Q) if f does.
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Question 15. For a > 0, define

(a) Show that

jl_{%+ 3 f)pa(t)dt = d(f),
for all f € CX(R).
(b) Compute
g% . Pa(t)

(c) Show that

Solution. Notice that

[ rwewa =+ |7 s,
and that
i[ir}li% ft)a< 2 F()ga(t)dt < Cll[r_naa}g f(t)a.

Combining these last two expressions produces

min (1) < / 00ty de < mas. £(1).

272

Since f is continuous, in the limit a — 0T,

lim min f(¢) = f(0),

a

a0t [-4,2

and

and therefore the squeeze theorem gives

lim / * F(0)0alt) dt = £(0) = 8().

a—0t

For part (b), one immediately finds

0, t#0,
li t) = 31
55 a0 {oo, ‘= (31
For part (c), notice that since
li t
al—r>%+ ¢a( )
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is not defined at zero, the integral

/_ T A(t) lim ga(t)dt

a—0t

has to be understood as an improper integral, i.e.,

00 T
| r@) tm i = tim [ 50 lim ouod
+ Jim [ p) i o0

But in light of (31),
T
/ F(t) lim o(t)dt =0, T <0,
—o0 a—07t

and
/ £(8) lim Ga(t)dt =0, R >0,
R a—07t

which gives

f(0) = lim /_Oo f(t)qﬁa(t)dt;é/_oo f(®) ig%+¢a(t)dt20,

a—07t

since f is an arbitrary test function.
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Question 16. Define ¢ : C°(Q2) — R by
1, i f0) >0,
(oo /) = {0, if £(0) < 0.

Show that ¢ is not continuous.
Hint: Consider a sequence in {f;}32; C C2°(£2) such that f;(0) > 0 for all j and f;(0) — 0.

Solution. Consider the function
1
fla) =P (|x|2—1>  lel <,
0, |z| > 1.
Thus, f(z) > 0 for |x| < 1 and f(z) = 0 otherwise. As discussed in class, f € C2°(Q2). Let
zj = (1_7407"'70)7 ]: 1727"'
J
and set
fi(@) = f(z = z).
It follows that f;(x) > 0 on Bi(z — z;) and fj(x) = 0 otherwise. Because 0 € By(x — z;) for every
J, we have (p, f;) = 1. On the other hand, f; — ¢ in C(Q2) as j — oo, where g is given by

g(x) = f(x —e1), e1 = (1,0,...,0). But g(0) = 0, thus (p,g) = 0, which shows that ¢ is not
continuous.
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Question 17.
(a) Solve

utt—um:(), CCER,t>O,
u(0,z) =0, ue(0,z) = g(z), z€R,

where

() = 1, 0<z2 <1,
I = 0, otherwise.

(b) Find u(3,z) and u(t, 3).

(c) Let ¢(x) = u(5, ) and ¥(t) = u(t, 3). Show that ¢ and v are distributions, and compute their
second weak derivative.

(d) Use (c) to give an interpretation of the (non-classical) solution that you found in (a).
Solution. Using D’Alembert’s formula, we find

0, z+1t<0,
zHt, r—1t<0,0<z+t<1,
1 —t< <
ult, z) = 3 r—t<0,1<z+1,
t, 0<z—t<l,z+t<1,
= 0<e—t<1,1< x+t,
L0, x—t>1.
From the above,
07 I’S—%,
1 Jaeh hsesy
“(5735): 3_z 1_o,..3
1T g—x—f
07 iéxa
and
1 0, t<0,
u(t,5) =4t 0<t<j
11
2 §St7

Next, we compute the weak derivatives.

<()0”7 f> - <(/7a f”>7
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for all f € C°(R). The right-hand side of this expression is given by

(o, f") = /Oo pf”

—00

I
|
—
[V}
N | =
i
+
N8
+
>~ =
~
=
| NI
(S
|
wh—t\
jw
/|\
N —
~~
i
+
N
=] W
|
R
N~
i
= Nfw

A similar argument yields

W' 1) = —f(5) + ).

We interpret these calculations as follows. The solution u(t, z) found above is not classical, thus we
cannot plug it in directly in the wave equation and evaluate it at the points where derivatives are
not defined, such as (%, %) If we interpret the derivatives as weak derivatives though, then we can

11

imagine smearing out the solution near (3, 5), i.e., we can choose test functions that are supported

in a very small neighborhood of (%, %) In this situation, we can heuristically think of the point-wise
expressions
I I
utt(i’i) =", f) = f(§) = <5%7f>7
and
11 1
Ua;$<§7 5) = <(p//7f> - _f(i) - _<5%7f>7
SO thaut1 utt(%, %)“ =7 — 6% and um(%, %)“ =" — 5%, giving a “solution” satisfying utt(%, %) —
ul‘l‘(%v §) = U



