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Question 1. Use Green’s theorem to show that the area of a planar region D is given by
1
A= xdy:—/ ydac:—/ (xdy — ydx).
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Question 2. Suppose that the vertices of a polygon, in counterclockwise order, are (x1, ),
(x2,Y2)s -+, (Tn,yn). Show that the area of the polygon is

1
A= ((xly? - x2y1) + (l’gy3 - .Igyg) + et (xn—lyn - xnyn—l) + (xnyl - «len)>

A= gdA.

To apply Green’s theorem, we seek functions P and () such that
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We can choose P(z,y) =0 and Q(z,y) = z, in which case

A= HdA Jf(a—Q—a—];>—AD(de+Qdy)—/andy.

Alternatively, we can also choose P(x,y) = —y and Q(z,y) = 0, in which case

A= ﬂdA H(a—Q—a—]yj) /8D(de+Qdy):—/aDydx.

Yet another possibility is P(z,y) = —3y and Q(z,y) = iz, so that

A= HdA H(ﬂ—a—]g) AD(de+Qdy):%/BD(xdy—ydx).

Solution 2. Consider two consecutive vertices (z;,vy;) and (z;11,y;41). Let C; be the line
segment joining (x;,y;) to (11, Y1), @ = 1,...,n, with the convention that (.11, Yns1) =

(x1,11). Let us compute
/ (xdy — ydx).
C;
To do so, we can parametrize C; as

Solution 1. We know that
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Then, in parametric form,

Tr = (1 — t)l’z + tIL‘H_l,

so that
dr = (mi—&—l — I'Z) dt,
and
y=(1—1)yi + tyis1,
so that
dy = (yit1 — yi) dt.
Therefore,

/ (rdy —ydr) = / <((1 — )i +twi) Wi — vi) + (1= )i + tyi) (Tig1 — x,)) dt
c 0

1
:/ (xiyi-i-l - Ii+2yz’>dt
0

= TilYi+1 — Ti+1Yi-

Denoting by D the region enclosed by the polygon, from question 1 we have

1 1
A:—/ rdy —ydr) = = /xdy—yda:.
5 8D( ) 2; Ci( )

Using (1) yields the desired result.



