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Ordinary Differential Equation
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tasty out

DE differential equation

ODE ordinary differential equahu
P DE part'd differential equation
Ivp initial value problem
I c initial condition
iff if and only if

EX i example

Def definite

Theo theorem

prop proposition

LHS left handside
hits right haul side

LF indicates the end of a proof
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titian

e.g
2 2 3 0

In this case the unknown is the variable X and
solution to this equation is a number that satisfies itIn this case x 1 and x 3 are solutions because
It 2.1 3 0 and C 3

2
2637 3 0

whereas X 2 is not a solution since

22 2 L 3 0

We can consider similar situations where the
unknown is a function

xfox 2 t 3 2
0

Solvingfor fax gives
fix 2

11 x o
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More generally we can have an equation foran a know
function f when deniralises of f alsoappear e.g

If scoot to

tofence we want to find a functionfor whosederivative equals 3 coax We know from calculushow to fist such a function

soo x so f dx 3faeoxdx

fix 3 sin x t Ci where G is a

constant of integration

Einstein
ifferentialeguahoslDt
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EX These are DE

t y't o variable x function y you

I t e
t

o variable t function X Xlt

These ane not DE
x2 4 20

Jet'yly It legt 4

Icymi It It Sx

the second equation is called an integral equationat the third one an integral differential equation
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Why do we study DE

Firestone following example
Consider a

spring that has length Im when it isnot subject to any force One end ofthe spring isattached to a wall and the other end to a body
of mass 2kg as in the figure below

atheistflee horizontally stneching the
spring 20 am and then
release it The body is

8 t to oscillate bad and foxwhat is its positionafter 10seconds disregard friction betweenthe body and thefloor Considerthat the spring has constanthas Mln
F no Hook's law we knw that the force actingon the body due to the spring is F kx wherex is the displacement with respect to the equilibriumposition which we identify with x o
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Since tax is the only force acting on the bodyit equals ma whence n is the black's mass aisle
or its acceleration ma k x a 2Sir shem 2kg ail h Sohn
The position x is a function of time tentWe want to know Lo posto at te les Siscathe acceleration is the second time derivative of the positiona
dy thus Is tasx 0 This is a DEdf2

for the unknown function we'll learn later on boa to
find For now we can 00117 that 84120.2coscstis the desired solution to the above DE since

µq 0.2coolest t 25 0.2 coCst 0.2 25coolest t 0.225 coast
0

The futon 0.2 slewfrom thefact that atthezero the bedition ofthe block is Loan 0.2ns so thatXLO I 0 2 cos 5 o 0.2 We can now calculate
X to 0.2 cos S Lo Is 0.19m
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Some terminology a l notation

we'll use Idf Ig etc to denote derivative
Hence particular names given to variables and functioncan change the sane qualm might be written in differentforms Ey
x Sx s e and 4 51 e both represent

the same DE

DI The order of a DE is the order of thehighest derivative that it contain

for example Y t try
2

0 is a DE of 3 orderA sot lo a bi is a function that satisfiesthe equation Ey Y 2 3 is a solution of theD E Y 6 2 0 but
y x2 is not Police that arethough it might be difficult to find a solution for DE it iseasy to verify whether or not a greenfunction is a solution

simply plug it into the DE and see if equality issatisfied
8














































































































Def A DE of order n is said to be if ithas the form

aint I taunting t
taatifgtaocnxais.gl

where aultl a HI got ane given tuition and an41 OOtherwise the equation is called nonlinear In the linear casethe function an ch a.lt are called the Lints oftheequation
EI duty t et costy so ah x x's logt

one linear while y
2
yet and it t xyz o

are non linear

Remarke Because anti 0 in the definition of a
linear DE we can always divide the equation byt Thus without lossofgenerality we can say thata linear DE ha thefan

1 tan it EET t taxon gal
The distinction linear os non linear DE is extremelyimportant Make sure you fully understand it 9














































































































It's important to notice that the unknown function
of a DE ca depend on more than one variable For
example if T is a function that describes the temperature
inside a room then T is a function of space and fineso it depend on the three spatial coordinates

by a.dzand on the time t Therefore a DE gooenning thebehamon
of T might inroloe derivative with ncopeutto X Y Z and t and in this case we would need touse parties ie 0

fly 8 etc
such types of DE are called

parlioldifferentiolm
equations PDFs while D E involving only one
variable arc called ordinary differential equation codes
E g at t

II is a Poe font while
iY t y O is a ODE for y I this course wedeal
y with OBEs so the tern DE will always mean ODE

unless statel otherwise
10














































































































Initial value problem

tigt p we can find asolution by direct
integration f ly dy x dyy I a where Ci is a constant ofintegration So instead of a unique solution to theb E we have a family ofsolutions i.e a differentsolution for each different choice of Ci In particularwe have infinitely many solutions Such a family ofsolutions is called a
generdsolution of the be

If we want to determine Ci we needfurtherinformation For example suppose we want
among allsolutions a solution with the property Yoo s Then

plugging X o we have yo 0 5 Ci s
So y f t s is the derived solution In this case
we are not solving only the D E E X but rather
the problem It x

YCO s
11














































































































Such a problem is called as.mil
uep1IvPThe extra condition

given
in order to determine the constants

appearing inthe general solution are called initial conditions Ic

in the above example Yoo s is the initial condition
The terminology IVP and Ic are used becauseusuallythe variable is time In our first example we investigatednot only the DE x t 25 x
X t 25 x o z I

but then the Ivp

X LO 0.2
initial

X co 0 condition

the initial conditions Xl co O was implicit in thestatement of the problem is that we pulled thestring and released it so its velocity on at
time zero war zero
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As we are
going to see in detail later on

to solve an IVP we need as many Ic as the
order of the etuation To have an idea ofwhythis is the case consider the following simple exampley et Since 5 14 t constant we havefy dx Jitter y EE Ci where E is
a constant Integrating again yield y tax TDwhere D is another constant Thus we have twoarbitraryconstants To determine then we need twoconditionsFor example we could have yco 2 and y co 3Then Y co t t O tD 2 D 714 text compute
yex t G so y co s ta t G 3 G s 512 ThuLt
Yuri t x t

7g is a solution to the IVP
Y s e2x
Y lol L

y co 3
13














































































































potato An arbitrary DE of order is for
the unknown function x xH will be denoted

Flt xltl Hitt x HI x its O

By anini.fi pnkn IrP tu a DEof order h Flt HH x it D we mean thefollowing problem Find a s.lu nnx xltI to theDE defined on an interval carb containing thepoint to such that xlto Io x ito a E x I'twhere to I
are given numbers

Consider how y Ly EY we can verify thatEY t 1the function Y satisfying the relation xeYty P isa solution to the DE However we cannot solve thisrelation explicitlyforY In this case we say we havean
implicit tothe DE
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Genertaistion
consten the DE

fix where t ia known function of x We can solve this by duetintegration
you Jfax let t Ci where G is anundetermined
constant of integration When a solutionto a DE contains such undetermined constants wecall it
ajar when all undetermined

con taut have been found using Ic we call ita particular solution

A general solution represents a family of solutionsE 8 4 a 2 x y x2 t G Below we graphsomeof these solutionsfor different values of G

f
E

solution in the familyofsolutions
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Notice that a general solution mightnot
contain all solutions to a DE For example consider

y If y o then dx
ly ext a

y 1 This is a general solution to thet ta

DE But the faction y o ie ya so fo dlxis also a solution to the D E one which is not notLolin the formula y I when a general sottotci
includes all solution then we call it thegonadsolution
1 40 We will use the letter Ci to denote

arbitraryconstant in general solutions Sonatina we use the same letter Cto tote a different arbitrary constant Ez consider theDE 3y e then 35 44 fi dx 3y EI tay e t Since G is arbitrary so is We can
call it another constant D G's However it is cumbersome
to keep trackof all the relabelsofconstants so we denoteoil by Ci again as write y i e d 16














































































































Ex.sk renfrfmEyvaxn
Iyo Suppose that fary and are continuous

on a rectangle RE 1122 containing the point b Thethe Iv p Y f has a
unique solutio defined4cal b

on some interval I that contains a

This theorem allows us to say whos an IVP admitsa unique solution even though fully a formulafor thesolution might be vey hard

EX y
2 esitchy

2

Yeo L

Here fixy x es
2

Thisfunction is continuous

because it is the composition of continuous functions Compute9 2 Y
co Cx y l 2 x Y which is again

a continuous function Hence the IUP has a argue s.luro defendin a neighborhoodof Xto Note that it will be very hardto find a formula for such solution 17














































































































reEI Y Y In this case 1
712 L 2

which is not continuous infact not even defined at 12,2
Therefore the theorem cannot be applied and we cannotguarantee that a

unique solution exists
In the previous example we are notsaying thata solution does not exist only that we cannot usethe theorem

I eek It is important to verify not only that
exist but also that it is continuous Recall that it ispossible for a function to be differentiable but for itderivative not to be continuous For example the
function fix t x o

o different.alleX 0

but its derivative at x o is not continuous
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separatist order
A first outer DE LY FChy is called separabledx

if Fix y girl hoys or
efuivalently Fix y 2

fryIn this case we can find a solution by direct integration

81 ffandyefgandx

X
6xy 7 ox

Integrity
1h41 3 2 t d iyi.ca i y i 1 5 Ad
When we divided by Y we had to assume y o We see4 0 is also a solution to this DE However thesolution

4 0 is included in the family Ae as it
corresponds to A 20

Many times when we solve separable efvations we bare1 Livid by a funchbs h of Y boys This exdulethe value where h vanishes These must be analyzed separately19














































































































EI
y

If y o then dx I etta
Y This is a genial solution to the

DE But the faction y o ie ya so fo dlxis also a solution to the D E one which is not molded
in the formula y 1 Therefore the generaltci
solution

is
y i 4 0
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Lingation
consider the D E

e e
y i x linear first ad

Noting that i
e y city we have

city x I oxy di finds
e y I to y e t de

Consider now
t y cost In this case itis not true that

If y 1 But if we
multiply the equahu by et we have

41 e y exosx f face'y dx ficosx diein
exy Therefore c y LetCcoortsis ta

oh
y cost tiny t G E
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The ideafor solny near first order DE will besimilar to the stove example try to multiply the
elevation by a suitable function so that the tern aY can be written as the derivative of a productA L't order linear DE can always be written as

t Pct Y QCX where P and Q 94 known

functions

Multiply by pin where
ya is a funk to be determined

M II t pix Pony fit Qin
We want the LHS to be the derivative of a product
Matt 4 t pin Pony Mittyin

spy y
y trendy w

do
Thu 1

p Pen This is a separable geckos

If Panty ftp.fpondx him fpendx t Ci

Ip e d
removing the absolute role

Mci I eG e
Int dx
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We found a family of functions µ thatallow us
to write 1 t dry as the derivative of a
product But we just need one sualfunction so we
can take G O a I take the t sigs Thus

Y Y p in Qin where
ya s el

Integrating i J briny dx fromQin tax so

mix ya fMlnQindt t Ci Dividing by 1h not
that it never vanishes and using its explicit fan

e f am dx tci

This is an explicit formula for thegeneralsolution of Pliny Qu

1 Note that the abovefounda is fo the
equation Y t PLAY Qin ie the coefficient of y mustbe 1 If we have act y t bony con he mustfirstdivide by aon to use the formula
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Students should not only memorize theaboveformulafor you but also know how to derive it

E Y y 1 it you L

In this case Plt a 1 Qin é The
hey e

l
s et get us fly it e dy

I e
Therefore you e f yes to

e 3 e t t c Plugging y co t we findCi gy
you Get Yet
A legitimate question is whether our formulafory always works This is answered by thefollowing theorem

Ico existence and uniqueness of solutionsfor 1storder linear DE
Assume that Popand Qu are continuous on an interval cars thatcontains the point to Then foranyyo the IVP
y Pin y Qu

yoxo yo
has a unique solution defined on Cas
Moremen the solution can be written a

yep esta'd jet
d
ausdy t c for a suitableconstant Ci24














































































































PIM Since Pat and Qun are continuous the integral
friend and get Quids are well defined and
define differentiable functions on cabs Set
yep e

Smidt Jet audx t Ci where Ci
is a constant Then y is differentiable Compute

y e
said gem end a te Jes oxidate

e grind Serafina c te
d

ft aid

Pct et d get ex data et es Qu

I I
where we used the product rule in the first linethe chain rule in the second line and the fundamentaltheorem of calculus in the third lineThus

y t Pony Qu and y satisfies the DEBecause e
d

never vanishes we can always solveforG and determine it so that you yo I25














































































































Exaction
Let us introduce this topic with the following example

Consider the DE

4yt3x2 3xy y 6xy
write it as

foxy y dirt 4yt3x2 sry2 hey 0

Set hex Y a 6 xy y Y ix y 4y t 3 2 3742 so thatthe DE becomes

M Lx y DX t Play Ly s o

You letus ask is the LHS the differential of a functionIn other words does there exist a Fix y such that
LF Mdy t t Dy If the answer is yes then the DE
become DF O which implies that F is constant
Is this case the general solutionofthe DE will besimply fix y G
Recallfrom calculus that dF MdxtNdy iff9 we'll start this move precisely below

26














































































































We check

6xy y 6x 3y2

If 144 th yr ex a

Therefore there exists a function F Flay soot that
M and 9 N Let's proceed to find f

9 M 6 xy y Integrating with respect to
give Fix y fl 6 4 y dir 3 x y xy tgly
Afterperforming the integration we added a functionyayThis is because we must all a constantof inkgratius Buthere we are integrating a function of x and y with respectto so that anything that depends on y only is tucatel aa constantfu the point of view of f dx Thereforethe constant of integration can is pnnuple be a functionofYTo find goy we use that

N
9y

27














































































































Tahir of the expression we found for F and setting
the result equal to Ni

fifty Ix y xy tgcy 3 2 3 1 tg'cy tally 3 2 y
x xy tally 4y tix 312 glory 4yw

This is an equation for goy that can be solved
by direct integration Notice how all the x's cancelled
and the equation for goy involve only y Thismostlythe case by construction g is a function of Y only Ifwe end up with an equationfor g noolony x then thereis a mistake somewhere

The equatorforg is easily soloedgiving goy 2y2We have not added a constant of integration to
g because thesolution of the DE already contain an undetermined constant

Summing up we have fix y 3 2
y xy t2y2 andthe general solution to the DE is foxy G on

3 2
y xy t 2yd Ci
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in A1 bare we found the solution 3 4 xy3t2y2 Gbut we have not soloed explicitly for Y In many casesit is impossible to find an explicit expressionfor y Inthese cases i e when the solution is
given us Fix y sci withno explicit expresso fo y we say that we have animplicit solution

We will now streamline the ideas ofthepreviousexample
A first order DE written in theform
MIX y dx t Ncriy ly 0

is called exact if there exists a function F Furry
such that 0 in and 9 N

haler appropriate hypotheses we will show that a DE bexact iff 9,1 Before doing so we will summarize
the method

29














































































































Methingquation
I Given y fix y write it as Mary dxt tinydy o

2 Test if 0 0
If this is not the case then

the method cannotbe applied Otherwise proceed as follows
3 If 9 8 then define F by

Fury Shiny DX t goy
where

J is a function of y only that needsto be determined
4 To determine

g the of F foul is stop 3 a 2

set il fool to µ This gives an equationfor y ofthefour
Y expression is y containing no X

5 Integrate gly to obtain goy and this Faryl
6 The general solution isgiven by Fay Ci where

G is an arbitrary constant

Remarle If the expressionforgly found a step 4 involves
then there is a mistake and we must re checkthecalculation

Remarle In step 3 we can first integrate in y I e if
91g if then 9 N Integrating withnopect toyX

30














































































































produce Fox y f Vcr y dy t hors where h is a

function of only To find 4 no Liffenculiak Faith
respect to x a I set the resulting expresso equal to M
This will give an equationfor him moolony no y ifit contains y tha Hao is a mistake Integrating we find
h an hence F
In the next example we use this idea ofintegrating

in y first
Ed y tanxtany
write the equation as ly tanxtanyLx o Multiply

by cox cosy to obtain sin sin y let cosxcosydy o

Mixy Vcr y
compute

9 saxony sixcosy so 0
OFThc N Flay fray dy that a concosydythcyy

cost shy tbh Then 9Fg sin xshy th t Many sintsiny

Therefore h'm so This mean that box is
31














































































































constant Recalling that we do not include constantsof
integration at this point we can take him so Thus

Fix Y cos xshy Ci or y sis

Remake In the above example if we consider the equation
written as dy ta xtanyby o and take tiny L

many tanxtany then we donot obtain 0 20
Only after multiplying the quake by cosxcosy the conditionis satisfied Thus how we

reorganize the terns can natter
The next theonon assures that the steps given tosolvin h Ix tr dy to always work if 9dg 9and suitable hypotheses

ane satisfied

Theo Suppose the partial derivatives of Mary and
y exist and are continuous on a rectangle RE 1122

Then her y txt traindy 0 is exact iff the compatibilitycondition 9
cry hold for all Gy ER

Peof Assume that the equation is exact ie that 32














































































































there exists a F Faryl such that dF Mdx t tidy Since
DF fit DXtoady we have 9 M and aN ByX

assumption the first derivatives of M and N exist and arecontinuous hence the second partial derivativesof Fexist and are continuous Under these circumstances we have

1 8 tn
a i

1 showingthat 9Y

Reciprocally assume the compatibility condition Let
to Yo E R we claim that the expression

chill fyff.hlt.in dt
is a function of y only For compute lucky ftp.ct.yidt

94 q f Enty lot 01
4 0 where we

used tha M and N have continuous partial derivative and the
fundamental theorem ofcalculus Thus as the partial derivative
with respect to of MAY fyfj.net y Lt vanishes
we conclude that it depends on y only 33














































































































Because of the claim we can define gcy as a
solution to guy tiny Init yitt

X
we now define Fury fluty It tycy A direct

Xo
computation shows that LF Mdx tidy LF

34














































































































Tank problems compartinental analysis
We are in fencotol is modeling situation as is the

following example

EI A 400 gal tank initially contains 100gal
of brine containing so lb of salt Base containin
1 lb of salt per gallo enter the task at a rate
5 galls and the well mixed brine flows out at a
rate 3 galls How much salt will the task
contain when it is full

0 s alls Denole by 74 the amount
of salt in the tank at tinet
Not that co So lbaoe

µs we heel to f ul a DEforNfl solve it and compute
It I when tx is the time when the table

fills up
To find the DE let us first think of theprocess as discrete i e imagine constructing a table35














































































































with the amount of salt art say every second
t Ht If we denote by At the time

interval between two steps tho He0 XL01 5011

a Iii
f Xt fl hehe DX change in thequalify ofthat xlttist salt between the t and t stObscure that

quantity of salt quantity of salt1 x coming in during going out during
the interval At the interval It

If brine flows out at 324 and the concentration
ofthe solution at time t is soft I no

where Vltl a volume V41at time t we have that the amountof salt leaving the tank per second

gag son
31

l

Because the initial volume is toogel Sgal come inand 3gal go out every second we have
t too t st 3 t Loo tat

36














































































































Therefore the amount of salt leaving the trash
pen sear is 3 Kt This is not yet theLoo tat

amount o salt going out during the intenoal At
as the alter is measured in tb and not tbh
we have

quantity of 3 41salt goingout Ats 3
st e

during the tunag f
t t 200 21

profice how keeping track of the units lbls s ehis useful to check that we have the rightqualities
Similarly
quantity of
salt coming Ye 58 Ats sat ga
duringthe intervalAt

This Dx S Dt 3 At an
100 t2t

xittist rat t S
319 Ht

giving

Dtu s 3

At Loo tat
37














































































































The process is not infact discrete so we needto take the limit At 0 when we do so
Liu Xlttdt XCH
At o dnt

At It a l he obtain

s I we thus have thatlot too t2t the process is modeled
by the IV's It te tatI

s

The D E is a linear first order cfuation willPct 3
ail Qct S Commute

Loot21

I 2
It In1200 211 141100 211 s we get

el too a
2
The fel actldtisfaootzyd

loot at
2

Therefore

yay Int Jd tactidt tci dooTHI 400141 4
Using Xc so Coo coos tG 153 costa soso 10 lo 5

G G S lo lo lo s s Lo 38














































































































We obtain Ht loot215 loots 5.104

Recall that we want HH at the time when
the tank is full This happens when Val 400
so loot at 400 t 150 s Finally
Iso 405312 400512 s 204 I 393 7 s lb

We note that there is a more directway toconstruct the D E we know that the change inXin is 41 in out Keeping track of theunit
it is ears to figure out the in and out quantifies

1 5

1 32 htt shootout
so that 1 s

4 is measured in

How oer student should understand the constructionwillDX and Dt In more complex applications it is hard toreal off all quantities directly and the constructswith Dx Dt etc is more appropriate
39














































































































The mass
spring oscillator

Suppose a block of mass in is attached
to a

spring and the other end of the spring isattached to a wall as indicated in thefigure
If we pull the spring andfully release it the block willL
more back and forthwe wa t to find a DE nodding the motion ofthe blob

We assume that the block moves only in thehorizontal direction we choose a woodinate system withthe axis is the direction of the block's notionwith X o marking the position when the block isat rest
we denote by X rat the position of theblock atfine t The face on the block due to the springis given by Hook's Law Isp

y
hex where

h is a constant depending on the spring Another

fonce acting on the block is caused by the facto40














































































































between the block and the floor Theforce of
friction is usually modeled as proportional to the
velocity so we assume Ffat P

f
h

P is a non negative constant Finally we assume that
the ll.ch is alsosubjectto an externalforce Fen.lt aknown

fucho of t Newton's law gives
ma Lx r t Fe HI where a is thebloch's acceleration Since a 111 we broei

mdd tr thx Fertal

This is a second outer linear DE for Xlt AnIvp for this DE must contain two Ic Physicallythey correspond to the initial poolditto Ko andinitial velocity x'co of the block
The above example illustrates an important physical situationwhen 2 d order linear cfcation appear There are many otherphysical scenarios

involving 2Louder than equations Weall next shly these equations in detail 41














































































































Homogeneous Incan second order equations

idea the DE
ax t b x t ex to

where a b cane constants a O and X xlt is the Mishnah
This quake is called

1 because there is
no torn without the unknown X Otherwise
we call the quake nonbonogeneois on ios

For example 2 x t x 0 and x x't x on 2arc he
ogeneons whence 2x t x t aw x x'tx 20

are non homogeneous he will study homogeneous yeahoh
first

EI consider x t x 2x to

Let us show that xltt a e't bacontaut
is a solute for appropriate values of d Pluggin is
Ce't t

t Lett o

12 e t yet he t
20 Since e

t

fon fwe must have 42 1 I 2 0 or

t l dt 2 so I L or I 2 42














































































































Then fore et awl e
2T

are solution to the
DE Indeeli

et et Let et et Let to

ai ft Et 2 e Lt 4 e
t 254 254 0

we will see that this simple idea of plugging
It is the basis for solving ax tbx'tcx oonsite again

a t b x t a X 0

Let us try to find a solnho of theform xsett
Notice that at this point this is a educated

guessi c we do not really know if it is fact solves the
1 E Plugging in

ale't t Kettl't c e't
a 12 t bl t c e o Since ett o foralltheco ol de that

t blat c O1 1
43














































































































which is an quarto fo I calledcharacters
1 also called auxiliary equation

The roots of the characteristic efuah.us anc

l and I b 541
La

La

By construction e
t
and e

t
one solution to the

1 E ax tbx to o Are there other solutions How
do we obtain the general solution To answer these
fashions we need to develop the theory of scout ontenlira homogeneous

equation further We begin motivatingthe discussion with the follouing example

EI Consider x 2 1 t x o The characteristic
efuaho i t 21 t l I 1 2 0 firing 1,212 1tThus x e solve the DE we can verify thatthe
truck x tent is also a s.luyo
t et 2 feet feet etttet acetttetlttet
et et let Let stet t t et o as claimedu u

44














































































































The solution t et Lil not come solely In the
chanacterish equation Ho do we know

if sud extra
solutions exist and how do we find them he aill
now investigate these

questions

Def Two function xect ail tut are said to be
yi on an interval I if neitherofthem is a constant multible of the other on all of IOtherwise X Lt a l tut are called linearly dependentI

Ex The function sat and cost anc lineal independent
on f Ey g Foo suppose that sht acostfor some constant
c This tart a But this would have to hold

f all T E Lutz s what would imply that tart is constant
l Ia Ia

EI The functions sis21 awl 6sintcoot are linearlydependent
on 112 because 6sintcost I 3 2 sitcool 3silent where
we used the trigonometric

identity sinldtp smacosptsispoosa
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Give t fuckin tit awl ratt a lace
combination of them is the fuchu

self cet.lt test.lt
where c awl and C anc constants If 441 and
Xalt are solutions of the DE ax tbx torso so
is any linear combination of X and 72 To see
this blur is xltl to fml

ax tbx tax a air tax t blax tyro t clax taxa
a c X t a c X t bae t t bar t co X t cc xw w w
c a X thx tax t calax brat tax O

I
o

p

shoeing that xcH is a sohhos

In particular since we can take c 0 abovewe also conclude that a multiple of a solution isalso a solution
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DIE Let real ad uh be the differentiable function defuel
or an interval I The fusoho

W x x t tell1 2141 salt x ll
is collect the W a of 7 and Xs

They for any red hunters a b c Io e to a o
then exist a unique solution to the IVP

a x t bx to x 0

I Ii
The solution is valid for all to c ago

tech The theone i plies that if and it durativeboth vanish at sore point to the 47 0for all t
Lol yeti ad rat be tho solution to 14

DE ar thx tax to o C o o a o a b c constants

If Wl x nice so holla at some 2 E Gaol theit vanishes identically and X al X ane linearly
dependent
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proof If xi.la to and x 121 0 they 7,41 0

for all awl 7,111 0 xalt

If X let O the 2Ct 7214 X.lt solve the7 La
D E and 2CT Xzle Moreover

Elle 1 XI E X 121 since WweX 21 012
Hence

Zach tall by uniqueness and tattle k1,14Finally if Xena 0 but xliv o thaWlXe7,1121 0 implies 72121 0 The frolics
ZHI 1 tilt satisfies the DE and 244 richn

s 2La 0 he owlude b
fuses Hot 24 exact

finishing theproof
Et

Thee If t.lt awl t.lt are the linearly independent
solution to the DE ax that tax 20 on C oo o ab cconstants a o then unique constant a ants can always
be found such that NHecexelt carat satisfies the IcXC to Io x Ct I for any Eo ER
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proof The fudio toti defuel is the statement
bloc the DE Comida

X lto Cerrito gait It
x Hol i c Hector tgxallto I

we solve this system for C girl i

c t
c Ie tilt tiltx Ito 40 Tilton lb xectosxdltos xiltdx.lt

provided the the denominator in these
orphans is notzero By the previous Ieuan and our assumption thatXelt and Xalt are lineal independent this is the

call
LF

we will now derive some important
consequences ofthe above results

We first ask the following question can anys.luno
of ax tbx t ex O be wittes as ax tax fortwo linearly independent function x and ta
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et be a s.luno to ax t bx't at o and
X art Xz be tho head independent solutions Pool
to E R By the previous theorem we can find c and
q gurl tha c X Cto tqxzct.is Xlto awlcan'otol tsxlt.li x'm
By uniqueness of solution to the corresponding IUP we
conclude that X ax tch Thus

X and x be two linearly independent sulfa

i ni
X C x t caXz

where c and ca are constants In particular
the general solution can be written as c X

to
be saw that we can use the Wronohia todetermine that the solution are linearly dependent

ifthey Wronskian vanishes It follows that if two solutionsare linearly independent their Wronskian is not Zeno he
can ash the converse if the Wronskian is not two
ane the solution linearly independent 50














































































































The answer is yes nut s sun arrived in the
following lenna

Lol 441 ml rutile tho solution to 14
DE ax t bx tax to o C o o a o a b c constants

If wire nice to hold at sone TE Gasol theit never vanishesand X a l Xz are linearly independent
Consider now the character.sk

quartoal t blat c to awl let l and 4 be its two
solutions

If I awl 12 ane real numbers and I 42the edit and e
t

ane solutions to the DE a
we have

seen

We now claim that et't ml et't are linearly
independent For this we compute the Wronskian

Wlet't L't H edit at t.tl etzt
Let't et t d editedit

7 Y e
4 th t

L 0 since t Kda.ie
t

of all t
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It follows that the genial solution can be written as
X LH c e

t
gelat

where c and oz ane arbitrary constants

what if I L t In this can we alnely knowthatIt is a solution we claim that tett is also a solution
and that ett awl felt are linearly independent

To refry thefirst claim ne plug felt at the
equation

altettl t l te't t ate't alettttte't t bletttte't
ate't l te'tt life't t de't tbletttte't tote't
flat't t to e't t Lattblett so
The last equality holds because at'tbt to o since

d is a noo of the characteristic equator whereas Lattbeo
because the root is repeated so 1 1To verify linear independence we compute the Wnosshiaswle te't Ltl et te't Le't te't

settle't tie't de te't
L't fo fon de t hence the two

solutions are linearly independent
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We conclude that the genend solution ca bewritten as
Htt c e t qtett

when c and g are arbitrary constants

Remade student will probably wonder when fett
one from i e how we knew thatwe had to multiply by
t This cone from developing the theory of DEfurtherand we will show where it come from when westudy variation of Panameters

It remains to analyze what happens when therootsofthe characteristic efunhao anc couplet i e when

I z b Fac with b Yao Lo
La

In this case we can write 1 L tip and 62 2 ipwhere a baa f I4ac and i is the imaginaryLa
number i2 L Note that x P E 112

The calculations
preciously Lose heman valid hereand no hare that eht eatin t and dat de int

are solutions of the D E ax tbx tax to
53














































































































These solutions however are complex oalnel and we

would like to have needvalued functions as solutions To
do so we are

going to use Euler's formulai
e
o

co O t is in O O E R
we'll prove thisformula below But first let us use it
to obtain the desired red solutions

we have from Euler's formulaedit eatin t eattirt extent eat cooptItismptedit elatint It rt Eti't e't cool pelt isnt.ptat
e cospt i shirts

Ga Let 2HI suctitivon be a solution to the DEax t by t ex o where a b c E R and hot and actsare real valued Thc Nfl and wit ane also solutions
proof W nori O a Z t bz tot alutio t blutiot clutir a n t io tb n'tiv t clutio
air tbh t on t i ar t bo t co Sisce a complexnumber vanish iff it red and imaginary parts osunb wehave an t button o awl ar the torso Et
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The lenna inplie that it coopot awl eatsspt
ane solutions of the DE Now let us about thatthey
are linearly independent

WlettaoscptJ.etsislptjJH1sedtaoscph

tomcpt1JlledtaoscptDe4siyptzehtoscpt1ledtsmlptltpehtcoscpt11
lrehtcoslpt1

petsiyptDe4tsiyptjefedtJ2fdcoscpf1siYptJtpcos2lpt1r2uslptlsiilpotItpsis2crtiJepedtJ2Ccos4pt1tsn4pt1JspleatJ2

This expression is never zero because
p 0 if p o

then I am I wouldnotbe complex numbers but we are
untying the case where they are

we conclude that the general solution can be written a
Alt C It coscpt t c It sulpt

where c a C are arbitrary constant
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Summary of solution to ax tbx tax so

rider ax t bx t ex 0 a b a E R a o Letl au da be the two hoots of the characteristic equate
o t bl t c 0

If d It are red the thegeneral solution is
xlt c e

t get't

If t da la the the general solution is
HH i c e t qtett

If 1 and Is he complex then we can write 1 a tip42 2 if d p G IR and the general solution is

e 4 C Itcoscpt t ye'tsculpt
Above a an c are arbitrary constants
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P Etfula Recallfrm calculus that
is II Tha e's 415 we separate

the sun into eve awl oLL n's
ii

Notice that io l il i i 2 1 i s i i 4 1is i i s l it i i 8 1 so this patternrepeats every four powers Then

ci iti ti it
i

t t ti fi
lion io tioi ioI tifEi.hEi.tiEY
Recallingfrom calculus that coso

µhoIand si o 7 uh 02ktI kJ
L

I we have the resultbio
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Linear scowl onher non bonogeneous
ctfu

consider the equation

ax tbx tax fits
where a b c ane constants a o and flt is agivesfunction calledthe nonteous orinhomogeneous term Let usfirstproceed by examples
EI find a solution to x t 3 x t 4 x It 2
The given foolio flt 3 t t 2 is a polynomialof degree onewe expect that xct will be a polynomial as wellwe wouldn'tget a polynomial by differentiating

say an exponentialThus
we seek a solution of thetan trot At TB whereA a L D an constant to be determined Not thatwe ane trying XCH a polynomial of dyne one became

fitis a polynomial of degree one
Plugging

Attn t 3 Attn t 4 Attn It t 2
O t 3A t 4 At 413 3 t ta

4A t t 34 413 3 t t 2
Two polynomials are cfud iff the corresponding coefficientof the same powers are equal 58














































































































So we must have 41 3 and 37 41 2 so that
A 3 413 2 17 2 3 1 D to

Therefore Xlt 3 t f is a solution

Ef Find a solution to x Gx Lest
Here the inhomogeneous ten fits 2est is an exponentialTho we expect Xlt to be an exponent'd to we wouldn'tgot an exponential differentiating

say a trigonometric
function Putit A et when A is to be found Plugging is

Aest 4 te't Lest

9A est 4Ae't zest SAest se't A 3Hence Xlt Isest is a solution

E Find a solution to 3 x x 27 2cost
Here fits a 2cost so we might try Xlt Acost Howeverwhen we plug this in Le will obtain some sint ten andthere is no sint on the Rtt to compare with Wesee thus the we should try Xlt Acool Bsat 59














































































































Then

3 toot t Dsnt t Acoot tbsint 21Acosttbs.net 2cost31 Acost Dsmt t f f si t Boost 21 fast tshirt 2cost
SA t B co t C A SB sint I 2cost

Thus for the equality to hold we must have
SA t D 2 and A SD 20

This is a system of two equations for the tu ask.nuA and B belong if we find A
BitThus Htt cost t snot is a solution

Unfortunately
things will notalways be this simple as

the next example illustrates

EI Find a solution to x G s 2ftatwe try XCH A e Plug in

CAedt 4 Ae zest
4 Aeat aeat zed

0 2 e
60














































































































we see that our method did not work is 14
tcare The pro ten is that E is a solution to

the equation x 4 t o the characteristicequation
is 12 4 0 7 12 and so is any multiple of it
Therefore if He inhomogeneous teen happen to be
a function that solves the same equation when fatsothe the LHS will alwaysgive Zeno when we ply inand this idea will not work We see that to solve
ax t bx't c x 41 we also need to understand
ax thx t ex 0

Deff Given ax tbx careful the giulio
a X bx tax 0 is called the associatcdhom.ge
efuah The general solution to the associated homogeneous

equation will be denoted xh
Observe Lal if 2 solos ax tbx tax f so Leethe Fuchu X x t 2 because ahhh bluth't clantz
an t by t ex t at tbz to z s f

0 If
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It follous that then are two tyres ofsoluba
to ax tho r tax f those containing arbitrary constants
because contain arbitrary constants and those without

arbitrary constants such as the solution wefound is the
previous examples

D A solution to ax bx tax f that doesnot contain arbitrary constant is called
inclusionParticular solutions will be denoted by xp

EI Let's go back to x ax L't and
try to find a particular solution we saw that
if we put xpit Ae't then it will notwork Letus see that it Ate works

A fit Ate't A Lte Et Gate
A 4 t e t he t 2 it 4Ae2tf Gait 2ft

So we coul e that As 42 and xpIt te
The idea of multiplying by t ca be understood

as follows
62














































































































We want to satisfying ax tbx tax f and uexpect xp to be of similar type as f since derivative
of polynomial give polynomials of exponential giveexponentials etc But if f is or certain a tenthat solve the associated homogeneous

quota this cannotwork because it will give a zero on the LHS Howcan we find xp containing f in such a way that afterwe plug it into the equation a tern will f renan othe LHS The answer is the product rule since itproduces extra tans
containing f Put Xp41 outfitwhen I ha the samefan of f but costars constantto be determined as is the

example so f it Att111 is a multiple of ebt ail s o and v is asundetermined fuction Then

Xp if t of Xp o I t 20 f t ofThen a Xp thx to xp a o I t 2 r f t oflol v F tu I t oof flair t bo Lao I
t ol at theft toll
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Because I contain xh the tan af tbI tcfwill produce twos For simplicity let us assume weare treating the case when is proportional to
Xh Then af t BI tcf so text recall that
I is like f ul ne au theoling frictions that
repeat themselves

after differentiation like exponentialspolynomials and she or cossire this hothol will notwork for friction that do not repeat themselves is this
Y Thus

for the sake of reasoning we canreplace It by f in the term 2ai f Thu
a xp t bxp cxp I I ar tbo Lao We wantthis to be equal to f s law tbo't 2am fIf the ta in parenthesis is a constant the a hareconstant I i f and he can solve for the undeterminedconstant n I The simplest way to accomplish this isto put out t so av thr t hav b tha and

XpLH i t fat 64














































































































The method outlined above is called themethod
detem.net iaewts summarized as follows givesa X t bx tax fat a b c constants

auto we seek fora particular solution Xplt of the form bolon 20 is a integerbin bo am no a b r and to arc constants

fill Xpit

t t bn l t tb.tt bo t But tBin E t t B ft Bo

acoscht t bsin ht t Acuscht t Bsischt

ertcac.mn si a Jsery m

t
te but tbm.it t btho t er But t Bm t t B t B

but t bm.it t tb coslht t but the I t B coolhtant tam t t ta silhtl t t Ant tAn.it t A sachet
e't but'tbn t t ib cscht t e't But'tBn f t Do coschtertfamftan.it t a s.su t'ettlAmFtAn E't tAo si.ckt
where s is the smallest non negative integer such that be ternin Xp duplicate a tern in XL
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EI Find the form of xp fo
X t 6 x t 1st e

t
c slat

The characteristic
eye is 12 t61 t 13 0 di 3121Thu Lt c
t
cos 12 t to e sista We see thatwe

cannot try xp It A e co lat t Bei'tsi.cat thefirst ten duplicate a term in xls he thus
multiply by t

XpHI i t Ae tco lat t Bei sislatt

EI Find the form of xp for
x 2 x t x et

we have 22 21 t i H 1 2 0 1 1 repealedThe xhitt get t catet If we put xpot a Act
Ithis duplicate the first tern in th Multiplying byt gives Xpitt Atet but this duplicate thesecondterm is Xb so we multiply by t again

XpIt i At
2et 66














































































































The next theorem is known as thesuperposition
principle

If is a sotto to ax the tax af
and x a solo o to a X tbx tax ifs tho the
function x c x tcar is a solution to the D E
a X t by t ex c f ta f where 9 and I are constants
pno Ploggia is

a x t by t ex a Citi tests t b 4h tour t t c Cc t t gxa x t bxi t ex taxi tbh tax af tufa
if Et

42
It fella that if the inhomogeneous tennis ofof the form f f tf where the method

of undeterminedcoefficient can be applied to f andfa the we canfmlXp by determining Xp andXp the particular solutions to theequationwill inhomogeneous ten s f and f respectively and
setting Xp I Xp t Xpz
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Theo Consider ax thor tax f when a b can
constant awl a o Suppose that xp is a particularsolutionto the DE is an interval I containing to and let Ioa L IX be two given numbers Then Hera exists a uniquesolution is I to the DE satisfying the initial conditionXlt Io a l X Ito Is

p By the superposition
pninciple X X t Xp solvethe DE Recall bat th c n t cat where trawl X arelineanly independent solutions to the associated homogeneous equationsand c and C are constants Then we need to gbe

Xlto c XLtd t CzXlto t Xp to ICto c x Holt calilto t Xp'ito I
fon c a I c We find

c Io X'plto x lto xpCt xalto

ol riltol tito x it
ic Xi XpCto x Ito Io xp it x Cts

t.lt ttoxat
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The denomination
is these expressions are nos zenobecause x and X ne linearly independent

so theirWronshia i not two

To check
uniqueness suppose 2 is another sslh.aet the Ivp Put w citi tax t xp Z Then

plugging aw see that w solves an tha t w 0 withwlto O wilt o But we have seen that this IUPwhere the Ic and the inhomogeneous fever are all zeroadmit only the teno solution Thu 4 0 awl
2 c x t c X t X

LF

D we call a solution x ht xp thegeneyal
Hu to air tbx taxi f
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i ii

Tiiiiiiitii

themethodofundetermined coefficients is based on the propertythat derivatives of the inhomogeneous term repeat themselves
The method we will present now called variationofparametersdeals with none genend inhosgencostertweillseelatethat thismethod applies when a bc are not constants but we will tah then constantfor now

Consider ax tbt t ex f and let X and xbe two linearly indepentent solutions tothe associatedhomogeneous
equation We will seek a solution of thefun

XpCt O Lt T.CH ELA ICH
where r and we ane function to be determined
Compute Xp or x t s ts t o x t oat
Text we reason as follows Since u and on ane two
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function to be determined we expect to have two
elevations One equation hasto come f on ax t A tax fsince we want xp to be a solution what aboutthe
eco L equation Because we will plug xp to air thor toysfwe will obtain another DE monotony 0 and o that isat least as complicated as the equation we are tryingtosolve unless we impose some condition that simplifies ithe thenefono

require
o x t x o

which
gives our sew L equation Thus Xf beans
Xp or y to y

continuing Xp s o r t ra t o x tyra The
aXp tb xp toxp alo t t t te t to xblast thnx t cc oil tea 0 lax t hot t ex
t o lat thx tax t aloixthx

o

ale x t siri f
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Therefore we have two equations

X o t X I o

x n t ra ra s

This is an algebaic systemfor o ant Solony itwe find
o fu o

act x x x alxixal x xp
The denominators in these

expression are not zero because
X and X are linearly independent

Integrating
riot's I ftp.m.tt rain flita

wit
we do not add constants to these legal because Xp doesnot contain arbitrary constants Thus really thatXp 9 X thx we find

µ t
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EX Find xp for x 4 x tart
that we cannot apply the methodof undeterminedcoefficients here To find Xp wefirst solve the associatedhomogeneous

equation The characteristic
quoho is 12 4 0Yi tai thus ft c slat and tattle sinkt are twolinearly independent solutions The Wronskian is

Wlcoshtsmat t cos lat Shutt loose shut
2 costly t 25154211 2The

Xplt co cat t It tshirt

tasteglitte
ta t smut court t1241cost

Xp It sink b coolant t Islcostl costal smut

EI Fist xp for x ar't x et
tVote that we annot on the method of undetermined

coefficients here
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The characteristic
equation is the 2 t 1 0 1 Lrepealed Then tch et and salts tet are two finely

independent solutions to the associated homogeneous
quartosViet tell et tat et tet etletttet etet e

1 1.14,4 1 t

111114 5 it 1 hit

since the flt is not Lefinal for tea we needto workwith f o u to we consider t o so lultle list Tha
Xpitt tat t tetht

Remauley we made no restriction on thefan offitIn panhular t thot of variation of parametercan also be appel to equation where foti hasa torn approprial for the use of undetermined
coefficients
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Remark Inspecting the derivationof the formulafor xp
using the methodof variation of parameters we notice that we need not
to assume a b and a to be constants If they are hot the
only difference is that i the expression for xp the ter

ta has to be inside the integral
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Second order linear efration with variable coefficients
an we 8h red ax t bx tax f under theassumption that a b c are constants Now we willstudy 0241X CH ta it n'Hit a HITCH2141 re thecoefficients can be function

of t we all assume that924 0 so that dividing by art and relabelligthe coefficient and the inhomogeneous term we can writethe equation as 4 It potsAlt t gettin gal Tobe consistent with our previous notation
we will callthe inhomogeneous term fit in this case as well Thusthe equation we will study is

x t pitix't quit fits
They Let pits git an fit be continuousfunction o theinternal Ca b and to E Ca b Gives any hunter Io andEy there exists a unique setku Xit defined o Labsatisfying x t htt x tgonx fit

ol Ii 76














































































































EI consider t 4 x t x t t Xiu o

y 111 L What is the maximal internal cars where
the previous theorem guarantees the existenceof a uniquesolution

After dividing by th 4 we have pots 441
4which are continuous

except at ti I 2 and fat I
d2 4 Ittywhich is continuous

except for t 2 ti L Sisco to Lthe largest interval
containing this point is Capt C 1,2

17fttoil

As is the constant coefficient case we will all the
cfraho x t potty t git x 0 the

associate1 It can be slow that this equator admits twolineanly independent solution x and ta f pandg are continuousThen
the c X t cat where c and c ane arbitrary constantsis also a solution called the general solution to theDE X t pot x t quit o
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A solution to t potty tgot x fit thatdoesnot contain arbitral constant will be called a particularsolution denoted
xp As in the constant coefficients case

anysoluto.FIt
fhtxrcrno iaitu

Many of the theorems for equations with constantcoefficient generalize to the case studied hens withtheimportant difference that now statements all ingeneralnot hold on C o o but on an interval as when

put and got are continuous

Lemme Let pot andgot be continuous function on aninterval I Let x.tt and yet be two solutions oft pot x tgot x 0 an I If the WronskiW Xi X2 t X.lt riot Xia xalt is Zeno at somepoint on I then it vanishes identically and X and ta are

linearly dependent If Wct tallit is non zero atsome point on I then it is never zero and the solutions
are linearly independent on I
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Then Letpotsgrits and fltt be continuous function
o as interval I awl x it and Xalt be two linearlyindependent solution to x t pot x tgot x O o I Let
xpch be a particular solution to x

tpctlxltgltlxs.FI They
given to C I aint the real numbers Ao Ee that exist
unique constant c and a such that A a x t car xpsatisfies x t pitix tgif x fit will initial condition
Xlto I and x to I

The superponsile also hold for equationwith variable coefficients

If we go back to the method of raniaho ofparameterand look at how the formulafor Xp was derived we willsee that nowhere have we used that the coefficienthad to be constants In other words variabo of parameterapplies here as well ie if and x or two Lsearlyindependent solution of the associated homogeneous equationthen a particular solution is given by

Xp It 141 the lat t x it faint ItX it t
Whruxacts
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The formula for Xp involves x and xa In theconstant coefficient can we have a method for findingand x Here this might be difficult However thenext theonon show that if we know then one canalways determine
Xai

They Let xHI be a solution to X tpot x tgot x 0 oran interval I where pots and gut a e continuous
functions Assumethat X is not identic

y zero Tha

fpondtX Lt x ch f e Lt
XLt 2

is a second linearl independent solution
P we lookfor a solution of thefantract Oct X Lt Plugging in

X tpotty tying or t 20 x to x I tpot lox t O'x t fits ox ol n t pott x'tgltixt X o t Lx t pits v so 0

Set o w The the quarto becomes
80














































































































x w t 2x t potix w O

which is a separate
equation fo w We find

LI pot

Integrally In 14 2h ix l fpotshot Then
SpotL'tw e

When we removed the absolute valuex 2

fun w we prchal the t sign this suffice since
if w is a solution so i u Integration aganwe fill out giving the desiredformula

By construction Xzlt is a solution Let's check thatit is linearly independent

Wlx x htt X X xix a x lox x loxx Cx o t x o X ox
e

dt

e Smidt o

Ex
EI knowing that cost is a solution to
sint x 2cost snot x O O Lt Lt

find a second linearly independent solution 81














































































































Here pot 2Lost 2 cott

Scott dtXalt cost f 1 e Lt
coat In Isis t l In Smt O Lt it

cost fit Lt cost taut tc off

Remarkj The formulas we derived abore variation

of parameters awl second linearly independent sobbos
assume the equator to be written as x tpotix'tgot x µµi c the coefficient of X is one If this is not thecase we have to Invite by the coefficient of x beforeapplying the formulas as in the previous examples
Remade Recall that in the constant

coefficient
case when I s Y I a second linearly independent
solution was felt We can use the preoras thanto give an alternative

justification of this formula
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Cauchy Euler equation

e equation

a tax t btx t ex fitwhere a b c are contants and a O is called
µEuerequation aka equidi norad equation

We will consider the homogeneous Cauchy Eulaquake
at'x t btr't x o t 0

Because the coefficients involve powers of f it makesense to look for a solution htt t I aconstant Then

athlli 1 ft b t.lt t c t so or t o
2
t b a l t ct

which is called thcc4 estiequah.o fo theCauchy Euler equation If it is a root of the characteristicequation by construction to is a solution Denotetheroots of the characteristic equation by 1 and 12 83














































































































we need to distinguish the followingcases

µ 4 da l 1 real Tho t ault ane
two linearly independent solutions

we already know that they are solutions To verifylinear independence

wit tk lH ttltY A l't a 1 ft't tof u t o

Casey l s d d Tha t and t list anc two
meanly independent solutions

We obtain tt listbyapplying our method to find asecond
meanly indepen est solution

Ct

Whittle j it tifi
t ft ta t ft Lt

In the case I d it the Repeated roots
84














































































































are given by D
1 so ka 24 a l

Thus rattle t ft dt t Lt

Cate I t complex so that 1 4 tip and
I a 4 if x p E R Then tacostpint and t's pint are

two linearly independent solutions
We write 1 tht if fat p face t freip't

gEuler'sfonnula give t t costpint t it'siulphtl I the
constant coefficients case we shored that if Zittanctitionis a solution 4,0 real so are 441 and 041 The sanepoof work here as we conclude that Ecoscplut au
t siilp.int au solution We check that they are linearly
independent

wlthcoscpl.tl 1 sislplntln.fhc.scpi.fi ths.scplny A'coscphtlffsinlpht
fhcoscplntllxth

tsncplntjtthpzcoscpl.tt Cat complut t'ffsislplistt sulpht f p co 2414 tsnhpi.tt pf2 L osince f O and f o because otherwise therootscouldnotbe coupler
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Remand Above we solved the Cauchy Euler equation

for t o If we want to solve it for tho we proceed

as follows Set a t so that a o Then
x cts x o e X 44 1141 II and
x It It Ya and the equator become
at x t btx tax l e II t be e E tox 0 i.e

at IIe t be tf t ox 0 I 0 Now we can
apply

the above algonith to find the solutions as function
of 7 and then replace a t to obtain the result
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Interannateltas
Let us study the following situation

Two tank containing 24 l of brine are connected
by two pipes Free water flows into tank A at arate 6 llmin and fluid is drained out of task is at
the same rate 8 l min offluid are pumped into tanh
B from tank A through one pipe and 211 is from tank
B into tankA Initially tank A contain I kg and
tank is 4 kg of salt Find the amount of salt is bothtank as a fundio of time

t.EE

24 l 291

Denote the amount of salt in tank A and B byXlt and yet respectively We have

It in out If n out
87














































































































II 6 io ft E I 24

E in hate 2 1 E hot
24 24 l

Thu
x t t t t Y
y I x t y3 3

This is a system of DE ie we have two D Efortwo unknown
functions The second equation

give r 3y tyPlugging this into the first equation Cy y 1,134ty t Y3y t y y y tTay on 3y t2y t t y o This isa second order linean
equation cith constant coefficients Thecharacterishe efuah.us is 342 21 t t so sobe f 2 I 14 4.317 16 I f ke la Then

y a e It t q e It We can see plugflu who
3y t y to find x 3 c e It to e It t a e Itty e It
Zac e It Lac e t t t c e It t q e It s

X Lo e t t t t c It
88














































































































To fml c and ca we use the Ici

o r t c t ca L y lo c t c 4 Thi give
c L and C 3 Hence

Ltl e
It

e
it

441 i e It e It

Many important problems involve systems of DE Ccwill develop a systematic method for studying systems
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t fytems
we will now study system of DE i e when we havemore than one efunhao and more than one unknownWe can think of the derivative x DE as the

operator If acting on Let us denote the operator by D
Similarly 4 can be thought a D acting on 4 Dx
So 11 DID x Dax We call D D etc

differentiator to emphasize that they involve derivatives
We note that we can factor expression in D is a similarway as we do for numerical expressions
Ex shoe that D t D 2 is the same as 43 2 CD 11For any twice differentiable function
Dtd D l x 72 Dx x D X DX t 207 2

132x t DX 27 D D 2 x
The same is not true however

if thecoefficients ane notconstant
EI show that CD tht D I DID 4th
D t 4T Dx D't t 4tDx DIDt4t1x D Dx 4tx
D X t D htt DLX t 4x t 4TDX and

D Xt 4tDx Dax t4xt4t DX
90














































































































EI show that Dt 2 LD E D te E D st
Dtd D t x Dt2 Dx tx Dhx Dltx t 2Dx 2tx122x tDX x t 2DX 2tx Dlx t 12 E Dx C2ft x
D t l 2 t D Lhtt x Dd t 12 E D 2T x

The method we will present now is for systems with constantcoefficients Consider
a 2 2 system of DE withconstant coefficientof the form

a x t a x t asy ta y Ht
as x t a t t azy ta y felt
we can write it as

fa D ta x t or D t ag y
as Dt x t azdta.ly
Denote L a D t a L a D tag L I agDtab ly 97DtagTote that 4 Lo ane differential operators and that theycommute i e L Lj LjLi i j L a 3,4 this would notbetrue if the coefficient acne notconstant Thr
L t t L Y
L x say I

And t 4 to thefirsteyahua
L to the second one and

using thatthe operator commute 91














































































































L x t Laloy Laf Subtracting gives
Lal x t Lahy Laf 44 445 4fi Laf
similarly applying L to the firstequation Le to the seconda I subtracting

44g L L y L f f Let g ILaf Gfand ya L f L f g andg are known
functions Then

44 44 x g
L Ly Labs y 22

We obtain the separate equation for X arly oily These aredifferential
equation will constant

coefficients that can besoloedwith method
previously learned honeowen the associatedhomogeneous

equation is the same for andy
EI solve x 3x thy

Y 4x t 7y lot
write D 3 x t Ey i l L D 3 LEG

47 t Dt7 y lol L s 4 LoiDt7Then L La Lal D 3 CD 7 4 L41 D2t4D S
Characteristic

equation 12 41 S d 1 Clots so I s s 4 1
92














































































































There are two possible ways we can proceed now

MethodI solve x and y separately
First we solve Lily haha y g
y e

st
ya et Ja Lif Lif LD 3 lot 4 I

Lo got 4 6 30 t We seek
Yp At B Applying themethod of undetermined coefficients

give y Gt 2 Thus
y c e

t
t get 6ft 2

Text we find x solving Lily hats x gWe already know that x a est xa et recall that the associatedhomogeneous equation is the same
g Laf Lf Dt2 L 4.107 7 406We seek

xp At B Applying the method ofundetermined coefficientgives xp Otts Thus
k é't t haet t at t s

We are not done yet We obtainfourconstants
a a k andha

But we should have only two arbitrary constants because thesystem
we ane trying to solve involve two equations offirstordergiving one arbitrary constantfor each equation Indeed asinitial condition for the system will contain only93














































































































two values Xlo I ant Yoo I here we
only determine two arbitrary constants This meansthat there is a relation between b he and c cz

To f.nl the relation we plug our solutions into thefirstelevation of the system
Xl 3x thy 1

k

eittthzett8ttsI3f4e5ttkaett8ttsJt4lc.eisttqett6tt2f.lf84t4c.JEsttL
2hat4q1ett

ttsI3L8ttsJt4l6tt2e
LThusC8k.t 4a ist t Cakatha et 0

Since Est and et are linearly independent we must have
8bet44 0 and 2k t 44 0 so k I 124 6 2 cThe general solution of the syslen is
rich 12C I t 2Get t 8 t t 5
441 c it t get t 6ft 2
Methot 2 Plug is one solution into one ofthe equations

this approaab ne first find one of the unknowns94














































































































as in the previous method We have y c Ettaett 66 2we now plug this into the equation y 4x t 7y a lotc fml x

qt xyz't ya E ft a it tsett 6h21t E la ist get 6ft2 Eat Egetttqaett tzc.it t 7 et4 4t 2 t t Zz Lac Itt t 2get toot t t
Remarh It may seem that the second method is simpler

than the first one This was the case is the previous examplebecause we could solve directly for x n y 4xt7ya lotbut if both equations involved x as it is the case is thegeneral situation then the resulting equationfor X afterpluggingin y will still be a differential equator

Remate We can use similar ideas to solve systems with moreunknown and alsowith higher order equations
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Directionfield
Conside the DE y ferry If fix y is verycomplicated it might be hard to find thefunho y wewill develop a method for studying this equal that willallow us to get a good grasp of boo y looks like evenwhen we cannot write it explicitly

EI consider the equato y We can solve
this equation but for the sake of illustrating the new method
let us imagine that we donot know the solution what the
equation tells us is the value of the slope of the tangentto the graphof y i e y at each point xy We construct
a table of value Litl enough values we can plot theslope

X i y I the Y plane
r l l l

l l l1µF i r t r fti t lL l Ya T Y t t d t
I L z i l l x
i i i 1

i l i l
i i t t z f I

i t

i l l

96














































































































we call such a picture a dinecho.fifor the coral's y s fix y
Using enough points we can sketch solution Theimportant thing to name ben is that the solution have theirgraph tangent to the line segment we plotted and thatthey vary continuously For example below we draw thesolution
satisfying you 2 and you 2

i

l n Y l I
l i l
l l I i t tl l l
f f a
i l i y

1

I 1 i
i i t t z f I

i t

i l i l i
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E metot

Consider a D E Y'sfoxy Depending on what f iswe may not be able tofind a formula for the generalsolutionIn this case we can use direction field to obtain some
qualitative information on the behavior ofsolutions Euler's methodis a way offinding approximate solutions that provide furtherquantitative information

The idea of Euler's method is that if we know thevalue of y ycx at x the ycx.tl can be approximated citlthe help of the derivative of y at x
y urgent line to you at x It

iii Etta slope is ycard

Yo Yuro YetYcroth

inX X th

This idea
refrine knowing y which in our case we knowbecause we have the DE y fixy Thus

Ycnn.fcxo.y.ie Ylot4IY ycxomiycxdthflx.no
98














































































































we can now repeat the process Starting from the p i t
e troth Yin ycx.tl ycx we find YariYltrth ylxot2h

Y lx fix ycxu i Yleth Y Yet the
ycxntlfcxnycx.it

Thisformula is notgood became we donot know Yael Bywe can use Yee Yin so Yltith i y thflx y
H
Ye

Yin

i f Fi l l
i i

to x X X

We can continue the phoce a L f d Ys yy etcwhat will be approximate Ylx ycral etc where x x t4 to t 44 etc 3h

summary of Euler's method Consider Y'sfax y
Yuro Yofix a small number h called thestep size and set inductively

m Xm t h

Yunt Yin th flim ym
The point you will be approximationsfor Ycxm
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Remart Because we have to know the initial point x yo
Euler's method is better suited to study IVP Haener aces
use it to investigate thegeneral solution upon onying y
Renaud Typically the smaller the stepsize b the better
the approximation

EI consider y xTy yell 24 We can solve this
equation exactly Let us compare the values of the exact solutionwith those of Euler's methot with 4 0.1

m Xu Yu Euler'smethod Ycxm exactrate

2 4.21276

iI
4 l 4 4.95904 S 01760

s 27081 5.34766
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Yumerinfsysten
A system of first order E with h equations

for k unknown functions 141 xhct can be written as
xlett felt x xh
x ti fat tix xh

HI fml tix tht
when the system is written in thisform i e in thecoefficient of all xli is I h equal to one we
say that the system is written in µformEI The system x dirty is in normal

y try
fun while y x cost is not

y x ty
The IV P problemfor a system as above has k

IC

X co Io 1101 Io Xml01 Eh 101














































































































The Euler method for system is done in the same
way as for a single equation We set

tm tm t h

X
w Yem t hfilth X m tam Xhm
2 mt 2m t hfaltn Xsm tam XLn

k mt thm t hfhltmixe.ms am XLm
where h is the step size Notice that theseformulas assumethat the system is in normal form
We can write the above formulas in a copact way

upon introducing the vectors

NH exit xalt that

fit x1 fit x th fallin nl fhlt.ir xn
so that we have

tht th t h

Xmt xmthfltn.tn
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Higher order equation as system

idc the fact that system of DE are common in
application there is another reason to study them a DE
of order he can always be written as a system of k DEof first order The procedure is as follows Gives

Y
h
it a fit y y y yset

tiltliyltl 141 y 41 xytliy oh that yThe it

tilt y 111 541
Ya it s y Itt i x 41

its y s XLitttu Ct

Tilt flt y y y flt re x th
So we have the system

I X

X X
i

th

xh fit xi th e
103














































































































Solving this system we find Xi XL so a particular
we f int y because

y Xi If the D Efor y conewith Ici

yet Io y'Itola I y i't I
then we have Ic for the system
xuto I alto Is Vtol IL

Since Euler's method can be applied to systems as a

consequence it can be applied to equations of order h as well
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Thematrixforsys.eu
we ane

going to develop methods
for studying lineansystem of first outer DE i e systems of DE whereeach

equation in the system is linear A linear systemof nfirst order D E for m known
can be written as

a CHx t 91241 2 t i t ain.lt Xm t fit
92,41x t andt x t t a 41 X

i
n n t f LH

XI cnn.lt x t analtlx t t annlt Xm t fn It
where

aijlt is I n je l m andfilth f 41 arcgivesfunctionsThe system is collect homogeneous
if f if a 0 andinhomogeneous otherwise

To deal with systems it is conoenient to introduce thefollowing concept

Defy A n m bbym rectangular array of number is
callen a n by n matrix If man we say that the
matrix is sq A m by 1 matrix is called a or

If a matrix A has entries aij is i n jst n wewrite A Cai
105














































































































EI I I is a 2 bys matrix I is

a 2 2 and a
squarematrix and I l's a 3 1

matrix and a column vector

Deff An order m tuple of humets hi uh nm is calleda rector with m components

Def The dotproductof two rectors u Lu unand 0 19 Om denoted n o is defined a
m

n O
jog Yo t yo t tumor

ji
Remarle All the properties of rotorsandofthedotproductIearned in calculusfon2and 3 component orator holdfor m componentvectors
Remarle The dot product is only defined between twocreators with the same numberof components Not thatthe dot productof the rector is a number not a outer12 G oen a rotor 4 14 un we canconstruct out of it the column creator

Imf Reciprocally
given the columnrector IL we can construct outof it therector m um Thus we will not distinguish between columnvectors and vectors referring to columnvector simply as creators106














































































































Def Let A be a nxm matrix which we can write a
a a z in

at 1
We can think of each row of A a a m component reotonso we write

I
where ai air air ain is I n Let be a
component ocotr x Cx xm we define the product
of A by x written

a a z in

I

lt
as the n component recto given by

a X

L L
107














































































































6h Vote that Ax is only defined if the number
of columns of A equals the number of components of
EI Find Ax if A f I f and x 12,1 21

In this case 9 i l l 1 21 92 1,2 O and
9 a X l 2 t C l I t 2 L 2

92 X I 2 t 2 I t O L 21 4

s At L
Consider the system

X a CHx t 91241 2 t i t ain.lt Xm t fit
92,41X t andt x t t a 41 X

i
n n t f LH

XL cnn.lt x t analtlx t t annlt Xm t f Lt
We can write it as th'sA x t f when

i i
108














































































































is called the coefficientmatrixy x µ f µ
and 1 1

The system in said the ton

be written in matrixform

Remax Above we write CX to emphasize this
is the vector of the derivatives of thefirst n component
of x This is generallydifferent than a the latter
x Iµ In moot cases we will dealwithX

system where him in which can X X au 2 he
can then write

Ax tf
EI Write x 2x tty t 6 in matrix formY I 2 txt y t et

iii It illini p
109














































































































Linear algebra and algebraic equations

A set of equations
91 X t 9,2 X t t a X b
92 X t 922 x t t a X be

n t t am x t t am X bn
is a linear system of an algebraicequation for h unknowns
i Xu These systems are studied in linear algebra Here

we briefly review how to solve such system by Gauss Jordan
elimination

EI sole 2x t 6 2 t 8 3 16
4x t 1st t 19x 38
2x t 3 X I 6

Denoting by L the it line of the system u writeAL t Bly Lj to indicate the operation where the jttl.seis replaced by Ali tDLj
LL t L L 2 1 t 6 2 t 8x 16
L t L L 3 2 Jr G

Cox Sir 10 110














































































































LL t l L Lx tax 4
LL t 2L L 3 2 37 6

X i 2

LL t L L Lx O

3 L t L L 3 2 I 0 i 201 2 0 X 2
X 2

EI solve 2x t 4 2 t x 8
Lt t 4 r G

4x 8 x t X T 10

Arguing as above we find Lt thx 6
X 2

O s 0we see that is not determined it is free sothe system has infinitely many solutions given by
X 2 2 t 3
7 2

X E IR
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Diatom
The addition of matrix and multiplication by scalar
is done entry wise i e if we denote A laij Betsij
then At D ai t big awl not Craig assuming that
A and D have the same size

Ex e Itc 1 1
si t 1

Will the above operators and defining the zero matrixto be the matrixwith all entries equal to zero we have
that the set of mxn matricesform a crechespace Inparticular the defining vectorspace properties associativity etc
are satisfied

If A is a hrh matrix and B is a nil matrix
the proliot AD is defined as the axe matrix whose jHcolumn is given by Abj where bj is the j column of B
so if Ai Cai B b b be big thes

A D Ab Aba Abe or AB G hit j II ihbhj112














































































































If A is a axis matrix it transpose destu AI is thenxm matrix defined as faij IT ajhim in

The arena of a squaw matrix A denoted A isa matrix such that AA I A A I when I is theidentitymatrix defined as the matrixwith 1 in the diagonal entriesandtwo everywhere else If A exists we say that A is inventible
A linear system
91 X t 9,2 X t t a X b
92 X t 922 x t t a X be

i

n r t am x t t am X bn
can be written matrix form as Axel where

a a z a

I

tt ti L
m m mu

If him and Ai's invertible X is the gives by
x A b
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By a reoperation on a matrix we mean any one of the
following

La Interchanging two now of thematrix
b Multiplying a row of the matrix by a non zeroscalar
c Adding a scalar multiple ofone row of the matrix to asothenow and replacing one ofthe now bytheresult

If the nm matrix A has an inverse A the latter can bedetermined as follow we write the nxan matrix A i I and
perform how operation until we obtain I B Thc D A

If A Ii it detect is defined a
Let A all 22 912am

If A L Hausera asz as

dettiansett a dell Itandetti
The determinant of a axis matrix can be defined inductivelyie the determinant of 4 4 mathias is written in Tenn of determinaof 3 3 submatrices and so on These are called cofactor expansionI see linear algebra
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They Let A be a nm matrix The following statements
are equivalenta A is singular doesnot have an inverse

b LetA O
c Axe O has non trivial solution x o

d The column nous of Aform are linearly dependentset

We recall that we say that the seat's a a arelinearly dependent
if it is possible tofind number G ca notallZeno such that c a t i t cha 0

Let A be a nm matrix
If A is not singular the thesystem Ax b always has a unique solution givenby x A bIf A is singular either At b has no solution on it ha

infinitely many solutions In the latter case the solution aregiven by X X t Xp where Xp is a particular solutionsatisfying Axp b and are solutions of the homogeneous
equation Ax so note that there are infinitelymany yin this case
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Calcinations

If the entries aijctl of thematrix A au fuchonoft then we say that AaAct is amatrix of t we say
that Alt is continuous

differentiable at to if each aijti continuous differentiable at to The derivativeand integralof All1 are defined as

Alt IA LH aijch Altidt Paaijindt

It follow that

CIA G A G a constant matrix

If Atb ftp.tdf

II AB ALI t B

In the last formula note thatthe order in which thematricesare written nutters
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Linear systems in houndform

say that a system of n firstorder linear DEfor n unknown function X x is is normalfoun if itcan be expressed a

x it Alnutt tf Itt
where Xltl x Ct x LH Alt aight is the coefficientmatrix and flit f It fats is the inhomogeneoustern The
systen is saidto have constant coefficients if thematrix Act isa constant matrix

The initial valueproblemfor the system x Axtf withinitial coalition Xlto Xo consist in finding a solution XlHdefined in a neighborhood of to such that Xlt Xo

The Let Alt and fit be continuous on the interval I
that contain to ulene Alt is hxn Then for any Xo then
exists a unique solution xlt defined on thewhole interval I tothe Iup x A Xt f XHol Xo

If we define Lex's Lx x Ax the thesystem can bewrittenas Lx f Wc remark thatfor any differentiablefusation actI ylt and constant a and b we have

ax byI a Lx t SLY
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This mean that L defines a linear operator In this
case L maps differentiable function to continuousfunction and this
mapping is linear As a

consequence if xha.no solution
of the homogeneous system Lx 0 then c X t t 4th is alsoa solution when 9 oh are arbitrary constants

Def The rectorfunction x XL ane said to belinearlydependent on an interval I if thereexist constant a ch notall zeno such that
c xCH t talthit o fo all t GI

Otherwise
they are said to be linearly independent

EI X it silent coat and x.lt lsistcost costare linearly dependent on l n o since l sis Lt cost 2sistcost costso tilt LX Lt 0

EI x it i let o et x.lt cet.et et 2,41 4,24etare linearly independent o l n o

To see this let 4 ca c be constant such that
4 X t LX t c X 0 for all T E C x a
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Then this hold in particular for t o so

c 1 t
41,115 11 0

Solving for a ca and c no fist c.ec c I 0and we conclude that X x and ane linearly independento l n o In fact this show that they are linearlyi dependent on any intered containing zero

EI x it Inland htt f are linearly independent o Go 1
To see this note that 2,41 141 for l o andx ct1 141 to tho If c x it tcax.ch so then fonf o we have c i ca and fo t so we have c qhence 4 4 0 giving linear independence

16 Note that linear dependencyindependence depends on theinterval E g fu and I are linearly independent on c agobut they are linearly dependent on cool
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DI The Wronskianof a rector function
X Ltl lt Xu 41 X.lt lxinltl xn.lt is
defined as the function

I
They If wit a Holt O Ha x x linearly

independent on any listened la b containing t
0 consider c x HI t thx 4 so If this holds fonany t E a b the in particular it holds fon t.to sC Xilto t i t cutlet 0 If not all 4s are zero this

means that the system Ac O has a non trivial solution
C CC Cn O where

at
But then datA o by a pneora Heaven contradicting
the assumption

Et
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Thy Let A be a nm continuous matrix function Ifare linearly independent solutions
of Ax on an

interval I the their Wronskian never vanishes on I
Suppose that wit x 11101 0 for sone to C IThe the vectors X Ito X Ito are linearly dependent

sowe can find c C such that C XHol t.int C Xulto 0
The functions c x it t to x it all 241 0 anc both solutionto the IVP X A x x it so so by uniqueness we have
2Lt c x Htt to t.lt O fo all t GI contrary to
the assumption

LF

They Let x be solutions to sAx defined an
interval I Then either their Wronskian vanishes identically oh
I on it is never zero on I

Defy An expression of thefo u c x Htt taxult where
Cy on anc constants is called a linear combinationof x
They Let X ben nearly i dependent solutionsto x Axon a intenod I whereA is a un continuousmotlixfunctions Then anysolution to X'sAx on I can be written as a linear combination

of X Xu
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Defy A set of x of n linearly independent

solution to x At CA axis is called a fundamental

solution to x Ax The linen combination

Xltl c x HI t t c t.lt
when 4 C ane constants is called the general solutionto x's Ax The matrix

train t i L
is calla

thefundamentix of x's At
f to that the general solution can be written

as Xlt Elf c where c Cc cn is a constant vectorand that war x Htt detect
The superposition principlefor linear systems say thata I are solution to x Ax tf and x

Axatfzthen c x t cat is a solution to t Ax t aftufawhere c anL C are constants
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They The fundamental matrix Ict satisfies

HI Alt Ettl
proof we have

E Lt x in NH Each tilt is I n
satisfies XiLH Alt X 41 so

Itt Alt x Hi Attach
F on the formula formultiplication of matrices we see that
Alt x it Alt tutti Attic tilts x it Alt it El

Def Giro x Ax tf we call x's At the associatehomogeneous system The general solution of the associatedhomogeneous system is denoted
xh

They If xpiti is a particular solvho to s Ax fon the interval I where A is a nm continuous matrix functionand x Itt init is a fudcmc.tl solution set to thesystem x Ax on I the every solution to X'sAxtf on Ican be written as Xlt that t XpIt 123














































































































Homogeneous linear system with constant coefficients

we will study the system

x Ax
where A is a nx red constant matrix We first recall some
definition from linear algebra

1 Let A be a nm matrix The cig of A
are those red or complex number d for which the equation
A I I u 0 has at least one non trivial line non zero
solution n where I is the nm identity matrix Note that u is
possibly a complex rector Any non trivial n

satisfyingLA YI u ois called an eigenvector kssociated to the eigenvalue t ofA
Fon t to be an eigenvalue of A the equation LA II u oneeds to admit non trivial solutions so it determinant must vanishThe equation

del LA II 0
is called

theistieguationof A It is a polynomialof degree n al its roots ane the eigenvalues so we find theeigenrakes byfinding the root of the characteristic determinant124














































































































Returning to x Ax we try a solution of theform
yet etta where l and u have to be determined Plugging
in i

etta letter Aetta LA 1 Ilu 0

Thus ta is an eigenvalne of A and n an eigenvector Said
differently if l is a eigenvalue of A al u is a correspondingeigenvector then X ettu solve x Ax

theorem suppose the constant urn matrix A has n linearly
independent eigenvectors u un Let Ii be theeigenoalue corresponding
to u The e

t
a e tha e tu is a fundamental

solution set for x Ax on C o o Thus the
generalsolution of it Ax is

c e
t
u t t get uh when 4 c are arbitraryconstants

pet set 41 L e
t
u et.tn The

et ICH e
t t t detfu un which is never two since

4 i u are linearly independent hence theresultby one ofour previous theorems

El125














































































































we now recall some useful results from linear algna Iwhat follows A is a constant nm matrix

If t l ane distinct eigenvalue of A the the rector
i uh ane linearly independent where Ui is an eigenvector associatedwith di
Any non ten multiple of an eigenvector is also an eigenvector
If A is real and symmetric i e all entries of A arcred and Ats A where At is the transpose of A then Aalmits n linearly independent eigenvectors
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thecomplereigenvahe

Consider x Ax where A is a axis meal constant
matrix we saw that if 1 is a eigenvaluc and u am associated
eigenvahe tha z etta is a solution We can write

z ektif t a is

hee 4 p G h and a and b are heat vectors The couple
conjugate of 1 I is also an eyevalue and I is a

corresponding eigenvector so we write

I e Mt Ca Ib

Using Euler's formula we can write

2 e't co Cpt ti sinceH a ib

e't costptl a simplyb tie l si Cpt at costpt b

giving tho linearly independent red solution note that the same
conclusion hold if we use I

grief if a red constant matrix A has complex conjugalcifehrates 4 tip with
corresponding eigenvector a tib a b red creators

the two linearly independent real solution are givenby
X 41 edtcoscpl.la Itsinlptsb x It Itsimply at itcosiptlb127














































































































The method of undetermined coefficient forsysta
will now discuss mothIs for solving non homogeneous

systems of DE startingwith the method of undetermined coefficients
The method of undetermined coefficientsfor systems ofDE is very similar to the case of a style equator We will

illustrate the method with examples

EI Find the general solution of
X's I 1xtl il

First we solve the allocialel homogeneous
equation x's 1 X

The matrix AI IL has
eigenvalne d so ah a 4

Comespending eigenvector ane n 1 and ha I We conclude
that x it f L an x i e l au tu linearly
independent solutions of Xl Ax

We now sech
for a particular solution Xp Mimicking whatwe have done for single equations we lookfor a solution ofthe form Xp cost a t si tb except that sow a a I b
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no rector to be determined rather than heal valid constants
i e a b G 112 Compute

Xp si ta t coolb
we want this to eed Ar t f Iii is

sista costb Alcorta t sit b t III
f f t si'tI

which we write a

Aa b cost t Abta sat cost t sistf

Setting the coefficient of cost sist on both sides gudtoeach other fires

Aa s
o and Alta L

Recalling the definition of A we can write this explicitly as
1211111 1,1 141 Latinas s sa

ha t292 bz I 0

ii iii line i
whine a 9 belts This is a system for the129














































































































unknown a a b and b i

29 t 292 b I 4
ha t292 bz I 0
a

t 25 t232 I 0
an t Lb t Lb I

U Gauss Jordan elimination he find i 9,20 92 1 b I 2 bae2i e a 9 be I Thu

Xp a co t f t si f f f and the general solution is

c 1 the l t cost 9 t si tf 11
a t c e

t
2 sin l

L c t ye t cost i 2 si t

EI Give theform of the particular solution to
it 2,1 1 p

you donot heel to fist Xp
First we solve the associated

homogeneous efuabbs

L x

ii until initial't L
s un 1,1 x e tf
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The non homogeneous term does not repeat my term is the
homogeneous solution thus

xp e a e I
EI Find Xp in the previous example
we plug xp in i

e l D II tl le4ttL4iI
Canceling e he can rewrite this a

Klatt's.la lik
d loin the system we find a a and an Then

x i l
Remarkj A multiple of a particular sotto is not ingenerala particular solution Thus in the previous example we cannot

multiply Xp by say 36 to get ridofthefractions
EI find xp for x Ax tf with

A L fin L 131














































































































After sone algebra we find that the solution of the associated
homogeneous system is

xhic.it I tca eEco.lrtI f1 e4snlr 1lIaoFa
c it.int 1fI1te coslaIllIoFI
You write

ftp li n.it Iltl9l f.itItfuts
By the superposition principle we seek Xp is the fernXp Xp t Xp where Xp i's a particular solution associated
with f and xp a particular solution associated with fa f can exponential that does not repeat any fun in xh sowe put xp set a et I f is a polynomial ofdegree Zero i a a constant vector that does not repeat
any tan in xh so we put Xp b

Plugging xp into the equation and proceeding as is
the above examples we find

Y l 132














































































































Remand By the superposition principle we can first find
Xp upon plugging it into x A x tf In this case we will

find xp et
g f Similarly we ply xp into x Axtf

finding xp

Ey Find xp for x f x tf fest
The associated homogeneous ofuation for this system was solved is
an example above We found

the c to estl
Because e

t I solves he associated homogeneous system wesuspect

based on our experience with single equations that xp aé't will not
work Let's verify that this is indeed the case Plugging in

I é L I it i
t

which gives after differentiating and canceling the exponential
9 t ha I
aa ha

M tidying the first equationby 2 and
adding to the second yields ait 29 1

o 1
which is of course inconsistent 133














































































































Based on our experience with single cfuations we are tempted

to try xp ate't Ii However thiswill notwork either

Indeed plygist test aa into the equationgives

xp L li stlaijitti.tl iI 1i fiji
Setting the tan with and without t on each side equal to eachother
gives two systems

iii lil anti t

tt s L
It is impossible to satisfy both systems at the same time thefastsyster give a a 1 which is not a solution of the secondsystem although each system separately is consistent

The difference fu the single equation case is that for systemthe ten i t donot necessarily cancelout This is because u knowu have two constant a and a a move if the vectors had none
component leading to more conditions necessaryfor cancelationLet us she that

Xp a testa ti to a test 1 t i b's

works

Pluggi in fires
134














































































































stl 1e sttli.li st li tl Iit 1i5ttfYht1;1i5t
Setting the tan with and without on each sidegudtoeach other

t La O
La t 492 0
a a b Lb I

92 Lb 4b i 1

Solving we find a I a a t b Lb I and b i's a

free variable Thus

xp L Iftist t f i Ii Because we eat the
particular solution to contain no free raniables we set bz 0

Alternatively u can write

I
24

e b Ili't f o
5 i't and combine

b 1 it with n Thus

x L Istti t 1151
t
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Summaryofflemetterminoefficient
for systens

Consider the system

x'it Anti t fit
where A is a nm constantmatrix and

fly e'tcosephPnitt t itsinept Quit
where 4 and p are real numbers a I Put and Quill are sector polynomial
of Legree in i e Pult a ta f t taut Q HI botbitt thatwhere

ao an bo how are n component vectors

Under the above conditions thefan of theparticularsolution Xp t is fire as follow

If 1 0 then Xp t e't Ruthltl where RuthCtl is a
creator polynomial of degree nth with k o if h is notan eigenoalueL A and k multiplicity of a if x is a eigenvaluc of A

If p 0 then xpCt It coslettRahul tettsiscpt ft where

RuthlttandSmhtt are vectorpolynomial ofdyne nth citl he 0if a tip is not as eigenvalue of A and hemultiplicityof a tipif 4 tip is as eigenvalue of A
136














































































































Variatiametersforsystens
Now we show how to Jenendito the notholofvariationofparameter to systemsof DE
Consider

x 41 AHHH t fit
Suppose that IHL is a fundamental matrixfor HmsActium
Following what we didfor single equations ce toolfor a particularsolution in the four Xpit a Elliott when the rector valued

function rat is to be determined Plugging is

xp Io Ilo t Io Arptf s A Ir tfAI

canceling AIR on both sides I o Thu

o It f Istgratin we find out if tilfitidt
where we do not add a constant since we only need to find
a particular solution Therefore we have

Xp4I IHIfCIlH1 fHId
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text co silo the Ivo Kott AHHHtfy
into x

From the previous fan.la and the fact thatthe general solutio
to the associated homogeneous efvatio can be written as Fc
where c cc as we have that the solutionofthe Iv P ca
be written as

on a little t Eat ftp.Ecssjflnd

where c is to be determined Plugging fit wefind
xlto I Hol c t Elt ftp.Ecss finds x a 415 x

Thu

htt IN Cto x t ICHftp cssj'find

use variation of parameters to fail xp fo
x's t.LI i Ix filet
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Using the technique we learned for homogeneous systems
we find i

Ethelinda III solent's t.li tteiIa
Tha
x set til its L III ftp.dettt
L ii III iiHit
L

c

ii t.n.ttiit.ii.it
Rema Above cc employed the follouing useful formula
for the inverse of a 2 2 matrix

i it E kit
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Thematridfunotion
If a E N the solution to x's ax is xcue.ci it

For a system x Ax where A is a constant matrix we wouldlike to make a similar statement The first step is to defineeA when A is a matrix

If M is a axis matrix we define e by

e

IIo It t t t

where M I urn identity matrix

To shoe that this definition male Sean we need to showthat the series
converges For this heel some way of talkingabout the length or size of a matrix We do this

by defining a noun on the space of axis matrices recall that
the space of urn matrices is a croton space so it makes sense to
talk about a noun
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D For a nx matrix M we define itszone denotel M
by 111411 sup 1114 11

11 11 1

Phone 11h11 is indeed a horn i e it satisfies
a 111411 E R

b 11a 1411 191111411 a ER
c 11141120 all 111411 0 iff 14 0

d 11Mt t E M t lull
Moneoven 1114N E 11141111N

We can now show that e is well defined
e II I EE III 1 e so

when we used the above proposition in particular is thestep
111441 I 111411k

Some properties of the exponential matrix If MandN
ane urn matrices and t s G IR the

µ
a e e I

Mcb e tts ht ne e

c em e M

c e tilt entent if 14µs rn
e eIt et I 141














































































































For diagonal matrices it is easy to compute the exponential
Tor example let me 1 Then 142 1 M 8 1 etc

e i l c
Now we compute i

t

ii a

i
to

A Atth
I

i Aett

Consequently eat is a solution of the matrix DE I AE
Because ett is invertible its columns

are linearly independent flu
eat is a fundamental matrix for the system x Ax when A

an constant matrix If I and I are twofundamentalmatricesfor x Ax there always exist a constantmatrix in such that
I In In particular eat Ettl Ilo If A han linearly independent

eigenvectors u us then

eat e
it u e

t
u u 142














































































































Solving x Ax when A doesnot have a linearly independent
vectors

In whatfollows A is a constant urn matrix

We saw that e
t
u ettu

give
n linearly independent

solutions to x'sA if u n are a linearly independent
eigenvector

corresponding to the eigenvaluc I d Now he will seehow to use eat to solve x Ax when it does not have a
linearly independent

eigenvectors

Def A non zero vector u satisfying

A II u O

for some 1 and some integer in is called a generalized eigenvector

of the matrix A
Remark Thenumb I in the above definition must be an

eigenvale of A since A YI n is an eigerreoto associate
to l Every eigenvector is a generalized eigenvector

A matrix that does not have a linearly independent
eigenveotons is called defect A defective matrix always has

n linearly independent generalized eigenvectors In fact
143














































































































if I is an eigenvalue of multiplicity k then then always
exist k linearly independent generalizedeigenvectors associatedwith
t

If u is a generalized eigenvector associated to 4 the
etta edited tilt

ett In ta Int t t

F
Hin tiffin g

e ut tea taint it LA IT'n

Note that we computed etta without knowing eat
On the other hand etta is a solution to x Ax

This is because ett is a fundamental matrix thus the general
solution is ettc where c can e Cn is an arbitrary non zero
rector In particular we have a solution upon choosing c u

From the above we conclude thefollowing let a n be
h linearly independent generalized eigenvector which always exist

corresponding to the eigenvalues d d notnecessarily distinctThen x at etta tact etta are u linearly independent solution
to x Ax where each etta is computed as above without
the need to know ett 144














































































































SunmaryfousolvinAx
1 Compute the characteristic polynomial poll dot A II
2 Find the roots of pills 0 Let the distinct root

be 1 th and let n uh be their multiplicities
3 For each hi is I h find mi linearly independentgeneralize

eigenvector by soloing A d 1 in 0

4 Form h m t tub linearly independent solution to x Axby computing

xly eatin et ut HA that t CA i Itu t

for each generalted eigenvector n
corresponding to each eigenvalue

t foul is part 3 If 1 has multiplicity in the series

terminates after hr terns

EI Find a general solution to x's Ax when

A L

The eigevalue of A arc 1 0 and 12 1 withmultiplicitytwo
145














































































































4 s an eigenvector associatedwith 1 0 Ibo

x s it f L is a solution

let us compute the eigenvector fo 12 1

A HI 1 f
Thus
f 1 1 1 gives a c bfree ceo a o

Hence there is only one linearly independent eigenvector 4
Since 42 has multiplicity 2 a generalized eigenvector canbe found by solving

CA I 12h o Compute

H hii t 12 1 o

Hee
l 111 1 1 a c safe ta

ni f ch tbh Thisgives us two linese
independent generalized

eigenvectors f and q We duly knew
that the latter is a generalized eigenvector since it is an
eigenvector we can thus take us L
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Now we compute
o

m Io
eatin ehtIn t tCA t.hu ttfLA KIK t J

re'll'ittif ill
et L t.gl etlIt1

Thegeneral solution is

HH c teeth t set It
where 4 ca and c are arbitrary constants

Remake A common mistake is toforget to compute
ettn and write the solution

corresponding to a generdited
eigenvector u as Etta In the above example it would
be et k which is not a solution

147














































































































The phaseplane

fix yConside the system
t

When f and g d not
t
s fl t Y t

depend explicitly on t the system is called autonomous We will
focus on autonomous systems

rotation we will often denote time derivative by a dot
i e I i

D

I consider the autonomous systen iiitagging Lat
HH y1h be a solution

defined on some interval I Aplotin the xy plane of the parametrized cur x HH yay41 alongwith arrows indicating the direction of increasing t is calleda trajectory of the system In this context we call the xyplanethe Game and a representative setof trajectories in thisplane
is called ph trait of the system
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EI The system i 2 x y 8g has solution

Xlt c e
t
yal c i't a c arbitrary constants To

draw the trajectories we write
du

oo
4 4 1 4 x to ya CxIx 2

he phase portrait is illustrated in the following figure
nY

The arrows indicatingthe

V Ii i i
i

To draw the phrase portrait it is useful to note that we canrewrite ir fcx.tl y glam as it i
811 as in the

previous example

If Ntl 441 is a solution to an autonomous system so is
the time shifted pair Htt 4 yetta for any constant c
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To see this set Elt titty t y ttc andnote
that 41 Ilttol I flutter yttta f Elt Ict
and ICH y.ltto glxctta.ylti.ci glFLtl.Ycti
If Koyo is a point such that flxo.yneosglxo.LI thenthe constant function HH ra HH yo are solutions This aa solution that does not change over time motivalivating the

following definition

DI Consider the system X flam y gamy A pointHoyo such that fixoyo O glxoyo is called acriticalpoint of the system and the solution rotten yeti yo is calledan
efuilibriumsoluti or simply an equilibrium

We are interested not only in determining the eguilibrialcriticalpointsof autonomous systems butalso in studying their stabilityproperties
For example in the example above co o is a criticalpointwith the
property that all trajectories

converge to it as f Such acritical
point is cabledasymptotiable
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2TConsider now i Lx y 8y Tha Hettie e and8T
Yeti c e The trajectories can be found by solving 1 4

which
againgiros y Cx The point co o is a critical

pointfor thissystem but now the trajectories move away frou 0,0
as f D so the arrows are reversed as compared to the
previous example

nY In fact no matterhow

close to the originwe

t.ie t t

0,0 as t increases such
a criticalpoint is calledunstable

EI lex 3 sea 5.4 Find the critical points of the system
i 4x Y l

y Sx y 2

and stretch the phase parfait

To find the criticalpoints took we solvefaroyd ogcxyi e 4Xo 3Yo l O
x L yo lS to yo 2 0 151














































































































To draw the phase portrait we sketch the directionfieldof the systemi

y n i y n i
c r c r

f i f

From the sketch we see that if we startvery near thecritical point trajectories will moveawayfrom it as the timePasses i e as t increases with one exception trajectories
courage to the critical pointalong the line 4 2 1
Such a critical point is unstable because most trajectories

flow away from the critical point and is called a sabllepoint
We willgive the precisedefinition of the criticalpoint illustrated above and others later on for now let us

simply illustrate the type of critical points we will
encounten with the following pictures 152














































































































i

e
can.li4nu tn iiit.su

0
Center Spiral Node
stable asymptoticallystablo unstable

when we draw phase portraits it is useful to rememberthat
81 admit unique solutions with initial condition within

a region R of the plane if Hf is continuously differentiable them
153














































































































Therefore under these coalitions trajectories of the system cannotintersect

The following theorem is useful to determine critical points
Three Let HH yH solve i finyl y glayl when fand g ane continuous

If the limits x life Htt and yo life141exist and are finite tha koyo is a critical point

EI Sec 12.1 consider the sister
i x La b x cy

y y la bay x
he ai ar biba 4,4 are positive constants Th system modelsthe
dynamics of two competing specieswill population X andY

Let us find the critical points and analyze thesystem
The critical point one solution to

x La b x cy O

Y la bay x 0

There are four possilities X o i y 20 on 7 0 92 bay six 0

or a b x c y 0 4 0 oh 9 bX 41 I 0 L bag car 0
giving154














































































































901 O I l o on 9149242 air a a
bib c c 5 This

last critical point is well definedfor b.ba as o It
corresponds to the intersection of a b x ay o and L bag 57 0

If bib cic I 0 these fine do not intersect

To analyte the dynamics let us indicate theregion inthe phase plane i e the xyplane where x and y increase decreasei e the heyiou where i y ane positive negative Because KY 20as they representpopulations we consider only the first quadrant
Y
ya

5,7 41 0
a Y a bay cut 01 a b x cy LOc ba f a bay c x Lo

a Six cy o ad by car o
i
1 a
b X X

consider first the case when a b x c y o and a by c x odo not intersect and 92lb a lamy 2 Thisgives regions I II a L II
ay I as in the picture The blue red horizontal verticalb I line indicate the direction that X y increase

i nIi c
the green tuiforks Thecritical
points are colonel in pink
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For any initial condition in region III trajectories will move
toward the line a say c x so redline as indicatedby the
trifork It These trajectories cannot cross the x axis because
this refuire y o on the X axis but y 0 when y O Sinay isdecreasing in repo I we see that all trajectories in negio Iwill eventually cross into regio II Fo initial condition is
negion I trajectories will moveawayfrom it trifork It erentually
entering into negio II For initial conditions in regio II
trajectories will move up and to theleft tnifort It
These trajectories cannotcross into region I as thiswould contradict
the analysis we did for regio I They cannot cross into hegioI either a thiswould

require to be increasing a region Iwhich it is not or y to increase across the line a baxno y ored lise which it cannot because
y decreases

in region IIIWe conclude that for any trajectory starting at A yo withXo o yo o it will converge to thecritical point only Thus
the population x will dieoffand the populatio y will
approach the value aalba

The analysis for the case when the line a b x c y soat a by qx o do not intersect and 92lb L a Ic is similar
The picture below illustrates the situation 156














































































































The conclusion in this case
that solution

starting a µ
y w.ee away

g
the population Y will die off
the populationnite approach

ai
Consider now the situation when the lines do intenscof so nowthereare four critical points and let us take a.cc 92lb

The trifoh i the picture
t w

I d
40 thatfor any initial

i i ei
TIEin in

p 91491 awbi a.cz

I 44 44 bs as
2 This is an equilibrium when both

species survive
Finally fon I with the line intersecting it is possible

to show that there exist a line calledseparatrixs dA dividing the plane into two regions AandB

i i i i i
y approach 0

ale 4lb
157














































































































Lineup lane

consider the autonomous system

X a x t any tb
I al X t any t BL

the air air an a and b b are constants
Suppose that

A Yo is a critical pointfor the sysle above setting
I X re I y yo we find
I x al X ta Y tb a F t9in'T t a tot 9,2Yo tb

because Croyo
l's a critical pointI y ad X ta Y t's aint t iz'T t auto tag Yt
0 because Croyo

l's a critical point
Thus without loss ofgenerality we can assume that thesystem is written as

i ax t by
y ex t ly a b c d constants in which case Oj isa critical point we will henceforth assume that ad be owhich implies that 10,0 is the only critical point
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The methods puerorsly developed
give that solution x and

Y anc ofthe four Ntl A e yet Belt where no 4 are
constants

Plugging is

Aett Ae t BBe't k a A BB o

Dettl
l
i cAettt dBe't c A t t d B o

which is a system determiningthe eigencrahe 4and corresponding eigenvector
we are interested in question of stabilityof the critical part10,01 Ey Do solutions thatstarthear long remain close to Cso

If they do do they courage to Ceos as t o And if theydon't what happen when t n As we will see answer toHen question depart on the nature of the eigenvalues We will
consider separate cases

Case I i O L Y L i c ii herhand distinctandpositiee
this case solutions aregiven by

LI c 1 et't taffle
t
and't anoint

where C C are constants and we 14 ua and 0 14 arc incarlyindependent eigenvectors
corresponding to 1 h teste thatsuds

eigenvector exist because I 72 Each choiceof a can correspondto a different initial coalition 159














































































































Because la la o we see that any trajectory notstarting
at 10,01 will move away from the origin indicating that thecritical point is unstable We also see thatfon init clcondition such that caso trajectories remain on the line spanned
by u and for initial condition such that 4 0 trajectories
remain on the line spanned by O Furthermore if C andCaane both non tem the trajectories tend to become parallel toa who t becomes large because star Finally to
understand what happen near lo we lookat the limit t a because
in this limit trajectories will courage to co o since I b o
Because I the componentof trajectories in the direction

ofit vanishes faster than the component in the directionof a

except when 4 0 Therefore unless c so trajectories become tayatto n al Coo The phase portrait is illustrated below
nY

The critical point o o iscalled an unstable impropernote in

i
L V
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2 tact co i e I t real distinct and negative

The analysis in this case is like in case L but now trajectories
converge to lo o a t o The origin is an asymptotically stable
improper node The plan portrait is illustrated below

NY

v J c net't
godat

x

n n r

Case 3 i t LO LY i e Y t real distinct opposite
signs

Solution anegiven by ty i c Uel't t care t where n o are linearly
independent eigenvector associate to l and I whichwe know to existbecause I ta and C c anc constants each choice of circ
corresponding to a different initial conditions Trajectories stay on theline spanned by 0 if 4 0 and on the line spanned by n if 4 0
and they move away fnon Coor along the line spanned by O Cbecause
a o and focal Lo o along the line spanielby u because 4 O161














































































































Since et't o a l e
t

oo a t oo since I Lo al b o

trajectories tend to become parallel to v for large times
Moreover for any initial coalitionwith a o trajectories will
move away from the

origin The criticalpoint Cao is asunstable critical point The phase portrait is illustrated below

F
41 t 12 i e la t red andequal

Let us firstconsider 1 it it 0 If thou existtwolinearly independent
eigenvector u and o the we can write

µ c he tCavett Cant go it we see thatfor
each c ca not both zero trajectories move awayfrom 41 along
the line c ut go The critical point is called an unstable
proper note and the phase portrait is illustrated below 162














































































































i
If a sec.nl linearly independent

eigenvector doesnotexistthe solution are written as

1 i c ne't t c fo t fCA III Jett

4h t c o t c t A II o o

w

4 t c o t catw edt
where it is a generalized eigenvector

As t o all trajectories move away from Lord They doso along
the line spanned by u fo initial condition suchthat c so
To understand the behavior of trajectories near 10,0 we look atthe
limit t o In this limit the ten catwettdominate the
tern Kintcarle't fo 4 01 so trajectories tend to become
parallel to w for very negative t But we know that
W is an eigenvector of A C shoe A XI w A 1,1120 0
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so it must be parallel to u But at the same time in the
limit t o trajectories

convey to coo We conclude that
trajectories must be fayed to the line spamel by u at the
origin Finally considering the trajectories in thefour Y Yinwe see that along each trajectory there exists one and only mePoint x such that

yo yex o and y no to Thu trajectoriesalways turn around at Cto Indeed It so 44 1 0

iff 1 0 But 441 14 it can tstualett tho
if41 1144 to n tcatw t qua e t ail we find one a l only one tsuch that 44.1 0 Wealso see that 4141changes sign af to soit increases decreases

before after to preventing y4 1 0
The phone portrait is illustrated below The critical

point is as unstable improper node

rY The case 4 12 440 is
1 analyzed is the same fashion and

giros

E I o
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Remarhe Above we used wa O when we solved for to to
fist ifLtd 0 If u o the we consider X ray andfind
cya so instead thus compiling itto o w 0 in this case since
u o

µ tax tip a o p o

In this case

Ky c.itcosptja sincpt1b tczitlsilptlatcoxptsb
when a tib arc eigenvector corresponding to a tip Letus write the
system in polar coordinates

rt x y2 c It foolptta sisCpt b the sislpl.la t cosptsb

f f c e't Court a sinceHb tone't shirt artcorpus

el't f when a Ca am beCbs b and
the torn C is a positive function of f unless c so oWe see that r n ou O depending on whether a O a KO Theperiodic character of the solution also tells us that the ten Ccauses x and y to oscillate between a positiveand negative valueThe critical point 10,0 is an unstablespiral for 250 and anasymptotically stable spiral for a LO 165














































































































µ I tip p 0

The analysis is this case is similar to case S but now
r heman bounded The trajectories is this case are closed and wehave a stable center

Remote Note that we donot haveany case with Leo because
al bo 0
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Summary of stability analysis for linear systemsµ Consider the
system is Ax where A is a neatmatrix and let 4,4 beit cigenvalve The stability of thecritical point 1901 is as follows
Eigenoalve Type ofcriticalpoint stability

l L t improper node instable

1 L l c o improper node asymptotically stable

1 Lo Li saddlepoint unstable

Y t s 0 proper on impropernode unstable

4 t L 0 Proper on impropernode asymptotically stable

tax tip p o 470 spinal unstable
Lo spinal asymptotically stable

1 a tip pto center stalle

Above the terns on the second and third columns
ane defined by the giro condition o the eigenoalue listed
in the first column
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Almost linear systems

Consider the autonomous system i flay y guyLet x yo be a critical point The system is calledstable
it girl any E o then exists a 8 o such that coerysolution
HH yeti of the system that satisfies

t t l ya yo L 5
also satisfies

x t HH ya c e

for all tzo

If Ito yo is stable and there exists a 250 such that
any solution xltt y41 that satisfies

no X t l yon ya L 2
also satisfies fin l HH yall Ito yo the the critical
soint
isasymptotiable A critical point that is

of stable is called unstable
168














































































































Sometime a criticalpoint toyo is implicitlyunderstood e.g Ctoyo isthe
onlycriticalpoint and then we simplytalkaboutthesystem beingstable unstable
The interpretation of this definition is as follows A

critical point is stable if any trajectory that begins hearwithin dof to yo stays bean within e of toys If
trajectories notonly stay near but converge to day as t so
the the critical point is asymptotically stable

asymptotically stable stable butnot asymptoticallystall
For linear systems the definition of asymptotically stateunstable criticalpoints based on the eigenvalues of the system

agrees with the previous definition

Ex suppose that 190 is a center of the linear system
X at thy y ax tdy Show that too is stable in the
sense of the above definition 169














































































































Let xlt and ya be a solution Tlc

HH O t lyin ol 1 411 t yall

C foolptta sisCpt b t c shift a t cosptsb I
t f c coolest az siCptbn tca l si lat artcourtsb

where a tib la a tilb b is an eigenvector associated to
the eigensche i f p o and c and c ane constants Using
ABE CTD f n't B t 21A11131 I 2172 132 we have

c foolptta sisCpt b t c shift a t cosptsb I
L c coCetta sinceHb t 2 shirt a tcoscptib.fr
4 c comptla t siilptlb x 4c sitemap toilet bi
4 c to ar'tbi where we used c shpt 11 sidlpt EI

Similarly

c coolest a siscpt bn tca l si Int a t coolestb

E 444 ci Caitbi so that

WH t lyin E 44 tet a tan t sit bi
170














































































































We also have

X1 o I c a tcab y lol I 992 t cabs
Solving

for
G ca in terms of xcos yo

ill p b a

Thos

HH t cyity e 4 cite ait ai ts t bi
18 lait Kcal't Cait site s

ftp.t
gI18I

tgifi ccxcos1 t cyan which
gives

kityhtiycher Fifty mottiyaf
Let a o be

given We want to find d so sadthat actittactf
s e if trotcycost d Ino the atom we see that this

than it dans
Filitti 171














































































































In practice determining the stability instability of non linearsystems can be very difficult For almost linearsystems defined belowhowever the stability instability can ingene d be determined

Def Let cool be a critical point of the system
I ax by t Foxy

y ax t dy t Got.gl
where a b c and d ane constant and F and G are continuous in a
neighborhood of the origin Assume that al bo 0 The system is
called almost linear near the origin if

I o and

Itf so axmio

The assumption al to o implies that the corresponding linear
system obtained bysetting F G o has only Conscritiedpoint

differentiable and we write the system as I foxy y got.gl theniiiiiiiiiiiii
the partial derivativesof Fand E vanish at 190 and from Taylor's

Giron I flay j gray the linear system

ty 17
1901 fy10,01

8 199 gyro y
is called the linearization of the system
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Typical example ofalmost linear systems involvepowers of xandy
Ey Show that I 2x t y t t ty y x y t y is an almostlinear system
we have Foxy a x'ty Glay a y wehave tf oas that 0 For Gaal we have for Lyell y't f y thus

i t.it sooxt so

EI Is it atty tht y y x y tsing almost linear

Yo because sif I as 0 20

The idea of almost linear systems is that they are a perturbation

of the corresponding linearsystem on if we write x foxy y gory thatthe full system is a perturbationof its linearization It is reasonableto
expect that in this case the stabilityof thesystem should be thesame
of very similar to that of the corresponding linear system This is
the case withone exception

They Consider an almost linear systemand let d it be the
eigenvaluesof the corresponding linear system Then thestabilityproperties
of the critical point o o for the almost linear system are the same
as those of thecorresponding linear system with one exception if I andka ane pundy imaginary then thestabilityofthealmostlinear system
cannot be deduced

from the corresponding linear system 173














































































































EI show that the system

i 2 x t dry
it X Y t

is almost linear near the origin and determine its stability
We have Flt Y 2xy GaY x Wefind
E F

e 1 o AT o
tyl r ty

O E C Cx y
7 If I 1 0 as if 70x ty y

The corresponding linear system is i Lt y x y It
life values are 2 anL L firing an asymptotically stable impropernote By the above theorem log is an asymptotically stable criticalpointto the original almost linear system

EI show that the system is sisly sx y cosx e isalmost linear near the origin and determine its stability
To write the system a x artby t fixy1 y in tdytc r.glwe consider the linearization Put fixy si ly sa guy cosx c andcompute 1 10o 3 fyloo I 2 10,0 O g lo o l Then

i Ix ty t 3 x y t sinly 3x Ix ty t Flay
y y t y t co x et y t Gary

174














































































































To study the limit F and as I no use

Taylor's expansion
sin o o

g t 010

0 1 g t o o

I Y tf toys

where 0 th means tons is powers of at least z
Then

Flay bt y t si ly ext 3x y t y it Ifi t 014 3 1
we can assume that ly at L t so that 0 y 34s 10 Cyxp
thus

o t
9É eÉ e

where we also used that we can assume lyt c 1 1 1 2 Thus

o as if o Similarly

Gcty s y t cos x et y t l I toCx City t toCy l

I I t Ocx t Oly and arguing as above we

find É 0 as if 70 175














































































































The eighvalne of the corresponding linear system are a l l

firing a asymptotically stable improper node Thus log is an

asymptotically stable criticalpointfor theoriginalsystem
Renate Recalling that a second order DE can bewritten as a

2 2 first order system we can also analyze the stabilityofsecondorder DE

Summary of stabilityfor almost linear system Consider an
most linear system near the origin and let Y l bc the eigenoakeof the corresponding linear system The table below summarize thestability properties of co o we underlined the cases that are
different than linearsystems

Eigenvalve Type ofcriticalpoint stability
l L t improper node h stable

1 L t L O improper node asymptotically stable
1 Lo Li saddlepoint unstable

Y 1,2 1 so proper on impropernode onspinal unstable
4 t 0 Proper on impropernode or spinal asymptotically stable

tax tip p o spinal unstable
Lo spinal asymptotically stable

1 a tip pto center or spinal indetermine
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Energynets
Consider Newton's law force mess x acceleration

F ma m ri
When the force F Flt x i depends only on F Fan

the system is called conservative In this case we define the

yy U Ucr by 4 1 1 Fox ou

UCx ff cri Ix t K

where Y is a constant Y i ahem accordingto a pine determinedconvention ofwhere one sets the value of the potential energy to beZero only difference ofpotential energy ane physically mcaninfulthus one is free to choose a Xzen such that Ultzen O
We can now reunite Newton's lair a
mi t 11 0

dx
We now compute

O

mail't 4 mirit If i mit d is o

showing that tlc quantity E tamil'tUcx is constant duringthe
motion The quantity mix is called the hiney ofthe systemand E is called the totdenergyi
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In other words to say that E is constant mean that it
is conserved hence the name conservative Defining gin M 4

we obtain

it gin O

which is allot the standard formofthe DEfon a conservative
system we can rewrite this equation as a system is the
phase plane for X ant is

is it

is
girl

We now introduce thepotation Girl ginLx t G where
G is a constant and the function Ehr ol Lao'tGen
The constant is chosen according to a predetermined convention
for the rake where E elects to zero

Thefact that the total energy is conserved means that
the level curves of Elt h i e the curves in the xo plane
satisfying Ec x o h where he is a constant contain the phase
plane trajectories of the system tote thatdifferenttrajectories can have
different energies Eg if ix o a l Cra are two different solutions
then Elx r hi El 1,11 hi where h and ha are constants butin general h f ha
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E Consider the motion of a frictionless pendulum of length l
as in the figure The evolution ofthe aye outs the vertical

is described by

if it
gysin

o o

I
i

when
g is the gravitational acceleration

see page 208of the textbookfor a derivation of this
equation Assume that He L Find Eco o andchoose it so that Eco o 0

We have
gross sin 0 so CLol cost t Ci Thus

E o o to t Ci cost

Plugging O 0 0 wefind E10,0 Ci 1 0 Ci 1
So El O o I o t 1 cos0

The critical points to to of i o it gox are given by
5 0 get 0 So thecritical pointsof the system are always
along the x axis i e ro 0 Recalling thatgets If Eat
we have got 0 U'tto E'cto Thus X must be a criticalpoint
in the sense learned in calculus of the potentialfunction Gert andthe potential energy keys Wewill now seehowtouse this information
to sketch the trajectoriesof the oyster

179



EX sketch the phase portraitof a conservativesystemwith
t f d

We draw the phaseplane below the graphof G and read thatthe
critical pointsof the system are those 1 0,0 with G'Cto 0

I

ii

iiiii
Ii

iiiiii
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We see that the system has twocritical points Aai B
Let us look at the level curves of the energyfaction

I o t Ean s h

Since it I 216,6 r exist is red valued onlyforh Gin 20
Consider a strictlocalminimumofG at x and take a level curve

Elt H ha where to is slightlygreater than Gail There is an
interval a b containing x such that such that Cca kg Gcsand Girl L kefo a x Lb toto that 0 0for tea a L
x b and that v I LlkqGcxµ is well definedand non tero
for x E a b and defined for x a b Thu the two
curves or tdckgfcxfawlvi 2lkq C.cn join at X a
ail rib to produce a closed curve about A This is the case
for any h such that Gcx c techs such as k in thepicture where
thevalue h is indicatedin the picture red line Hence A is a center

For the level curve withEctor ha there is a region that
corresponds to no curve because Gas ka there between x band x dButfor Id o is well defined will lol increasing without bound
a X increases and 0 0 at x L Similarlyfor k 181



Considernextthestrictloadmatinun x and the level curve
Elx o h with h Gira we see thator is notdefinedforc c thusthe trajectory liesto the rightof x c 0 0 only

for X c i e the trajectory only touches the X axis

for x c Fo the partof the trajectorywith v positive

or t 2CkGcxµ as varies from x c to x and then

from X to Xz GA decreasesand then increases hence 0 increase

and then decreases Frou X on Gari deoneauwithout bound
Similarly for v negative re hlh.tt or decrease from
X c to X and increasesfrom X to x decreasingagain for7 2 The corresponding trajectory is illustratedashore

Consider now value h such that h l Elt such a b andhe ispicture we see that trajectories exist or is ned rakel onlyfor
to the rightoftheintersection of ya h with Girl
Finally we see that h corresponding to a limiting caseseparating the closed curve from the unbounded ones We see thatB is a saddlepoint

Reina To drawthearrowsindicating the directionofincreasing timeit is useful to recall 0 is thus 050 givesthat increasesalongthe
trajectoryand 020 that decreases along the trajectory 182



EI sketch the phraseportraitof thependulum cotsin0 0

We take El0,01 0 so Gloss L cost

G has strict localminima at 0 1 2nF neo 1,2 and strictlocal marina at 0 1 1 it us 02,2 Arguing as in thepreviousexample we conclude that thecritical points 12nF o are centers and
Anti it o are saddlepoints Level curves ELO.os.sk with h 2

donot cross the O axis and correspond to trajectories that are not
closed curves

y

Als tH IIitGitting
I 1 l
l l

l n i l l
yaw

l Tt l
l 1

i i
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tyapun omth.to

Ion consertive systems we saw that agreatdealof information
can be obtained by considering the energyfunction Ecx o The
Lyapunov method generalizes the energy method to autonomous system
I f't ll y fixy1 I this case we no longer have an energy Instead
we lookfor an appropriatefunction thatgeneralizes E

Df Let W why be a function that is continuous on a dish

D containing 10,0 and assume that we0,01 0 We call W

posih.ve iit on D if Wlay 0 for all Gy E DH Y F O O

positiresemi defi eonDifwcx.y 20for all cry ED
negative on D if wchy so for all y E DCx y F O O

negaltresemite on D f why so far all ix y E D
The theorems below apply to systems infinyl yaginy wheretheOrigin is an isolatodcriti it.I.e floD O go0,0 and thereexists a dish D about6,0 such that no other critical point otherthan Lo o exists within D

184



tho Lyapunov'sstabilitytheorem Let V be a positivedefinite
function on an open dish D containing the origin Supposethat co o is
an isolatedcriticalpointfor the system isfixy y guys Set

Wlxly Vyltiyfixy t Vylx ll flayI If W is negative semi definite on D tha lo o is stable
2 If W is negativedefinite thenLaos is asymptotically stable

The idea behind this theorem is very simple Let441ya be a
solution starting near the origin Compute

If Vl Ntl yet Vylktt yitt lilt t Vyluti ya ylt

vylxltl.yltllflxltbyltijtvyltltbyll.bg Htt Htt
WlHH HH

If W is negative semi definite on D thismeans that VitalyH 10
Hence thefunction F Flt VCHH Yas is a non increasingfunctionof f On the other hand V is positive definite V increases when
x and y move awayfrom 190 You if a trajectory Kt yay wereto escape the vicinityof 10,01 then the function Flt would haveto increase with t contradicting the fact that Hui so Moreover

if he is negative definite tha FAI ha to bestrictly decreasing
185



and this case trajectories cannot beclosedabout cops as I the only
possibility is that they converge to lad These ideas are illustrated
in the picture below

jarsof

i qq.ua
ii i

Vivian aunt

i l
i l r

i l i

Ui l

Hint l i t Lt
I

trajectory
moving awayfrom Hts Ylti

theorigin

The function V in the theorem is called a lyapunorfu.ch

The main drawback of the theorem is that itgiro no ideaofbartofind the V However experience shoes that in many case expression
of theform cry a Xl by with l m positive even numbers
and a b constants appropriately chosen produce Lyaphorfunctions totethat sod V's are positive definitefor a b 0
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EI consider it 2y y x y We see that
the origin is a criticalpointand infact theonlycriticalpoint
since 2y O X 3y 0 Ky 0,01 so thecritical point
is isolated

We seek a Lyapunorfunction in theform Vany ax'tbyThen
Wlx y Vinylfixy t vylxiylglx.gl

LaxC 2yd t 2by x 3y
4ax y t 2bxy 6byThis is not negative semi definite because along the line y x wehave

Wlr x 4 ax t 26 2 66 4

For very small x is much smaller than x2 and thetern t 26 2
dominate the neuaining ones giving Wlx x O recallthat ab o

We now try Vlt y i ax't by The

Why Lax rays t 4by x sy
4Axy t 4by x 12616

If we put a be 1 the wex y lay which is negative
semi definite By theabove theorem cool is a stablecritical point
Reina we couldofcourse have chosen anypositiveones This

shows that Lyapunovfunctions are notunique
187



Remade The last example cannot be treatedwith themethod

of almost linear systems This is because the corresponding linear
system is into y which does notsatisfy alba 0 Inother words although 6,0 is an isolatedcritical point of the
system it is not an isolatedcritical pointof the corresponding linear
system

The next theorem is a criterionfor instability
The Lyapunov's instability theorem Suppose that the origin

is an isolated criticalpointfor the system i fix11 y gcxy LetVlx y be a continuous
function defined on an open dish containingo o ant assume that Vco o 0 Suppose that

Wlx y Vxlnyfixy t Vylx llgchyis positive definite on D Finally assume that forevery dishD centered at theorigin there exist a Ito yo E D suds flat
Ito Y 0 Then lo o is unstable

As in the previous theorem the main difficulty to applythis theorem consists in finding the function V

EI show that ire y y x is unstable
using

Vlx y try
First not that 6,0 is as isolatedcritical point
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The function Vinyl is continuous Vlad and every dish about
the origin contains a point where V is positive anypointwhene
x and y hare opposite signs Compute

Chy Vitti'llfixy t Vylx ll ya ll
y l y t 1 xll x

y t x which is positive definite
Hence e o is an unstable critical point
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Limiperidisolution
Def A non trivial closed trajectory with at least one other

trajectory spiriting into it as time approaches plus or minus infinityis called a limit when nearby trajectories
approach alimit cycle we call it stale andunstable when they recede Iftrajectories approach a limitcyclefrom one side and recede from theother it is called sensible

RI In the above definition non trivial mean not a single
point since critical point are closed trajectories

i
f

limit cycle stable limit cycle

ooo sooooo
unstable limitcycle semi stable limitcycle
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An important fact about limitcycle is thefollowing

Alin.it eeateeaot tieaepoitMoreover
any critical point enclosedby a limitcycle cannot be
lepoint

For the next theorem we recall that a simply connected domain
in the plane is an open connected set that has no holes

simplyconnected notsimplyconscutel not connected
thusnotsimplyconnected

Theo Bendixson negative criteria Lot foxy andgary have
continuous

firstpartial derivatives in a simply connectal domain Dand assume that fxlx.yltgylx.in does not change sigs in D Thenthere are no nonconstantperiodic solution to i fixy ysychy thatlie entirely in D In particular if D in then the systemhas no no constant periodic solutions
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EI show that I Lx y xy y ex 3y Hy hasno clout trajectories other possibly tha critical points
Sisco a closet trajectory

counespod to a periodic solution wewill apply Bendixsos's criteria with D it Compote

fx Y ll tgychy 2 y 3 x
which is always

hyaline so by Besdixsoi criterion the system cannothave non constant
periodic solutions

The next theorem
gives a sufficientconditionfor the existenceof periodic solution i e closed trajectories that are notconstants

Poincare Bendixson theorem Consider the system
i flay y agory and assume that f andg havecontinuouspartial derivative on a closed bondel

region R Suppose thatthereare no critical point within R The any solution thatstayswithinR fo all t to for some to is either a periodic solution on itapproaches a limit cycle Co sequently the system has a non constantperiodic solution

To applythis theorem we need to find a region R that
trans trajectories as illustrated in the next example
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EI show that the equation

I 4 2 at 4 X P O

has a non constant periodic solution

We set y i andwrite the equation as the system

X y
y x 4th y 4 y

The origin is the only critical pointofthis system Tofindthe region R we will construct a function very that increases
in x and y and such that V Xlt YIH is 20 inside a
curve f enclosing the origin and I 0 outside P This implies
that trajectories outside V more toward it from the outside
and trajectories inside P move toward it from the inside Thus
trajectories have to remain in an annulus containing P seepicture

Put very I x t t y Then

vital yall X X t y y x'y y x Gx'tya Gy
Gx t y 4 y

Thus thefunction vital yet is increasing in thevariable t insidethe
193



ellipse p givenby 4x't y2 4 since 4 242 420 insidep and

decreasing outside p since 4 4y 4 0 outsider Pick a

number A such that theellipse Cia given by 4x2ty2 A lie
inside p A trajectory starting outsideCa but insidercannotcross CA For suppose that Hottyet lie outsideCA andinsidemy

n t time t and inside C at

in iiti
t

i
Vlxlt1 ylti Vinti Yitai

but this contradicts ULNAYitt being
increasing in t inside p

Similarly choosing is such that the ellipse
4 412 13 is outside p we conclude that a trajectory startinginside C but outside P cannot crossCB Thus a trajectory thatis outside

Ca and inside C has to stay between these two curvesfor a lil future time Taking 12 to be theamulgreion between
CA and CB the Poison Bendixso theorem bowgiocs the result1 We are notsaying that such a closed trajectory isgivenby the ellipse P CA on Gs 194



styofhigalsysten
we will now generalize some of the stability result discussedfor 2 2 systems to nm system

Fon X E N insteadof working with theusual noun give by
xitxiti.tn it is convenient to define

11 11 max Ix I
ii I n

where may win the maximum when i variesfrom 1 to n
it n

For a nm matrix A we define

11AM max laijlijet n

where
aij are the entries of A It follows that

5At
i III aietel s iff aid

es

E Alllzel I Ah EH n AllHall

Def Consider the system i fit x where x exit is aa component rectorfunction
fct.xlilf.it n f It xi with each fillDa red oaked function with continuous partial derivatives we say thata solution 041 to this system is stable alsocalledlyapu.ae
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stable fon t 7to iffor any e o there exists a 8 81toe go such
that if 11 rit 4 111 8 where 41 is any solution to X fltthen 11 Ntl 44111 car for all t 7to If is altition for any suHtt we have that lion11 41 04,11 0 the ya is called asymtotically1 a

stable If it is not stable then we call it unstable

µ
stable asymptotically state

H unstable

This definition generalize the stabilityofcritical pointspreviously itroducel Indeed when the solutionof is a critical pointand to D the above definition reduce to thatof a critical point except
that the horn 11.11 employed is different This is not an issue because
both norms in questions are equivalent i e there exist constant ADC anD such that

A xit.it eimiI IxiltBxittIanLiiIqI rilExittxFtDniiY xi196



Consider rich Actxc.li t fit A solution fit is stake

asymptotically stable if and only if the ten solution is a stable

asymptotically stable solutio to ini Aunt

tho Let A Alt be a nm continuous matrix function Let
I be a fundamental matrix for the system i Ax tat

If there exists a constant K o such that 11 Hill Ek for all to
the the the ten solution is stable Moreover if fiz.tlTtIll 0 the
zero solution is asymptotically stable

We conclude this brief description of higher dimensional systemswith almost higher dimensional linearsystems

Def Let A be a nm matrix with non zero determinant Let
f flt x be continuously differentiable for tzo and X L K forsomeKloSuppose that fit o so fo all 1 to Assume that f ere e o then
exists a 8 o such that 0 112428 implies flt.HRyz cc forall620
i e lik o ff 0 for lyin t V Lcn these coalitions we call
he system in txt f.at inear

1 Let i Ax tf be an almost linear system IfU eigenvalue of A ane negative then the ten solution is asymptoticallytable If at least one eigenvalueof A ha positive red part the
the zero solution is unstable
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