MAT 155B - FALL 12 - SOLUTIONS TO ASSIGNMENT 2

We want to show that
b
arctan(mwx) — arctan ™
lim lim (mz) dr = —Inm.
b—00 a—0t J, T 2

We shall provide two different solutions. The first one is longer, but more elementary. The second
solution is shorter, but more involved.

Solution 1.

Let us forget about the limits for a moment and compute the definite integral. We can take the
limits later. First break the integral in two:

b b b
arctan(7x) — arctan x arctan(mx arctan x
(1) / (rz) dx:/#dx—/idx.
a x a x a x

In the first integral, choose u = arctan(nz) and dv = % dz, so

s

u = arctan(nz) = du = —— dxz,
(mz) 1+ w222

1
dvz;daziv:lnzn.

It is not necessary to put an absolute value here, i.e, In|z|, since x is always positive as the domain
of integration is [a, b] with a > 0. Therefore
b b Inz
-7 | ————=dx.
a /a 1+ 7222

b
t
(2) / arctan(rz) dx = arctan(mz) Inz
a x

Analogously, in the second integral on the right hand side of (), choose choose u = arctan z and
dv = L dx, so
T 9

u = arctanz = du = dx,

14 22

1
dv=—dr=v=Inz,
x

b b
_/ T,
a o 1+

b /b Inx d
-7 | ———dx
a o 1+ m2a?

b b
—/ ne da:)
a a 1+ 22

= arctan(mwb) Inb — arctan(mwa) Ina — arctanbln b + arctanalna

b b
Inx Inx
——dx — ———dx.
+/a 1+ a2 v 7T/a 14 w22 *

and then

b
arctan x
(3) / ————dr=arctanzlnz
x
a

Using () and @) into () yields
/b arctan(mz) — arctan
a

dx = arctan(rz) Inx

xT

- ( arctan x In x
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Let us now take the limits. First we need to take the limit when a — 07:

lim

a—07t

dx

/b arctan(mx) — arctan x
a x

= lim (arctan(ﬂb) Inb — arctan(ma) Ina — arctan bln b 4 arctanaln a

a—07t
b b
Inz Inz
4 LA . ————d)
) +/a 122" 7T/a 1+ n2z2 7
= arctan(7b) Inb — arctan bIln b + lil%l+ ( —arctan(ma)Ina + arctanalna
a—r

+/b Inx d /b Inx d)
T — T ———dx).
o 1+ 22 o 1+ 222

Let us compute the first two limits.

lim (—arctan(ma)lna + arctanalna) = lim (— arctan(ma) + arctana) ln a.
a—07t a—07t

Multiplying and dividing by a,

(5) lim (—arctan(wa)lna + arctanalna) = lim <_ arctan(ma) + arctan ?aln a) .

a—0Tt a—0Tt a

Using L’Hospital rule, we can compute

lim = arctan(ma) + arctan a _ 0
a—0+ a 0
(6) LH (— arctan(ﬂa), + arctana)’
a—07F a
= tim (- + ! )=1-n
a—0+ 1+72a®  1+a?

Also using L’Hospital we find
(7) lim alna = 0.

a—0t
Using (@) and (@) into (&) gives

lino[1+(— arctan(ma)Ina + arctanalna) = (1 —7) -0 =0,
a—

and therefore (@) becomes

) b arctan(wz) — arctan z
lim x
a—01 Jq x

b b
1 1
= arctan(7wb) Inb — arctanblnb + lim (/ n—:z; dx — 7T/ L da:).

a—0t

(8)

But since

lim /abf(a;) dx = /Obf(x)da:,

a—01
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provided that the integral exists, we can write (8] as

lim

a—0t

dx

/b arctan(mz) — arctan z
“ x

(9)

b b
1 1
= arctan(7b)Inb — arctan bln b + /0 % dx — 77/0 % dzx.

Remark 1. As usual, when you are asked to simply compute some limit/integral etc, it is implicitly
assumed that such object exists. Hence here you do not have to show that the limit

b b
) Inz Inx
10) ([ ren [ )

exits. But now that we have covered improper integrals in class, you should be able to prove that
the above integrals converge.

We want now to take the limit when b — oo, so that (@) reads

b arctan(mz) — arctan x

lim lim dx

b—o0 a—0t a x

(11)

b b
1 1
= bli)nolo (arctan(wb) Inb— arctanblnb + /0 % dx — 7T/0 % d:z:).

Let us first compute

(12) lim <arctan(7rb) Inb — arctan bln b) = lim (arctan(wb) — arctan b) Inb

b—o0 b—o0
This is computed similarly to the previous limit @ — 0%. Multiplying and dividing by b,

lim ( arctan(zb) In b — arctan b1n b) = lim [( arctan(mb) — arctan b) b] M

b—o0 b—oo b

Since arctanx — 5§ when x — oo,

lim (arctan(ﬂb) — arctan b) b=0-00, rewrite as

b—o0
arctan(mb) — arctanb 0 g .. (arctan(wb) — arctanb)’
im =—"= lim
(13) broo 1/b 0 booo (1/b)
2 2 2
_ T+ 7202 1452 . (_ b b > _ =1
T — i U T e T w2
Using the L’Hospital rule once more we also find
. Inb
(14) pm == =0,
and therefore, combining (I3)), (I4]) and ([I2)) gives
. 2 —1
lim <arctan(7rb) Inb — arctan bln b) =——-0=0.
b—oo T

We conclude therefore that (III) becomes

b arctan(mz) — arctan x

b b
1 1
dr = lim (/ ﬂdw—ﬂ/ &d:ﬂ).
X b—oo 0 1+.Z'2 0 1+7T2.Z'2

(15)  lim lim

b—o00a—01 J,
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b
1
/ Iz
0 1+:E2

Make the substitution x = wu, so that dxr = wdu and

b b b b
Inz In(mu) Inu 1
16 dr = ———du = ———d 1 ———d
(16) /0 T2 7T/0 T 22 M 7T/0 T u+7rn7r/0 T 22 T

where in the last step we used In(7u) = Inm 4 Inu. The last integral is easily computed:

Consider now the integral

| 1 b1 1 1
/ —— s du=— arctan(ﬂu)‘ = —arctan(mwb) — — arctan 0 = — arctan(7b),
o 1+m=u s 0o 7 us T

so that (I6) becomes

b 1 b 1

/ Yy = 77/ Y utInn arctan(mb).
0 1 + IIJ‘2 0 1 + 7T2u2

Notice that the variable u in the integral on the right hand side of this expression is just a dummy

variable of integration, so we can relabel it as z, i.e.

b b
1 1
/%du:/ Iz
0 1+ mu o 1+ 7222

b b

1 1

/ DTy = 77/ — Y _dr+Inn arctan(7b),
0 1 + IIJ‘2 0 1 + 7T21172

and write

or equivalently,

b b
1 1
/ DT — 7T/ _ Y dr=Inr arctan(7b).
0 0

1+ a2 1+ 7222
Take the limit on both sides, i.e.,
b b
| |
(17) lim (/ n—:v2 dx — 7r/ . da;) = In7 lim arctan(7b).
b—00 0 1 +x 0 1 + 7T2.Z'2 b—00

When b — oo, mb — oo as well, so we have

b b
lim / f(x)dx = lim f(x)dx,
b—o0 0 b—o0 0

provided that the limit exists (see remark [I]), and the left hand side of (I7)) becomes

b b b b
lim (/ ln—xdx—ﬂ/ lmimdz):lim (/ hl—xdx—ﬂ/ lnixda;»
b—00 0 1+.Z'2 0 1+W2$2 b—00 0 1+$2 0 1+W2$2

and therefore

b b
. Inx Inx .
(18) Jim ( /0 Tra2dT /0 T 7 ) = o Jim arctan(xt).
Using ([I8)) into (3] gives

b arctan(mz) — arctan x

lim lim dxr =Inm lim arctan(7b).
b—00 a—0F

a x b—o0
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Recalling that arctanx — § when x — oo, we finally obtain

b arctan(rx) — arctan s

lim lim dr = —Inm.
b—o0 a—01 J, x 2

Solution 2.
Make the substitution u = wx, so du = wdx. Then

b b b
arctan(mx arctanwu 1 arctan x
/7( )dx:/ 7—du:/ —— dx,
a x Ta u/ﬂ— m Ta x
where in the last step we used that u is a dummy variable of integration. Therefore

b b b
arctan(mx) — arctan x arctan x arctan x
(19) / (2) dx:/ 76195—/ .
a €T s x a x

a

Breaking the first integral as

™ arctan b arctan x ™ arctan x
——dx = ——dx + ———dx,
T T b

a T o T x

makes (I9) into

b arctan(mx) — arctan x b arctan ™ arctan x b arctan
dx = ——dx + ——dr — | ———dux.
a T Ta T b € a €

The first and third integrals can be combined as

b arctan x b arctan x @ arctan x b arctan
——dx — ——dx = — ——dx — ——dx
Ta x a x b T a T

@ arctan x
_ / arctan
a T
so that

b b Ta
arctan(mwx) — arctan x arctan x arctan x
(20) / (mz) dr = / e / .
a z b x a x

Since the first integral contains only b in the limits of integration and the second integral only a, the
limit b — oo applies exclusively to the first integral and the limit a — 07 exclusively to the second
one.

Let us compute

. T arctan x ) T arctan(az)
lim ————dx = lim e
a—0t Jg4 x a—0t Jq z

dz,

where we made the substitution z = 2. Now notice that since a > 0, we have

0< arctan(za) - arctan(ma)

— — )

z z

for all 1 < z < 7. Therefore

™ t ™ t
0< / arctan(az) dz < / arctan(ma) dz = arctan(ma) In 7.
1 % 1 o

Since arctan(ma) — 0 when a — 0T, the squeeze theorem gives

lim/ arctan(az) _o,
1

a—0t z
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or yet
Ta
t

(21) lim [ 2T —o.

a—01 Jq x
Now consider

b T
t t b
(22) lim arctah @ dr = lim / arctahiow) an (buw) dw,
b—00 b x b—o0 1 w

where we made the substitution w = %. Since for b > 0 we have

arctanb _ arctan(bw) _ arctan(bw)
< <

wo w - w ’
for 1 < w < 7, we conclude that
T arctan b T arctan(bw T arctan(b
/ 7dw§/ #dwé/ arctan(bm) .,
1 w 1 w 1 w
Computing the integrals on the left and on the right we obtain

T arctan(bw)

arctanblnm < / dw < arctan(wb) Inm,

1 w
and therefore, applying the squeeze theorem,
T arctan (bw
i [ 2ctan(bw) oo T
b—00 1 w 2

since

lim arctanb = E, and lim arctan(mwb) = T
b—o0 2 b—o0 2

Therefore ([22]) becomes
b

t
(23) lim [ T = Inwe,
b—o0 b x 2
Using ([2I)) and (23] into (20) gives
b
arctan(mz) — arctan ™

lim lim dr=Inm—

b—oc0 a—01 J, x m 2’
as desired.
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