VANDERBILT UNIVERSITY
MAT 155B, FALL 12 — PRACTICE TEST 4

Important: The goal of the practice test is to give you an idea of the sort of questions which will
be asked in the exam (e.g., finding a Taylor series, computing the sum of a series, etc), and which
sections of the textbook will have more emphasis. The practice test does not indicate what type of
series will appear in the test. For example, because in problem 3 below there is no question with
In z, it does not mean that you should not study Taylor and Maclaurin series involving Inz (in fact,
you should know/memorize all the series on table 1, page 786, of the textbook).

Question 1. Find the radius and interval of convergence of the series.

> n
(a). ; n25n
Solution. Use the ratio test with a, = %,
n+1 2en
Jim | = i | | = <1l <
So R =05.
Plugging in £ = —5 and = = 5, we obtain, respectively,
i (="
n=1 n?
and
L
n=1 n?’
which are both convergent, so I =[5, 5].

(b). Zn(“znl)n
n=1

Solution. Notice that in this problem a = —1. Use the ratio test with a,, = %,
a4 1) (@ 4+ 1)t 4 e 41
A e | T P ayp| T 4 Tkl

So R = 4. The interval |z + 1] < 4is =5 < x < 3. When x = —5 or = 3, both series diverge by
the divergence test, so I = (—5,3).
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> nlx™
(). Z 1-3-5---(2n—1)
n=1
Solution. Use the ratio test with a,, = #ﬁ”;ﬂ_l),
. anst , (n + 1)lznt! 1-3-5---(2n—1)
lim = lim
n—oo | Gy, n—oo|1-3-5---(2n—1)(2n+1) nlxm
. (n+ x| |z
1 — | ==<1=|z/ <2
nooo| 2041 | 2 2

So R =2. When z = £2:
nl2m 1-2-3---n-2" 2:4-6---2n
fry = >1,
1-3:5---(2n—1) 1-3-5---(2n—1) 1-3-5---(2n—1)

so the series will diverge by the divergence test. Hence I = (-2, 2).

lan| =

Question 2. Find the radius of convergence of

(]2
| =
a§

n=1

Solution. Use the ratio test with a, = Ei—?));:c",

(2(n + 1))zt (n!)?
an ’ (n+1)H2  (2n)lzm

- ’ (2n+2)2n+ 1)z
n—oo| (n+1)(n+1)

1
:4|x]<1:>\:c|<1.

SOR:%.

Question 3. Find the Maclaurin series for f(x) and its radius of convergence.

2
@ f@)=1—
Solution. Since for |z| < 1,
1 1 >
— — 71 nxn’
1+ 1—(-=x) ;( )
we have
22 o 0
2 n,.n n,n+2
D eI Y I
n=0 n=0
with R = 1.

(b).  f(z)=10°
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Solution. Compute
f'(z) =10"In10 = f/'(0) = In 10,
f"(z) = 10%(In 10)* = £”(0) = (In10)?,

F™(z) =10%(In10)" = ™ (0) = (In 10)".

Hence

10% =

5 100 5 w0y,

L= I
n' n:

To find the radius of convergence,

an+1
Qan

lim

n—oo

= lim

n—oo

(In 10)"H1gn+l n!
nlﬁoo n+1

(n+1)!  (In10)7z"

so R = .
Different solution. Since

[e9]
1
e’ = g —a",
il

we have

o0 oo
1 (In 10)"
_ ,zlnl0 _ —
10" =" = gon!(aﬁlnlo)” EO . ",
n= n=

with R = oo since the radius of convergence for e” is co.

(c). f(x)=coshx

Solution. Compute
f'(z) = sinhx = f'(0) =0,
f"(z) = coshx = f"(0) =1,
f"(z) = sinhx = f"(0) =0,
f""(z) = coshx = f"(0) =1,

1, if n is even
M) (0) = )
70 {O, if n is odd.

Hence

n

— SM0) o~ 2
cosha:zz ] T :Z(Qn)!'
n=0

n=0

Using the ratio test we find R = oco.

(d). f(z)=sin’z

In10[z|

0,
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Solution. Since

1 1
sin?z = 575 cos(2x),
and
o0
- (_1)711.271
COST = ngo W

with R = oo, we conclude

1 1= (=1D"22x)%" 1 1 1< (=1)"(22)*"
2x22_22< )" (20)> $~ (D2

sin

(_1)n+122n71x2n

=2 (2n)!

with R = oo.

(e). f(z)==xe™™

Solution. From

with R = oo, we find

n=0
so that
o0
—r _ (_1)n n+1
ze " =" — ,
n=0
with R = oo.

(a). flx)=—, a=-3
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Solution. Compute

x 32
2 2
F@) =S5 = 18 = —
" 6 " 6
P@) === = (=) = —
" 24 " 24
@) =2 = =8 = 5
| !
F@) = (-1 =g = f(=8) =~

Then

> F)( <1

izzm(a:+3)":—zw(x+3)”.

For the radius of convergence, use the ratio test to find

n+1 n+1
lim Antl) _ lim ( +3) 3
n—oo | Qp n—00 3n+2 (x + 3)"
3
:’:U;: | <l=|z+3| <3,
so R = 3.
(). f(x) =&, a=16
Solution. Compute
1 11
fla)= 5272 = f(16) = 5 7.
11
') = —qa2 = f1(16) = —5 &,
1
F(w) = S8 = f(16) = S
15 7 15 1
mn __ 9 -1 meg) = — -2
J(e) =~ et = 6 = — 10
n no11-3-5---(2n —3) no11-3:5---(2n—3)
f( )(16) = ( 1) ' ong2n—1 = (_1) ! 925n—2

)

n > 2.

3)

0 ¢(n) 00 3.5 (om
\f:zf n(16)(13—16)n=4+;(x—16)+2(_1)n—11 3-5---(2

25n—2p)|

(x —16)".
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For the radius of convergence,

. lans . |1-3-5---(2n — 1) (2 — 16)" ! 25m=2p)
lim = lim
n—oo | G, n—00 25n+3(7’l, —+ 1)' 1-3-5--- (2n — 3)(1‘ — 16)n
. |(2n—=1)(z — 16) |z — 16|
=1 = 1= |jz—-16| <16
nggo‘ 25(n+1) 6 <17 le-160<16
so R = 16.
(c). f(z)=cosz, a=m
Solution. Write
cosz = cos((x — ) + ) = cos(x — m) cos ™ — sin(x — 7) sinw = — cos(z — 7).
Since
o
_ (_1)nx2n
cosx = 7;) o)l

with R = oo, we conclude that

) —m
cosx——z (2n)! ,

n=0

with R = oo.

Question 5. Evaluate the integral as an infinite series.

(a). / arctan(z?) dz

Solution. Since

o x?n—i—l
arctanx = R ) | —
retana = 3 (1) o+ 1’
n=0
with R = 1, we have
oo x4n+2

arctan z? = Z(—l)”i,
: 2n+1

n=
SO
x4n+2

2 _ n
/arctanx dx—/Z)(—l) 2n+1dm
e 1.4n+2
— _1)
;( ) /2n+1d$

e pin+3
= —1)n
C+T§( ) (2n+1)(4n + 3)’

with R = 1.
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(b). /ew_ld:c

T

Solution. Since

with R = oo, we have

n=1
so that
et — <1 n
/ d$:C+Z—‘m
n=1

(c). /x cos(z?) dz

Solution. Since
> (_ 1)”562”

COST = E

= (2n)!
with R = oo, we conclude that
& n 6n+1
zcosad = Z )
n=0

and therefore
)n 6n+2

/$COS$ dl‘—C—FZm,

with R = oo.

Question 6. Use series to approximate the definite integral to within the indicated accuracy.
1
(a). / sin(z?) dz, four decimal places
0

Solution. Since
> (_ 1)nx2n+1

o= o
n=0

with R = oo, we have
> (_1)nx8n+4

. 4_
sina’ = 2n+ 1)
n=0
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so that

/sinw4d —C+i (=)
R T [CT )k

and thus

PP o Vi
/0 Smx4dx_z(8n+5)(2n+l)!'

n=0
For n = 3, the general term is ﬁ < 107% < 1074, so, evoking remainder estimates for alternating
series, we can sum only up to n = 2:
2

1 n
4 (-1)
dz ~ ~ 0.1876.
/Osmx v 7;)(8714—5)(271—1—1)!

1
(b). / e~ dx, three decimal places
0

Solution. Since

with R = oo, we have

SO
and therefore

Because
1 1

(2-5+1)5 1320
we can, evoking remainder estimates for alternating series, we can sum only up to n = 4:
4

! —z2 ~ (_1)n
/0 e e} @n+ Dnl’

n=0

<1073,

Question 7. Find the sum of the series.

= (—1)
(a)- Z 22”(271)!

n=0
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Solution. Notice that

S G- e (4
which we recognize as the Maclaurin series for cos x with = = g, SO
G Y
2 iy =3
n=0
1 1 1 1
b). — — -
(b) 1-2 3-23+5~25 7-27+
Solution. Write
1 1 1 1 — 1
— — U B Y
1-2 3-23+5'25 7-27+ 7;)( ) (2n + 1)22n+1

[’ 12n+1
> e (s)

which we recognize as the Maclaurin series for arctan x with z = %, SO

1 1 n 1 1
1-2 3-2% 5.2 7.27

1
-+« = arctan —.
+ T n2

Question 8. Find the points on the given curve where the tangent line is either horizontal or
vertical.

(a). r=3cosb

Solution. First, let us find a formula for the slope at a point (r,6). By the chain rule we have

d
dy _ @
dx %'
Since y = rsin f, we have
d d
CTZ = d—gsin9+r0089,
and similarly, since x = r cos ¥,
d d
ch d—ZcosH — rsiné.
Therefore
dy_%_ GSIDH—FT’COSQ (1)
de d B 4t cosf — rsing

From this we easily find that the tangent line is horizontal when

—3sin?6 + 3cos? 6 = 3cos 20 = 0,
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or =7, %TW' and vertical when

—6sinf cosf = —3sin20 = 0,
or =0,

(b). r=1+cosé
Solution. Use again, so that the tangent line is horizontal when
(2cosf — 1)(cosf+ 1) =0,
or = %,m, 5{, and vertical when
sin (1 + 2cosf) =0,
21 4m

or § =0,m, 5, 5.

Question 9. Write an integral representing the area enclosed by one loop of the given curve (do
not evaluate the integral).

(a). r=4cos30

Solution. The loops close when r = 4 cos 30 = 0, so the first loop is parametrized by § = —% to &
thus

A—/6 %(400836)2619.

-6

(b). r?=sin26

Solution. The loops close when 2 = sin 20 = 0, so the first loop is parametrized by 6 = 0 to 5
thus

jus
2

A= — sm 20 d6.

Question 10. Write an integral representing the length of the given curve (do not evaluate the
integral).

(a). r:§,7r§9§27r

Solution. Write
2 /27T I
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50
(b). r:sindg,OSGSW

Solution. Write

2
T s 0 9
L:/O Ur2—|—<jg> d9:/0 \/sin6§+sin4300523d9.

11



