VANDERBILT UNIVERSITY
MATH 196 — DIFFERENTIAL EQUATIONS WITH LINEAR ALGEBRA
PRACTICE MIDTERM II.

Question 1. Determine whether or not the given vectors form a basis of R".
( )Ul:(37_ ) ( ) U3:(5737_1)'

(b) vy = (3,-7,5, ) = ( —1,3,4), v3 = (7,11, 3,13).

(¢) v3 = (1,0,0,0), vy = (0,3,0,0), vy = (0,0,7,6), vg = (0,0,4,5).

Question 2. Consider the set W of all vectors (z1,z2,23,24) € R* such that 1 = 9 + 23 + 4. Is
W a sub-space of R*? In case yes, find a basis for W.

Question 3. Find a basis for the solution space of the linear system

r1 + 3%2 — 41‘3 — 8%4 + 61‘5 = 0
T + 2x3 + T4 + z5s = 0
201 + Tzo — 1023 — 1924 + 1325 = 0
Question 4. Let {v1,v9,...,v,} be a basis of R™, and let A be an invertible n x n matrix. Consider
the vectors uy = Avy, ug = Avy, ..., u, = Av,. Prove that {uy,us,...,u,} is also a basis of R™.

Question 5. Let u and v be arbitrary vectors in a vector space V. Recall that the norm or length
of a vector is defined by || v ||= v/ (v,v), where (, ) is denotes an inner product on V. Show that

(a)
lutol? +llu—vlP=2]wl?+2]v]*.

(b)

lutol? =l u—v |*= 4(u,v).

Question 6. Let S = {uj,us} and T = {v1, v} be linearly independent sets of vectors such that
each u; in S is orthogonal to every vector v; in 7. Shot that u;, us, v1, ve are linearly independent.

Question 7. Give the form of the particular solution for the given differential equations. You do
not have to find the values of the constants of the particular solution.

(a) y' + 2y — 3y = cosz.

(b) " =3y —2y=e""+1.

(c) y"" + 50y" + 625y = sin(bzx).

(d) y//// + 2y/// o 3y// o 42/, 14 = gpet + 6250 + :L'3.

Question 8. Verify that the given functions are two linearly independent solution of the correspond-

ing homogeneous equation. Then find a particular solution solving the non-homogeneous problem
(a) 2%y —2y=32" —1, 2> 0,y =2°, yp =2,

(b) (1 —2)y" +ay —y=sinz, 0 <x <1, y; =€, ys = .

Question 9. Find the general solution of the systems below.
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5 5 2
7= -6 -6 -5 |7
6 6 5

2 1 -1
7= -4 -3 -1 |7
4 4 2
(d)
—-13 40 48
F=| -8 23 —-24 |Z
0 0 3

Question 10. Consider the two interconnected tanks shown in figure 1. Tank 1 initially contains
30gal of water and 250z of salt, while tank 2 initially contains 20gal of water and 150z of salt. Water
containing loz/gal of salt flows into tank 1 at a rate of 1.5gal/min. The mixture flows from tank 1
to tank 2 at a rate of 3gal/min. Water containing 30z/gal of salt also flows into tank 2 at a rate of
1gal/min (from the outside, see picture). The mixture drains from tank 2 at a rate of 4gal/min, of
which some flows back to tank 2 at a rate of 1.5gal/min, while the remainder leaves the tank.

(a) Let Q1(t) and Q2(t), respectively, be the amount of salt in each tank at time ¢. Write down
differential equations and initial conditions that model the flow process. Observe that the system of
differential equations is non-homogeneous.

(b) Find the values of Q1(t) and Q2(t) for which the system is in equilibrium, i.e., does not change
with time. Let Q¥ and Q¥ be the equilibrium values. Can you predict which tank will approach its
equilibrium state more rapidly?

(c) Let z1(t) = Q1(t) — QF and xo(t) = Q2(t) — QF. Determine an initial value problem for z; and
9. Observe that the system of equations for x1 and x5 is homogeneous.

(d) Find Q1 (t) and Q1(t).
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F1GURE 1. Tanks of problem 10.



