VANDERBILT UNIVERISTY
MATH 8110 — THEORY OF PARTIAL DIFFERENTIAL EQUATIONS
HW 7

Unless stated otherwise, the notation below is as in class.

1. PROBLEMS

Problem 1. Prove the following lemma stated (but not proven) in class: Let p > 1, kp < n,
p* = nﬁip. There exist a constant K > 0 such that
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for all uw € LP(R™).
Hint: Adapt the ideas of the proof given in class of a similar, albeit simpler, inequality.

Problem 2. Prove that u € Wol’p(Q) (1 <p < oo, 90 a C! boundary, Q bounded), if and only if
Twu = 0, where T is the trace operator.

Problem 3. Prove the uniqueness statement in the proof of the “Riesz representation for Sobolev
spaces” (the part that was not done in class).

2. SOLUTIONS

Solution 1. All inequalities are a direct consequence of the definitions but the last one. Using
Holder’s inequality we have
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where ]% + ]% =1 and we used that kp < n.

For 7 > 0, let r be such that Clrk_%HuHLp(Rn) =3 If
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then
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Thus,
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where we used the similar lemma about convolutions proved in class. Since
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we have that
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Therefore, the map
u = Gj * |u

is of weak type (p,p*).
The values of p satisfying the our assumptions form an open set, so we can find p; and po in that
set and 0 < 6 < 1 such that
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Because p* > p, the Marcinkiewicz interpolation theorem implies that the map u — Gy x |ul is
bounded from LP(R") to LP" (R™).
Solution 2. Since the trace is continuous from WHP(Q) to WP(9€2) and every element in C°(12)

has zero trace, we conclude that Tu = 0 for u € WO1 P(Q).
Suppose now that u € WHP(Q) satisfies Tu = 0. As usual, we can reduce the proof to the case

Q= {2" > 0}. Extend u to be zero outside 2 and denote @ this extension. Let u; € C*°({2) be a
sequence converging to u in W1HP(2). The difference
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is a sum of integrals of the form
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which tends to zero by the assumption of zero trace on u. Hence,
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and @ € WHP(R™). The result now follows from the following claim, which we prove below:
u € Wg’p(Q) if and only if the zero extension of u belongs to WHP(R™).

It is not difficult to see that if u € W(f P(Q) then @ € WFP(R™). To prove the converse, we argue
as in the proof of approximation of Sobolev functions by smooth functions up to the boundary,
producing the functions w;. Translate @; by @;.(z) = @;(x — ty), where y is as in that proof (but
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there we translated by + whereas here we translate by —). The translation z —ty moves the support
of u; to inside € so u;; belongs to Wk’p(]R") since u;; does. The restriction of u;; to {2 belongs to

Wéc P(€2) since u;; vanishes outside a compact subset of Q and these restrictions converge to u; as
t— 0.
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