
VANDERBILT UNIVERSITY

MATH 234 — INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS

LIST OF FORMULAS.

Integration by parts. ∫
Ω
f∂ig = −

∫
Ω
g∂if +

∫
∂Ω
fgνi.

First Green’s identity. ∫
Ω
〈∇f,∇g〉 = −

∫
Ω
f∆g +

∫
∂Ω
f∂νg.

Second Green’s identity. ∫
Ω

(f∆g − g∆f) =

∫
∂Ω

(f∂νg − g∂νf) .

Polar coordinates. ∫
BR(0)

f =

∫ R

0

(∫
∂Br(0)

f ds

)
dr

=

∫ R

0

(∫
Sn−1

f dω

)
rn−1 dr.

Averages.

−
∫
BR(0)

f =
1

vol(BR(0))

∫
BR(0)

f

=
1

α(n)Rn

∫
BR(0)

f.

−
∫
∂BR(0)

f =
1

vol(∂BR(0))

∫
∂BR(0)

f

=
1

nα(n)Rn−1

∫
∂BR(0)

f.

Fundamental solution. Φ : Rn\{0} → R, n ≥ 3, given by

Φ(x) =
1

n(n− 2)α(n)

1

|x|n−2
,

satisfies

−∆Φ = δ0.

Representation formula. If u solves{
−∆u = f, in Ω,

u = g, on ∂Ω,
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then

u(x) =

∫
Ω
f(y)G(x, y) dy −

∫
∂Ω
g(y)∂νG(x, y) ds(y),

where G(x, y) is the Green function satisfying{
−∆G = δx, in Ω,

G = 0, on ∂Ω.

Backward and forward wave solution. u(t, x) = F (x+ ct) +G(x− ct) solves

utt − c2uxx = 0.

D’Alembert’s formula.

u(t, x) =
f(x+ ct) + f(x− ct)

2
+

1

2c

∫ x+ct

x−ct
g(y) dy

solves {
utt − c2uxx = 0, −∞ < x <∞, t > 0,

u(0, x) = f(x), ut(0, x) = g(x), −∞ < x <∞.

Duhamel’s formula. For s ≥ 0, let v(t, s, x) be the solution, depending on the parameter s, of{
vtt − c2vxx = 0, −∞ < x <∞, t > 0,

v(0, s, x) = 0, vt(0, s, x) = f(s, x), −∞ < x <∞.

Then the function

u(t, x) =

∫ t

0
v(t− s, s, x) ds

solves {
utt − c2uxx = f(t, x), −∞ < x <∞, t > 0,

u(0, x) = 0, ut(0, x) = 0, −∞ < x <∞.

Derivative of a distribution.

〈Dαϕ, f〉 = (−1)|α|〈ϕ,Dαf〉,

f ∈ C∞c (Ω).

Multinomial theorem.

(x1 + · · ·+ xn)k =
∑
|α|=k

(
|α|
α

)
xα,

where (
|α|
α

)
=
|α|!
α!

.

Leibniz’s formula or product rule in several variables.

Dα(fg) =
∑
β≤α

(
α

β

)
DβfDα−βg,
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where f, g : Ω ⊆ Rn → R, (
α

β

)
=

α!

β!(α− β)!
,

and β ≤ α means βi ≤ αi, i = 1, . . . , n.

Taylor’s formula in several variables and in multi-index notation.

f(x) =
∑
|α|≤k

1

α!
Dαf(0)xα +O(|x|k+1),

for each k = 1, 2, . . . .


