VANDERBILT UNIVERSITY
MATH 196 — DIFFERENTIAL EQUATIONS WITH LINEAR ALGEBRA
EXAMPLES OF SECTIONS 1.6.

Solve the following IVP.
(a)

zy’ + (22 — 3)y = 5oy,
y(1) = 1.

(dzy + 6y?)y’ + 32 + 2y = 0,
y(0) = 2.

Y =2yy,
y(1) =1,¢y'(1) = 2.

SOLUTIONS.

(a). Write the equation as

2z — 3 4 4

Y + = 5a'y*,

for = # 0, which is a Bernoulli equation with n = 4. Set v = y' ™™ = y~3. The equation for v then
becomes

d 2x —
£+(1—4) i 3@:(1—4)5904,
or
dv 9 4
%4‘(;—6)@——1556 .

Using the formula for first order linear D.E.’s with p(z) = % — 6 and g(z) = —152%, we have

e—fp(m) dr _ 6z—9Inz _ -9 6z

)

efp(:c) dv _ ,—6z+9Inz _ 9,6z

where we assumed z > 0 since the problem is defined only for z > 0 or < 0 (because z # 0). From
this we get

/q(x)efp(m) 9@ oy = —15/1‘13669” dx.

This integral is done by a tiresome (but not difficult) process of integrating by parts thirteen times.

The answer is
—6x

314928

(25025 + 1501502 + 45045022 + 9009002 + 1351350z* + 16216202° + 16216202°
1
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+ 138996027 + 104247028 + 6949802 + 416988210 + 2274482 + 11372422 + 524883:13>

Denote the above expression by f(z). Then using the formula for solutions of first order linear
equations,

v(z) = x5 (f(sc) + C),

from which follows

W=

y(@) = [o7% (f(@)+C)| .
To find C use y(1) =1,

ol

y(1) =1=[(f)+C)] == f),

thus

ol

ylw) = [a7% (f(2) + 70 = £(1))]

Remark. Notice that despite its ugly form, the integral [ x'3e79% dx is easy, in the sense that it can
be done by a systematic application of integration by parts. In another words, students should be
able to recognize the difference between problems which are long, but that can be done with enough
patience via standard calculus techniques, from those problems which are genuinely difficult.

(b). Write the equation as
(4zy + 6y°)dy + (32 + 2y*)dzx =0
Let M(x,y) = 322 + 2y? and N(z,y) = 4xy + 6y>. Computing we find 24 = 44 and %—Ji = 4y, and

Jy
therefore this is an exact equation since %—]‘; = %—];[. Put

F(x,y) = /M(az, y)dx = /(31’2 +2¢?) dx = 2° + 22y* + g(y).

Then

OF
o =dxy + ¢ (y) = N = 4y + 6y = ¢'(t) = 6>

Integrating,

gly) = 2y°
(we do not need to add a constant here). Hence the general solution is

F(z,y) = a3 + 2zy* + 22 = C.
Using y(0) = 2 we find C' = 16, so the solution to the IVP is
F(z,y) = 23 + 2zy% + 2> — 16 = 0.

(c). Make the substitution v = ¢'. Then

dv dy _ @ ;o dv

, dv dvdy v
Y _da:_dydzzj_dyy Cody
which gives upon plugging into the original equation,
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Integrating,
v=y*+C
Since v = v/,
y =y’ +C.
From y(1) =1, ¥/(1) = 2, we then have
y() = @y1)*+C=2=14+C=C=1.

So
v =y +1,
or
d
5 y__ dx.
y*+1
Integrating

arctan(y) =z + C = y = tan(z + C).
Using again y(1) = 1:
l=tan(1+C)=C=——1,
SO
y = tan(z + % —1).



