VANDERBILT UNIVERISTY
MATH 8110 — THEORY OF PARTIAL DIFFERENTIAL EQUATIONS
HW 8

Unless stated otherwise, the notation below is as in class.

1. PROBLEMS

Problem 1. Prove the uniqueness statement in the proof of the “Riesz representation for Sobolev
spaces” (the part that was not done in class).

Problem 2. Prove that
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for u; € H*(R") N L®°(R") and Y, |oy| = k.
Hint: You can use, without proof, the Gagliardo-Nirenberg inequality
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Problem 3. In the context of Egorov’s example, prove the lemma that reduces the necessary
condition for existence of weak solutions to

[vllo < ClIL ]l N,
v e CX(N).

2. SOLUTIONS

Solution 1. We follow the notation used in class. Suppose the conclusion holds for v; and vy
attaining the minimum, so

Hvl”LP/(Q(k)) = HfH(kaP(Q))’ = ||,U2HLP/(Q(IC>) =1,
where we can assume = 1 upon redefining f as —~_——, and for all u € W*P(Q),
Hf”(Wk,p(Q))/
flu) = (v, D) = Y (vz, Du).
lo| <K || <k

First, we claim that there exists a unique = € X such that
* — —

Since || f[[wrr (o)) = [[f*[|x» = 1, there exists {x;} C X such that ||z rs(,) = 1 and [f*(z;)] = 1;
we can further assume that f*(z;) — 1 by modifying the sequence if necessary. Because LP(Q,) is
uniformly convex for 1 < p < oo, given 0 < € < 2, there exists a ¢ > 0 such that if Hxi—:EjHLp(Q(k)) >

i+ . i+,
e then || 252 lr(@yy) <1 =0, thus if | 252 ||Lp(Q(k)) > 1 -0 we must have |[z; — 2| 1r(0,,) <&
For large i we have f*(z;) > 1 — ¢ thus for large i, j we also have f*(me]) > 1—0. Hence, as f*

is continuous with norm 1, 1 — § < f*(msz) < Hxl;% lLp () Therefore, [|z; — ;] 1r(q,,) <€

and {z;} is Cauchy, thus z; — z in LP(Q()) and & € X since X is closed. Clearly [|z]|1r(q,,) =1
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and f*(x) = 1. To obtain uniqueness, if there are two such z’s, say, 1 and x2, we can apply the
above argument to the sequence {z1,x2,z1,x9,. ..}, which must converge.

Since v; and ve are two representatives of f*, we have

fix)=1= Z (11)a,Ta) = Z ((V2)a; a)-
o] <k || <k

Consider the following claim: given w € LP(Q)) with [|w| 1r(q,,,) = 1, there exists at most one
€ (LP(Q)))" such that [|€]|(zs(qy,,)y =1 and £(w) =

Let ¥; and ¥ be the extensions of v; and vo, considered as linear functionals on X, to LP (Q(k))
given by Hahn-Banach. Thus ||171H(Lp(g(k)))/ =1= H'(72||(Lp(9(k)))/ (observe taht even though v; =
f* =09 on X, we cannot claim from this that ©7 = 02 because the Hanh-Banach extensions might
not be unique), and by the foregoing we have 01(z) = 1 = 02(z). Thus 93 = U2 by the above claim.

It remains to prove the above claim. Suppose that there are two such ¢'s, ¢1 and fo, {1 # (5.
Thus £1(u) # l2(u) for some u € LP(Q(y)). We can assume that ¢1(u) — ¢2(u) = 2 upon replacing u
by a suitable multiple of itself, and that ¢;(u) = 1 and ¢2(u) = —1 upon replacing u with its sum
with a suitable multiple of w. Thus

b (w +tu) =1+,
lo(w —tu) =14t
t > 0. Since ||€1!\(LP(Q<k)))’ =1= ”gQH(Lp(Q(k)))/’
1+t=0(w+tu) < ||lw+ t“HL"(QUc))’
L+t =b(w—tu) < [|w+tullLe,)-
Recall the LP-parallelogram inequahties'

a—I—b 1 1
| [ e || > §Ha||§,, + §||5H§p, 1<p<2,
l

a+b 1
If1<p<2, we get

1 ,
17 + 155 || (5llallZs + Sl 2 < p < oo
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|(w+tu)—|—(w )H H(w—|—tu)—(w—tu)
2 LP( Q) 2

p
“LP(Q(k))

1+ tpHU”Lp Q(k))

P
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> (1 +1)P,
which cannot be true for all ¢t > 0. If 2 < p < 00, we apply the second inequality to get

(w + tu) + (w — tu) (w + tu) — (w —tu)

p/
Ll ) = | . Hm(m H > .

p -1
<,||w+tu||m iy + gl = 1l

> (14t
which again is an impossibility.
Solution 2. From Holder’s inequality and the product rule,
ID* (o) || 2@y < D CIID uD* Pol| L2 (an
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The Gagliardo-Niremberg inequality gives

N 1-lel 181 1_la=g] ]
1D (o)l any < C S Il oy 10l gy 01 gy [D* 0
B<a
|a—pB| 181
<O (lullpeeen 1D 0l 2@ny) & (1D%ull g2y [[0]] poo rny) &
BLa

< C(H“HLO@(}Rn)||DkUHL2(Rn) + ||U||Loo(Rn)||Dku||L2(R"))
which implies the result.

Solution 3. Using that we now established H—k(Q) ~ (H*(Q))’ for k € Z (this had been estab-
lished initially for £ > 0), the necessary condition for existence be be extended for s,¢ € Z. Thus,
there exist s,t € Z such that

[o]ls < ClIL vz

If s > 0, then we can choose N > t. Otherwise, we can assume ¢t > s since if ¢ < s then we can
choose t > s and work with ¢ (since ||L*v||; < ||L*v||; then). Because D3v € Cg°(R) if v € C(Q),
we can apply the inequality to DSv to get

1Dzvlls < CIIL*Dgolly < Cl| Dy L™0l[e < CIDZL 0]l e4jay,
where we used that L*v = 92v — a(t)02v — b(t)0,v. We also have
17v]ls-1 < CUIL vls—1 + [|070lls—1 + 00v]ls-1) < [IL*0]le41,

where we used || L*v||s—1 < |L*v||¢+1 by s < t and [|0%v]|s—1 + |0xv||s—1 < ||L*v||s31 by the above.
Then
lolls+1 <C(llvlls + 107 v]ls—1 + 1030]ls-1)
< C(IL ol + 1L 0le41)
< [[L*v]f41-

Iterating this argument gives the result.
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