MAT 155B - FALL 12 - EXAMPLES SECTION 11.10

Question 1: Find the Maclaurin series for f(z).

x
a)f(z) = sin(rx b f(z)=e"+e*  (¢)f(r) = ———
(@(@) = sin(z)  (O)f @) () = ===

Question 2: Find the Taylor series for f(x) centered at the given value of a.

(a)f(x)=—=,a=9 (B)f(@)=¢" a=3 (o)f(x)=a"-322+1, a=1

Question 3: Use series to evaluate the limit

sinx —x + %:Eg

lim =
x—0 xT

Question 4: Find the sum of the series.

54n 0 54n o n ;3" 3n o0 (_1)nﬂ.2n+1
% 02 5p ©2.C1 @D a1y

Solutions.

For all questions, recall the formula for the Taylor series centered at a:

% r(n)(g
)= L8 gy 1)

mn.
n=0

The Maclaurin series is simply the Taylor series with a = 0.

(1a) Since we want the Maclaurin series, we will use formula () with @ = 0. For f(x) = sin(nx),
compute (you need to remember the basic values of sine and cosine, e.g., sin7 etc).

f(0) =sin(0) =0
f(z) = wcos(rz) = f'(0) =
f"(z) = —n’sin(rz) = f '(O)
" (x) = —n3 cos(mz) = f(0) = —7'('3
f"(z) = wtsin(mz) = f(0) =0

So after four derivatives, we get back the function sin(mwz), multiplied by a power of 7. And every
time a derivative is taken, there is an extra factor of m popping out. Following the pattern, we see
that the n'" derivative is zero if n is even, and £7" is n is odd, with the sign being “plus” if n is
1,5,9,... and “minus” if n is 3,7,11,.... We can summarize this by the formulas

F2M(0) =0, for all n

FED0) = (=1)"x® L for all n
1
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Using formula (II) we then find

0 (_1)n71.2n+1 _—
§ : z2n

|
o (2n+1)!

The ratio test shows that the radius of convergence is R = oo.
There is quicker way of doing this problem. The Maclaurin series for sin x is

N D" o
S = nzzo CIE

We can then simply replace = by wx in the above formula to find the answer.

Remark: In most problems, it is easier to use the formulas that we already know for the Taylor
and Maclaurin series of commonly used functions, and therefore for the remaining problems we will
make use of this shortcut whenever possible. Nevertheless, it is very important that you know how
to use formula ().

(1b) Recall
o0 xn
ef =) —

n!
n=0

with radius of convergence R = co. Replacing = by 2z we find

o

2" "
2 __
<= Z n!
n=0
Adding we find
= 2n 41
T 2x n
e’ +e = Z "
n=0
with R = oc.
(1c) Notice that
@)= ——— =w(a+a?) 7 =2 (14 (5)2)_%
Vita 2\ 2

Recall the binomial series

Zk(k—1)(k—2)---(k—n+1)

k __ n
1+a)f=>" p x
n=0
2

with radius of convergence R = 1. In our case k = —%, and instead of = we have (%) = %, therefore

eyt =30 DD 0D -2 (g ne ) sy

n!

4

n=0



EXAMPLES SECTION 11.10 3

Notice that

(5)-n=""=-3
(3)-2="0"=-3

SO
1 1 1 1 1-3-5---(2n—1)
1 .. o
Using this in the formula for the binomial series, writing ﬁ = 22% and multiplying by the extra §,
we find

T 1 1-3:5--(2n—1) 45,4
Vit 277 2
n=1

Since the radius of convergence for the binomial series is one, in our case we have
2

<1

and so the radius of convergence is R = 2.

(2a) Write

1 _
— =2

NS

Now simply use the binomial series (1 + z)

[NIES

r—9N\-3 1 r—9 1
—)) =30+

—(@-9+9)75 = (91 + .

3 replacing x by %. We find

[e.e]

1 1 1-3:5---(2n—1)
r _+Z(_1)n 1gn32n+1 (z —9)"
Vo3 = nl2n32n
with radius of convergence
z—9

‘<1:>|:17—9|<9
so R =09.

(2b) Let’s use formula () with f(z) = e” and a = 3. Since the derivative of e” is itself, we have
f™)(z) = e* for any n. Hence

F3) = e

Therefore

with radius of convergence R = oc.
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(2¢) Use formula (@) with f(z) = 2* — 322 + 1 and a = 1. Compute

fl(z) = 42® — 62 = f/(1) = —2

f(x) =122* -6 = f'(1) =6
f"(z) =24z = f"(1) =24
" (x)=24= f"(1) =24

f™M(x)=0 forn>5
Hence
gt =322 $1=-1-2z—-1)+3@x - 1) +4(x - 1)3 + (z - 1)*

Since this is a finite sum, R = oo.

Remark: The Taylor series of a polynomial is always a finite sum, since derivatives eventually
vanish, and then R = oo.

(3) Recall the Taylor series for sin

sinz = i (=" p2ntl

!
o (2n +1)!
So
—1)n
sinz —x + g% 2 nzo (§n+)1)!x2n+1 —x+ g2’
xd N xb
_1)n
e 72+ 5a® + 307, (én+)1)!$2n+1 —z+ g2’
= =
S D (=D ont1
1207 n=3 @nt11%
25
1 > (_1)n 2n+1->5
=150 T2 G O
n=3

Where we used 3! = 6 and 5! = 120. Notice that since the sum now starts at n = 3, the power on

2?7135 §s always positive, hence lim,_,o 22" *1=% = 0. Therefore
. sinz—x+ %wg 1
lim = 5n
x—0 20 120
(4a) Since
x .n
x
e’ = E e
n!
n=0
we have
©  _Adn
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So, plugging x = 5 we find
o 54n
— =
= n!

(4b) This is the same sum as in (4a), except that it starts at n = 2, so

625 0 54n 54 o 54n
e = nzz:o F =35 + F + n§::2 F
and then
o 54n
— =" —5-625 =™ — 630
= n!
(4c) Recall
[o¢]
1nu.+x)::§:(—1y%4%;
n=1

Plugging = = % we find

(4d) Since

np=3 Dz
SuLe 7F0@n+1ﬂ$

™

plugging x = 7 we get

= S — =

i (_1)n,n.2n+l o7
42n+1(2n 4 1)) 7 4

[

n=0

URL: http://wuw.disconzi.net/Teaching/MAT155B-Fall-12/MAT155B-Fall-12.html



