MAT 155B - FALL 12 - EXAMPLES SECTION 7.4

Question. Integrate:

3 —x

249201
(a)/ﬁifvdx

(b)/x3+2x2+3x_2daj
(22 4 22 + 2)?
Solutions.
a. Write
2?42z —1 22+ 2z -1 A B C
3 —x :a:(x+1)(a:—1) :;+x——i-1+x—1’
so that

2?2 +20—1=A(x+1)(z — 1) + Bz(x — 1) + Cz(z + 1)
= A2? — A+ Baz? — Bz + Cz? + Cx
=(A+B+0)2*+(-B+C)r— A

Equating the coefficients of 22, # and the constant term on each side yields

A+B+C=1
~B+C =2
—A=-1
Solving the system we find
A=1 B=-1,C=1.

2242z —1 1 1 1
e DYE o S
3 —x x xz+1 z-1

=Infz| —In|z+1|+Injz - 1]+ C.

We therefore have

b. Notice that x? + 2z + 2 is irreducible since 22 — 4 x 1 x 2 < 0 (recall that ax® + bx + c is
irreducible whenever b — 4ac < 0).

Write
:133+23:2+33:—2_ Ax+ B Cx+ D
(x2 +2x+2)2  224+22+2 (22 + 2z +2)?
_ (Az+B)(z* +22+2)+ (Cx+ D)
B (2% + 22 + 2)? '
Then

234+ 222 + 32 — 2= (Az + B)(2® + 22+ 2) + (Cz + D)
= A2 + (2A+ B)z? + (24 + 2B + C)x + (2B + D),
1
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which gives the system

A=1
2A+B=2
2A+2B+2C =3
2B+D = -2

whose solution is
A=1 B=0,C=1, D=-2.

x3 + 222 4+ 32 — 2 T T — 2
3 dr = ( + )dw
(2 + 22 + 2)? 22420 +2 (22422 +2)2

/ A +/ to2
= ——— = ax s ———5 ax
2+ 22 + 2 (2 + 22 + 2)?

Therefore

Write the first integral as
x z+1-1
———dex = | —————d
/a:2+2a:+2 v /x2+2x+2 o
z+1 1
= ———dz— | ————d
/3:2+23:+2 . /:n2—|—2:n—|—2 “
and the second one as

/ -2 dx_/x—2+1—1dx
(x2+2x+2)2 " | (22422 +2)?
r+1 1
" g3 -
/(3:2+23:—|—2)2 v /(:E2—|—2:E—|—2)2

dzx,

so that () becomes
/a:3+2a:2+3a:—2d / v+l / 1 J
r = - axr — < ax
(2 + 22 4 2)2 22+ 2242 22+ 2242

n / rz+1 dr— 3 / 1 d
————dr — ——— dx.
(2 + 22 + 2)? (22 + 22 + 2)2

Let us compute each integral in (2) separately.

For the first integral on the right hand side of (), make the u-substitution v = 22 + 2z + 2, so
that du = 2(x + 1)dz and then

r+1 1 fdu 1 1 9
/;n2+2;n+2 v=3 ) 5 T glul=ginfe” 42w+ (3)
(we are going to add the constant of integration at the end).

For the second integral on the right hand side of (), notice that 2 + 2z +2 = (x + 1)2 + 1, so
that

(2)

1 1
— drx=| ———— dr = 1 4
/ PR P dx / EESVEE dx = arctan(z + 1) (4)

For the third integral on the right hand side of (@), make the u-substitution u = x? + 2z + 2, so
that du = 2(x + 1)dz and then

/ z+1 d_l/du_ 1 1 5
@2+20+22 772 W7 2w 2@+22+2)
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Finally, for the fourth integral on the right hand side of (@), write 22 + 2z +2 = (2 + 1)2 + 1, so
that

1 1
/(3:2+23:—|—2)2 d””:/[(:s+1)2+1]2 du

Make the substitution « + 1 = tan 6, so that dz = sec? 6 df and then
1 1
—  _dr= [ ——————sec’0db
/ (@+12+12 ™" / (tan®0+1)2

_ 1 _ 2
—/Sec29d9—/cos 0do.

_ %/(1 + cos(26)) d — %(9 4 Sin(;e)

where we have used sin(26) = 2sin 6 cos 6. Since tan = z + 1 = 2+ we get

Recalling that cos? § = $(1 + cos(26)),

) = %(9+sin90089),

0 = arctan(x + 1)

. r+1
sinf = ——————
Va?+2r+2
1
cosl) = ——-—,
Va?+2r +2
and therefore
1 1 1 1 z+1
—————————dr = =(0 +sinfcosf) = — arct Dt 6
/(a:2+2a:+2)2 T 2( + sin 6 cos 6) 2arcan(a:+ )+2x2+2a:+2 (6)
Using @), @), (@), and (@) into (@) finally yields, after some simplifications,
23+ 222 + 3z — 2 1 5 3z 44
= “In(z? + 22 + 2) — 2 arct ) [ N
/ CESTES)E T=g n(z” + 2z + 2) 2arcan(az+ ) 30a? + 20 +2)
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