
VANDERBILT UNIVERSITY

MATH 208 — ORDINARY DIFFERENTIAL EQUATIONS

PRACTICE TEST 2.

Question 1. Let

A =

[
t sin t

cos t 1

]
and B =

[
1 et

sin t 2

]
.

Compute AB, BA, d
dtA, d

dtB, and d
dt(AB).

Question 2. Give an example of two matrices such that AB 6= BA.

Question 3. Let A(t) be a n × n matrix valued function and f(t) a vector valued function. Prove that
the general solution of x′(t) = A(t)x(t) + f(t) is of the form x = xh + xp, where xh is a linear combination
of n linearly independent solutions of the associated homogeneous system, and xp is a particular solution.

Question 4. Let A be a constant n× n matrix and let x1, . . . , xn be n linearly independent solutions of
x′ = Ax. Set

X =
[
x1 x2 · · · xn

]
.

Prove that X ′ = AX.

Question 5. Let A be a real n× n symmetric matrix. Prove that all eigenvalues of A are real.

Question 6. Find a general solution of x′ = Ax for the given matrices A:

(a)

[
6 −3
2 1

]
.

(b)

[
3 2
−5 1

]
.

(c)


1 2 0 0
2 1 0 0
0 0 1 2
0 0 2 1

 .

(d)

 1 1 0
0 1 0
0 0 2

 .
Question 7. Find a general solution of x′ = Ax+ f for the given A and f :

(a)

 2 1 −1
−3 −1 1
9 3 −4

 , f(t) =

 t
0
1

 .
1
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(b)

 2 −2 3
0 3 2
0 −1 2

 , f(t) =

 e−t

2
1

 .
Question 8. Show that in general it is not true that eA+B = eAeB, where A and B are n× n matrices.
Note: If you are curious about a formula for eA+B, google “Baker-Campbell-Hausdorff formula.”

Question 9. Find eAt if

A =

 3 4 5
0 5 4
0 0 3

 .
Question 10. Let A be a square matrix and suppose that λ is an eigenvalue of A.

(a) Show that eλ is an eigenvalue of eA.

(b) Show that if B is an invertible matrix, then B−1eAB = eB
−1AB.

Question 11. Let F : Rn → Rn be given by F (x) = |x|x, where |x| is the norm of x. What can you say
about the existence and uniqueness of solutions of{

x′ = F (x)

x(0) = x0
?

Question 12. Prove the several statements that were left as exercise in class. In other words, many of
the properties/statements studied in chapter 9 have not been proven in class, but rather I indicated that
I would leave them as an exercise; do those.
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