VANDERBILT UNIVERISTY
MATH 8110 — THEORY OF PARTIAL DIFFERENTIAL EQUATIONS
HW 6

Unless stated otherwise, the notation below is as in class.

1. PROBLEMS

Problem 1. In class, we proved that any function in WP (©) can be approximated by smooth
functions up to the boundary if 2 satisfies the segment condition and 1 < p < co. It was left as a
homework to show that the proof can be reduced to the case of functions with bounded support.
Prove this claim.

Problem 2. Prove the change of variables formula stated in class: Let €2 and D be domains in R™.
Suppose that there exists a one-to-one and onto map ¥ : Q — D such that W7, (T~1)7 € C*(Q),
have bounded derivatives, j = 1,...,n, k > 1, and % < |det D¥| + |det DU~ < C for some
constant C' > 1. Given v € WFP(D), 1 < p < oo, define ¥(u) : @ — R by ¥(u)(z) = u(¥(z)).
Then, ¥ transforms W#P(D) boundedly onto W¥*?(Q) and has bounded inverse.

2. SOLUTIONS
Solution 1. Let ¢ € C°(R") satisfy ¢(x) =1 for |z| < 1, ¢(x) =0 for || > 2, and |D¢Y(x)| < C
for |a| < k. Set ¢.(z) = t¥(ex). Then ¢(z) = 1 for |z| < 1, ¢(z) = 0 for |z| > 2, and
|D.(z)| < Celol < C for |a| < kand 0 < € < 1. If u € WFP(Q), then u. := th.u belongs to
W¥P(Q), has bounded support, and
D% < C ) [DuD* Py | <Y [DPul.
BLa B<a
Set Q. :={z € Q[|z[ > 1}. Since u —u. = (1 — ¢h-)u =0 for |z| < 1, we have
[u = uellwrn@) = llu = vellwrr@,) < lullwre@.) + H%wam ) < Cllullwero,)
which goes to zero when € — 0.
Solution 2. The map VU is well-defined for a.e. functions since k > 1. Let {u;} be a sequence of

smooth functions converging to u in W*P(Q). Let |a| < k. Successive applications of the chain
rule and the product rule give

Da‘I/ (us)( Zpaﬁ Dﬁ“J) Zpaﬁ@)‘i’(Dﬁuj)(iﬂ),
BLla BLa

where y = W(z) and p,p is a polynomial of degree < |B| in derivatives of ¥/ of order < |af,
ij=1...,n.
Let p € C°(Q2). We have

0 [ by @D () o = 3 [ posla) WD ) @)pla) do

B<La
But

—1)lel /Q B (uy) () Do) i = /D B (1) (UL () (D) (T ()| det DU ()| dy

=u;(y)
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> / Posl@) V(D ;) @)p(w) do = 3 [ oW () B0 ) (8! () (8 ()] det DY )] .

pra asp =DFu;(y)

Since Dﬁu]- — w in LP, we can replace u; by u above and change variables back to get

V[ F@D @ de = 3 [ pas@)FD 0)(@)pta) da.

Q B<a
Thus, ¥(u) € W5P(Q) and
DU (u)(z) = Y pas(@) V(D u)(x).
BLa

Then

[ 10" b @) do < € max swp pas(a)? [ D V@@ ds

1BI<]a| zeQ
=|(DPu)(¥(x))[P

<Cg1<eTxl/ |DPu(y)|P| det DU (y)| dy

< Cllullwrr(py

thus H\il(u)HWk,p(Q) < Cllullwerpy- Repeating the argument with U~! in place of ¥ gives the
result.
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