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1. INTRODUCTION.

The purpose of these notes is to review some basic notions, set up the notation, and give students
an idea of some of the more basic material that will be required for the course. While not all of this
material is necessarily a pre-requisite, it is something that students are expected to quickly acquaint
themselves with. Some students may find most of what follows very basic. If you feel that way, you
are still urged to go over these notes carefully and make sure you understand them, as some of its
aspects contain subtleties that are many times overlooked when one first learns the material.

While we tried to give a sufficiently precise treatment of the concepts involved, our approach
is primarily pragmatic, invoking certain mathematical ideas only as long as they are necessary to
solving partial differential equations in R™. As a result, we have avoided the level of rigor usually
employed when many of these ideas are first introduced to a mathematical audience.

The conventions and notation described below will be adopted throughout the course, unless stated
otherwise. While for the most part, they are compatible with those of the course textbook [PR],
there are some differences, so please be alert.

2. VECTORS AND COORDINATES.

Recall that R™ consists of the set of n-tuples (x1,x9,...,2,), where each x;, i = 1,2,...,n, is a
real number. This last statement is written briefly as z; € R, where R denotes the set of real numbers
and € means “belongs to” (the symbol ¢ will be used later on, and it means “does not belong to”).
We write z € R™ to indicate that x is an element of R", i.e., x = (z1,22,...,2y). n is called the
dimension of the space R". Each x; is called a component or coordinate of = (z; is the first
component or first coordinate, xa the second component or coordinate, and so on). We shall use the
terminology point and vector interchangeably for elements of R"®. “Component” and “coordinate”
will also be used interchangeably. Notice that we do not use an “arrow,” i.e., the notation & (that
you might have seen in Physics, Linear Algebra, or Multi-variable Calculus) for elements of R™. In
particular, the zero element of R”, also called the origin, will be denoted simply by 0, i.e. 0 € R®

corresponds to the vector whose components are all zero: 0 = (0,0,...,0).
1
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While we typically use letters such as x, y, and z to denote elements of R", sometimes, when dealing
with R? and R3, we reserve them for the components of a vector. For example, v = (z,y,2) € R3.
On the other hand, in many situations we have to label a set of points in R", in which case we
use a subscript. For example, suppose we are given N points' in R”. We can denote them by
r1,T9,...,rn. Here, we have x; € R™ for each i = 1,2,...,N. In this case x; should not be
confused with the i*" component of a vector, being rather the i*" vector in the collection of N vectors
r1,T9,...,Tn. Naturally, in such a situation a different notation is needed for the components of the
vectors x1,xs,...,xry. For example, if we want to write the components of, say, the vector x3, we
can use two indices, as

r3 — (3331,:6'32, Ce 71'377,)-

Above, the first index labels which vector we are talking about, i.e., the third vector in this case,
whereas the second index denotes the corresponding component of the third vector. More generally,
we write,

x; = (zi1, Ti2, .. ., Tin),

where i indicates the ™" vector in the collection x1, xo, ..., zxn, and the second index indicates the
corresponding component of the i vector. Therefore, we can denote all components of all the vectors
in our collection by x;;, where i varies from 1 to N and labels which vector we are talking about,
and j varies from 1 to n and denotes the j** component of the i*" vector.

Yet sometimes, it will be more convenient to denote the coordinates of a point with upper indices
or super-scripts, i.e.,

= (zh 2%, 2",

in which case the components of a collection of N vectors can be written as z, with ¢ and j holding
the same interpretation as in the last paragraph, i.e., 7 varies from 1 to N and labels which vector
we are talking about, and j varies from 1 to n and denotes the j®" component of the i*" vector?.

All of the above may look very confusing at first sight. Sometimes z; is a component, sometimes
it denotes a point (=vector!) in R™; but sometimes components are denoted by x and y. The point,
of course, is that it may be more convenient to use one notation over the other. It all depends on
the particular problem we are addressing, and we need to have enough flexibility to use the most
convenient notation in each case.

The important thing to have in mind is that what determines which type of object one has is not
its notation, but rather how it is stated in the relevant context. For instance, suppose you are given
a homework problem that begins with “Let x € R™...”. In this case, you are told that = is a vector
with n components. Similarly, you could find a statement in the textbook that reads “Consider three
points, x1, o, x3, in R3...”. Here, you are told that each z;, i = 1,2, 3, is a three-component vector?.
Similarly, whenever you write your solutions, you should make clear what you mean by each object
you introduce. Except in very special cases, you should not, and cannot, assume that it is obvious

INote that N and n have nothing to do with each other. N denotes the number of points we are given or have
chosen, so if we pick, say, ten points, we have N = 10. n denotes the dimension of the space. In a given problem, n is
usually fixed (say, we are working on the three-dimensional space R?), while N can vary (first we are given ten points,
N = 10; later on we pick six points, N = 6, etc.).

2Although we shall not explore it in this course, there is in fact a deeper meaning in the distinction between
denoting coordinates as 27 and z;. The mathematically inclined reader can search for the concept of the dual of a
vector space, whereas Physics students may want to look at the distinction between wvectors and co-vectors, or between
covariant and contravariant coordinates.

3Notice that it is just a coincidence that the number 3 appears twice here: we could have more, or less, than three
points in the three-dimensional space R?; see footnote 1.
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what is meant by the notation you are using. For example, if you are given a problem that says “Let
xr € R"™...”, then it will be clear that by x; you mean the components of z. On the other hand, if
the problem makes no reference to x, then you cannot write things like x; assuming that the reader
will know what you mean, as it could be interpreted in several different ways. In this case, you have
to write in your solutions something like “Let x € R™...”, or whatever else is meant in the context
at hand.

While notation can, in fact, be a source of a great deal of confusion, it is important to know how
make the most of the convenience that different notations offer. Naturally, the importance resides
in the concepts themselves rather than in how one expresses them, although having a clear way of
expressing mathematical ideas is definitely preferable. This is not, of course, much different than
when you first learned about variables and functions, probably sticking to writing x for the variable
and y for the function, learning, later on, that you could use different letters without changing the
mathematical content of the problems.

The canonical or standard vectors in R, denoted by e;, ¢ = 1,...,n, are the vectors with 1 in
the i component and zero in the remaining ones, i.e.,

e1 = (1,0,0,...,0)
es = (0,1,0,...,0)
es = (0,0,1,...,0)

en = (0,0,0,...,1).
We can write the above also as
e; =(0,0,...,1,0,0,...,0)
T
ith component.

According to the conventions previously discussed, the components of e; can be described as

1, ifi=j
€ij = e
0, ifi=j.

The norm of a vector x € R", denoted by |z|, is defined by

2 = /a3 +af +- -+ a2

Notice that |z| measures the distance of x to the origin, or, equivalently, the “length” of the vector
x. If z,y € R", then |z — y| is simply the distance between z and y.

The inner product or dot product between two vectors z and y of R™ is denoted by both (x, )
and z -y, and it is defined as

(x,y) =191 + T2y2 + - Tn¥n,

or, more concisely,

n
=1

Notice that |z| = y/(z,z). Two vectors are said to be orthogonal if their inner product is zero.
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3. FuNcTIONS.

We recall that a function is a rule that assigns for each element in a set A, one, and only one,
element in a set B. The set A is called the domain of the function and B its co-domain. The
notation

f:A—>B

is used to indicate that f is a function with domain A and co-domain B. We sometimes say that f
takes values in B to refer to the co-domain of a function.

For the most part, we shall be dealing with functions defined in R™ (or in a subset of R, see section
4) and taking values in R, i.e., f : R™ — R. In this case, if we write f(z), it is to be understood that

x € R" ie., v = (x1,22,...,2,) and f(x) = f(z1,22,...,2,). A function that takes values in R is
called a real valued function. The following are examples of real valued functions:
(i) fTR—=>R,
Y f(x) =22+ 1.
g:R3 =R,

(1) g(x,y,z) = zy + xz + yz.
iy HROR
W h(z) = (z, ).

The above are typical examples of how a function is usually presented. Consider example (ii). First,
we are given something like g : A — B, which indicates how we are naming the function (g in this
case), and the domain and co-domain of the function (R? and R, respectively); after all, if a function
is a rule between two sets, upon defining a function we better say what these two sets are. Next, we
define the rule that associates to each element in A one, and only one, element in B. In this example,
the rule is the following: given an element (z,y, z) € R3, the corresponding element in R is obtained
by computing zy + xz + yz. For example, g(1,-2,3) =1 x (=2) +1 x 3+ (—2) x 3 = —5. Although
this all sounds very trivial, you should make sure that you understand the notation involved.

Less often, we shall need functions with domain R™ (or a subset of R"™, see section 4) and R™, where
n and m may or may not be equal, depending on the particular problem. A function f : R® — R™
is called a vector valued function. The particular case when n = m is called a vector field. The
following are examples:

) Y R?2 — R3,
u(x) = (r122, 1 — T2, T1 + T2).
v:R? = R?,
W say) = (Lo -y o+ )
wi) Wi RY
w(z) = —z.

Notice the difference between examples (i) — (i7i) and (iv) — (vi). In (i) — (¢i7) the answer is a
real number, while in (iv) — (vi) the answer is always a vector with more than one component. For
instance, given (1,1) € R?, u(1,1) is the vector (1,0,2) € R3.

We remark that sometimes functions have a nice geometric interpretation. You are invited to
explore the geometric meaning of the function in example (v). By assigning values to z and y and
drawing both (x,y) and v(zx,y), you should be able to verify that v rotates vectors in R? by 45°
counter-clockwise. The function w in example (vi) is a “reflection”: it sends each point z € R” to
its antipodal point.
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Looking at (iv) — (vi), we see that a vector valued function can be thought of as a vector where
each component is a real-valued function. Thus, we can write,

f:R*" - R™,
f=U T fm),
where
i R" >R, i=1,...,m.

Even more explicitly, since each f; has domain R™, we can write,

[ R" - R™,
f(@) = (fi(2), fo(®), ..., fn(2)),
= (fi(x1,22,...,xn), fo(T1, 22, ., Tpn), - ooy frn(T1, T2y .oy Tp)).
Notice that it is not always true that a “rule between sets” gives a well-defined function. Consider
f:R* >R,
flx) ==

While f(z) = z seems a perfectly well-defined rule, it is inconsistent with f : R* — R, in that this
last statement says that the co-domain is R, but € R*. We can correct this by either changing the
co-domain to R*, or by changing the form of f to make it real valued, for example, f(z) = |z|.
Consider a function f : A — B. Notice that not all elements of B have to be “hit” by the
function. For instance, we can define f : R — R by f(x) = 2. Then the co-domain is the set of
all real numbers, but if we pick —1 € R, there is no z in the domain such that f(z) = —1. Given
an element y € B, we say that it is the image (through f) of the element z € A if f(x) =y. The
range (sometimes also called the image set or just image for short) of a function f: A — B is the
set of elements in B that are the image through f of at least one element from A. In the previous

example, the range of f(x) = 22 is the set of non-negative real numbers.

4. SETS AND SUBSETS, AND MORE ABOUT FUNCTIONS.

In many situations it will be necessary to work with functions defined on subsets of R". We
shall also need to look at subsets of points and functions with certain properties, and therefore, we
introduce here some general notions of how to carry out such definitions.

A common way to define a set of elements with a certain property is to use curly brackets to

mean “set” and the symbol ‘ to mean “such that”. For example, consider the set @) defined
by

Q:{:L'GR2‘1‘220}.
One reads this as “Q is the set of all points in R? such that the second coordinate is non-negative.”

“All points in R?” is indicated by = € R?; “such that” is indicated by ‘; and “the second coordinate

is non-negative” is indicated by xo > 0. In other words, @ consists of the first and second quadrants
together.
We can have more than one property defining a set. For example,

I:{aﬁeRQ’xlzo, and x220}

consists of all points in R? such that the first coordinate is non-negative and the second coordinate
is non-negative as well. In other words, I is the first quadrant on the plane. Most of the time we



6 MATH 234 SPRING 14

omit the conjunction “and,” listing the defining properties of a set separated simply by a comma.
Thus, the set I above could also be defined as

I:{xER2’$120,$220}.

Notice that above a certain convention for how to denote coordinates in R? is implicitly understood
(see the discussion on section 2). In most cases we assume that the notation for the elements defining
a set speaks for itself. For instance, the reader should have no trouble in understanding that

Slz{(x,y) GRz‘x2+y2:1}

defines a circle of radius one centered at the origin, with x and y denoting the first and second
coordinates in R?, respectively. Another example is

B! = {(as,y) GRz‘x2+y2 < 1}.

The set B! is a “ball” of radius one centered at the origin, i.e., not only the circle of radius one but
also its interior. Yet another simple example is
1
A= {(m,y) GRQ‘xz—i—yQ <1, 22492 > Z}
How does A look like? Recall that z2 + y? is the square of the distance from the origin to (z,y).
Thus, it reads, “A is the set of all points in R? such that their distance to the origin is less than or
equal to one, and their distance to the origin is greater than or equal to %.” We conclude that A is

the annular region between the circle of radius one and the circle of radius % Notice that A could
also have been written as

1
A= {(J:,y) GRQ‘Z <zt 4yt < 1}.
The definition of a set can also carry a parameter. Consider
Sy = {(x,y) c R? ’ 2 +y? = 7‘2}.

Clearly, S, consists of the circle of radius r centered at the origin. Notice that r does not appear
together with (z,y) € R?, i.e., we are not saying that S, is “the set of r’s with a certain property.”
Rather, given r, we define S, so that for each r we pick, there is a different set S,.. In other words,
r is something we typically fix first, depending on the nature of the problem we want to deal with,
and then we define the set S,.

Consider this other example:

Sr(zo,90) = {(x,y) € R? ’ (x —x0)? + (y — o) = Tz}'

Sr(z0,yo) is the circle of radius r centered at (zg, ). Again, notice that (xg,yp) is something fized
for the definition of the set, i.e., we are not considering “all (xq,%o) in R? such that...”. A slightly
more elaborate example is

m, = {ocr"

(z,y) = 0}-

I, is the “set of all vectors in R™ such that their inner product with the (fixed) element y is equal to
zero.” In other words, II, is the set of all vectors in R™ that are orthogonal to y (the reader familiar
with Linear Algebra will recognize II, as a n — 1-dimensional place through the origin in R™). Notice
that, similarly to r above, the element y is fixed beforehand.
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Now that we know how to define sets in R”, we can look at functions whose domain is not the
whole of R” but a subset of it. Consider

{L:{xeR”

2| < 1}.

B7 is “the ball of radius one inside R™,” i.e., the set of all vectors in R"” whose norm is less than one.
Define

f: Bl =R,
f(x) = |=|.

By definition, this function has domain B, and thus it does not make sense to ask what f(x) is
if ¢ B} (remember that ¢ means “does not belong to”). Some readers may find this example a
little silly, as we can perfectly compute |z| for any = € R”, and not only for those in B}. However,
such readers should remember that a function is a rule between two sets, A and B, and as such it
does not make sense to ask what should be assigned to elements outside* A. If this puzzles you, you
can consider that this is a “minimalist” approach: if in a particular problem or application we only
care about points in B}, we restrict ourselves to defining functions on in B}, not caring about what
happens outside BY}.

While for some readers the discussion of the last paragraph may sound conceptually abstract,
there are of course obvious cases where the defining rule of a function only holds in a subset of R™.
E.g., let

g:{xeR" m#O},
i.e., R{ is R™ except for the origin. Then
f:Ry — R,
1
flz) =
|z|

is a well defined function, but the same expression cannot be used on the whole of R" as we would
otherwise divide by zero. The set R{} is more commonly written as

o = R"\{0},

where \ means minus, i.e, R is the set of all elements in R” minus (i.e., except) the set consisting
only of the element zero, {0}.
Another example is

f:{a;e]R” \x|§1}—>]R<,

f@) = V1= lxl.

f will not be real valued unless we restrict it to |z| < 1. In this last example, we took a shortcut:
instead of first defining the set {;c eR”

we preferred to define f and its domain simultaneously. This is useful to avoid “giving names” to
several different sets every time we define a new function.

|z| < 1}, and then defining f as having that set as domain,

4The fact that the same formula, f(x) = |z|, holds for elements outside B means that our function f, initially
defined on BT, can be extended to the whole of R™ and, moreover, this extension is in a sense “the obvious” and “best”
one. We shall not get into this type of conceptual subtlety in our course, but the mathematically inclined students is
welcome to discuss this with me during office hours.
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We finish, noticing that there is a natural way to define f(U), where U is some subset of the
domain of f. If, say, f : R® = R and U C R", then

1) ={r@)
In particular, if f: A — B, then f(A) is simply the range of f.

iL'GU}.

5. SOME TOPOLOGICAL NOTIONS® IN R™.

The symbol C means subset, and A C B reads “A is a subset of B. The case A = B is not
excluded (every set is a subset of itself). If we want to say that A is a subset of B but cannot equal
B itself, we use the symbol C, so A C B. Sometimes we also say that “A is contained in B.” The
symbol ¢ means “not a subset,” e.g. R? ¢ R2.

Recall that (a,b) C R is an open interval, whereas [a,b] C R is a closed interval. (a,b] and [b,a)
are neither open nor closed. Notice that an open interval has the following property. Pick any
x € (a,b). Then, we can always find another interval I, containing z such that I, C (a,b). Said
in a slightly different way, given any = € (a,b), we can always find a number € > 0 such that the
interval (x — e,z + €) is contained in (a,b), i.e., (x —e,z+¢€) C (a,b). A very similar idea is used to
talk about open sets in R™. For this, we need the following notation and terminology, which will be
adopted from now on. The ball of radius r and center x( in R" is defined as

B, (x9) = {x eR"” ‘ |z — x| < r}. (5.1)

Sometimes we write B)(xo) to emphasize that this is a subset of R", and the case ¢ = 0 is sometimes
abbreviated B, — in which case we refer simply to the ball of radius r.

A set U C R" is called open if for any = € U there exists a r > 0 such that B,(z) C U. Notice
that B,(z) is always open for any = € R™. The complement of a set U C R", denoted U¢, is the
set of elements in R™ that do not belong to U. More precisely,

Ucz{xeR” x¢U}.

Notice that this is the same as
U =R"\U.

A set is called closed if its complement is open. As an instructive exercise, the reader is invited to
show that the set

St = {(:U,y) € R? ’$2+y2 = 1}
is closed, by first identifying its complement, and then showing that it is open.

The intersection of two sets A and B contained in R™, denoted A N B, is the set of all elements
that belong simultaneously to A and B. We write,

AﬁB:{xeR” xeA,xeB}.
The reader can verify the following examples:
B: N B; =B,
2 2

(_27 2) N (074) = (07 2)7

5In this section we try to introduce some ideas from Topology without assuming any prior knowledge of the topic.
Our discussion will be applicable only to R™ and will be, as said in the introduction, pragmatic and lacking rigor.
This will make the way some ideas are introduced somewhat awkward from a fully mathematical point of view. The
interested reader is referred, for example, to [M] for a more consistent treatment.
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and
1
zimBiz{@mneRﬂigx?+f<1}
2

When A and B have no element in common, their intersection results in the empty set, denoted
@. For example, let z = (2,2,2) € R? and y = (-2, -2, —2) € R3, then

Bl(l‘) N Bl(y) = .

Inductively, we can define the intersection of more than two sets, in which case we write AN BNC,
etc. In fact, we can take the intersection of infinitely many sets. For example, consider the sets
I; C R defined by

11
L=[--,~],i=1,23,...

11

Then
(L = {0}.
=1

To convince yourself of the above, draw the first few I;’s and see what results from their intersection.

Given a set U C R™, we can consider the “smallest” closed set containing U. To make this notion
more precise, let C(U) be the collection of all closed sets containing U. Le., F' € C(U) if, and only
if, F'is a closed set and U C F. If we consider the intersection of all F’s with these properties, then
we obtain a set called the closure of U, denoted U. Thus,

U= () F
Fec(U)

To understand this notion, consider that, if U is a closed set, then its closure is U itself, i.e., U = U

whenever U is closed. If U is not closed, then U consists of U plus the points that are “missing” to
make U closed. For instance, [0, 1) is not closed, because the endpoint 1 is not included, thus

0,1) = [0,1].

Different sets can have the same closure, e.g., the closure of (0,1), (0,1], and [0,1) are all equal to
[0,1]. The reader should notice that U is always a closed set®.

As another example, consider By, whose definition was given in (5.1) and in the text that immedi-
ately followed. Bj is not closed because, by its definition, it includes only the points whose distance
to the origin is less than one, i.e., it is “missing” the points whose distance is exactly equal to one.
Thus

E:{xeR”

|@§1}
Analogously,
By (z9) = {x eR" ‘ |z — xo| < r}.

Notice that the crucial difference of the above to (5.1) is that < has been replaced by <.

61t is an instructive exercise to show this, as follows. By definition, one has to show that the complement of U is
open. This is done using the so-called de Morgan’s law (see, for instance, [H]): U° = (NpF)¢ = UrF°. Since each F°
is open because each F' is closed, and since (as the reader can check) the union of open sets is open, we conclude that
U is open, and thus U is closed.
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When forming B, (zp), the points that were “missing” consists of a n — 1-dimensional sphere of
radius r and center xo (if that is not clear, draw a picture of B, (x) in two and three dimensions).
Therefore we define the n — 1 sphere of radius r and center z( inside R" as

Sy(z0) = {1: eR"”

|z — 0| = r}.

We write S?~!(xg) if we want to emphasize that S,.(zo) is a subset” of R", and S, for S,.(0) — in
this last case we refer simply to the sphere of radius . The reader should check that S,(z¢) is a
closed set.

Sy(xo) can be thought of as the outermost points of B, (zg), or the “boundary” of B,(zp). Fur-
thermore, B, (xg) can be decomposed into two pieces, one open and one closed, namely, B, (xo) and
Sr(zg), and such that B, (z¢) N Sy(x0) = @. Next, we define some similar notions for sets that are
not necessarily a ball. To do that, we need to first recall what the union of sets is.

The union of of two sets A and B contained in R", denoted AU B, is defined as the set of points
that belong to A or B, i.e.

AUB:{xeR”

x €A, or:vEB}.

For example, (0,2) U (1,3) = (0,3), and B; US; = By. As with intersections, we can consider the
union of more than two sets, and even of infinitely many sets.

Given a set U C R", we can consider the “largest” open set contained in U. More precisely, let
O(U) be the collection of all open sets contained in U. IL.e., E € O(U) if, and only if, E is an open
set and E C U. The interior of U, denoted [3', is defined as

v= |J E
EcO(U)

We point out that Uis always an open set.
The boundary of a set U C R", denoted OU, is defined by

oU =TU\U.

From the definition, it follows that oU N U=o.

Another important concept is that of connectedness. A set U C R" is said to be connected if
any two points in U can be joined by a continuous curve®. The basic intuition is that a connected
set cannot be split into two parts that “do not communicate with each other.” For instance, B, is a
connected set, as are (0,1) C R, [1,3), and S,. The sets R\{0}, and (—2,—1) U (1,2), on the other
hand, are not connected.

We can now define one of the main types of sets of interest in this course. A domain in R"” is a
connected and open set®. The notation 2 will always denote a domain, unless stated otherwise. The
balls B,(z¢) are examples of domains. The spheres S, (z() are not domains because they fail to be
open.

"Notice that we write 57~ '(z0), and not S”(zo), because S,(zo) always has “one less dimension” than R”. For
example, in two-dimensions, the ball of radius one is {(x,y) € R? |x2 +9% < 1}, but the sphere is only the circle
{(z,y) € R? ’xZ + %% = 1}. Although we shall not define the concept of dimension for general sets, this should be
intuitive. Also, see the comments at the end of this section.

8To be precise, this is actually the definition of what we call a path connected set. Giving the precise definition of
connectedness would require a more extensive discussion. We point out, however, that in the main case of interest, i.e.,
when the set U is open, the concepts of connectedness and path connectedness agree. The interested reader is referred
to [M] for details.

9The concept of domain here has nothing to do with the domain of a function.
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Given a domain (2, we can consider its boundary 92 as defined earlier. A domain is said to have
smooth boundary if the following property holds: locally, 92 can be written as the graph of an
infinitely differentiable function.

Probably the best way to understand this definition is via the following example. Consider the
ball of radius one in R3. Recall that it is the set

B, = {(m,y,z) €R3‘\/m2+y2+22 < 1}.

Its boundary is the two-dimensional sphere

S = {((m,y,z) GRg‘\/$2+y2+22 = 1},

i.e., 0B1 = S1. Notice that S7 cannot be the graph of a function, as it fails the analogue of the vertical
line test in three-dimensions (any straight line through S} will cross it in two points). However, small
pieces (this is roughly the meaning of “locally”) of Sy can always be written as a graph, as we now
show.

Consider first the upper hemisphere of S7, which we denote by Sf . It corresponds to the points
that satisfy not only y/22 + y2 + 22 = 1 but also that are “above” the zy-plane, i.e., z > 0. Therefore,
S is given by the points that satisfy

Vr2+y2+22=1 and z > 0.

Solving for z and using z > 0 to pick the positive square root gives
z=1—a%—y>
But this defines z as a function of z and y. Therefore, the upper hemisphere S; is the graph of the

function h(x,y) = \/1 — 22 — y2, whose domain'? is the set {(z,7y) € R? | 2% +y? < 1}
Similarly, the lower hemisphere, denoted by S|, is given by

vVai+y?+22=1 and 2 <0.

Solving for z and using z < 0 to pick now the negative square root gives
z=—1—a?—y2

Again, z is a function of 2 and y, whose domain is the set {(x,y) € R? ’ 22 +y? < 1}. Since S]” and
S| completely cover the sphere, i.e. Sf’ U St = 8;, we have shown that locally S' can always be
written as the graph of a function.

The above does not quite show yet that B; has smooth boundary. To do so, we need to show
that the functions whose graphs give S; are infinitely differentiable. Consider the case S;". Taking

derivatives of \/1 — 22 — y2, we will find expressions that involve
1

/1—m2—y2'

The above, and its derivatives, will be well-defined as long as z? + y? < 1, but for points such that
2?2 + y* = 1, we would be dividing by zero. The same statement holds for S; .

Noticing that the points satisfying 2 + y? = 1 correspond exactly to the equator of the sphere,
we conclude that the above shows that S; can always be written locally as the graph of an infinitely
differentiable function, except for the points on the equator. To remedy this problem, we simply

10For technical reasons, when one says that 02 is locally the graph of a smooth function, it is convenient to define the
domain of the function giving the graph to be always an open set. In this case we would take {(z,y) € R? ’ 22 +y? <1}
‘We shall, however, avoid this kind of subtlety here.
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notice that there is nothing in the definition of a smooth boundary that requires us to limit ourselves
to only two pieces of 9€). The points on the equator can also be shown to be part of graphs of certain
infinitely differentiable functions, except that now z will be one of the variables and z or y will be the
function. For instance, a similar reasoning as above shows that if we consider the right hemisphere,
given by

V2 +y?2+22=1 and z >0,

and the left hemisphere, given by

Vaz+y2+22=1 and z <0,

then we can solve for z in terms of y and z, obtaining the functions
r=vv1—-y

and

These functions both have domain y? + 22 < 1, and they are infinitely differentiable, except for
the points satisfying y? + 22 = 1. These points constitute the “principal meridian” of the sphere.
But notice that these points are either on the upper hemisphere or on the lower hemisphere, which
we have already shown to be the graph of an infinitely differentiable function except for points on
the equator. However, the only points that are simultaneously on the equator and on the principal
meridian are the points (1,0,0) and (—1,0,0). Therefore, we have shown that all points on the
sphere, except those two, belong to the graph of an infinitely differentiable function. The reader can
now probably imagine how those last two points are shown to also satisfy this property: one writes
y as a (two) function(s) of z and z, and argue analogously.

The conclusion is that by using enough “caps” we can cover the sphere with pieces that are always
the graph of an infinitely differentiable function, as shown in figure 1.

@S s

FIGURE 1. Covering the sphere with several caps (credit: M. P. do Carmo, Riemann-
ian Geometry. Birkhauser (1992)).
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Hence, B; is a domain with smooth boundary. Of course, there is nothing special about the radius
equal to one or the origin as the center. Nor is there anything special about the dimension n = 3.
Similar arguments can be used to show that B, (xzg) C R™ is always a domain with smooth boundary.

Some readers may find this last discussion too lengthy or complicated, but they should be able to
grasp it quickly after working out some of the details by themselves. We insist that this last example
be understood thoroughly, as B is the prototypical example of domains with smooth boundary —
which will be one of the most important sets used in the course.

A domain is called bounded if it can be enclosed inside a ball of radius r for some r > 0. For
example, the region

Az{(m,y,z)€R3 <x2+y2+22<1}

‘ 1
16
is bounded because it lies inside!! the ball of radius 2; while

A={(s,y,) e®?

x>0,y>0,z>0}

is not bounded.

Lastly, we make a comment about dimension. It should be intuitive that B, C R™ has n di-
mensions, whereas S, has n — 1 dimensions (the reader can consider the case n = 3 for simplicity
if necessary). This is because in B, we have n variables z1,x2,...x,, but in S, one variable can
always be written as a function of the remaining n — 1 variables, as we have shown above. Hence,
there are truly only n — 1 independent coordinates in S,. Although we shall not define the concept
of dimension here, the reader should keep this intuitive notion in mind: that a domain € in R"
is a n-dimensional spaces, whereas its boundary 9 is a n — 1-dimensional space'?. This will be
important later on when we discuss functions defined on Q and 082, i.e., f: 2 — R and g : 02 — R,
respectively. f is then a function of n variables, while g is a function of n — 1 varaibles.

6. PARTIAL DERIVATIVES.

In this section we recall some basic notions about partial derivatives. The reader can check [S] for
a more detailed review of the topics here presented. The partial derivative with respect to the i
coordinate will be denoted by

—, or 0;
8$Z I (2
with higher order derivatives denoted accordingly, e.g.,
82
——, 8%, or simply 9.
8xi8:cj Y Py *J
We sometimes speak simply of “derivative” to mean “partial derivative.” If f is a function of n
variables (for instance, a function defined in R™), i.e., f(z1,22,...,x,), its derivative with respect
to the i coordinate is also denoted by a subscript:
fi = 8’Lf)
or yet

Hof course, A also lies inside the ball of radius 3, or 1.5... The definition only requires that it belongs to a ball of
radius r for some r > 0.

1276 be more precise, the boundary is a space of at most n — 1 dimensions. However, in all cases relevant for this
course, it will in fact consist of a n — 1 dimensional space.
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Notice that if z € R™, then f(z) means that f is a function of n variables, i.e., f(x) = f(z1,z2,...,x,),
in which case f;(z) means the derivative of f with respect to the i coordinate evaluated at x. You
should be careful not to confuse the notation f; for partial derivatives with the notation for the itP
component of a vector valued function.

A function is said to be k-times differentiable if all its partial derivatives up to order k exist,
and k-times continuously differentiable if all its partial derivatives up to order k exist and are
continuous. It is important to notice the difference between these two concepts. The reader is
encouraged to try to find an example of a function whose derivative exists but is not continuous;
ie., find f: R — R, such that f’ is well-defined, but f’ is not a continuous function. We denote by
C*(Q) the set of real-valued k-times continuously differentiable functions defined on 2 (recall that
Q is always a domain in R™). More precisely,

cr(Q) = { f: Q=R ‘ all partial derivatives of f up to order k exist and are continuous }

The sets C*(Q) and C*¥(9Q) are defined similarly!?.

From now on, it will be assumed that the functions involved are sufficiently differentiable, so that
all the formulas involving derivatives will make sense.

A very important tool to compute derivatives is provided by the chain rule. Recall that if
f:R—Rand g: R — R are differentiable, then

(fog)(z) = f'(g(x))g'(x),

where f o g is the composition of f and g. We can omit  and write the above as

(fog) =(fo9)9"
Next, we recall how this rule generalizes to functions of several variables.
Consider g : (a,b) — Q and f : Q@ — R, so that fog : R — R is well-defined. We can write
g=1(91,92,--,9n). Thus,

(fog) () =Y 0if(g(x))gi(x),
=1

or simply
n
(fog) =D (9if 0 9)gi-
i=1
Sometimes one sees the above written as

(fog) =Y_0ifg;.
=1

In this last expression, it is implicitly understood that for each x € (a,b), 0;f is to be evaluated at
g(z), i.e., 9;f(g(x)), even though the composition og in 9; f o g has been omitted. Although this may
be a bit confusing at first sight, it is the only thing that makes sense, since we are computing the
derivative of the composition f o g.

There is a simple mnemonics for the chain rule. Recall that for single variable functions, we can
write z = g(t) and f = f(z), so that

d _df d

g(fog)—%aa (6.1)

13The reader should make sure that he or she understands the definition of derivative of a function defined on a
closed set, such as 2.
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where of course dx =
In the case g : ( ) Q and f: Q — R, let us write z = g(t), so that x = (z1,2z2,...,2,) =
(91,92,---,9n), L€ :UZ( ) = gi(t). Then
" Of du;
"= - 2
oo =3 0 G (6.2

dr; _

where Tt = g;. Comparing (6.1) with (6.2), it is seen that they have exactly the same form, except
that because f is a function of n variables, in (6.2) the derivatives of f are partial derivatives and
we have to sum over the different components z;. Notice that each x; = ¢; is a function of only
one variable (the variable t). Notice also that with this notation, there is no need to write the
composition og along with the partial derivative of f: since the coordinates in €2 are denoted by x,
and we wrote f%’ it is implicitly understood that this is evaluated at = € Q; but = = g(¢).

Sometimes, we shall also need to compute the derivative of the composition of two functions of
several variables. Suppose 29 C R™ and €7 C R™ are two domains in R™ and R", respectively
(notice that m and n can be different). Let g : Q9 — 7 and f: 21 — R, so that fog is well-defined.
Notice that f o g is a function of m variables, thus, when computing derivatives of f o g we have
to talk about its partial derivatives. To do so, we apply formula (6.2) for each partial derivative.
More precisely, denote the coordinates in Qg by z, so z = (z1, 22, ..., Zm) € Qo, and the coordinates
in Q by y,s0y = (y1,92,...,Yn) € Q1. Then we have y = g(z) for each x € Qo, i.e., y; = gi(z),
i=1,2,...,m. The i*" partial derivative of f o g is given by

of ay]
8331 Z ay] ozx;’ (6.3)
Oy; 9g;

where o = o Notice that again, by the conventions we adopted to indicate the coordinates in
af

Qo and 1, there is no need to write og along with since y; = gj(z). The reader should compare

(6.3) with (6.2) and realize that the latter is a partlcular case of the former when m = 1.
If f:Q CR"” — R, its gradient, denoted V f, is the n-component vector defined as

Vf=(0f,0f,....0nf)
And if f: Q C R" — R™, its Jacobian matrix, denoted D f, is given by

Ofi Oft -+ Onfi
9 P D,
Df 1:f2 o f2 :f2

Other notations for Df are
a(fhf?a .. 7fm) o

O(x1,x9, ..., %)

r (9if;)-
With these notations, it is instructive to show that (6.2) is given by
(fog)' =(Vfeg.g),
and that (6.3) can be written as
D(fog)=Vfog-Dg.

In this last expression, - is simply the matrix multiplication of the 1 x n matrix V f o g by the n x m
matrix Dg. The result is a 1 x m matrix whose " column is the i** partial derivative of f o g. The
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attentive reader has probably already noticed that V f equals Df when f : R — R”. Therefore, all
of the above formulas for the chain rule are particular cases of the general formula:

D(fog)=Dfog-Dg.
7. INTEGRALS.

Here we recall some basic facts about integrals of functions of several variables. It will be assumed
that the functions satisfy all the required hypotheses to make the integrals involved well-defined.
The reader can check [S] for a more detailed review of the topics here presented.

The integral of a function f : ) C R™ — R will be denoted by

b

Notice that we do not write the volume element dV or dZ for this multidimensional integral, although
sometimes it may be convenient to do so (e.g., to stress which ones are the variables of integration),
in which case we shall write

Q

Notice, also, that dx represents the volume element in n-dimensions, i.e.,
dr = dxidxs - - - dx,,

so [ f(x) dx can be written more explicitly as

/ flxi, e, ..., xy) dx1das - - - day,.
Q

The above also implies that we avoid using the notations of “several integrals.” For example, if € is

a domain in R?, we do not write,
// f(a;l,xg) d.’L‘ldl'Q
Q

since, once it is known that © C R?, it is superfluous to write the integral sign twice.
Consider a domain 2 with smooth boundary 0€2. Remember that it is possible to carry out
integration of functions defined over 0f), which we write,

[
[2}9)

where g : 92 — R. As before, we do not use some of the “standard” notation found in calculus
books, avoiding writing dA, dA, etc. for the area element of 9€2. When it is necessary to write such
an area element, we denote it by ds,
/ g ds,
oN

/a gz} ds.

Intuitively, ds is the “restriction” of the n-dimensional volume element dx to the n — 1-dimensional
boundary 9. For instance, if Q C R? is the upper-half plane,

Q:{(:E,y,z) ER3)Z>O},

or



MATH 234 SPRING 14 17

then 0X) is the zy-plane,
o) = {(x,y,z) eR3 ’ z = O},

and in this case ds = dzxdy. It is important to remark that even if the boundary is n — 1-dimensional,
ds is still referred to as an area element — although sometimes we also use volume element induced
on the boundary, induced volume element, or boundary volume element.

Again, the reader should notice that we avoid some of the more involved notation for the boundary
integrals. For instance, if €2 is two-dimensional, the 02 is a curve, and f 5 18 sometimes written 5589.
This notation will not be employed here.

In some exceptional situations, one wants to integrate a function of n + m variables with respect
to, say, the first n variables. In such cases we write,

f:f(xvy) :f(flax%'--meyl,y%"-ym)v

and the integrals

/Q f(a,y) d,

/ oz, y) ds(z),
o0

where Q C R™. L.e., even though the functions f and ¢ involve n + m variables, we are considering
an integral over a domain €2 that belongs to R” — thus, we have integrals over the first n-variables.
In the above, the z in ds(x) is used to emphasize that only the first n variables, encoded in x, enter
in the integration.

Consider the domain Q C R? given by

Q= {(:c,y,z) e R?

and

220}.

z:o}.

Given a function f : 2 — R, one naturally gets a function defined on 92 by simply setting z = 0,
i.e., the function f(x,y,0) is a function defined on the boundary 0. The same idea works for a
general domain, as we next explain.

A function f : Q — R naturally defines a function on 9%, called the restriction of f to the
boundary, denoted by f|,q, and given by

floq (x) = f(x), for x € 0N

From this it follows that we can also integrate a function defined on  over the boundary , i.e.,

f

o0N

Then, as in the previous example, 9€ is the zy-plane,

00 = {(x,y,z) cR3

is well-defined.

Another notion that needs to be recalled is that of the normal derivative. Given a domain OS2
with smooth boundary and € 99, the normal vector to 9Q at z, denoted'* v(x), or v, or yet
simply v, is defined as the vector based at x that has unit length, is perpendicular to the tangent
plane to 92 at z, and points towards the “outside” of Q.

MGalculus books usually denote the normal vector by N, n, ]\7, or fi.
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For example, if € is the domain
0= {(x,y) ERQ}y > 0},
then
00 = {(:c,y) € R2’y = 0},

(i.e., 0L is simply the z-axis) and for any (x,0) € 0f, the normal is given by v = (0, —1).
The normal to the n — 1-dimensional sphere S, at z is given by v = %az The reader should also
check that the normal to S, (zo) at @ is given by v = (2 — o).

The normal derivative of a function f : @ — R is a function on 952, denoted gTJj or 0, f, and
defined by

of

" = (Vf,v), on 09,

or more explicitly,

& (2) = (V5 (), via)), @ € 00,
The Laplacian of a function f: Q2 C R™ — R, denoted Af, is defined as
*f  f 0 f
Af=—5+—5 —.
I =2 T T T a2
The above can be written in several equivalent ways, e.g.,
*f  Pf 0* f
Af=—5+— —=
=T a2t T
%
L g2

= 0L f+05f+ - +02.f
=> 0if

=1
:f11+f22+"'+fnn

= _fi
=1

= fa:la:l + fa:zzvg +---+ facnacn

n
i=1

With the above definitions at hand, we can now recall the following Green’s identities:

[ wrva == [ rag+ [ 538,
[ tonrsa9 = [ (a5~ 132).

and
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where f,g:Q C R® = R. These two formulas can be derived from the formula for integration by

parts in n-variables:
/gaifZ/f3i9+/ 9fvi,
Q Q o0

where v; is the i*" component of the normal vector v = (v1,vs, ..., 1p).

8. QUANTIFIERS AND THE FORMATION OF MATHEMATICAL SENTENCES.

Here we introduce some mathematical symbols that are quite useful to make shorthand notation.
We also give some examples of their use, while making some general remarks about the form of
certain mathematical statements. Once more, we emphasize that our discussion is informal and
lacks proper mathematical rigor®®.

Below is a list of mathematical symbols that are often used, along with their interpretation:

Symbol Reads as

N for all

3 there exists
= if... then

& if and only if

Let us see some examples of how such symbols are employed, and also of how to structure mathe-
matical statements using them.
For example,

r>1=x2>0

reads “if x is greater than one, then it is greater than zero.” While this statement is true (a number
that is greater than one is also greater than zero), the correct use of = has nothing to do with
whether the sentence is in fact true. In other words, the sentence z > 1 = x > 0 draws a conclusion
about z, namely, that x > 0, under the assumption that > 1. But whether or not the x in question
is in fact greater than one is completely open. Thus,

r>0=>x>1

is also a correct use of the symbol =, except that now the sentence is false: from the knowledge that
x > 0, it cannot be concluded that x > 1, since there are numbers that are greater than zero but are
not greater than one. Summing up, = is used in form

Claim 1 = Claim 2

to state that ¢f Claim 1 is true, then Claim 2 must also be true. Whether or not Claim 1 is in fact
true is not addressed. As a colloquial analogy, the reader can imagine a sentence like “If it rains, then
the floor gets wet.” It does not say anything about the actual status of the weather, i.e., whether it
is raining or not.

Also, the full statement “if .... then ...” does not have to be true in order to carry a correct use
of =. Although we shall not define what is meant by “correct use,” the idea is that it is employed
in a sentence that makes sense. The statement x > 0 = x > 1 makes sense, i.e., we can read and
understand it, even though it is a wrong statement (in fact, had we been unable to understand what
it says, we would not even be capable of saying whether it is right or wrong). As another colloquial
analogy, consider the statement “If I drink clean water, then I will get very sick.” This is a correct

15The reader interested in a thorough discussion can consult [H, T].
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use of “if” and “then”: the sentence is well-formed, it makes sense, and it is grammatically correct
— despite the fact that its content is false.

One important thing to keep in mind is that even if Claim 1 = Claim 2 is true, knowing that
Claim 2 is true does not say anything about Claim 1. For instance, consider the statement: if a
(differentiable) function f has a local maximum at a, then f’(a) = 0. This statement is true, as you
learned in calculus. However, knowing that f’(a) = 0 does not give information about the nature of
the point a; it could be a local maximum, a local minimum, or neither (e.g., the derivative of 2 at
zero is zero, but zero is neither a local maximum nor a local minimum). Using once more an analogy,
even if the statement “If it rains, the floor gets wet” is true, we cannot conclude that it had rained
by noticing that the floor is wet.

3 is used to indicate that there is at least one element in a set satisfying a certain property. For
instance,

JreR,22-1=0

reads, “there exists an element z in the set of real numbers such that 2> — 1 = 0.” Notice that 3
does not say that “there exists only one.” For instance, the above statement is true because x = 1
satisfies 22 — 1 = 0, but # = —1 also satisfies the equation. Had we claimed that there existed only
one element satisfying 22 — 1 = 0, then the statement would have been false.

As it happened for =, the right use of 3 has nothing to do with whether the statement is correct
or not. For instance,

JzeR, 22 +1=0

is false, since there is no real number z satisfying the equation 22 +1 = 0. However, this was a
perfect legitimate use of 3, as the statement 3z € R, 22 +1 = 0, while false, is something that makes
sense, in the sense that we can perfectly understand what is being claimed.

V is used to indicate that certain statement being made is to be applied for all elements under
consideration. For instance,

Ve e (—1,00), z+1>0

reads “for all 2 belonging to (—1,00), x+1 is greater than zero.” We sometimes find more convenient
to state this in the reverse order!, i.e.,

x+1>0Vee (—1,00),

reading “x+ 1 is greater than zero for all x belonging to (—1,00).” We use “for any” as a synonym of
v, so we could also have said “x + 1 is greater than zero for any x belonging to (—1,00).” As in the
previous examples, notice that the correct use of V has nothing to do with whether the statement
being made is true or false.

Finally, < is used as follows:

Claim 1 < Claim 2
means that Claim 1 = Claim 2 and, reciprocally, Claim 2 = Claim 1. For instance,
??=0s1=0

reads “z? is equal to zero if and only if x is equal to zero,” and it encodes two statements: that if
22 = 0 then = 0, and also that if z = 0 then 22 = 0. Once more, we remark that while the above
statement is true, the correct use of < is independent of this.

16VVhich, the reader should notice, does not change the meaning of what is being said.
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