
MAT 155B - FALL 12 – ASSIGNMENT 4

Due date1: Fri, Nov 16th.

In all questions below, justify your answers to the best of your abilities.

Recall that a series
∑∞

n=1 an is called absolutely convergent if the series
∑∞

n=1 |an| converges.
We saw in class that absolute convergence implies convergence, i.e.

if

∞∑
n=1

|an| converges, then

∞∑
n=1

an also converges.

We also saw in class that the reciprocal is not true, i.e., we can have a series which is convergent but
which does not converge absolutely. The canonical example is

∞∑
n=1

(−1)n

n
,

since this series converges (by the alternating series test) but

∞∑
n=1

∣∣∣∣(−1)n

n

∣∣∣∣ =
∞∑
n=1

1

n

diverges.
A series is called conditionally convergent if it is convergent but not absolutely convergent.

Question 1. Give three examples of conditionally convergent series.

We know since elementary school that the order in which we add terms does not change the
resulting sum. Here we shall investigate if the same result is true when we add infinitely many
terms, in other words, when we consider series.

In order to address this question, we introduce the following concept: by a rearrangement of a
series

∑∞
n=1 an we mean a series obtained by simply changing the order of the terms. For example,

given the series

∞∑
n=1

an = a1 + a2 + a3 + a4 + a5 + . . . ,

a rearrangement could start as follows:

a1 + a2 + a5 + a8 + a15 + . . .

In this assignment, you will be given directions on how to prove the following surprising result:

Theorem 1. If
∑∞

n=1 an is a conditionally convergent series and r is any real number, then there
is a rearrangement of

∑∞
n=1 an whose sum is r.

1You do not need to hand this in during class. Bring it to my office at any time which is convenient for you. If you
do not find me there, please slide it under the door.
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In other words, theorem 1 says that if
∑∞

n=1 an is conditionally convergent, then, by suitably
changing the order in which the terms are added, we can make the rearranged series converge to any
number that we want! In order to prove this, start with the following warm-up question.

Question 2. The following series
∞∑
n=1

(−1)n+1

n
= 1− 1

2
+

1

3
− 1

4
+ . . .

converges to ln 2, i.e.,
∞∑
n=1

(−1)n+1

n
= 1− 1

2
+

1

3
− 1

4
+ · · · = ln 2.

You do not have to show this, i.e., you can assume that the sum of the above series is ln 2. Then,
show that there is a rearrangement of the series so that its sum equals to 3

2 ln 2 (this is actually done
in an example on page 761 of the textbook, at the end of section 11.6, so all you have to do here is
follow that example, understand it and write the solutions to the problem with your own words).

Given any series
∑∞

n=1 an, we define a series
∑∞

n=1 a
+
n whose terms are all the positive terms of∑∞

n=1 an, and a series
∑∞

n=1 a
−
n whose terms are all the negative terms of

∑∞
n=1 an. More precisely,

we let

a+n =
an + |an|

2
, a−n =

an − |an|
2

.

Notice that if an > 0, then a+n = an and a−n = 0, whereas if an < 0, then a−n = an and a+n = 0.

Question 3. If
∑∞

n=1 an is absolutely convergent, show that both the series
∑∞

n=1 a
+
n and

∑∞
n=1 a

−
n

are convergent.

Question 4. If
∑∞

n=1 an is conditionally convergent, show that both the series
∑∞

n=1 a
+
n and∑∞

n=1 a
−
n are divergent.

Question 5. Fix a number r and let
∑∞

n=1 an be conditionally convergent. Use the result of
question 4 to show that we can take enough positive terms a+n so that their sum is greater than r.
Next, show that we can add just enough negative terms a−n so that the cumulative sum is less than
r. Continue in this manner to obtain theorem 1 (theorem 11.2.6 of the textbook can help you here).

Question 6. What does this result tell you about the use of conditionally convergent series in
science and engineering?
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