VANDERBILT UNIVERISTY
MATH 8110 — THEORY OF PARTIAL DIFFERENTIAL EQUATIONS
HW 9

Unless stated otherwise, the notation below is as in class.

1. PROBLEMS

Problem 1. Prove the following statement. Let Lu > f(= f) in a bounded domain Q, u €
C?(2) N C%(Q), and assume that ¢ < 0. Then, there exists a constant C' > 0 depending only on

the diameter of 2 and on M sub that
wupo () < supa () + Conp 21 (1)
Q 0 o A A

(f~ =inf{f,0},u™ = sup{u,0}.)

Problem 2. Prove the following statement. Let Lu = f in a bounded domain €, u € C?(2) N
C%(€2), and assume that ¢ < 0. Let C be the constant of the previous problem and suppose that

et
A=1—-Csup— > 0.
o A

Then

sup u| < % (Sgp Jul + ngp K’) :
2. SOLUTIONS
Solution 1. Let Q lie in the slap 0 < 2! < d and set Lo = aijﬁi(?j +b0;. If a > HI)”L%(Q) + 1, then
LoeaaCl = (?al! + ozbl)eazl
> (@A = bl oo (@) )e™®

1

bl 7o
_ (a2A—aAH Iz (@) ot

A
> A.
Set
_ + ad _ _axt ’fi‘
v=supu" + (e e ) sup > 0.
o9 o A
Then
Lv = —(Lge‘ml) sup 177 +cv
o A
<- sSup ‘f7|7
Q
thus

L(v—wu) < —sup|f~|—f<0.
Q
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We also have v —u > 0 on 0f2. Thus, by one of the corollaries of the maximum principle, u < v, so

u < suput + (e — e ) sup ~—— b
20 o A
+ 1
<supu’ + (e — 1) sup “——
20 o A

Solution 2. Write Lu = (Lo +c)u = f as (Lo+ ¢ )u = f —c¢Tu =: f. From the previous problem,

sup lu| < sup |u| + Csup 71

/]

+
< sup lul +C (sup + Sup |ul sup e |>

A

Thus

|t
A

I

<1 - C’sup ) sup |u| < sup |u| + Csup
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