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Derivative and integral ofmotorfunction
Integral
Ano lenght and curvature
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Normal and binound vector
Motion in space velocity and acceleration
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The chain rule

Directional derivative and the gradient sector

Tangent plane and level surface

Maximum and minimal valve

Absolute maximum and minimum values

Lagrange multiplier

Double integrals over rectangle

Iterated integrals
Double integral over general region
surface area

Triple integral
Volume

Triple integrals in cylindrical coordinates

Triple integral in spherical coordinates

The volume element is cylindrical and spherical
coordinates














































































































Change of variables in multiple integral
Triple integral

Vector fields
Linc integrals

The fundamental theorem of line integrals

Green's theoven

curl and divergence

Parametric surfaces

Tangent plane

Surface area

Surface integrals

Orientation

surface integrals of vector field
Stokes throne

The divergence theorem














































































































Abbreviation

LHS RHS left right hand side

v v t with respect to

implies

E X example

Def definition

Theo theorem

Prop proposition

I end of proof
LHS kits means that the LHS is defined by the RHS
M set of red numbers

in d n dimensions n dimensional
e.g IL ad 3d














































































































treediniddinatystem
Fron single variable calculus recall that a point inthe Cartesian plane can be represented by an ord in Cary

where ordered mean that the order in which the coordinates
i.e the entries a b are presented matter so a b b a
unless a b

my Example of ordered pairs Theorientation
c1,4 f theaxes indicated by the arrow point
i toward the directionof increasingnumbers i.ei i
i 2 3,2

G 1
i ii i i
i i

il l l l l l 7
xI 2 I 4 5

Similarly in three dimensional space we can represent points by
o t a b u We all to the xy axe a third axis the t axis
perpendicular to the Xy plane passing throgh theorigin i.e when the
axe meet and oriented according to the right haul rule

Az

EI e i
Rigshailrule indicator towardtheorientation

ofthe x axis closehaul towardorientationofthe y ah's Hunspoints foundorientationofthe 2 axis














































































































Ex
AZ

1 2 t 2

i i

i
i
i

i s I 72 l t t 3 y
i i

I

z

c I 2 a 2

If p is a point represented by la b o thenumber
a b are called the coordinates of the point p th
X coordinate

y coordinate and 2 coordinate respectively

The xy rt and yz plane arc called the coordinate
plays and they divide space into eight equal parts called
octants

2 n t 2 plane

f
XY plas

y

yzplane














































































































rt

Y
tu

c first octant

We write pca.s.ci to indicate that p is a pointwith
coordinates Carbic

The Cartesian product

in 112 112 112 t.Y.tl I x y t E IR
is the sole of all ordered triple and is called the three
dimensional rectangular coordinate system It provides a a
one to one correspondence between points in space and ordeal
triples in IR














































































































Surfacey

In 22 an equation relating x and y define a curve in

the plane I 32 an equation relating 7 y aul z define a

surface in IR

EI what surface is represented by the equation

X't y L and 2 L

On the plane x y l is a circle of radio arc centered

at the origin But in 31 x y define a cylinder

of radios 1 art axis of symmetry equal to the z axis

I
1 11

Among all points in this cylinder we want thosewith
2 coordinate equal to 3














































































































Az

i i l

I t l
l I4 7

Y

j we obtain a circle of radius 1 parallel to the xy plan
and at height 2 3

Observe that 2 3 gives a suntan that is a plan
parallel to the xy plan and at height 2 3 since it
corresponds to the surface Lx y ti I 2 3 Thus x y H
and 2 3 is the intersection of the cylinder X ty andµ plane 2

lil














































































































Distance and spheres

The distance between two points p.cn y z and

KK Ya ta denoted Ip put is green by

It pal K x I t ly yal't t told

This follow by applying the Pythagorean theorem to the
triangle in the picture

rt

4

qjji.ati
r 17 til

2i I
i r
I il Y

I s yi
s

t
I

ff Hi tuitcy ya d
u 14 yal

L Ix xdx














































































































A sphere of radius 12 in IR centered at

h h l is the set of all points in R whose distance

to Ch h l equals R From the distance formula we
obtain that the equation for a sphere of radius 12
and center at Ch h l is

LX h t ly k t iz lid Rt

rt

kI I 7l r y
h t

I














































































































EI The equation 4 E x't y't e E 9 and

Z E 0 correspond to the region between the sphere
X 1 y't th L X't y't e 3 and below the

Xy plan a half avocado without the pit
ht

x i

u














































































































EI X't y't E't Ex by 1 22 16 so

is the equation of a sphere of radius 8J and cent
C h 1 To see this complete the

squares

Ht 4x x't 4 4 4 G125 4
y Gy y by t g g i ly Dd g
2 t Lt Z t Lt ti i 2 t 1 h I

Alling

t't 4h t y by t t't 22 Ctb't ly sit Ltt 11 14
Il
G

tightly 3 ht et 8














































































































Vector

A is a quantity that has both a magnitude
and a direction Example include the physical quantities
displacement and force

A rector the arrow indicates the

direction and the length the
magnitude

Give two points p and y the rector will initialpoint at p the tail and e I point at
g the tip is

denoted
Tj

7
f

p

Fo example if a particle move fro a point a t
point b its displacement is the rector Tb














































































































we denote vector by letter with an arrow on top
e g I E etc For exa de labeling if the vectorfron
p to y we write F FI Two Lil
I P if they have the same magnitude and direction even

if they have different initial and end poists

I 7
f it and I have H

y
p o 7 Same direction andb

magnitude so if I
9

The denoted by 8 has ten length
It is the only vector with a director

Operation with riotous

we will non define operations that allow us toall and subtract vector and multiply then by number The
term s mean a real nu bee














































































































Let it 1 be rectors and a a scalar We define

Vector addition The sun iii it is the rector obtained
by the triangle law

4
into v

I

Observe that in to sittin

771
into

v

Ti

Satiation The scale multiplication of c andF is the rector of whose length is 14 time the length
of E cot points in the direction of it if c o in the
opposite direction of it if cho and CJ P if c o

yLO 2 v
I s

L 7
Iz














































































































Vc iff The difference of subtraction of
fu rector in it is the vector defined by Itt E

I

7u o

iii I

Obscure that I I ie E

I

7 7u

i i
k ii I
T i

L

Ve t

with respect to a coordinate system in 2L arector if with initial point at the origin o.o is represented
by toe o 0 and I are the coordinate of Is is the x coordinate and vs the y coordinate














































































































Similarly in 3d a vector J with initial point
at co o o is represented by it lo k r Sometime
we can also write 49,97 49,9 57

n't n 2

O2 7 s

I i
i v t
I i ki g i r JJ

x n i r Y
l ro i

i I

Given point pits y Z and glia y Zz thevector ptg is representel by x x y y 2a Z Similarlyin 2L rt2z

Ti g
Z I

p
l
i

y l k
i r r
l r yl in

I
rl

I i
r

Xz 1
i

t L














































































































E Given pl 2 3
g l l 2 PJ l 2,2 l 31

C l S n

p is
I
I 2 7

if
i i ri

I l l l l l l l l l
I 2

i
t

s Ip

We will often identify a point pix y a with
its p tr i e with the vector Op when
0 is the origin I e we think of point in

space as ocota with tail at the origin Given a
point p we unite p for the vector Ip

r2
t

s
s

e

Tp iz p
l Y
i r 7

n i r Y
i

i t
X L














































































































It then follows that FI j f and

if it
f is
l

i t.ynrpy.iq pl

I l l l l l l l l l
I 2 x

i

f l

s I

The magnitude on length o noun of a vector T i
denoted by 1 I or 11811 and gives by Pythagorean theorem

I I g'toT or III ritriti
it i IT o or I to gr respectively Observe that

lean

Addition subtraction and scala multiplication of reotascan be computed componentwise i e if I T T T 5 14 us usand c E IR they 1

It in a 0 th ra t un v t uz
E if 0 hi ra Un Us uz
c if Car cuz cos Similarly in 21














































































































The rector i L I 0,01 j 10,1 01 and Ii 0,0 i
are called the standard on or t
Any ocoto can be expressed in terms of thou
I 0 ra o I 0 1,0 ol t v lo 1,01 t vs 0,91

o I t r j t v Ti

In 21 we write I I 1401 j 0,1

ny
4

J no
2 3 t2J

a f 72 j f
LO2 T t

I i Ti i j
I I r s g t

z'T 13,01

A unit rector is a rector of length 1 For exampleT j and I are emit vectors

It I 1h to to L

Eisen yid a unit rector is the same direction














































































































as it is fire by

ii I ii
lift

To see this first note that
norm of it

Iain't Iiit
absolute valueof c

Thus with c is a scalar no 4am

Ii't 1 I lil L

Properties
A n n dimensional rector is a outer n tuple

if o K on

The set of all n dimensional rectos is denoted Vu which
we identify with a times

112 i 112x IR x x 112 Xi I x y l ti E N i I














































































































by consideing point i 112 as rector as before Addition

subtractation and scalar multiplication of n L vectors are

defined componentwise as above III is five by

IF I o t ri t top

Properties If ii it and i are vectors in N and
c d are scalars the

is it to I in

Iii in to Ii

iii ti t lo't El in ti t E

iv in t C I j I i J
o e in to c I t air
i cc Lii led in
Kii ctd in e cri t die
Xiii Let I

Exercise prove those properties














































































































EI A lo lb weight hangs from two wires as is

the picture Find the tensios on the wines

r r r r r r
Soo Al 320il

F i
E
2x

l
From basic trigonometry

oF I laos so i t 17,1 Sissi

F I I cos so I t I Isis 32 F
The weight is hi 100 j so I t I s F i.e

f I 1 cos soot 1 I cos 2 I t 17,1 sis sit I Isis 3201J

I 1 cos soot 1 l cos 320100T I is sit Isis sa I 700














































































































soloing for 151 and 1

II I 85.64lb IF 64.91lb

Thus

F Ss Os I t 65.60J

F ss.es I t 34.40J














































































































that
The Lot product that we define below is a typeof

productof rooter

beef If it o or 9 a L E's 4 us us the dotprodcut
f 5 and I denoted ii if a L.a scalar product or inner product
and also denoted a Lei I is defined as

ii It er o t h o t U og

then Toto that the dot productof tu vector is
a number and yet a rector

I 21 the definition is similar

ii I u o t hare

EI Fi I C l 1 2,3

I 1 2,3 I 1 L t l l 3 a l

EI Let it i y J n 12,3 Find ii J tu

This is not well dfinal since ii J is a scalar and
j a rector and we can only add scales to scalar and vector
to vectors If we had 5 5 to instead the it would be well
defined and I Iti s Ci 1 4,6 2














































































































Propertiesof the dot product If ii ii E E Ti n 2,3
and a C IR this

is ii in lui

i'is ii ii ii
Liii ii Eti ii I t ii in

Cio ch it ccii.ir ii cii
o J in n 0

Exercise prove these properties

12 Note that in 4 above we here difuent type of
zeros on the LHS 8 is the zero ocoton on the RHS 0 is the
heal number zero

h For vectors with n components ii it is similarly
defined i.e

ii if 40 that t 1 You
and the above properties still hall

C ire two vectors the angle between them is defined
as the angle between 0 and I when their tails coincide

n n
7 7

o

not this angle














































































































tho If 0 is the angle between in and I the

in I II't IF't cos 0

proof From the law of cosines

Iii El lis l t I It 215 ll81 cos 0

I I
77 But

I E J't I I ii Iz
go

5 Iii t III 2 ii E

giving the result I

Consegitthen
The angle between it and it can be found fro

c so ii Cui L 5
in11J't

E.ir i

I 0 for 0 E OL I
2

0 for O I
2

L O fou Ia LO ET

in and I are orthogonal if and only if I 8 0














































































































EI Find the angle between Chl 1 and 0,2

I l L l 1 I Th ti c is if
I 192 11 I O'th Sf

2,1 1 0 2 1 I O t 2 I 1

cos o O accost E 790

Project
When we write it a 0 I t Ej we are decomposing

the sector F in terms of it and j so that o T a L f'T
are projections of it out I aal j ca onto the tasty
axis respectively

Y n

vz
i

v i
e n i
J i

7 l s
T r

Observe that o T iv i'ti a Ii an

raj e it I
Ii't

a I














































































































More generally we can project a vector onto another

ocotor in i

n 7
i I

j i

projection of J ont T

Def The scalar projection a.k.a the
wmpon.nl ithdincotio I is

comp J i
Iii

The crouton projection of J ont E is

proj comra Ya Yai














































































































tosspot
we leannel the dot product which is a product

between vectors that results in a scalar Next we will lean
another type of product between motors whose result is another
creator

Ref Let it Loi r v I and Ii 4 oh us Tho

of it and it denoted by T X 5 is

it Ii Chu Osha Oyu o.us Yun Tus

A fool mnemonic for the cross product is given in terms

of determinants A dote 2 is defined by

delf I I ad Sc I.e IX
A determinants is defined by

atti H fail i tail Itai L

Tho
7

i j h
xii I o o o lU y u














































































































EI Find 1,0 1 x 2,3 1

o xca.s.is I I Y I
Yi Ii ILY IT I the si I't't
3 3,3

To understand the directionof Erin let us commute
xii if Chu Osha Oyu o.us Yun ons 19 ri r
0 Ozu Yo na t 0 0 u Oahu t 030un Thao o

So I xii is orthogonal to it Similarly we find that it
is orthogonal to et This Exit is orthogonal to the

plane containing it and I

we can verify that the direction of Exit is

given by the right hail rule again

i
c F

he














































































































Properties of the cross product Let 8 in 1
a w k vectors in

IR the cross product is only defined in M j awl or a scale
Then

lis Tx in in tis cheer the order
Lii Cc I Itu c Cir xii Ex cut
Kiis Otc in tin I Exit if if

his thy xi e i'ri t Exit
v ii ii x E Exa E tripleproduct

bij ie Hei xin ii E in ii ii in In general

xl in xi f xi

Geometric properties of the cross product Let it I
croutons in IR

If 0 is the angle between it and it Hes

1 Tx in I lie't th't sino
in awl are parallel if and only if O'xii J foii i'to
The volume of the parallelepiped determinedbyii in I i I ii i'x it














































































































2 A

m
i

i li r
l

l I
i v dy

v I

L
x














































































































Equations of lines and planes

Lines

A line in IR is determined by a point and a
direction For example giros it the set of points

I e ti t C it

is a line in the direction parallelto
passing through the originMore generally

toffee T

andpass.nythhoytl.pe w LoYto1 is in ve oy

I to two

a 7

to1To
I n to

I y

Writing I Lt y Z and I Laib c we can invite the
equationsfor each component of the fin

x x tat y y t b t 2 2stat














































































































which are known as p u of a line with direction
i ai through the point it

Eliminating t in each one of the parametric equationwe also have

t

which are known as the
symetric of a line in theirdirection a L through It If a component of F is Zero say a _ohe write

X xo Y o t

E Find the equation of the line through thepoint
8,1 4 Cs 2,41 Does it intersect the rt plane

we can find it by
J e L s 2,41 L 8,1 4 h 3,0

Tha
I t 11 3,01 t l 81,41

The same line is described by 1 Ill 3,01 t 3 2,4 Ou yet
1 Ig 1,0 tf 8 1,41 etc In parametric and symmetricform

Ht 8 X t 8

y i il t s I
i t 4

2 4














































































































Intersection with the plan happes when 4 0 so

Ttf x Iz 8 t 4 so the intersection

happens at the point Ig 0,41

Plaines

A plane in N is determined by a point and
a vector orthogonal to the plane Consider a plane contain.y
the point I and that is normal to 5

In
2

I E

i
I

y

L X














































































































If it represents
any other point on the

plane then in It is parallel to the plane So

I T i orthogonal to 5 here

I I i 0

The plane is found by all those in that
satisfy the above equation known as the vector

ef o of the plane

If I Lt y t ii Ctoyo e and 5 Carbo
the above can be written as

alt x I t b ly y x c Z Zo 0

know as the of the plane we
can also write

at 1 by t e t t l o

where D aro t bye 1 Cto known as the liscaveqv.fi
et the plane














































































































EI Find a efrah.us for the plane through
12 I L L3 8,6 L 2 3 1

p

r n
y
u

iii i 7 fn
n

y
o

we find two vectors on the plane by

if 3 8,61 12.1.21 Ll 9 41
If 2 s Il L 2 1,21 L 4 4 l

I I i l 25 is 401 is the orthogonal to the plane
Thus with To 2 1,21

25 X s 151 y il 40 Z 2 0














































































































EI other typical problems

Angle between plane

rat
ii

L E

TO

Ti r ni
i

10i

i

angle between planes acuta O to c Ia angle betweentheir normals

line determined by the intersection of two plans
Direction of the line gives by it 5 iii Point on

the line Sct eg 2 so and solve for X and y














































































































Distance between a point and a plan

a

at

D comps I I I i's ca.ba
I 5 I t

f I l to Yo 2o
f e Lt y 2 I

Il aib.cl t to y y t to I
a l s t e

d

ta t t b x l ex fat t bto te ro l
a t b t c

a x t b x t c r t L l

a t b t cc














































































































Cylinders
A g faa is the set of ix y.es is n

that satisfies a second degree eyah's The most general quadric
surface is given by

A t Dy't Ct t Day t Ent t Fyt t C x t Hy t Iz t J so
where A J au constants coefficients E y the sphere

xd t y t z l

is a quadric surface with A D Ci I J l and the other
coefficients equal to zero

A surface that consists of all lines parallel ton gives line called rulings and passing through a
givenplane curve is called a cylinder E y y z is

the cylinder 7

c x














































































































Intersections of surface with plans parallel to the
coordinate plane are called trace Eg the trace obtained by
intersecting x constant with the glove cylinder is a

parabola

Examptersunfau

Ellipsoid
Z

I t f t II I

tie

All traces are ellipses














































































































Elliptic paraboloid Ia ta t t

Horizontal trace are ellipses verified trace arc
parabola

Hyperbolic paraboloid to Yj














































































































Horizontal trams are hyperbolas vertical tunes
are parabolas

Conc

I tf

Ii

fi1
Horizontal trace an ellipsis vertical trace an hyperbolas

fine














































































































Hyperboloid of one sheet

I t tha ta I

Horizontal trace are ellipses vertical trace an hyperbola

Hyperboloid of two sheets
y to I

Horizontal trace
an ellipse co empty
a L vertical trace

an hyperbolas














































































































Vector function and space curves

A vector raheel function or rector function is a

function taking values in 1N i e whose
range is 112 We

will deal first with vector valued function whose domain is
a subset of M Wha not stated explicitly it is understood

that the domain is always the largest set in IR fo chid
all the expression defining the recto valued function are

well defined Writing a vector valued function a

Ttt fHi gits 441 fitti tgltij tht ti
where fg l ane sc.la fio i.e real valet faction
we call fg L the component function of the vector valued
function i

EI If Pitt L th f Ft the co pout
functions are fitt th gal Lt hit ttf whose domains au

x I l 0,01010 I l a ol respectively Thus the domain of
Fitt is C 2,01010














































































































Limitary
beef If Titi Ifl ti gitshits the limit

lin i'it
tea

is defined as

f ai
t t aft find li t

provide the limit o the hits exist We similarly define
limit 1 at 1 a i'Itt is Eost at a if

lin fits Ica
1 a

EI let fitti It t't
gits t hitis I

O t O t 1
I'll I fit GHI hits Find him i'Itt At which point is1 o
Pitt continuous

Since
fin Htt 1 fig gin o f ohhh I

we have fin F'htt 1 0 it f is not continuous at 0 and1 o

h at It Thus I i continuous
everywhee except at f so

f l and 1














































































































Space curves

If f g4 an continuous function defined on an interval
I the set of point

X fill y gift 2 hits t EI

define a curve is 1123 called a sp e whose equation
above arc called the parnmutation of the curve 1 iscalled the p tu If Titi fltl.glti.hu the curve

given by the parametric equation in fig l is the spacecurve corresponding to P

EI stretch the curve given by

Tai I cost 2 sint t T2 O
x

cost Lsint define an ellipse on the xy plane As t varies
we get a curve whose projection on the Xy plan is this ellipse

r i
11,0 T I
1 21T i

i.ie 1,0 I t T
I i Ti4 i i i 0,2Ig t I

i i 2
t Ia s

Y
L 1 0,01 t O
x














































































































whos drawing space curves we indicate the
direction of increasing t with as arrow as above

EI Find a rector fusatio whose curve represents

the curve of the intersection of x 1 y I will ytz 2

I
I

I
i

i n

i
I n

I l

n
I Y
L

t

The projection of the curve on the Xy plan
l's thty2 1 So we can parametrize














































































































X cost y n Sint O E t C21T

Since 2 2 y we have 2 2 Sint Thu

Flt cost si t 2 Sint

Devi y fotios

Def C im a rectorfunction T it derivative denoted

T or
Lff is the vectorfunctiongiven by

F'htt lion Tctt4 r

h so l
provided the limit exists in which case we say thatit is differentiable

If D fight the

i Iti If'tti g'tti l t
Exercise prove this formula

EI Find i'II l if Elt l th sist 7

r Iti Lt cost o














































































































when i Iti fo tha i Itt is a vector that
is tangent to the curve i'at at i'Ltd

Z f't t.tl I'Ito

rlt.tl

I

The recto

Ttt Idt
IT'llIt

is a ty tou to the curve i Iti 8

Properties Let Titi Pitt a fat be differentiableand a a constant Then

lis I'll I 1 Pitt i Iti t p Iti ii citts sci t
iii Hilts flit i'it t fair cts
iv 4 1 Fits I i Iti p it t i'its F'ct
o Ect x pets i'it F'it t t Iti xp it order matters
ri i't flits I tf Itil f CH chais rule














































































































Exer cise proof these properties

Suppose that Iits is such that trail is
constant ey I'll I cost sist o so

trust cost t Ginty't O e I fo any t
Tha i ch and Icts are orthogonal

trot I c ITCHY O
11

PHI i'its e i'Iti Fit tilt i it
2TH Tht

i'It i It D

Is the example Flt lost Sint 01 i Iti l sint cost ol
I'll I i Iti costSint t Sintcost to O

2 n

C n
C

ri7
L

F'ctlL
X














































































































Integrals

If I LH Ifat GHI hitt we define the
integral of i'Iti fron a fo b a

i'Hitt findf I t fagots4 I t fashitidt hi

For the indefinite integral ft'tHdt we add a constant vector

EI Find fittidt if ICH Ct i t

f fond te f tht to

I gift It f d t n t t ca

f 4414 f t Lt n

t ta

f i'I tilt It t TI t

G CcCs
The fontanelles also holds for vectorfunction

i Iti Lt i'lb i ca














































































































Arcleytland curvature

Gives a continuously different all vector valued
function TCH CfitsginWH the length of the space curve
obtained when t increase from a to b is given by

L fair ltildt Jaffa tights t Chitti dt

fatal't t
t 1 It

when X fat y gift 2 htt

EI The length of the arm

Pct 2cost 2sint 1 O E t E I
l's

JT IHit the f Vasiitt4coittoT dt hit

It is often useful to parametrize curves in such a waythat one unit of the parameter corresponds to one unit of the
curve's length I e can we change our unitsof time such

that one unit of time correspond numerically to exactly














































































































to one unit of the curve's length In the previous example
t varied from 0 to it but the curro's length was twice that 2g
But if we change variable s 2T and reexpress Pct i

ten of si

F s 2 cos Sz 2sin 1 O E S E 2T

since 0 E t E I
Thes by change of variable s12

2T

fit Idt
fo III Ids sinishtailsittotds at

So the length of the curve which c by usingthe
new variable s is LIT and the new variable also varies on
as interval of same length

A change of variables in the variable t as abore
is called a rc t of H curve The arclength

fmotion say of a curve is a function that has the property
that if the curve is parametrized in terms of s Hcs the
lengthof the curve obtained from varying s frow a f b b a
is exactly b a














































































































The arc length is defined as

sit J ti t41de

so that
toff IT t til Then if t varies from a to

b SHI varies from sea to scb and note So

b b soo

f Ii'itildt f tf let I ds scs scad
or Sca

Note that we have s slt but we can invert it t tis
as in the previous example

find faces by.LI
Currature

we have an intuitive notation of the curvatureof a curve

ra

flat no curvature small curvature large curvature














































































































We will now see how to measure this mathematically

Def A parametrization i'it is called h if i LH
is continuous and I'll ti 8 A curve is called smooth if
it has a smooth parametrization

A smooth curve always has a well defined tangent
vector it has no corners or cusps

y

if A
smooth hot smooth

beef the c ure of a curve defined by a

vector function i4 I is

hunk III I
where F is the unit tangent rector and s the arc length














































































































EI curvature of circle

medium large
curvature curvature

small curvature

circle of radius R
Pitt Roost 12sin t O E t E 2T

flat L R sint 12cost It ttil R

THI C sink cost
Ii Itil
t

Sitt i f i i Kil de f R da Rt t In0

Fcs f sins cos L

II f Look Insist III I
h t

R














































































































Theo The curvature is alsogiven by

hit IF'tHI 1 i Iti x t t l
It ttil IT'll11

so is these formulas we can use the parameter t i e we

don't need to charge to the arc lengths

moot

I if tT i
For the second equality F r

so

I it'll F tf I thus T
DIT T t

f F
F xi i x DII Ft LE F

If xt t
IT I'xF

l

ti t T ti t'T IT I
It t Cft Fx't














































































































Because F L F al F are orthogonal so

IF F'I I't't IF't sista LIL It t t.lu

I T ri I II I't t ti t l't t

Hence by the first formula in the theorem

K IF't Ii I l
I I'll 1513 II

Exercise recalculate the curvature of a circle
of radius R using the formulas of the Thoren

EI Find the curvature of It fit at o.o

I'll L I 2k 3th i CH to 2,6 t F CHI it4t2tg
i j hi

lion 1 16
Yat

Li t tix i its1 2 91491.27 M

2
At 19 01 t 0 soIt I I t Ut t 9T
Teco 2














































































































Exercise show that hat 0 for all 1 if andonly if the
curve is a straight line

EI If a curve is on the ay plane and
given by Y fit

ha f cx
I 1 fin d 2

To see this write Ilm x fin o and choose x

as the parameter Flexi L1 flats o I cx lo fcx o
i ly x T il o o f in The

hey e I I t tix i a it if cx I
Ii m I II t Hix d

Normal and binormal vectors

Since Il F O F and I are orthogonal

F need not to be unit but it has to then
F CH 8 by hit a 174 1511 so the unit vector

Flt a F'Lt
Tin














































































































Lion as principal unital vector to the curve.TL reoto

Tilts Fits x FIH
which is unit and orthogonal to both I and Ii is

called the binound vector

At a given point P on a curve the plan determined

by F and B is called the normal plane at P and thatdetermined by F and F is called the osculating plane
at P The circle that lies on the osculating plane at
P has the same tangent at P lies on the concave side ofthe curve where points and has radios 11k is called
the osculating circle

M T
B 7 7in
y n plane

i i
j normal plane
i i

i
i

I ii
osculating circle














































































































why does TV point to the concave part of
the curve

LH
Lu n

TH Fifths Fit

Uv

I ith

Motionilation
If I Iti represents the position at time of a particle

moving in space the it velocity and acceleration at time 1 are
gives by respectively

I ch i Iti Tilt E'Ctl I It

Titi is tangent to theparticle's trajectory the cow givenby Iits
and Iai points to the concave side of the trajectory if it isnot a straight line Note that Titi need not to be orthogonal
The particle's speed is Hi I til














































































































One can decompose the acceleration into thedirection
tangent and perpendicular to the curve by projecting it onto
F and F respectively we write

or Ii at'T t aµF
at 7

i Let us find
in i

I
at a'd a

F Io ii ofIa n
I I n E of't v F
n

hi
II it t no

I F F IF't F hot ThuFil
ai E T t hw so

9T a v

aµ a few2 f

Obscure that aµ I 0 so I is tangent to the curve off
h o or o 0 in both cases the trajectory is a line














































































































Function of several variable

Def A f tftw.ie is a rule that assign toend order pain X y C Dc 1,22 a unique real sloe fixy b i

called the ton of f and I fixy I ay C D is called it rang
we often write f fairy to me f is a functionoftwo variables

EI fixy xyT l's a fusoho of twovariablesX 2y
It domain is determined by X y I O so 1 12141 art
X Ly fo so X Ly

ry
Y 1 1

X 2y

4 1 1
Delft CY E M l in eye 1 1 A HY C hi1 74
EI Find the domain

ay range of fixy n L IH HI
lust that t.fi rayfitwnetfithc














































































































doma We need L Wl lyl 70 1711141 fl
NY

you y
f fl t o for 1 1 41 1
9hL f Leonean when ix y move
from the origins toward the boundaryy x Yt x i

e So Nfl oil

Def The g f a function f farm is the set ofpoints x y t C in such that 2 fchy fo Hy E Def
EI Fou the funk's in the previous examule the graphis sketched below

rt

y

EI The graph of fixy x y is a paraboloid














































































































Level curves

Sometimes it is not easy to visualize the graph ofa function f fix y But we can still get a idea of its
graph behavior by looking at level curves

beef The of a function f fixy are

the curve with equation fury L where he is a constant

EI The Icrc curves fixy 0 and fixy t
rare depicted below fo fixyj L IH ly

1 Y

ke o
k
ke t
k

I l l l 7
i t l l X

Obscure that the level curves fixy L correspond to
the intersections of graphlf with the plane 2 L
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Function of three or more variables

A function of three variables fi fcx.y.es is definer in thesame way as a functionof two variables but how f tale a tripleLxy t as its argument

E The function fetish ha LonaI X y t
x't y't e LL I e the domain of f is the setof allpoints inside the sphereof radius 1 centered at the origin in 1123

The sets fixy z h h constants constitute surface isun called the level surfaces of f For example the
level surfaces of fixy t x't Ly't 322 are ellipsoids since

for each number h X't ay't 322 L

Similarly we can define functions of n variable
flat Xz Xu



Linitity
If f is a function of two variable with domain D

and 4 s E D we say that the limit of faxy a ix y approaches
I sL and write

lin fix y L
X 1 carb

f for ency c o there exists a s o such that if
Hy E D and O L VA al't ly b L d the

distance
from Hy to Carib

fitly LI L E

fixy ha to lie hereforHyj inside theblue
dish andcar ll cab

star tt
ii lie inside thiscylinderforf Hy inside the blue dish
y b l t HY Lgbt

li i r
i ra
i_

The intuition is the same as in single variable calculus

f It y become arbitrarily close to L as Ct 11 approaches ca b



Observe that as in the single variable case the
limit doesn't care about the value of fix y at Chip Lab

EI Let fixy xd Thos lin tiny 1 SinceX y 1,0
fory does not depend on y we can think of it as a functionof x only and then we know th 1,1

EI Let finny x'ty what is lin flx.gg
Xi Logo

The limit is 0 To see this not that

Ifit y ol x'ty
Given E 0 if we take 8 re

of y2 L 8 Ifixy o l ca

EI Let f ix yl 2x'tya what is f 941
The limit is two To see this gives e 0 we want
I 2 2 12 01 2 4 y L e if 0 city Cd
But 2x ty f Lx't dy aah E so if d Ef

22x 1 y
t
f L x't 2yd 21 4421 C 28 E

da



A consequence of the definition is that for the limit
to exist we need to have fun close to L regardless of how
ix y a s Thus a heel to have farm L for any path
along which d y a b

EI what is lim 7
4 coo X t y 2

write fix y
ya

Say Hy approaches 0,0 along the X axis i.e aley CHO X 0

They fix01 0 so him fix11 n liu O OX t 02
Xi coo Xi too
4 0

Consider how the curve where X y I suppose XY go along
this curve Tha ft 11 II ta

fin f ix Y him
12 LµYj 110,0 EH 710,0

x y

Since we got two different values when approaching along different
curves the limit does not exist This situation is the analogue
of having the limits from the right and from the left to be



different in single variable calculus

E Lot fory a
Y TY 1441 F lo ol

L Chy I LOo

what i dim flays
CD 31901

Since the rake at coo is not important for thelimit this is exactly as i the first example above and
fin fixy IO
KY 7190J

Continuity

we say that a function fifixy is contiguous at laid
if I j of'll fish we say that f is continuous in region

D if it is continuous for every Laid C D We say that
f is continuous to mean that f is continuous for every
ca s in its domain

Thus differently than what happens for limits



for continuity the valve of fat cats d tteu

EI Consider

µ ll x't y2 and agony
t't't id D go

Z E y 10,01

we have him fixy 0 him gory 0 so bothf Logo 4 go

limit agree but figo O and glop L Thus f is continuous
at co o but y is not

A polynomial in the xy variables is a sum ofterm of the fan cxmyh.cn constant min integers 20
Polynomial are always continuous A rational fusotion is
a quotient of two polynomials Rational functions are continuous
on their domain i.e for every Cny such that the denominate
is not zero

EI x't y is continuous and 1 is continuous
X 1 y

fou x 4 y



t fm le

The concepts of limit continuity polynomialand
rational functions generalite in a straightforward manner

to three or more variables

i x't y't e is continuo and

X't y
Fizz

throw for all yet except for
those x 1,7 on the ellipse X ty t 222 1



Partial derivatives

we want to define derivatives of f fix llSince there are two independent variables we can imagine
differentiating in the variable or the y variable

Def If f is a function of two variables itp with respect to X and y respectively
are the function and ff given by

ix y lyin fltth.li fcx
I

fin f Yt
provided the limits exist Sometimes we denote f If
fy Gf
Therefore is the derivative of fixy truth as

a function of X oily i e holling y constant Similarly



is the derivative of fury 1rental as a function

of y osly i.e holding x constant

EI Let fixy cost sisy Thos

It ll cos shy cost siny six sisy

ix y n if Ccosx shy i cost Lyssy cost cosy

EI Let fix y e t't Tho

ix y i 2 etty

Fft ll I 3yd e Y

EI Find fyl901 for fury I cost siny

fy1901 I cos 0 co 0 I 1

When we compute f Lto y we can
imagine

taking the intersection of the graph off with the
plane Y Yo and then taking the single variable



derivative of the function fixyo at X x

Y Yo

2
n

f
f t

fury
y

yo

A similar interpretation hold for fylxo.y.si

Higher derivatives

If f is a function of two variables so are f and
fy Thu we can take the partial derivative off and
fy leading to the secontidiative



f ft txt fxx 0 0 11 1 1

9 Ey ft dirty fxyi

oyoxfhoxyf.fifIlfIy lfylx fyx oxloyfl 0yoxf

9 fy ft lfyty fyy oyloyfl o.it
Similarly we define higher order derivatives eg

Eti fi l

EI Lct fcry Thos

f ix y fy ix yl ty

f xx Cx ll byte fyylx.gl 2

fry it y fy Cxy 37,1

Vote that fry fy This is not always true



EI let

f ix y i
41 2 ya

2 HY co o

o x y Oso

Tha

dyfl X o lin fix 0th fix o
o

a
thin x

oxtail fi ot fi 4Y y

The 0 9,11901 1 0yd flop L

So when is the case that f ly f
clairauten If f finny is defined on adish D containing the point cast a L the functions fry andfy an continuous on D then

f y Laib fy Kib
In this case we say that the partial derivatives



Similarly continuity of higher order derivatives
gives their commutation e

y hey f i dy.ir

0yxyf.PartialdiffaofsccIvavisbles
The above concepts generalize to function of morethen two variables

EI Let fcx.y.es x'yz t cosixth Thes

f try z 2 xyz sincx 22

fy Tillie z

fz x y z 3x'y 2
2 2x 2 sin 1 22



Tangentplassandlincarapproximate

In single variable calculus when we zoom in

toward a point in a graph of a differentiable function
the graph becomes

ray close to the taught line at that
point

Yr

We say that the graph is approximated by the
tangent line Similarly for a function f f ix yl its graph
at a point will be approximated by a plane the
tangent plane to the graph at that point



z n

A
y

Consider a surface 5 in IR given by 2 fury
whom f has continuous

first partial derivatives Let
Lto yo Zo be a point in 5 so 2o fixeyo Let
C and C be the curve obtained by intersecting thevertical plane X x and y y with S respectively Note
that Ciro y zo belongs to both C and Ca Let Ti and

Ta be the tangent line to the curve C and Cz

respectively at Ito y to The tangent toS at cxo.yo.to is defined as the plan that containsboth T and T2



1 n

i
i

i
Cz

Yay

X ro

x
y

How do we find the equation of the tangent
plane

given that we know the equation of S i.e
2 fix yj and f is known Since the plane passes
through to Yo tot we know that it has theform

1 x ro t D ly y t 2 Zo I 0



We need to determine A B and C Equivalently
dividing by C Cto and uniting

a I bi E
c C

we have

2 2o al x x I t b ly Yo
Thus it suffices to determine a and b Setting
Y y we have

E Zo a x Xo

which is the equation of a line in the ex plane with
slope a By construction 1hi fine belong both to the
tangent plane and to the plane Yayo i.e it is theline Ta Now T is the tangent line to the curve
2 at to Ye to Sisco C is obtained by intersecting
2 fix y with Yayo Hu ca ha equation

2 fit Yo



which gives 2 as a function of X i.e a curve in

the XE plane the curve Cz projected on the Xt plane

Therefore the slope of the line tangent to Ca at
Ko YoZo is xo 10 i.e

0
toyo

a

htt

Similarly taking we have the curve C

2 f Ciro t
and we obtain

b Oz
let

y
moi

In sum tleefuah.no Hctange.tplanete2 fcxat Ito yo 2o is

2 to fix y x Xo t fycroy y y



Since 2 o f Cro yo we can also write

2 fitoyo t fix y x Xo t fycroy y y

EI Find the equation of the tangent plan
to 2 y't y at 1 1,2

First note that ii i 2 indeed belongs to t x ty
Computing

2 2x 2y Ly So

a 7 11,1 2 b 2yl lil 2

thus

2 2 21 X l t 2LY l

Linimations
Given fit.ys the tangent plane to t fit yat Ito yo 2o view as a function of X and y is

called the linearizatffat to y denoted

Ct y fitoy 1 felt yo x xo t fylroilolly Yo



We can thinkof the linearization as an approximation

of f near Cro y

ft x 11 F L't 1 for Lt 1181 0,4

we would like to make this approximation statement
more precise For

given number DX a L By we define the
increment when Xo Y changes to Ciro1 DX yo DX ag

Dt fix 1 DX y 1 by fixe yo
rt

1

Jj
fluid

I 1
iyo i Yetby
i i i 7

0 ydy i i
X tax t i

L

compare with the definition of increments in
single variable calculus



Def A function f fury is different
at it setting 2 fary D2 can be

written as

A 2 f i Cto y Dx t f Ito y by t E DX t Czby
where E e 70 as Dx Dy co o We say that
f is different all if it is differentiable at every Crayin its domain

Writing x x 1 DX y Y t Dx so thatD 2 fix y fix y we have

fthy f Ito y tfylto.y.lbxtfylto.y.tl y t e DX t lady
Lexy

fix y Lucy t E Dx t Eady

Therefore L is a good approximation to f the
error E E goes to Zero as DX by co o iff is differentiable at oxoyo



EI Shou that fix y x't y is

differentiable at Citi

filthy 2 2x fylny i 2y

f yl 1,11 I 2 fy 1,11 I L

f ill 11 Dt t fyll 1 By 21St t 2by
Dt flit DX 1 that 111,1

Cl tbh t Itsy 2

l t Xt t 21 x t I 1 Hy t 21 y 2
I 2 Dx t 21 y t C 7 2 t Dy

fyll.ly SXtfyll 1lDY

ft 1,11 DX t fyll 1 Dy t Dx Dt t Dy DyW w
E EL

we see that E e 70 as Dt by o.o



EI Shou that

for y ITT II co o

O l 1 141 0

is not differentiable at o.o

f 10,01 lin f 0th 0 fco o

h io ifij.hn
fiofycooi lin

fiohso

1 2 f lo t Dx ot's 1 fl o o

DX By
i OD x t ODy t D

Dx t yj Csx Hidy
1 10,01DX t fylo9Dy

Now we ask if it is possible to unite
Dx Dy E Dt t caDy
Dt 1 Dy



where e c o as 1 t.by 0,0 If this
is possible then in particular

tin e Dx t Eady 0
Dti's'll 0,01

But we saw that the limit

lin
4 co o

t t y

does not exist so

lin Dt

DXDY Logo DX t Coy2

does not exist th we cannot have

tin Dt
O

DXDY Logo DX t Coy2

and f is not differentiable at o.o



The following theorem is useful to determine

if f is differentiable at Ito yo

tho If and exist near Lto yo and
are continuous at ix y Hc f is differentiable atYo Yo

EI Consider
again fixy x y filmy 2xant fylx y Ly are polynomials hence continuous formy 1h41 Thu f is differentiable

An important fact about differentiability is
the following if f fix y is differentiable at
to y the it is continuous art to Yo To see

this consider the difference fix 11 fix yo
a I write x to 1 t to to tix and

D x



Y yo t y y yo toy Then

by

flt y fito yo fl tother 4 thy faro y
Af

Since f is differentiable at army

f ix YI f Cro yo Croyo Dx t 9 Chiyo by
t E Dt t Eady

Since the RHS goes to zero ches DX by 10,01

jiver E 0 there exists a 8 0 such that if
DX by I Dx t Hy L J

then

Crosyol Dx t 9 toyo by t E Dt t EadyIss
Thus if ix y satisfy

f T c orK t l t Cy yo I Kil't Hy



we obtain If cry faroyo I L E showing
continuity

R The existence of only the partial
derivative does not guarantee continuity e y

fix y I sat fiO Lt 41 a 0,0

f 1901 0 fy lo o 0 but f is not continuous at o.o

Differentials

Recall that in single varialle calculus we
define the differential of y fix a

dy f cu Lt

Similarly for 2 i fixy we define the differential



de dirt dy i text dy

Intuitively we think of da Lx ast ly as approximation

of DH Dt andby who these quantities are very small

Let 2 fix y x'tiny y
Find Lt

Find Dz when
changes from 2 to2 OS and y changes from 3 to 2.96 and co fare will

do

Since fylir y i 2x 1 y f 1 41 3 x Ly
12 2 2x t3y dx t 3 2y dy

Text compute

DZ f 2 Os 2.96 f12,3
2 OS h I 2 05.2.96 2.96 2 22 3,2 i

0.6449
To compare in the formula for da pl g



X 2 y 3 Lx E DX 0.05 dy FDy 0.04

d z e 2 2 t 3 o o S f 2 2.3 0.04

13 0.05 0.65

The point is that Dee da but La is

easier to compute

Tuaotio.jo fhreeounovevaria

All the previous concept generalize to
functions of three or more variables For example

f t.yitlnflxo.yo.to t factoyo 2o x tol

fylxoiy.it Y yol t f CiroYo to y t



The chain rule

Recall the chain rule for functions of onevariable if y fix and x gltl and f and yare differentiable then the composition Y fightis differentiable and

IT t't'T
or equivalently

fights f'igitilg'Itt
We will generalite this for functions of several

variables
Considering first function of art mosttwo variables there are different cases to consider
t fix y x gott y htt

2 it fetch yet f gift hit



2 fit t gltry
2Cky fltcx.gl flglxiyi
2 f It y X get s y hltis
2 Itis flxcf.si ylt.si flglt.si hltisi

Thechainrule.caseI Suppose that Z fix y
is a differentiable function Let x girl a L y httbe differentiable Tlc He co position

2 It flirts 41111
is differentiable when defined and

II t
which we can also write a

II II Tf

To see why the result is true consider



D 2 2Ct tat 2 It

fl XL11Dt Yu 1st f lxiii yeti
Sina X and y a a differentiable

Xlt tbh i xctltdfy.at t Ea Dt
yl 1 tbt y th t dy ist t ly t

when Ecr say 10 as D f 0 Thus since f is
differentiable

Dz f th t day Att Ea Dt 41Mt t tem ist l

DX
by

ft Xlt yet I DX t HH yall DY
t E DX t E DX

Divide by Dt and the the limit 1St so Note that

DIY IT t Ea IT as 1St so

1 II thy as 1st no

DX 0 as It o Dy 0 as I 1 0



Thus

IT E Ii

EI Lct fix y coolx'y xlt a e't yet t

Find tf Iis using the chair rule Iii by direct

substitution

lit 9 I 2xysisLx yl x si's Ix y

DIII e

If it

0
IT Ii
2xysis Hy 2e't y sister y 3 t

4 e't t si's et't t se t's e't f

4th e t since tt
His fit a cool e t

f it since t Ge t se tty
lifts e

t
t since tt



This example might cause the impression that
one ca al ay replace X and y as in Iii and
compute the derivative as in single variable calculus

dispensing with the chain rule in several variables
But this only works when X and y depend only on
one variable Otherwise we have to use partial
derivatives

d l I Suppose that 2 fix y is

differentiable Let x gltis yn.hlt.si be differentiable
Thc the composition

2 lxlt.si ylt.si
is differentiable when definell and

F t

The idea is that how we apply case I separately

for each variable f and s and the derivative



are always partial derivatives

EI Find ft and if zany e't't
t

Xt t s s t t yLt s sq i
using the chain rule

Iii by direct substitution

lit off e't e ay e't't

TT I i f't f I
t

Ii IT t I e't I aye't't l E
l 2 estt ti

It ft t ft ft e't't it aye't't't
t

f t 2E y est
t
tf

sttt IIii 2 Is f e t



n est't
fi sttts

I esttts

I z s tt t s
e E f stttfis

l t
af y estttsf

In case I we have sand f a

independent variables 7 as the dependent
variable and X and y as intermediate
variables

72 Z et

yo
or X y
OT I I 24

lot of Los
t s t s



chain rule case I Suppose 2 f Cx
is differentiable Let X yct.si be differentiable
Thc the composition

2 xlt.si

is differentiable when defined and

It it e

This is simply case I is the particular
case when 2 X y 2 x i e z does not depend
on
y so 9

so

Chain rule general care Suppose that 2 is a

differentiable function of n variables Xi x

Z 2 X Xz Xn

and each Xj is a differentiable function of m variable
ti tn



Xj XjCt tn

This the composition

2 X It tn Kal ti tn Xslt tn
is differentiable when defined and

7.7 i i m

EI write the chain rule for h f Lt x y tand f x y t are functions of 4,0

ft ftett It Hat Ent 0h

fo Hiott Hot Hot Eo

t t y a

E
U o u v u v u v



Implicitdifferentiation

Assume that we have an equation FLx y so

defining y implicitly as a function of X y you
and that F and y an differentiable Then by
the chain rule

t
E t It o

So

OI
ox

dy
OI
y

providal
Off f 0

Similarly assume that 2 fixy is defined implicitly
by F KY t 0 The chain rule fire

II E t o
L w

0
Thus



II OFOx

qty Similarly i Tt
OI Oy OI
97 97

It remains to know when an equation as Flt y 21 0

define z implicitly as a fusolio of x y For this
we have

Implicit function theorem Assume that F is defined
on ball 13 containing the point ca.b.cl Fca b c 0

Fzlaibic 0 and Fx Fy and Fe are continuous is B

Then Flay 11 0 define 2 implicitly in terms of
C 4 near a b c art

2 x FEI 2
y Ft

Feed

J

t

s



DirectionalderivativesaultlegratientreotI
The partial derivative f Ciro y Fy Ito y are

obtained by approaching Croy along line parallel to the
X art y ah's respectively Given a non zero vector
Ii Ca b we can approach Ciroyet along the line
span.cl by it We define the dir.cho.ldenivah.sc

ithdietiofi'oyy a

Dii firo y lin fCiro tha y Hb f x yo
4

provided the lini exist

Y n fylxo.io

v Iii Drift to
Yo 7 C

n fx toYo

I 7
to t



µ to Hd

Diithro y fHoy and DjfChiyo fyi to y
when Dunf ii ca.si ft and fy all exist they

are related by

Dp fix ll 1 1 141 a t fylx.MS
Observe that the RHS is the dot product between the
vectors

f Chill fylx.in anl aib This motivate defining
the t f l simply the gradientof f a

gralf cry fixy Ofthy fix ll fyunyi
so that

Da f Of ii

EI Find Vf if fixy x'e t
F nd Da f if I 2

Compute

fury Sx e Y t x'ye t Csx'tx'y e t

fylt.cl x4e'Y



Thu

fury Dx't x'g e Yi t x e Yj
Next

Da f any Vfw ll I

Csx'tx'y e'T x e 2 i

b x't 2x'y e t e t

G x't 2x'y x e t

The same way f and fy measure the rate of change
of f in the x and y direction Dif measure the
rate of change of f is the E direction We can ash
in which direction i.e for which it is the rate of
change maximum Note that

Diif Of I loft Iiilcoso
This depends on in't but if we want to identify the
direction that maximizes the rate of change of f should take
15 t Il so

Def 10ft cos 0



This is maximized when 0 0 i e when f and I
are parallel

EI In which direction does fix.y x e'T har
maximum rate of change

Since OfIX y s x't x'y e Yi t x e t j
we need to find it that is unit and parallel to Vf
this Csx't x'y e Yi t x e t j

I I
10ft 3 2 t x'y e t t y8e t

s x't x'y i t x j
3 2 t x'y t y8

Ta plane t fe
The previous notion generalite to f fix y eand functions of more variables

f lfx.fy.fi
Dnf n Of.in

Consider a level surface of f fix y z L and



let Pitt C HH yal 2its be a curve on this surface so

fl Htt 441 2its L Taking and using the chain rule

Itf ft Htt Htt Ei iffy I Ee It
Pf E 0

Thus for any Ho y to i'ctol the tangent outa toTiti at t is orthogonal to Ofctoyo 2ol Hence Efi

thgtttpatth.deaccfcx.yzs h at KoyoZo

nrf

si't t

ti
i n i v

i

i yo 24
to I r

I

L x



Therefore the equation of the plane tangest
to fix y H L at Croyo to is

fy Lto Yo Lol X ro t fyltoiyo.to y y.lt zlxo.y 2o 0

The p to flx.y.tl at Ito yet is the line
perpendicular to Hi plane which can be written as

f Ito yoZo fyltgyo.to fzltoiyo.to

I the particular case when the surface is givesby a graph 2 fix y we can write Flay z fix y tand
apply the above to F so

F to yo to fxlxo.y.li ylXoyo1 l

EI Find an equation for the plane tangent
to the sphere x't y't th 1 at Ct f f
and the corresponding normal line



The sphene is the level surface fixy t I

fit y t x't y't e Thus

f x y it 2x 24,211

Ofcta ta f I l ta and the plane

X ta t y t t f t f 0

The normal line is

x ta y t t

If

As a
consequence of the above the gradient ofis always orthogonal to the fuel surface off For 2

dimensions the gradient is always orthogonal to the herd
curves of f Moreover Of points in the direction ofmaximal increase of the level curves surfaces Thus from
a plot of the level arrestsurfaces we can draw the
gradient vector at every point and such a plot is
called a gradient vector field plot



EI the level curves of f foxy are give
bela sketch the gradient vectorfield



Maximum minimum values

we will now study matima and minima of functions
f fixy generaliting what we know fnon single variable calculus

m

n
ma

n

1I
Lin

min
Y

one variable L two variables

DCI A function of two variables f fix.y hasa localmi at x y if fcto.y.IE ltiY forall Xy in a neighborhood of Ciroy The number twoyis the called a i ke f has a Local
maximum at Ito yo if fcxoiy.IS fory fo all



x y in a neighborhood of Ciroy The number fliroy
is thus called a

xiue If fCtoYo Cfly'D
for all ix y is the domainof f Hou we say that fhas abs.lu imuatlXo yo1 and flto.y.li called
an absolute If fctosy.is fix.y for allix y in the donais of f tha we say that f has anabstainer at toyo and flto.y.li's called
and absolute Apoint Xoyo1 is called
a critic of f if fxlto.y.li

ylx yoi 0or if one of the partial derivations does not exist
Note that every absolute max nin is alsoa local maximin but the converse is not trueLike in single variable calculus we can use

derivatives to investigate marina and minima

F tt If f has a local
wax or min at lxo yo and f Ltoyo and tylka1.1exist then fxlx.iro1 0 fylXoy



Vote that a martinis can exist without
the derivatives existing E y finny a h's
absolute minimum at cons but the partial derivations
do not exist at 10,01

Second derivative test Suppose that the second
partial derivatives of f ane continuous as a dish centenel
at Ciroy and suppose that fxlxo.y.li 0 fylx.nlLot

D Dltosyol fyxcxo.yolfyycxo.yol ffxylxo.y.tl
f ltoiyolfxyl.toYodot lfy.ix.no

fyycx.no

i If D 0 and f lxo yo 0 Has fixoyo is a localmis
Ii If D 0 and f I to y 0 Has fixoyo is a localmax

Liii If D L O then faroyo is not a local max or min



Remarle In case liii we say that to yo is

a saddle point The graph of f then crosses its tangent
plane at ix yo If D O the the test gives no

information f could have a local mat min or neither at
Kogyo

EI Find the local mat nis and saddle point
of fays X t y Guy t 1

Compute

fumy 4x Gy fyuriy 4y 4 x
Setting equal to zero

3
y o

y x 0

Plugging y i x into the second equation

9 x o

X X8 ti x x 1 1 4 1 x X 1 x'ti t4111 0

x I O I

Since y we find



X I y L y l so C l 1 is a criticalpoint
X o y O 0 so co o is a critical point
X I y l so 11,1 is a critical point

Next

f 1 141 12 4 fxylkyli 4 fyychy 12yd

Deny 2x 12yd 42 144x yd 16

Then

Dl l 1 12820 f yl l 11 1270 so f has a
local min at l l 1 The local min value is fl l 1 l

Dl 0,0 16 L O so f has a saddle point at o.o

Dl l l 12820 f yl l l 1270 so f has a
local win ut L i l The local min value is fl I 1 l



Absolutomatiminimumrake

A closet in M is one that contains all its boundary
points For example the sets

Es kid C NI x't y 111

Sj will C NI 14111

are closed while the set

KJ kid C NI x't y Lll I s



d till C N'I 1 111 14111 7

are not closed

A b t in IR is one that is contained in
Soho dish For example the sets

let kid C NI x't y Cil

dish

f l HD IR l if El I EY x

r
di L

am bounded

The set 4J above is not bounded



For the next result we will consider set that
are closed and bounded In the above examples

closed bounded closed and bounded

a r r r

H r x x

f

e t r t

r

Extremoraluethcorenforfunctionaries
If f is closed on a closet and bounded set Dc in tha

f affair an absolute maximum value f Lt y and and as absolute

minimum valve XaY at some point cx.ir 1anLCxz ys
respectively



This is the two dimensional analogueof a similar
result in single variable calculus

r
i

i
i
i

f I i f si
i

i i

Sot bounded but notclosed set closed but not bounded

f has no absoluteman f has no absolute may

n i
i i r
i l I ir i r i

i
i g l I
i i
i i

I l l
o l l l

I i p i
l I i

r i r
i n I

closed and bounded set but closed and bounded set

f not continuous f d e not
d f continuous f attain

an absoluteattain an absolute ni and a min



EI Find the absolute max a L min of thefunction
fixy x 2xy thy o D Ct y l O E t E 3 0 Yea

y
s

2

4 L

l
i 3 x

First not that D is bounded as I closed and ficontinuous so we know from the extreme value theorem that
f attain a maximum and a minimum

Let us first fist the critical points of f
f ix y 2 4

yet yetfy KY ay t 2 0

The valueof fat 411 is 111,11 1

Since the maxlais can be on the boundary
we consider f along the boundary of D which is



given by the four line

L I x ol 10 Ex E3

Ls c y 0 EYE 2

Lse Ct 21 I 0 Ex E3

c I co y 0 Eye 21

Oh Li fit ll I fix ol 0 Ex E3 This is
now a function of one variable that has a minimum
at y o and a max at x 3 giving

f 0,01 0 fl 3,0 9

On La fl ti'll fl 1129 Gy 0 EYE 2 Thisis now a function of one variable that has a
mat at yeo and a min at 4 2

giving

f 13,01 9 f 13,27 1



On les flirty fly 2 ax 4 4 Ct ai
O E t E3 This is now a function of one variable
that has a mat at x o and a min at K2

jiving 1

fl 0,21 4 fl 2,21 0

On La fix ll i fley i 2 1 O C yea This is
now a function of one variable that has a may

at 4 2 and a min at 4 0 giving

f 0,21 4 flo 01 0

Now we consider all the values of f at the
critical point and max and min on the boundary
111,11 1 f 0,01 0 f 310 9 f 13,01 9

f 13,21 1 fl 921 4 ft 2,21 0 f 0,21 4

flo 01 0



The largest value
among these is the absolute

mat and the smallest the absolute min Thus

the absolute mat is 9 attained at 13,07 and
the absolute min is 0 attained at 10,0 and 12,2

Vote that the absolute mar nin can be
attained at more than one point

Finding the absolute maximum and minimum valueof

Xinof.info oseabsctD

1 Find the values of f at the critical points
2 find the extreme values of f on the boundaryofD
the largest smallest of the values in stops 1 a L L

are the absolute max min



lagrang.nl ipl
The volume of a box with dimension X y E is

YY t Xyz The volume has no maximum and the
minimum is 0 i.e a box that is a point sail
differently if we consider only toy e o ther U has no
minimum Suppose however that we want to find the
largest possible volume such that the area of the
box is fixed equal to a given valve say 12 The
we want to maximize

Cky e Xyt
subject to the condition

2x y t 2 7 t Ly t 12

A condition of this form that imposes a relation
between the independent variable is called a

The method of tempers is used to maximize or
minimize a function subject to a constraint



In order to understand the nothol conside first
the can of two variable and suppose we want to maximize

fory subject to the constraint
gety L This mean that

if we side the level curves f ix y L for different
value of h no arc at intersections of fairy L andgamy Land among those intersection we want the onels for which
h is the longest smallest

Y

pay h

Hi

goty L

At an intersection point of fury L al

glary L where f ha a max min the curve f ix 41 4



and goriyyah have to be tangent to each other i e
they have a common tangent line Otherwise we

could change 4 a little bit to make fix y L

increase decrease while still intersecting gcxy L

Since Vf and Og a c orthogonal to the level
curves of f al g we conclude that they must
be parallel i e there exists a 1 such that

fito 101 to gito y
at the point Cx y where the level curves of
f and

y are tangent pro idol 0ft to y ooo

The same idea can be applied to
functions of more variables



Method of Lagrange multipliers To find the
maximum and minimum values of f fcxy z subject to the
constraint gcx.y.tl L assuming these values exist and

glxiy.tl 0,90 on the surface gety t L proceed
as follows

a Find the points t.y.it such that

fctiy.tl I XPgltiy.tl
an L

yltiy.tl L

b Evaluate f at the point found in La The largestvalue is the maximum of f and the smallest value is the
minimum of f

EI what is the maximum volume a box will
surface area equal t 12 and without l I

t

f
Opec

y
7 C



we want to maximize

fix y 2 I Xyz

subject to the constraint

Jitiy 2 I Xy t htt 1 2yt 12

We have

f Yt rt ty

g 41 22 X t 2T 2x thy

Thus Vfcxiy.tl I Ogle y c I give

yz T y 1 221

X z e Il t t 221

xy 1 ditzy
we cannot have 4 0 because this would give YE x ten
0 so ry t 2xtt2yt f 12 To solve the system
multiply the first second and third equations by x yand I respectively



y z T y 1 221

I I

112 1 t 2471

Subtracting the first two equations

x t Ly t 0 X y I since 2 0 wouldgive

f lay 11 0

subtracting the last two

Ky 2 2 o y 22 l X fo

Plugging x y 2z i f ty th't t 2yt In
fire

42.2 t 4th t 4th It 2 L

2 l is not allowed because my 2 7 O then X y L

The maximum volume is

f l 2,2 1 I 2 2 I 4



Doublcintegraiges
In single variable calculus the integral

finder fin II taxi Sx
enresent the signed area u.de the graphof f between

x a ant x b

n't
y fix

a x

The limit is defined as the limit of Nieman sun

fix t Dt whoc DX b s and t E Eti ti

to a Xµ b ti X t i DX

Similarly if R is a rectangle in 1,22 given by

12 I it y l a ex eb c ey s d Carb xcc.LI

and f is a function of two variables defined on R



u roll file to define to define the integral off
over 12 such that it measures the Signet volume under
the graph of f is th r't

z.fm17

I
i 1

t
I

Cy r

y

i

i a I

To do so he consider the rectangle a b x cc I

and set

DX b
By DI

M N

Sou some integer M N 0 Set to a yo ee

ti to t i DX Yj Yo t jDy ist M jet N



For each i j consider the subrectangle

Nij Cti r ti x Yi r Yi ii l M jet t
tand a point ti Yi E Rig Each Rij has area

DA Dx by The subrectangle Rig give a subdivision
of 12 into MN subrectasyles The points exit y are
called samplisypoi

Y ixii.in
n 1223

4 id µ cxii.y.is
42

1132
Y i

y i i ii
l

t t x X
ar t b it

The sun

Sm fix y IDA

is called a doubleriemain



We define the doubl.in cgrdoffoue
tangR as

Iff t fine smn f ji.tw iiiisist
provided that the limit exists If it does we

say that

f is integrable in the region n

The idea is very similar to single variable
calculus taking smaller rectangle rig we got better
approximation for the volume under the graph with an
exact value in the limit

r t

2 4 141

fit y

cxitj.y.fi

t



As in single variable calculus we will learn waysof
computing itcg.ae that bypass evaluating the limit directly

Iteratodinted
Suppose that f fixy is defined on Rica b x coil

Fo fixed x C Caio for y is a function of y o ly thus
we can compute its integral w r t toy

J fixindy

This procedure is called partiality We can
do this for x fixed but fixing different values ofyields different values for the integral J fixy dy Thus

family is a function of t i e

Acn J fix.y ly
he can now integrate the function A it w v t X

J Acrid J L f finnydy J f ix ydydx



which is called a iterated Alternatively we can

integrate first in a L Hc in y

f fury dx dy J f faintly
The philosonhy to compute iterated integrals is similar to
partial derivatives if we integrate first i t we treat ya
cosstant.si ucintegratifinstisy utreatxascosota

EI compute

fo J xe't dry J fo te dyk

f f e dirty f e'tf xix dy J y lo dy i 2 oe dy

21 e l

J J te't ly dx J x foe'tdy di fixe'll dx a e yf xd

21 e l

Both integrals agree Will thisalways be the case
And what is the relation between iterated integrals and double
integrals The answer is given by



Fubini Assume that f is defined on the

rectangle R a ca.by c d Assume that f is continuous in
R Then

µ fix.yidA f fixy dy a J ix y dy

The conclusion remains true if f is bounded and continuous
except for a finite number of smooth curves where f is

discontinuous and the iterated integrals exist

EI Find

µfixy d7 when 12 1,13 10,1 and

Icky i

d t fo

O X C O

I It t t hit t 44 2

fo f fixy1Hdy a J tiny dxtfjfcn.sk dy 2
Fo Zz

si both iterated integrals exist f is bounded and discontinuous oil
along X o Fubini theonen

give Jaffix 4 DA I 2



Observe that

µ getshey LA jagir dr J hey ly

If Alm is the area of the rectangle R the average
of f over R is defined as

far at µ fansda
Cunnane with single variable calculus



Doublcintcy.IO geelegos
we defined the integral of f fix.y over a rectangle

R Next we want to define integral over more general
regions

Let f fixy be defined in a bounded
region Dc in

Let R be a rectangle containing D and set

Foxy f I Hy E D

O if CHY C R It ll D
We define the doublcintegrdofforc.ba

fix ll LA f Finny IA
R

The introduction of F is an artifact to recast the problem
in terms of integrals over rectangle which have alreadybeen defined But notice that

ftp.fix.yilA in fact
measure what is supposed to namely the signal volume underthe graph of f in the region D



2 n

2 t y

i
a

by

2 n

t Fix y

a

Y

We will next find a suitable generalization of iterated
integrals to compute

ffgfix.gsLA is practice



Def A region DCM is called a
ypcI ifit lies between the graphs of two continuous functions of X i.e

if it is of the form

D I cry Cn'la ex es fixity c gin
where

g and g are continuous or a b

A region DCM is called a
pcI ifit lies between the graph of two continuous functions of y i.e

if it is of the form

D I cry C n hey x thaly c Ey Ed
where 4 and Liz are continuous or Cid

EI These are typo I regions
my.ph

i inD Ti i lynx i
oYg i

l l s l I
a b a b

D KY Cit't 0 Ex El they e t ti



The following is not a region of type I

y n t thegraph of a
D factionof

i l

i G y g u i

i i
t l 7
a b t

The following are type II region

yn pxsh.ly y
d d

a un
l I
r t

D a Cny E 112 I y t x y1 2 I EY I
The non type I region above is not of type I either

If f is continuous on a region of type I
D f it D C in a Ex eb g its eye gains

th

Iff LA f found a



If f is continuous on a region of type I
D ix y C R I h.ly l t f him c Eyed

then

1ft t L finish.ly

EI Evaluate

J J X y dxdy type I 441 o haly ayy

J J xsinydydx type I g ex o
pits't

f f rydrdy y 44 11474 yet

fry t y

J x sisydyLx f C x cost txt dx tax cxsinxt.co xt
cosy bypart

It
q IAH



Note that some regions are bothof type I and I ey

D I chill tay E te y 11 2 Eye4

y
Y is n't

signs
n

f

i'i
Y 2 th I

l l 21 l l 2

type I type

EI write a double integral representing thevolume of tetrahedron
bounded by the plane X t dy t 2 L X ay X o and 2 so

Coo 2 We want the volume under

next
24 2 2 thegraph off 4 J

y
2 fix y 2 x ayT in the region

L Il L o D toy O to El Ia Ey El Ia



in Y X tay t 2 2 Tha
M 2 I O

t Vi f L x ay daL i

t Dt x
sis xX 21

2 o

Propertiesoftter
lit fix.y tychy dA fix.y DA t f ga y DA

Yi

µ
afix41DA f fixy DA e EN

iii If fchy L
ginny for Hy E D tha

f f 4 DA t f guy DA

ir If m E fixy E M for 4 y E D tha
m E

fit.inDA E M

where ALD area of D



o If D D UD where D and Da do not overlap
except possibly on their boundaries the

f finny DA 1,1finnyDA t fix llDA

Property w is useful to compute integrals that arenot of type I or I but are theunion of type I or I regions

y n t the graph of aDa functionof X not the
D

i
tramof function.ly

i i
t l 2
a b t

E Consider the region D is the picture
ay

K w

I l t

E
y

which is not of type I or I But we can write



yy

Dz D

l l t

D Dc

where

D O E X El x ti Ey e i f
D I l I E t EO X t I f y E i f
D I f I E t e o I E y e x i

Dc O E r s l I Ey E X I

which are all of type I



Surfaccareaconsider

a surface in 112 given by a graph
2 fixity How can we calculate its surface area

Consider the construction illustrated in the picture note that
we are sampling with the points at the beginning of theintervals lxi.x.it Yj Yj

µcxi
ii f it

yz fix
y

I DX i t fyly yj I f'Tjbyjtfycxi.ypi

EE.ir

DSij

7

g
b'l y

y

27 Rig

We have



area of s Ais
g Iii

But
i j I

iii

I L
Dy

7 BA
fr ti Yj T f Iti yj j t I Birdy

Stig I ai xp I

fitting t fylxiilg.tl t I DA
Hence

Als
ff funny t ix 411 ti d t
D

is a formula for the area of the surface curare
with the formula Leg pf for the length of H gurl
in single variable calculus



EI Write the area of a sphere of radio one

as a double integral of type I
The upper cap of the sphere is the graph of

fixy l x2
over the region D X y x't y Ell

n Z

µ't ay

4 i

ye wt

D I X y l l x El i e y t En I
I fixy dyftx y

I X yl I X yl

T



Trip g
Let f fixyet be defined in a box

D Hy tf C IR a ex eb eeyed r E t e s f
We can

genedie the procedure employed to define double i tyreto this case set

Dx i b by d Sti

Xi I Ko t i DX to a is l L

Y j Y t j Dy Yo c j l M

2L e to th D2 2o r te l tu

Dijk Xi r ti x Yj Yj x 2h i 2L

It h Yi zig E Bijl
DV BabyDt

a L define the triplets

m I III fetish yijh.at 4dVi i



and the t gdff as

II It d l
µ

Sunn

tis µ Ei II fixity i Hindu

Those integrals can be computed with helpof fubinibtlea.eu
o tipeitegrdsi if f is continuous or D CabJxCcDxEns He

s d b

f f DV f f ftinyz 1 44
c a

other 5 possible orders of integration

EI Fist
ftp.ffixiy.tidV if fixy z a xeYz and

D CO 2 x C l l x Eli27

11,1 f IV iii 4h lie e 4h

21 EY t Le ace e I 1 e e y



Let E be a bounded
region in M al f a

function defined in E Let 13 be a box containing E and set

Fox y z f if ctiy.tt E E
0 otherwise

we define the tide as

fix.y tilt If Flay H dV

D

A regi E c n is called of type 1 if it is of 1h form

E Cx y H G M f Ct Y E D 4 any C tenants

for D a region in the Xy plane and 4 h continuous functions Thu
E lies between the graphs of u and ha

I Y t h Cx y

f tsE solidregion
1 i i

7 2 U Ix y
i

i s
Y

x e



If E is of type 1 and f is continuous the

ffelt w

f.tl I iI.y u.IdA
nyaneda

Thus we
perform the integral in 2 between 4.4.41and haltyg

treating x and y as constants and the the integral ooo D
In particular it D is of type I then

H Ii ii n

and if D is of type I then

d hzly haltyf f ix yield fix y teddy
C h ly ULXy



A ragi E c n is called of type 2 if it is of the form

E Cx y H G M f ly z E D u lyH EX E h 14in

for D a region in the y t plane and continuous function u a Lna
2 n

i

in i

y

x ugly.tl

If f is continuous in E th

H Il main.lu

I htt



A ragi E c n is called of type3 if it is of the form

E Cx y ti C M l Lx H E D h Ct e EYEhatx H

for D a region in the xt plane and continuous function u a L h
t

f
y 41

121

N Y Ustx t

i

T Y
E solidregions

If f is continuous in E Hc

fanatidV f L ya dy t

l u



EI Find
ffeffix.az IV where E is the region

bounded by the plane Xi o yo 7 0 Xtytt I and

fit y ti Z

Fo triple integrals it is useful to drain two pictures
one for the region E a Lou for the region D

t
i

Of 2 fl x y

E n

Ixion
I

my

l

y
0EYE I x

D n ne tty

I 7
t

Hera na otros D on the xy plane The

E it y ti l O E t E l O t y e l t OE 2 E l t y



D x y OE x t l O E Y E 1 x

Hel fixhHdv III ya Lt da

f I a da E 4 f in

Lf go
t x yl dy f h dx

ta f t ft 14 n I Ilo's

Sometime it is useful to write

f f a da I da
2

2

fo Jo t x H dyix fj.int dx
2

etc to keep track of which variable is being substituted



Volumes

The volume of a region E C R ca be computed by

VCE f LV

E

EI Find the volume of the solid enclosed by 4 72
2 0 and y t E L

1 n

I
y x

Yt t i



t n

7 90 l

o l

c f Y
x

l l O

Thos

E I f I l t s l x e y Il o E t s l y

ill team you

tic Ell Iic x't in

ti tr't 11 t ft t ft



Tripleisticylidinates
A point ix yl in the Xy plane can be uniquely

identified by its p t c ol

Y n

y i
r i

i
fo i

l
x x

where

rv x ty

tano

A point f y t in IR ca be uniquely identified
by it cylinduidiate Cr 0,21 where

rv x ty

tano t

2 2



E

Z

y Lx t
l
I

i
r Y

F i I
X I

L

EI Find cylindrical coordinates fo the point with
rectangular coordinates 13 3,71

i e the standard x y z coordinates a L.a Cartesian

l gig r
coordinates

two I
3

Them are infinitely many values of 0 such that tan0 1

handy O
74T t 2nF n C 2 we can take s o tha

1352 74T 71 are cylindrical coordinates for 3 3,7 as are

452 747125,71 lira 745145,71 etc



EI Find the Cartesian coordinate of the past
give in cylindrical coordinates by 2 II 3

The formula for K y e i fun of l r o H is

X e r coo o y ar Sind t t

Thu x 2cost a 21 rs

y s 2 Si'sIg 2 I

1 I 3

So Vs 1,3 are the Cartesian coordinates

If E is a region described by

E Cny H G M I HY E D wilt y E t halt y

when D is given in polar coordinates by

D x y ER2I x E O Ep h lol vs tacos

tha

f

g
Ual rudo using

ff fix y ti du fircoso rsiso.tirdedr.to
er rcoso rsiso



which is know as the triplointyrdoffincylinteric
coordinate

2EI Fist I
J x'ty Lily Lx

4 x

This is the volume between the graphs of tatty
2 L and the plan so

f n

f
2 2

i
iI

I tix
I
l

Thu
4
G no

I 1 fcx.y.tlLV

fly y.tt x't y



where

E e f OE X E 2 4F Eye 4 x'ty's 2 S2

D

The
region D is given in pola coordinate by

D til I Ia Ioe Ia o c real
Since x'ty's r E is described in cylindrical coordinates b
E Cho e l Ia E OE Ia O C Eh r E t 2

Thu fix y t flxcoso.ys.io z rt and

I
ftp.tflx.yieidv J f r r deLudo

Car Enid

fit



EI Sheetal the region E given in cylindrical

coordinates by

E I riot O E O E 25 O E r E I I v e te 4

2

fitl
i i b

i l
i



Triple integral in spherical coordinates

A point i m ca be uniquely identified by its
spherical coordinate Ig 0,4 depicted below i

rt

i

g
t
y

O

x

we have

O t g L N O E G E 2T O f f E T

The relation to the Cartesian coordinates is

X i f sin cos 0 y g si if oooo 2 g cosof

f I x'ty2t



EI Find the spherical coordinates of the point
with Cartesian coordinates 0 205 2

f O t right 4

cosof a Ig of t of

cos o I O O Ia
g sis

So 4 Ia are the spherical coordinates

EI Find the Cartesian coordinates of the
point gives in spherical coordinates by 2

II GI
X e f SindCoo0 2 si I cos If
y g sis sino 2 si I sis If
2 g cosof 2 cos I I l

Jo Ff l are the Cartesian coordinates



If E is a region giros in spherical coordinates

by

E 115,0 ol a c SE b de OE p refer

than

f f fcx.y.esdV
E

I J J flgsisfcooggs.io siso gcoso1f2siscfdgd9d4

EI Let E x't y't y ell write

ftf fixy as DV as an integral in Ca tesias coordinate

and then in spherical coordinates where fix y ol Xyz
In Cartesian

1 Ex El I II y l

1 247 E z e i x
I



So

l xyT
f and V i f tf J tht 4 Ly Li

I x y2

In spherical

0 E S E l O E O E 2T O E f t IT

So

ftf flay as DV J J Jo gs.io cosogsiso
sisogcosffdsisodgdodf

J J J g sin fc.su cososisodgdodo

EI Write an iterated integral representing thevolume

of the solid between 2 x and x ti t t 2

vote that x'ty't t a 2 s x't y t t t o

x't y t 2 2 t t t t to

p II



Y y t t L f
2

sphere of radio

centered at 99

it

2 x'tyT

2 ty t it f to

y

In spherical coordinates

sphere y t y t z t

f si.to cos2Otf2sin2o sishOtf2cosho fcoso
g2sir4tfhcos2f scoop

f cosy



cone 2 x'tyF
f cosof a g SistocostO t f sis f sindo

g sis4 note that siny Io

So cosy sisd if II i.e the elevation of
the core in spherical coordinates is simply D
The regio is given by

0 I 0121T O E of E II O S E cosy
Then

fl w I J isi.ydsd.io
E



thelementicylidripherical
coordinates

The integral is cylindrical and spherical
coordinates are respectively

flrcoso.rsiso.tl r dedrdo

J J J flfsisfcooggs.io siso gcoso1f2siscfdgd9d4

with appropriate limits of integration we can understand

the factor r and s Sino from the picture

j Inso
t



7 n DS

i
Id o f

Y

x



Change of variable in multiple integrals

Is single variable calculus if we have

f
a
funk

and we make a change of variable X a
glut a geol

god then the substitution rule
five

J foxidx f figiang mi du
S t X

g ly g ca a tax and we also write
da

J final tf da

Our goal is to generalize this formulaformultiple
integrals

Consider a region S i 112 and a region 12
in ith We distinguish these two regions by thinking



that S is in the no plane and that R is in the

Xy plane A transformation between S and R is a

function T S R which we write

T l n ol X y

More explicitly

1 n r
glu.rs hcn.us

so we can write X gin.rs yah1401 The transformation

is called if g and h have continuous first order
derivatives T is aMul if no 1no past
in the domain of T hav the sane

image and

if for any ix y E R is the
image of at least one

1hr1 E S If T is one to one and o.to then it
has an i f T in s that
satisfies

T l Tcu.rs yo T T t x y toy



We can write

T
t
Hy e CCny It It 11

EI Let

T h v uh oh Zhu

i e X gin v uh oh y hlu.ir duo Find
the

image of the square S Coil x coil

J n

r's1 Let us fist the effect
s t s
g us of T o the boundaryof SI

s l
n

s 0 E u El 0 0 Tcu ol u o Hy
s 4 1 O Ev El T 14,01 11 oh 20 i Lx y

5 i 0 fuel 0 1 Tl 4 r ht 1 2h z Lx y

sq h o o e rel Th v 1 oh ol Csny

S is mapped into coil x o So into C 1,03 10



Ko Sz o
In so X l r l YI

For 53 u Ia so x uh I It l
4

Thus
NY

x I I
4

n a

r s
l L x I I

se k s I s
4

G s l l 1
u l

R I T l s

Def The Jacobianof a transformation T giros
by X gin.rs y hcu.ir is the determinant

III w I
EI for the transformation of the previous example

gin v uh oh Y 414,01 duo so



X 2h f x s 20 Ey 2 by 2h

7 xYI OutJoy Ix day 2h 2h C 20 Iv
9Lu v

s 4 u t 4 v

Cififfoudoubleifegels S prose
that T is n is C transformations that maps s onto R
and that T is one to one except possibly on the boundaryofS Suppose that Il f O that f is continuous a RJLunt

and that R is of type I ou tyre I Thes

f fix.yidA f fixium.yca.vn 9ITg dndr

EI Fi L f y DA whom n is the region in the

first example above
Sisco TCS R we have

YDA Igf
2 1 It 8J In'otuo'sLuhrs 2

y
Olu o



EI Consider the day from polar coordinates to
Cartesian coordinate

X r CooO y u sis 0

So X Xlr ol y y v o Then cos 0 fig using

1 sire fi roost

iutl tatl p
Thu 01 141

µ fauna ftp.craoso.rsi.o
i

which is another way to understand the factor r in

dude i polar and cylindrical1 coordinates

EI Find f e LA where R is the region
n y

f I 1 x
R

i X y L
L



This integral will be difficult to compute in xyvariables but if we change variables we can simplify it
Set

u tty o x y

The x flute Y fin ol

t htt S

Let us find the region in the no plane corresponding
to R The lines x y L and X y i give 0 2 ant

L The line 0 the X axis corresponds to yes
I E X E 2 so u X to a X o x o X thu hav
l ETE 2

The line on the y axis corresponds to X o 1 EYE 2
so h Oty I Y V O y y thus u o Il E2

no
Thu S is hav

f2,21h o
2,21s

i y 1,1

4



Tho S a f I s r s a o.cn er

Thes I

He da f e L flaw

tf e't into Zale e l

Tripleintegrats

If we have a change of variable

X ylh.ir w y 4th o w 2 L u r w

the Jacobian is

I

and

µ fix.hnLA fgffflxcu.o.ws.yiu.o.wi.z iu.o.nl fYYTg duLod



EI Consider the change from spherical to

Cartesian coordinates

x f si f cost Y f si's sin0 2 fcost

Si ofco O f sis si O gcostcos O

i l
o

s

ft sin f coho f fSindsino f f Sindysi'sO gcoifs o

ft sinofcosycos O f sis 0 si.hu tcosho

g's.iocos'o siio tcos24

ft si y coho g sinofsin O f Si'sf Thu

J flt.y.tlLV fcss.iocosOSsisosin0 Scos41gsiyLgLod4
10144,71

w
is.ioyo

giving the factor f'sin f dfdedel for spherical coordinates



Vectors
Defy Let Don A vectorfield in D is a fundios

D in Similarly if DCMS a vectorfield in D is
a function F D in

we can write a vector field as

F It y pox y I t gox y j t roxy hi

EI stretch the rector field f ix y x yr
T

r Y

n
L

r 7
i

r

k l C 7 1 71 Ty
2 I c

l 2

L

Y
z



EI status the vector field F ix y yi't xp

rye
h

n

r

L I n

l L l I I ly
2 I 2

v e S

L z

EI stretch the rect field Fix y a a 2te

n n n n

r n n

r n n

n n n 7

i i ni
n

c



A vector field is called a
g tf or

a.com hvercotfielL if it is the gradient of afunction

FIX y E Of It y H
dxflx.y.tt i t lyfixyHj t 9fixyziti

EI Shelah the gradient vector field for the function

fix y t y I

f Lx y X ay

Consider the level curves fhey If 1y I L

For any h l they are ellipses and Df is orthogonalto these ellipses I't

n

l
t



Li g

Suppose we have a curve 8 in the xy planeand a function f fix.in The same way we compute the
single variable integral of a function helix by sanding
among interval Lxi x of length DX i.e we consider

in

27 hcx.tlDX
is

we can imagine computing a integral elf by
sampling along segment of length Is on the curve b

y n

t

metHi Yi

fixit y AS

I



Dff Let 6 be a smooth curve gives by I'th Ht yay
a Et Eb Partion the internal carb into subintervals
ti r ti and let Ds be the length of the curve

f non F'Iti it to i 4 it and 1k yi I'll.it f E Cti tthe i
f is

funds lain fltit.yitln.si

provided the ti it exists

Recall that the aro length function satisfies

IT F a'l t ft
This implies that

finyids fabfcxiti.yii.sifttfIfFdt



We sometimes call this integral the line integral
with respect to an length We can also define line integralswith respect to x and y by

fix.yidx fcxlthyu.mxctidt

fix idy ffcxlthyu.myctidt
or

All the standard properties of integral
hold fo line integrals

We can similarly define line integrals for curvesin three dimensions

fityields IHH yiti.am tftftIdt
Similarly



b

fitly Hdx Jflxithytti 2 Itil x'CHdt
a

b

fitly tidy f flxitt.ylti.HN y4Hdt
a

b

fitly Hdt Jflxithylts 2 Itil 2 CHd t
a

EI Find
Jyysiutds where 6 is given

by cost ye sint ta t O f t 2T

Compute

Hits si t

y Lt i cost

2 ch I



So

ds Hits t ly'tt l t Its dt

sin't t coo't t l dt

J2 dt

Thu Tdtdes e H1 tly't'tk't

Hsi't's I s ts F
V2 sin't dt 521T

Def Let F be a continuous vector fielddefined on a smooth Curro 8 given by vector valued
function i'CH a c t es thelin.in egralot
F along e is defined by



F di Fci'itis i t tilt

Since we have F I
ii y

t dsili t dt

we can also write

J E di
f E Fds

6
E

Moreover
writing F P Q R we have

F di
Ja Fir ith i Iti dt

J fPcities O.ci'll1 RL CHI x'iH ykti.HNd

Fits Kitt YIH 2 Its



J PC HH yeti zits x'CH dt

t f QC HH ya t 2 Itil
y
CH dt

t f R C HH ya t 2 Itil 2 CH It

J Pdx t f a dy t f r It
E e C

i e

F di fab Pdx t fabady tf ndt

which is another form of expressing the line
integralof E



EI Find f E di if Flaylalx ay
E

and G cost sist O E te 21T

F tilts F cost si.tl

cos't costs711
i'Itt 1 sit cosH

Fli'll it i'Lt 2cos't sit

F Li
E'iritis I Itidt

2J coitsist It

Z
S



Thefundamentoflicifegrals

The next theorem can be viewed as a version of the
fundamental theorem of calculus

fluids fcb fca

for line integrals

Let 6 be a smooth curve given by a vector
valued function i's Titi a et es Let f be a differentiable
function whose gradient of is continuous on 6 Tho

Of di flint flicas

proof Write

of di J vfliitis i itidt

f xify.fi x'ii a Idt



L It Itt

J 1 flints YIH zits dt

flints yet zits It
b

f a

f Hb Ytb 2Css f na yin 2Las

f i'lbs f Lilas D

EI Compute f Of.li where G is the curve

6

given by Itt cos 2T sit 1 often a L f
l's given by fary e Y

Of.li fccosat.s.sn to fl4o flu so

It follows from the theorem that if b is a

a closet curve s that i'lb Plas Hc



Sof di so

Suppose that 8 a L E are t o piecewin smooth curves
which are called paths that have the same initial and terminal
points

I

y This is the case

because if the curves are given by 5 and I tho
F cnn.rs lb a I IlasarIca

A rector field F is said to be independent
path if

f
di di for any two curves with some

initial and terminal points

Give a curve 6 let us call by to the curve



obtained by reversing its direction so that the initial
a l final point are switched

ny

µ tf
x x

If 6 is described by by PCH tho R'the Flats t
describe E Tha

f E dk E'in'll.it nitti dt n f i'cats ti i cats HdE

y f E Plas
i ca de E Li

re ats t

F cats t fair121

Thus if 6 and b have the same initial ant



terminal points b ut e is a closet path a I

d

t.E.si f E da o

8,018,1

Et
x x

Tho u can say equivalently that II is independent

of path if ftp.dr o for every closet curve 6
b

Def A region Doin is called of if any 1no
point in b can be joined by a cur lying in D A curve iscalled a simple if it does not intersect itself exceptat it initial and end points DCM is called simplyconnected
if every simple closed curve in D encloses only pointsof D
so D has no holes



Connected negro not connected
rcg.io

fo O
not m I

connected but



Every conservative recto field is independentof path
The following theorem provide a converse

tho Suppose that F is a continuous rector fiello
an open connected region Assume that is independent of
path The E Vf fo son f olio f

The following theorem is useful to determine whether a

vector field is conservative

Theo The following statement Lolli

If Fix y Pity i t Qlx y j is conservativeand
p and Q hmu continuous partial derivative in D tha

j p go

Ty I

If Fix y Pity i t QCx y j P and Q

hmu continuous partial derivatives in D D is simply connected
and

g p

Ty
EQ
or 1

the is conservative



EI Lct Fl x y e 3 1Hy X 3yd If possible

find f such that F of
J D

Ty Fy Stary ay

la
Jr

th Syd 2x

S Tyr Oya Since 112 is simply connected f exists
So 3 t any f th 3,2 f y

J f di 3x t x'y tgly I fix y

fyltry th t g ly y y joy Sy

goys y ta

f ix y Iv t x'y y't G



Green's theorem

we will now see another type of generalization of
the fundamental theorem of calculus knows as Green's Hooven

DI A simple closet curve 6 is positioned or

has positientation if it is traversed counterclockwise

If a region D is bonded by a curve 6 Hati
the union of simple closet curves E is positively oriental
if D is always o the left of the cur e The opposite
orientation is called n.ge ivcorie taho

0
positive orientation positive orientation negative

ID is on theleft orientation

Kote that we have defined orientation only for
simple closed curves



theorem Lot 8 be a positively

oriented piecewise smooth simple closed curve is 112 and

let D be the region bounded by b Let P Pct 11 Q saury
have continuous partial derivatives on an open region
containing D Then

f Pdx tody J 9 FY DA
b D

This is a generalization of the fundamental thorn
of calculus is that it relates the integral of derivatives
in the interior with the rakes of the fusch.o on the boundary

Sometimes we write

Pdx tody or Pdx1Qty

to emphasize that the integral is over closed curve

positively oriental



EI Fi L f dy e tdirt µl7xty4I1dy
when 6 is the circle x't y 9

we have Pliny ly e's Quay 7xty
Applying Cneed 1Leone with D l x't y e g f

f dy e tdirt µl7xty4I Id

f f C7xty fi Chi e 1 LA
D

fl H 3 d't 4 f LA 365

D

IT32

EI Find y dx t3xydy where E is the curve

my

minid t l



t D k the region bonded by the awe

Green's theorem
gives

y dx 3xydy f f sty f ly DA

D

l H HIDA f y IA

The region D can be described in polar coordinates as

D no I E V E 2 O E O E IT

Thu

I YDA rsinorlrdo ffsisodof.hr'd

cool Eli
14
J



EI Lct

Fenny t j

Find di where 8 is any simple closed curve with

positive orientation and enclosing theorigin Examples ofsuch curves are

n y n y

O x x

s
my

statement



Compute

DQ y x

IT x'ty2
So

J Q IP 0
Oy

Green's theorem would thus
give F Li O

E
This however is We cannot apply Green's theorem

directly because P and Q do not have continuous partial

derivatives at 1901

can however apply Green's theme fo
a awe 8 that does not contain the origin In this
case

E di O

b



Next give a curve 8 enclosing the origin
let F'the C n cost Rsi.tl be such that the corresponding curr
bp is inside the region enclosed by 8 The

2 ITF di E'Li'll.it i th Lt
En 0

gf nsintl nsi.tl Rwtr
dt 2I

122 cos't 1 n'si t

Consider the curves is the picture

e

6 G E E

ez



Thos

J E di J E di

64 66

J E di J E di

E E

J E di t J E di J E di

E EI S En

Thos

J F di 21T

G



Curl and divergence

If F Pi t QI t RI is a vector fieldis M its is the reatafield i m defined by

core
of FEIT IF j't I t

We define the operator U named sable by

i f t j f th Iz
Tha

are E exit del III EI Ie
f tic that r acting on a scala function is the

gradient



of i f t j E t tiEe t

T ft t j It thief
i t It ti t ft ti

EI Fi I V x L x xy xyz

a lax xy rye det II I
T Fy xy ti fi 1 71 j f l MH f un

t ti f f CHI fi can I xz Y t y



tho If f fix az has continuous second
order partial derivatives then

curl Luft 5

In particular the curl of a conservative vector

fiell is zero

poet conruti
p j hi

a we t it

Iff't I I't lttf o

I 0 0,0 by Clairaut's Hooven El

EI Is it possible to find a function

f fixy H such tht Vf dir xy xyz



I e is 127 xy xyz conservative

to If that were the case tics

curl of J but curl c2x xy xyz f 8

If E is conservative tha and F 3
The next floor is a converse

tho If E is a redo field o R whose

components have continuous partial derivative and
curl E 3 tha E is a conservative vectorfield

EI If possille find f such that

f yhz 2yxz 3xy2z

Denote by the RHS Tho
T il
I j ti

Iii

Iii Iii



fy try Z'I f 2xyz 3xy't't t

Iz ly't't Tj Hyz fi ly't't O o o

But the above theorem there exists f such flat

Vfr E Thus

fylx.y.tl y z flx.y.es xy e t fly o
I

fyltiy.tl a 2 47 t yyly.tl
fy x y ti s 2x y z

t
gylyz so flyH htt

H

falky t 3xy't f h'tH

fzlxiy.tl Sx y z
t h'let 70 hit G

flx.y.tl Xy't t l



The divergence of E Pi ta j tr ti is
the scalar

dir E t 9 t EI
Using the dot product we can unite

dir E V E

for

V E fi f t j fy t life Pi a j t RE
n I i t I j t off E hi

I t If t EE

EI Fi L dir l X y H

V Ct y.tl t f't t ft 3



Ttc If I R a n is a vector field in in

a'l P Q and R have continuous second order partial
derivatives then

dir une E 0

reef
dir curl

dir Ef 971T Iff j't I t

ELIF II It off to c

0
a

EI Let F'ix y e txt xyt y
Can we find a vectorfiell I such that

curl E



No If that were the case

dir curl I dir F dirt xz xyz 421 7 txt to

EI use the vectorfields
7
F I l Y x ol I L X y o to give

a geometrical interpretation of art and divergence

E

nyt
h

n

r

C i n

I L l I I ly
2 I 2

v e S

L z



E

T
r Y

n
L

r 7
i

r

IC l C 7 1 71 Ty
z I 2C

u

L

Y
z

oxe.at

O O LILY't 010,2

O F f L Y t f 1 1 t ftco O



i j k
ox't 4

E E 1 10.90

v E ex t f ly t felol 2

F rotate about the origin and I expand away

from the
origin So curl measure the rotation

of a rub field and die the expansion of
a vector field

Because of the above we say that E is

iruotational if curl P and incompressible ifdir E Io

Using the curl and diverge.cc we can restate
Green's theorem in vector form as follows We can

view the motor fiell F lb a a a



reoto field in IR by F P Q O Tho

Green's theorem can be restated a

F di f cure El k da

D

E Ids

µ
dir E DA

when 5 is the unit outward nonmal voto fo z
given by

5 t x'it

FE
i

flail

if 6 is give by PLH Htt 41h1 and ds is

the arc length element



An operato that appear often in physics and

engineering is the Laplace operatou denoted D or 02

Dfa Vy dir loft
fx tfyy t fet



Parametfaces

The same way we can describe a curve is 112 by
a vector valued function Pitt of a single pananeta t m can
describe a surface by a vector valued function i yo of two
parameters curl defined in a region D of the no plane
Move explicitly

I cu v Ha it t ylu.rs j t 2thirst
The image of it i.e the set of all thye E bi such that

X Hyo y 41401 2 2la o Kj

4 o E D is called a parametric ash equation H
are called ftp.eftio acc

EI The parametric
surface

Flu.rs ui t oj t t.ua ti

D law I n't v El is upper hemisphere of the
sphere of radio one centencl at 10,90



I

C

EI Shota the parametric surface

Flu v 2coshi t j t 2sinuk

The parametric equations are

X 2 coin y V Z 2sin h

Thu X't 7 4 Since yer has 40 restrictions the

surface is given by

S Ky El x'te 4 ay a

which is a cylinder
rt

y

x



If a surface S is gies by a vector valet
function i'curl the curves of the fan i'Luo o curvesof
a constant and flu no curvesof constant are curves on

5 that for a grid called

Luivol

on 7

f

I y
u Y

x

EI find a parametric representation of the sphere
X't y t z s R2

and identify it grit curves

Using spherical coordinate

X lo f RSinocoso y 0,41 i Rs.nosinO 2co f a Roost

with D Ood OEO C 25 o s f EI l



we have

lost i Rs no cosoTtRsinfsinOjtRcos4h
The line 0 00 in D is mapped to

FcOo f s Rcosfcosdoi t Asif shoo j t Roos to
which is a meridian on the sphere while the line 4 4
D is mapped to

Flo ol I Rcosfocood I t thsinfosino j t Rcosfoto
which is a parallel on the sphere

n t

t

T
o

I

y
7

25 O L
x



Surface of revolution i.e surface obtained

by rotating a curve about an axis can be described

as parametric curves as follows

Consider a curve Y fix fur yo a ft Eb

Rotating the curve by an angle 0 we obtain

Y fix coso 2 a fix since
n 2

x fixicosofurSino

Thus

i'ix o n xi t fixicosoj t fit sinceh
a ex eb O EO E 2T



Tayc.tnanes

To find the tangent plane to a parametric

surface 5 tuned by

f Lu ri xln.us I t 41hr1 j t 2thirst
at TLuoro consider the grid curve

G i'in b i'luo o

the vector

cu ro Tulu ro xucu uolTtyulao.uoijt7uluo.oo ti
and

Ji
g
Cho.ro Focus 01 Koch.io I t yglho.ro j t 2oluo.ro his

arc tangent to 6 and 6 respectively The surface
S is called smooth it has no corners if iii it o
In this case the tangent plan to S at i'Ino ro
i the plane containing Tulu ro a L I'others In this
case Tuluo.ro x ifeng.ro is normal to the plane



Tuluvo x luv vo

tangent
7 A plan

on D

uan KKyo
i Ge
i
i r yUo u

x

EI Find the tangent plan to

Tcu.rs u T t r j t cutao t
ut L I 1,3

Pulu r 2h I t k

i'ocu.rs I do j t 2k
i'u y i'o Loi 4nj Guvhi At Lt i 31 u l v l

s 5 t 2 4 4 is a normal vector and the plane i

21 1 4 y l t 4 t s 0



Surface anca

If S is a smooth parametric surface we can

divide it su face area into small regions Dsi
psi

If DSi is very small its area is approximately

Ds T 1 TuxTol Passing to the limit

Arena of Si Als JJ linx DA

b
where Dc in is the domain of it the integral is with
respect to the ur variables

EI Use the atom formula to compute the
ane of a sphene of radius R

We have

lost i Rs no cosoTtRsinfsinOjtRcosfti



O d C Co dit x co I The

ToCO d i Rs.nosinoTtRsirfcostj

Toyconf Roosoloroso i t Rc f sino hsiaoto

Toy Ty R's io cosoT nhsid4sinO R siso coso H

IForty I e n si 44cos'o t p si'sfasho t n si do.io

n4sis4cftn4sis 4cosho n4si.F
Th Isin fl R si f o E f EI

Thu

Atm J Ii'ox IN LA J n'sing todo

Girl

If a surface is
given as the graph of a

f oh 2 fitly the it can be written in

parametric form as



rt x y xi t y j t fix y I
Then

if i t f t

i'y a j t f I

ii xii dot

f tri fifth
Thu

Ain f itfitf.IT DA

EI find the area of the part of the parabolaI
2 x y that lies under the plane 2 9

i
y

L C D



The values of Hy fo which the graph
is below 2 9 an x ty2 9 Thc

At f ltz ftiTDA.ly it4lx4TdA

Integrating in polar coordinates

J f lt4F rdr do II 3757 1

If S is a surface of revolution obtained by
rotating y afix fix yo a exes about the x axis
they as see above

i IX o n xi t fixicosoj t fit sinceti a ex eb O EO E 2T

Thu

Ty T t fly c so j t fix shot
i'o for suo j t for coso hi



ii xi wifi a it
O fortune fix woo

fixiftxii for c so j firs shot

lit x i'ol Cfm it yin 1
d

for I t If't 12
thus

A f J fixiltftx.IT dado

2 I J fix ltlftt.IT d x



surfao.in egrals
we saw that the fisc integral

Jgfctiy.es
do i fci'itilli chl It

is a generalization of Hc single variable integral

f fix dir
where the domain of integration is no longer an intervalbut rather a curve in space which is still on dimensional
like the internal Similarly we can image integrals in
two variable when the domain of integration is not
a region in 1h but rather a surface S

Using the by now standard idea of dividing
S into small pieces we can form the sun

II II foritissii
where Pif C Asij



psi

i

Pij

t f is defined as

f faintids t.in 7g ftp.jtlbsij

Assume that S is a smooth surface gives by i'in.rs

From the discussion of 71st we know that in the fin t M t a

DS I i'n x Pol dot

Thus

f
g

fix.y tids
µ fl i'chirillinx ill DA



fl i 14h means fl Xiu ol ylu.rs 21hr1 since

i'chit Hair i t ylhivijttlu.rshi

Note that when

f ix ya I we recover the formula
for Als

EI Find f x'des where S is the unit
s

sphene centered at the
origin

Using spherical coordinates a parametric representation
of the sphere is

PLO 4 i sing cos of t s.nosin0jtcos4H
0,4 E 0,21T x 9T

Yo x i'd sis f se example alone Thu

J X DS J s.iocosojhsinfd4do

J cosios.io dfdo II



If S is
given by the graph of a function

2 fix11 thos

iii y xi tyg t get.y I
so that I see above discussion or graphs

f flx.y.tld s flt.y.glt.in 1tcyjx.yilhtyyltiy dA
S

If S is a piece wise smooth surface that is
the union of smooth surfaces S Sir then we define

f fix.ystids fanatids t t fixyields

EI Find f ads where S is the surface

whose sides are fire by x y the top by the plane
2 Itx lying above the bottom which is gives by x 1 y El



7
r

f
t t x

7 Y

X 1y I

y
y ty ti

S S U S V ss S i x't y e l S i y'ty I S 2 ttx
we can describe 5 is cylindrical wo L.ua c with

X cost y sisO 2 Z

O E OE 25 O E Z f I t x I 1 cos 8

Tha

r co e c so i t d so j t t t

II
g 0,2

1 i Siro i t cosoj

il lo t I

I j t

Ii'ilox 4h dot1hour ago
cosoi tsing

Ici tox 4h I I



11,74 1 2 iii xE'said

i

sis
I fo t litcoso do

3T
I

Fo S we have 7 0 so

H.tt I ods o

Fo S we have that it is H graph of gory i Itr

fo x'ty El so

µ
t

f g't.tl tqix.ys1 tyyit.ys DA

f
integrate is polar coordinate

J ttt 1 12 0 17 I f J tncosolrlrlo.TT

Thus
f tds a ist dit Hs s trait



Orientfaces
Consider a surface 5 that has a tangent plane

at ero y point except possibly at boundary points There
are two possible choices of unit normals for each tangentplane I and it

5

L 5

If it is possible to choose it continuously
s the the surface is called orientable and

non orientable otherwise As example of a non onientalle

surface is the M bi p

A choice of ni ooo S for an orientable
surface is called an orientation of S A surface



is called td if an orientation has been chosen

For a closed i.e without boundary and
sounded orientable surface we call the orientation

when i point outward the p ic orientation
at the opposite orientation the n

orientation
5 positive

5 negative

If S is a smooth orientable
surface

giros in parametric for by i'thiol Hcs it
is automatically given an orientation by

5 iixv
linxiol

with the opposite orientation five by it



EI For the sphere of radius R centeral at go

0,4 Rs no coooi t Rsisfcosoj th cosy k

Fox i'y R si.io cosoi tisinhysinoj n sisycosyti

Ito x i'yl R sirs

i i'oxi'y sirycosoi s.io sinoj cosy tin IgiLo flibri'yl
This is point inward so the positive orientation is givenby

is t i'co ft
M

If S is a graph 2 gory the it also
comes with an orientation

givesby

no
Hi g j th

1 t 4 j t 4,1
which is called the ritgtio 5 is called
the downward orientation



Surfaccintfreotfils
We have already learned how to integrate functionoven

surfaces Now we will integrate vector fields over surfaces

If F is a continuous motor field defined on
an oriented surface 5 with unit normal vector 5 the
the sunf tf is defined as

JJ E DJ JJ E Ids
S S

which is also called the flux of F across S

Observe that F ni is a function on S so theNHS has already been defined

If S is gin by i'in.rs Hes

5 i'n r i'r

iii x i'ol

so that



I E di f E Is
Ii'uxin

Using the definition of the surface integral of a function

JJ Elihu.nl u Ii X ill da
Ii'uxin

D

JJ E't i'cam intro da

D
when B is the domain

of I

EI Find the flux of F x y ai Z y x across

x'ty't 2 2 1 Use the positive orientation

0,01 sinfaoooi t sinfcosoj t cosyhit

Fox i'y siifc.se i sin'fsinoj sis fcosyti

i'co ft cosofT t sin f si oj t sinycosoti

Thu positive orientation



µ
F di E'like y C i'exit da

25 I

J costsis'Ycoso t sis'tsin'O L sishfcosfc.io dodO

O O

If S is giros by a graphy 2 gltry Ho

E c x i'y e Pi ta j't Rhi C y i g j th
t Py Qf t R

so

f E di
11,1 ng ah tri LA



stern
Green thorn relates a two dimensional

integral in a
region D in the xy plane with a

one dimensional1 line integral over a curve that is the
boundary of D Stokes theorem is a generalization of this idea
relating a two dimensional integral over a suface 5 with a
low dinensional line integral over a curve that is the
boundaryof S

t s be an oriental surface whose boundary
is a curve E we say that the surface's orientationinduces

threats on 6 if E is oriented is such a

way that if one walk around 8 with the heal pointing
in the same direction as the normal is to s the normal that
defines the orientatio of s tho the curve is on the left

to
I



Stokes theorem Lot s be a oriented piece wise

smooth
surface whose boundary is a simple closed piece wise

smooth curve 6 with positive orientation Let E be
a vector field whose components have continuous partial
derivatives in an open region of 112 containing S The

f cure E DI F di

EI Usc Stokes thoron to find J F di

6when F'IXy z y T xj t 2 hi and 6 is the intersection

of the plan y te 2 0 with the cylinder X'ty al and
whose projection on the xy plane is oriented counterclockwise

2

x'ty L

Itt no

tr
D Y

y



Compute

i j ti
anti det

Eg EI Et HYE

f bound the surface 5 given by the graph t fix 1122 y
with X tyre and normal pointing upward The

E di f curlE di

f it 4 DA

D
when we used the formula for a surface integral whos
S is a graph and D I a y l x't y c if he can
compute the integral is pola coordinate

f J it avs.no rdvd0 IT



Suppose that 5 lies on the y plane with
upward orientation so 5 a ti Thos

n t

rt is
f art E Ls

Y f curl 5 ds

s
x

But since s lie o th ty plane DS IDA
and writing S D

E di ff ane E i DA
D

This is precisely Green Heaven in recto form So
we see that Stokes theorem is a generalization of
Gucci theoven

Suppose that we have to surface S and

Sa with the sane oriented boundary 6 Then Sy
Stokes theorem



f one di F di cure di

i e

f
one di

Youre
di

EI Find
µ
curl d 5 above Foxy z y i

t j t 2 ti and S is the surface showed below

Ytt 2 0

x'ty

I
Since I cureE DJ J E di and the latter was

computed in the previous example f curl F dj e IT



EI Find JJ II Is where o o z

S

and S is the boundary of the largest region that i
bounded by the sphere of radio two centeral at 0,931
X't y I t s 2 and t b and satisfying 2 I 12
a L E I

7

6 T
i i
i

Mi t 3 x y
i i
i i
r i r h
i i Y t 2 3 2 4
i i

i initial

y

L Y

The surface is very complicated Thus insteadof
using a direct computation let us use 87ohm theorem

For this we need to write E n curl Althing



this is not always possible recall dirculi Io

recalling ou geometric interpretation of arc and

divergence we saw that

curl C Y X o 0,0 2

so I yi t tax satisfies
a l E e k e E The boundary of S is the curve

e givesby i cost s t ta o E flat Here we are choosing

the orientation such that 6 is oriented counterclockwise Tho

f E LI f care E 15 E di

Computing

E di j i'th i lHdt
sint costo i sina.cato

IT



EI Un Stoke theorem to prove that i1
curl 0 i in tha E is conservative

By the theorem

F di f curl F di f E 15 so

Since 6 is any cloud curve this show by a previous
result that E i conservative

EI Lot s be a smooth closed
surface Show

that f curl di o

Lot 6 be a simple closed curve contained in
S It split S is two surface S and Sz i

15

s I'cnet.is
Haveri.si

f gurl DI



The orientation induced o E b S is the opposite
orientation of flat induced by Sa so

f out E di E di

µ
a CE di

f di E di

giving the result



Thedivergenathcorentic

saw that we can write Great theorem as

I E i'd J dir E DA

The
divergence fleonen generalites this formulafothree dimensions where the double integral f will

Dbecome a triple integral and the lone dimensional
line integral f will become a two timers.nl

surface

integral

Recall that we defined regions of type 1,2 and 3
when we talked about triple integrals A region in M is
called a simple solid region if it is simultaneously of
type L 2 and 3



therefore Lot E be a simple

solid region in M and let s be the surface of E
green with positive outward orientation Let E be a

creator
fiell whose components have continuous partial derivation

on an open region containing E Then

J dir E LV J E DT

EI Find ftp.ds where

s

F ix y.cl xyi t ly't e t
j t siscry t

and S is the surface of the region bounding t o y o y1 t 2 0

I r2 z D
t

g
l xt t o

i
n

i Yt t 2 0

ly
x L



To evaluate the integral directly we have to

split it in the four different surfaces composing the
surface S Let us use the divergence theorem

dir E y
We have

E I f f y E I I E ve l O E E I l v 0 EYE 2El
thus

f F di a f Idiot du y du

E E

3 f f I ydydtdx 18



EI compute f E 15 when

E i 4 jx't y te 2 x't y te 2

7 E
x't y t c2 2

and S is
my closet surface containing theorigin

Compute

E
µ ip ftp.atm k
Jx t x ty te and similarly
x 1 y ta 2

I 4 3y'tx'ty'i
Y x't y te 2

x y ta 2

I E 37 t x't y z
t x't y te 2



Su

dir ft 2x't y te Ly tr't z Le's y't e
x 4 y't t

2

0

We cannot apply the divergence theorem is the

region containing the origin Let Sr be the sphere

of radio r o centered at the origin and
consider r a small enough so that Sr is

inside the
region bounded by S Then

II E 5 f E vids f E cy ds

Su

HY
Ctia

Ls 4T

Applying the divergence Hooven in the



region betree S and S

Jeff
dir du O

HE
15 t f E di

Sr

µ
F DJ Git so

f F 15 kit


