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Question 1 [5 pts]. For each equation below, identify the unknown function, classify the equation as
linear or non-linear, and state its order.

(a) 4" = 0.
Unknown y, linear, third order.

(b) ‘fl%” + x = cos(t).
Unknown «, linear, second order.

(c) Vyy' =z +12.
Unknown y, non-linear, second order.

(d) e$2y% +ay =e %
Unknown y, non-linear, first order.

2
(e) cos 333712/ + a3y =e 7,
Unknown y, linear, second order.
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Question 2 [10 pts]. Solve the following initial value problems.

(a) ydz + (1 + z)dy =0, y(0) = 1.
Separate variables to obtain

dy dx
- _ =2/y=—In|l+zx|+C.
/\@ I+ v nlt+e

Plugging x = 0 and y(0) = 1, gives 2 =0+ C, thus

1
Y= Z(2 —In(1+2))% 2> —1,

where we removed the absolute value for x > —1, since the initial condition is given at z = 0.

1) L= 4 () y1) =3

Hint: use the substitution u = y2.

Multiply the equation by y to get yy’ — %yQ = i Let v = 92, so that
dy_@dfu_2d7y dy 1ldu

dr  dudr  Jdr :ydac T 2dx’

The equation becomes

du 1,2
de  z. 2
Which is a linear equation for u with p(z) = —% and ¢(z) = 2. Compute:
4
exp/p(:c) dr = exp/ <_w) de = 274,
and
1
x)dx _ _ 4
el P(®) q(z) dz /ﬁda@——Qw
Then

Changing back to y we find y? = Cz* — % Using the initial condition: y(1)? = 3% = —% +C=C=

thus

19zt — 1
y* 2 9

where we have chosen the positive square root in light of the initial condition.

19

5 -
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Question 3 [15 pts]. Solve the following differential equations.

dx x
(@) 7 ~ i1

=12+ 2.

This is a linear equation with p(t) = —1; and ¢(t) = t* + 2. Compute:

[ p(t)de _ B A
e exp/(t_1> 1t b

2
2
/efp(t)dtq(t) dt:/t 20

t—1

and

1
= 5(—3+2t+t2+61n|t7 1)).

Therefore,
a(t) = e JPO@ (c + / ef POt (t) dt)

1
= 5(=3+ 2t + 12 +61In(t — 1)) + Cln(t — 1), ¢ > 1.

2
(b) (2% — ;)y’ = 32% — 2xy.

Write the equation as
2
(2% — ;)dy — (32% — 2zy) dx = 0.

Letting N(z,y) = 22 — y% and M (z,y) = —3z% + 22y, we check that %—]\; =2z = %—Ji. Thus, this is an
exact equation. Set

F(z,y) = /M(x,y) dx = /(—3I2 + 2zy)dx = 22y — 2 + 9(y).

Next, compute
OF
— =N=2?-2"
dy

We conclude that the solution is given implicitly by

Py -3y ?=C.

3 2

=" +dy) =9l =y~
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dy 1-y
Rewriting the equation as
dy 1—y y? +2y —1
r—=— — = —_—
de 14y y+1

we see that this is a separable equation. Integrating:
y+1 dr 1 9
- dy=— | — = =1 2y — 1| = -1 C.
/y2+2y_1 y /3j 5 nly” +2y — 1 n|z| +
Exponentiating both sides yields
(P +2y—1)=C.
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Question 4 [15 pts]|. Find the general solution of the given differential equation.
(a) 4y" — 4y’ + 10y = 0.
The characteristic equation is
402 — 4N +10 =0,
which has roots A = % The general solution is given by

t 3 ¢ .3
Yy = cie2 cos(it) + ce2 s1n(§t).

() y" =2y +y=0.

The characteristic equation is

AN 22 +1=0,

which has repeated roots A = 1. The general solution is given by

Yy = clet + cztet.
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(c) t2y + Tty — Ty =0, t > 0.

This is a Cauchy-Euler equations with a =1, b = 7, and ¢ = —7. The characteristic equation is
A2 46X —T7=0,
which has roots Ay =1 and Ay = —7. Thus
y=cit+cot .

(d) 2y" + Tty — Ty =0, < 0.

This is the same equation as in (c), but now for negative values of ¢t. Letting 7 = —t and using
dy dydr  dy
dt drdt  dr’

and
d%y _ddy d%y

which has solution
Yy=cT+ et .
In terms of t < 0:

y=—cit — czt_7.
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Question 5 [15 pts]. Give the form of the particular solution for the given differential equations. You
do not have to find the values of the constants of the particular solution.

(a) v — o — 12y = %3¢,

The characteristic equation is
M —\—12=0,
which has roots A; = 4 and Ay = —3. Hence, the solutions of the homogeneous equation are y; = e* and

Yo = e3¢, Since the term e~3! repeats a solution of the homogeneous equation, we take

yp = (agt! + ast® + agt* + azt® + agt?® + art + ag)te ™.

)y =2 =3y =t>+17.

The characteristic equation is
AN -2 -3=0,

t

which has roots A\; = —1 and A2 = 3. Hence, the solutions of the homogeneous equation are y; = e™* and

yo = 3!, and we take

Yp = a2t2 + a1t + ag.
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(c) y" + 6y + 9y = te 3.

The characteristic equation is

AN+ 6M+9=0,
which has repeated roots A = —3. Hence, the solutions of the homogeneous equation are y; = e~ and
yo = te 3, and we take

yp = (At + B)t?e 3"
(d) y" — o — 12y = t® cos(—3t).
The characteristic equation is

N —XN—12=0,

which has roots A; = 4 and Ay = —3. Hence, the solutions of the homogeneous equation are y; = e* and

yo = e3¢, and we take

yp = (agt’ + ast® + agt + azt® + agt? + art + ag) cos(—3t)
+ (bt + bst® 4 byt* + b3t + bot® + byt + bg) sin(—3t).
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Question 6 [20 pts]. Consider the differential equation:
(1—a2)y' +a2y —y=sinz, 0<x <1,
Knowing that y; = e® is a solution of the associate homogeneous problem, find a particular solution solving

the non-homogeneous problem.

Another linearly independent solution to the homogeneous equation is given by

e_fp(x)dx . e*fﬁd:c N ef(l*ﬁ)dx

ez+ln(1f:v)
= ex/Qg;dar = ex/e_x(l —x)dr =e"e “x = 2.
(&

Variation of parameters now gives

yp(z) = —yl(m)/de+yg(x)/de

rsinz sinx
= —¢e" ——d —d
e(m)/ex(l_gj)2 m—i—x/(l_x)z x,

where we used W (z) = y1(2)yh(z) — ya(2)y)(x) = e*(1 — ).
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Question 7 [5 pts]. Show that the problem
= 3x%, z(0) = 1.
has a unique solution defined in some neighborhood of ¢ = 0.

Let f(t,x) = Bx%, so that 0, f(t,x) = 2273. Since both f and 9, f are continuous in the neighborhood
of (0,1), the result follows from the existence and uniqueness theorem for first order equations.
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Question 9 [10 pts]|. Consider the initial value problem:

Y =y,
y(0) = 1.

Show that the n'" approximation y,, in the Euler method, with a step size %, is given by

n’
1 n
Yn = (1 + > .
n
We start with g = 0, and ygp = 1. Then

1 1 1 1

Yn = Yn—1 T —Yn—1 = Yn—1 1+—-) = Yn—2 1+ — 1+ —

n n n n
1 2

n
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Extra credit [5 pts]. Let h be a positive function, and f a given function. Show that there exists at
most one solution to the differential equation

y'(t) —h()y(t) = f(t), 0 <t <1,
satisfying y(0) = y(1) = 0.

It suffices to show that y = 0 is the only solution when f(¢) = 0. Multiply the equation by —y, integrate
between 0 and 1, and integrate by parts to get

1 1
/(y/(t))th"F/ h(t)(y(t))? dt = 0.
0 0

Since both terms on the left hand side are non-negative and h(t) > 0, one must have y(t) = 0.
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(scrap paper)
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(scrap paper)
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