MAT 155B - FALL 12 - EXAMPLES SECTION 7.3

Question 1. Use integration to show that
x
sinh™ = = In(z 4+ V22 + a?) — Ina,
a

for a > 0.
Question 2. Compute the integrals
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Solutions.

1. Consider

dx 1
Va?+ % o
We shall compute this integral in two different ways.
Let z = atan 6, with —5 < 0 < 5. Then

dz = asec® 0 db,

and

Va2 + a2 = Va2tan2 0 + a2 = y/a2(tan? 0 + 1) = Va2 sec2 6 = asec.

Therefore
/ dx B / asec? 6
Nz asect

To compute the last integral, multiply and divide the integrand by sec 6 + tan 6,

2
/sec@d@:/secgwdg_/sec 9+8609tan9d9

df = /sec@d@.

secl +tanf secf + tan 6
Now make the u-substitution u = sec @ + tan 6, so that du = (sec § tan 6 + sec? #)df and
20 0 tan 0 d
/sec tsecltant g —uzln]u\—FC’:ln\seCQ—Ftanel+C.
sec ) + tan 0 U

/a2 2
But tan 6 = 7, whereas sect = vatta® g

a
va? + z? N x

zln‘ - a‘:ln(ac—k a’?+2%) —Ina+C, (2)

/ dx

va? + x?

where the absolute value has been removed from the first In because va2 + 22 + z > 0.
Now let us compute integral () in a different way. Let x = asinh§, so that

dx = acosh&dE,
1
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and
Vx2+a? = acoshé,

where we have used sinh? € — cosh? ¢ = 1. Hence
/ dx B / acosh &
VaZ+ 22 ) acoshé

where D is an arbitrary constant. But & = sinh ™! 2 and so we conclude

ds = [ de=¢+D.

dx x
——— —sinh ' = 4+ D. 3
/ Va2 +a? a ®)
Setting ([2)) equal to ([B]) yields
In(z + a2 + 22) —In|a| + C = sinh ™! g + D.
Evaluating at zero and using that sinh(0) = 0 we conclude that C'= D, so

sinh™1 2 = In(x + Va? + 22) — In|al,
a

as desired.
2a. Write
B—dr—22% = 2@+ 1) +7=7-2x+1)=7- (V2(x+1))
. (\/5(:13—1—1))2
VT
Therefore
===
- ()
Making the substitution u = % gives

/;daz—i/diu—iarcsinu—l—c
VhH —dx — 222 V2., Vi—uZ2 V2

V2(x +1)
= —arcsin ———= + C.
V2 V7

2b. There are two approaches.
Approach 1. Do the indefinite integral, plugging the limits later.
Making the substitution x = 5secf, 0 < 6 < 5 gives

/\/x2—25 dx_/25tan98ec(9tan9
x

sec 6

d9:5/tan29d9:5/(se029—1)d9

VaZ —25
=5tanf — 50 + C = x2—25—5arctanxT+C.

Plugging the limits:

10 /22 —9 10 Va2 — 92510
/ %dzzx/ﬂ—%‘{) —5arctanxT5‘5 :5\/§—5§.
5
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Approach 2. Change the limits of integrations.

Do the same substitution as before, i.e., x = 5secf. Then

r=5=>secl=1=60=0

3::10:>sec30:2:>0:%.
So
10 ) z
/ udsz 3tan26d9
0 T 0
:5tan9‘§—59§:5\/_—5—7r.
0 0 3
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