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These notes are inspired in two summer courses taken at the Brazilian
“National Institute of Pure and Applied Mathematics”, in 2005 and 2006.
However, they reflect my own understanding and perspectives on the subject,
hence the word “inspired”.

My purpose in writing down these notes is to clarify my own ideas about
the subject. If you find yourself with these notes and have any comment,
critic or suggestion, feel free to write me: disconzi@math.sunysb.edu.

Eventually, T would like to stress that my intention is to modify and
complete the text in so far as my understanding on the subject grows and
my free time allows it. Therefore there will be no “final version” of it.
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Chapter 1

Fiber bundles and connections

1.1 Fiber bundles

Principal and fiber bundles are in the heart of gauge theory and hence are
indispensable for constructing field theories.

Definition 1. Let M be a C*° manifold and G a Lie group. A principal
bundle 7 : P — M over M is a C'*™ manifold P such that:

i. G freely acts on the right' on P: P x G — P, (u,g) — Ryu = ug.

ii. M~ P/G andw: P — M is C*.

1. P is locally trivial. This means that for every x € M there exists
a neighborhood U > x such that m#=Y(U) is diffeomorphic to U x G. This
diffeomorphism ¢ : m Y (U) — U x G satisfies u — (7(u),¥(u)) where ¥ :
7Y U) — G satisfies (ug) = ¥(u)g.

M is called base space, G structural group, 7 projection and P
total space. The set 77(z), * € M is called the fiber over x and the
maps 7 (z) — U x G are called local trivializations. Notice that the fiber
over z is diffeomorphic to G and that the action on the fibers is transitive
([1] p. 166). We shall denote the identity of G' by e. A principal bundle is
represented diagrammatically as:

G — P
!

M

!Notice that this action is given by an anti-homomorphism

5
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Definition 2. A C*° map o : M — P such that moo = idp, is called a cross
section or simply a section. A C*° map o :U C M — P, U open, such that
moo =1idy 1S called a local cross section or simply a local section.

Let {U,}aer be an open cover of M such that for each U, there exists
a trivialization: ¢, : 7' (U) — U x G,u > (7(u), e (u)) For U, NUs #
define gos : U, NUs — G as follows. Consider z € U, NUz and u € 7 ().
Put gag(z) = ¥a(u)(g(u))~t. This definition is independent of of w: if
u' € 77 (z) then u' = ug for some g € G (transitivity on the fibers) and
9os(2) = Balt)(Us()) ™ = Ga()g(s()9) " = Yal)(Ga(w) . gap is
called transition function. It is easy to check: gaa(x) = €, gup(z) =
(9pa(x)) "t and g,5(x) = g,5(2)gsa(z) if 2 € U, NUs NU, — which is called
the cocycle condition. The justification for the name transition function
is the following:

Let U,, Ug with U, NUg and ¢, ¢g the respective trivializations. Take
r € U, NUs and consider ¢, |7~ (z) : 77 (x) — G and (¢g|ln~(z))™ : G —
7w H(x). Then ¢o|m(z) o (¢ps|m~*(x))~! defines a map from G to G. For g €
G we have that ¢,|7(z) o (¢s|7 1 (x)) " (g) € G. Notice that ¢, |7~ (z) =
Ve and ¢g|m 1 (z) = 1), therefore ¢u|m 1 (x) o (¢g|m () (g9) = s o
(5)71(g). Since gop is independent of the choice of u € P, we can take u =
¥5'(9). Then: gas(x) = va(u)(Ws(u)™ = Yalis'(g >><wﬂ<w5 (9)) " =
Yooty ()97, hence gas(1)g = Yootz (9) = daln () o (¢sl7 " (x)) " (9).

If we have ¢, : 7' (U) — U x G and define for each x € U, c,(x) =
o1 (z,€), we obtain a local section o, : U, — P such that ¢(c,(x))) = (z,e).
In this case if x € U, NUg we have that o, and o3 are related by 05(:6) =

00(2)gap(x). Indeed, for each = € U,NUg holds that ¢a0¢g (9) = gaﬁ( )9,

w‘l(g) Vg (9as(2)g) = Vo (gas(0))g = (Ssl(x ™ (2)))7(9) = 05" (x,g) =
(00l (7)) () gaae))g = 021 ap())g = 6775, )gualie)g. Tn pa-
ticular, for g = e we have: (bﬁl(x e) = op(x) = ¢, (7, €)gap(T) = 00 (T)gup(z).

Reciprocally, given a local section o, : U, — P we define a local triv-
ialization in the following way: for each u € 7 '(x), = € U, there ex-
ists an unique ¢, € G such that u = o,(x)g,. Define ¢o(u) = (z,g4).
For this trivialization we have o,(z) = ¢ !(x,e). On the intersection:
oa(r) = o3t (z, ) = ¢5'(x,€)gsa(z) = 05(x)gsa(r). Such trivializations
are called canonical local trivialization.

Definition 3. Let F', M, E be C* manifolds. A fiber bundle of fiber F,

base space M and total space E is a submersion m : E — M with the follow-
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ing property: there exist an open cover {U,}tacrof M and diffeomorphisms
b0 : T HU,) — Uy X F such that m o ¢ = m where w1 : (z,y) — .

Fiber bundles are represented diagrammatically as:

F — F

!
M

It follows that for each x € M, the fiber over z, E, = 7 !(x) is diffeo-
morphic to F'. We also have that there are maps gop5 : Uy NUz — Dif f(F)
such that ¢go ¢! : Uy, NUz X F — U, NUg x F is written as:

050 6o (2,9) = (2, 9as () (y))
Such g,s have a cocycle condition: ¢na = €, gap(z) = (gpa(z))
Gv8(2) = gyp(x)gsa(x) if © € U, NUz NU,.

1 and

Remark 1. Roughly speaking, we may say that a principal bundle is a fiber
bundle whose fiber is a Lie group G.

In general, if M is a manifold with an open cover {U, }oc; and G is a Lie
group, a family of functions g.g : U, NUz — G satistying the three properties
above is called a cocycle for M. For example, the transition functions define
a cocycle. As before:

Definition 4. A C* map 0 : M — FE such that m oo = idpy s called a
cross section or simply a section. A C* map o : U C M — E, U open,
such that mo o = idy is called a local cross section or simply a local
section. We denote the space of sections by I'(E).

A section o € I'(F) defines a family of functions o, : U, — F such that
o(x) = ¢o(x,0,(x)). If follows that this family satisfies

05(2) = gpa(r)(0a(T))
Reciprocally, every family of functions satisfying the above equation de-
fines a section.
We should make a comment about a notational confusion that might
arise. For principal bundles the relation among local sections whose do-
mains intersect non-trivially is given by right multiplication by transition
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functions: o3(x) = 04(2)gas(z), whereas in the general fiber bundle set-
ting just introduced the cocycles appear on the left o3(x) = gga(2)(0a(2)).
Since principal bundles are particular cases of fiber bundles (i.e., fiber bun-
dles whose fiber is ) this might sound inconsistent. However, notice that in
05(x) = 04(2)gap(z) we have the group multiplication between the elements
oa(2) € G and gop(z) € G, while in 04(z) = gga(z)(0a(2)) We are evaluating
the diffeomorphism gg,(z) € Dif f(F) at the element o,(x) € F (of couse,
right multiplication corresponds to the case there the diffeomorphism is given

by gﬁa(x) = Rgga($)>'
Remark 2. If the fiber F' has some structure (vector space, algebra, group

etc) which is preserved by the maps gap then each fiber E, also has that
structure. It follows that the space of sections I'(E) also has the structure.

Definition 5. If F' is a vector space and goz : Uy, NUs — GL(F) we say that
7 E — M is a vector bundle. In this case I'(E) is an infinite dimensional
vector space; indeed, a module over the ring of C* functions f : M — R or

C.

Definition 6. A representation of G in Dif f(F) is a homomorphism
p: G — Diff(F) such that the map G x F' — F, (g,y) — p(g)(y) is
differentiable. This map is called the action on the left of G on F. Some
usual notations are p(g)(y) = p(g9)y =g -y = gy.

Proposition 1. Let p : G — Dif f(F) a representation, {Uy}acs an open
cover of M and .5 : UoNUz — G a cocycle. Then there exists a fiber bundle
w1 E — M with transition functions pas : Uy NUs — Dif f(F) given by
Pag = PO Yag-

Proof: Let E = | |U, x F be a disjoint union. For (z,y) € U, x F and
(@', y') € Us x F define (z,y) ~ (2/,y) & o' = v € Uy NUz and y' = pga(y).
From the definition of cocycle we have that ~ is an equivalence relation. Let
E=E / ~ be the quotient space and ¢ : E — FE the quotient map. If
7 : E — FE is the projection 7(x,y) = = we have that ¢(p) = ¢(§) = 7(p) =
7(G). Then 7 induces a map 7 : E — M. The composition of ¢ with the
inclusion U, X F' — E defines a homomorphism U, x F — 7' (U,) C E and
a fiber bundle structure on E. O]

The group G is also called structural group of the fiber bundle. Sum-
marizing, the above proposition states that a representation and a cocycle
characterize the fiber bundle. In particular we have:



1.1. FIBER BUNDLES 9

Proposition 2. Let G a Lie group, {Uy}taer an open cover of M and gup :
U,NUg — G a cocycle. Then we can reconstruct the principal bundle m : P —
M whose transition functions corresponding to {Uy }acr- are gop : Us NUs —

G.

Proof: Similar to the last proposition. O

Definition 7. A morphism between fiber bundles g : £ — M and 7g: :
E' — M’ is a pair of maps f : E — E', f: M — M’ such that f o mp =
T O f We require that f be compatible with the structure of the fibers (e.g.
in the case of vector bundles the restriction to each fiber needs to be linear).
If M =M, fis a diffeomorphism and f = id, i.e., 7p = g o f then we
say that the bundles E and E' are equivalent?.

1.1.1 Examples

Example 1. Trivial bundle.

A product manifold M x G is turned into a principal bundle when it is
provided with the right action of G on itself in such a way that (x,u) —
(x,ug), x € M, u,g € G. It is called a trivial principal bundle. A
principal bundle is trivial if and only if it admits a section defined on all
M (|2] p. 36). Therefore non-trivial principal bundles can have only local
sections. It is obvious that given manifolds M and F' it is possible to endow
M x F with the structure of a fiber bundle which is called trivial bundle.
Any bundle equivalent (in the sense of definition 7) to the trivial bundle is
also called trivial. So in statements such as "if (...) then P is trivial" we
mean equivalent to the trivial bundle.

Example 2. Tangent bundle.

If M is a manifold and {¢, : U, — R"} is an atlas on M we define
Yas : Us NUz — GL(R™) by:

Yap(w) = d(da 0 ¢5')(¢5(x))

2The classification of bundles according to their equivalence classes is a field of study
in its own; see [2]
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which is a cocycle. We have a representation:

p = identity : GL(R") — GL(R")

The tangent bundle 7'M is defined by 7,3 and p. The sections of T M are

the vector fields, i.e., ['(TM) = X(M).

The tangent bundle is a fiber bundle over M whose fiber is R” and whose

structural group is GL(R™) — hence a vector bundle.

Example 3. Cotangent bundle.

Using (R™)* ~ R™ and proceeding analogously to the above example we
get a fiber bundle whose fiber is (R")* instead of R™. This is the cotangent

bundle T* M.

The cotangent bundle is a fiber bundle over M whose fiber is (R")* and

whose structural group is GL(R") — hence a vector bundle.

Example 4. Tensor bundle.

Denote by 7™° the space of r-covariant and s-contravariant tensors:

TP =R"® - R"x(R")"®...(R")"
N e’

(.

Vv
r s

This space is isomorphic to the space of multi-linear maps:

L(R™),...,(R")"R",...,R;R)

N

' n'g
T S

Given T' € 7™* and ¢ € GL(R™) the pull-back is defined by:

(@ T)Y A1y s Ay 1,y 0s) =T( A0,  As 00, 0(v1), ...

We have that ¢* : 7"° — 7"* is linear and:

(o) =90 g"
(67 = (67"
If p: G — GL(R") is a representation then:

pe: G =T, pg=plg™)

) ¢(U7'))

(1.1)
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is also a representation. The bundle of r-covariant and s-contravariant ten-
sors, or tensor bundle for short, is defined by the cocycle {745} of example 2
and the representation p, of GL(R™). The sections of this bundle are called
tensor fields or simply tensor.

Notice that 7'%(M) coincides with TM and T%'(M) with T*M. We
have that T' € I'(7"*(M)) if and only if:

T:\%(M)@“'@ff(M)jX\T*M®"'®T*J\/L—>]R

v~
S

~
r

is multi-linear and

T(X1, oo f X X Ay oA = fT(X, o X X Ao AS)
T(X1, ., Xo Aoy fhi e A = FT(X 0, X Ay ey Ay s )

for every f € C*(M)

Since the subspace A*(R") C 7%%(R"™) of skew linear forms is invariant
under the representation p, we have a sub-bundle A\*(T*M) of 7%¥(M). The
sections of A\*(T*M) are the s-differential forms. We warn the reader that
physicists sometimes write A°(7*M) for the space of sections I'(A\*(7T*M)).
The space of section of A*(T*M), i.e, (A (T*M), is also written Q(M).

The tensor bundle is a fiber bundle over M whose fiber is 7"* and whose
structural group is GL(R™) — hence a vector bundle.

Of particular interest is the case of (1,1)-tensors: the fiber is R" @ (R")*
which is isomorphic to End(R"™). If we denote by FE the fiber bundle with
fiber R™ then we denote by End(F) that with fiber End(R™) — and we call it
the bundle of endomorphisms. It is important in the study of the curvature
of some bundles and will appear in the Yang-Mills equations.

Example 5. Frame bundle.

The cocycle is the same of example 2 and the representation given by left
composition. A point of the principal bundle L(M) corresponds to a point
x € M and a basis {vi(x),...,v,(x)} of TM,. The right action is given by:

Rp(z, {vi(z),...,v.(2)}) = (2, {L (v1(2)),..., L (vu(x))}), L € GL(R™)

The frame bundle is a principal bundle over M whose structural group

is GL(R™).
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Example 6. Orthonormal frame bundle.

The construction is similar to the last example, but we take as group
SO(n) instead of GL(R™) and M is an oriented Riemannian manifold.

Construction of the cocycle: take {¢, : U, — R"} an positive atlas.
Given {vi(),...,v,(7)} basis of TM, . doa(7)v§(z) = %. Using Gram-
Schmidt we get an orthonormal basis {e{(z),...,e%(x)} of TM,. Then

’ n

Yap : Uy NUz — SO(n) is given by v,5(z)=matrix of coordinate changing

from {e(x),...,e2(x)} to {ef(x),...,el(x)}.
The orthonormal frame bundle is a principal bundle over M whose struc-
tural group is SO(n).

Example 7. Hopf bundles.

Define the right action:
S? x St — §3 ((21,22), A) — (Az1, Azp)
and the projection:
m: S8 — CP, (z1,22) — {(Az1, Az2), A € C}

Then we get a principal bundle whose structural group is S' = {z €
C; |z| = 1}, the base space is S? ~ CP' and the total space is S® = {(z1, 29) €
Cx Claf + |2 = 1},

Analogously, consider the group of quaternions:

q=2x0+ 21l + x5 + 23K, 09,21, 79,3 € R
P=J=K?= -1
[J=K, JK=1 KI=J
IJ=—JI, JK = —KJ. KI=—IK
q|* = 2% + 27 + 25 + 23
Take S® = {q € H : |q| = 1}; S"=unit sphere in H x H and S* = HP? the

one-dimensional quaternionic subspace in H x H.
We have the right action:

ST x 8% — §7
((z1,22), A) = (21, 22A)
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and the projection:

7:8" — HP? = 5!
(21, 22) — {21, Azg; A € H}

We obtain a principal bundle whose structural group is S, the base space
is S* and the total space S”.

Example 8. Grassmanian bundle.

The base space is M = G(n,k) = {L € R" : L is a k-dimensional
subspace }; the total space is E = G(n, k) = {(L,y) : L € G(n,k), y € L}
and the projection 7 : G(n, k) — G(n, k), (L,y) — L. G(n,k) is a compact
k(n — k)-dimensional manifold

7 G(n, k) — G(n, k) is a vector bundle with structural group GL(k).

1.1.2 Bundle constructions
It is natural to know how to construct new bundles from old ones.

Proposition 3. Let m : P — M a principal bundle and F a manifold in
which G acts on the left. Define an action on the right on P X F by (u, f) +—
(u, f)g = (ug, p(g9)"*(f)), where p : G — Dif f(F) is a representation. Then
E:= (P x F)/G is a fiber bundle with fiber F' and base space M.

Remark 3. [t is usual to write gf or g- f instead of p(g)(f).

Proof: We are identifying (u, f) ~ (ug,g~'f). The projection is given by
me((u, f)G)) = 7(u). 7' (U) ~ U x G induces a diffeomorphism 7' () ~
U x F. Explicitly, given local sections o, : Uy, — P and o : Uz — P define
Go : Uy X F — 711U, as ¢o(z, f) = [(0a(2), f)], where [(04 (), f)] is the
class of (04(2), f). Put ¢por = ¢al{z} : F — 7' (z). For each orbit on
7~ 1(z) there exists an unique f € F such that the orbit passes by (04(z), f),
hence ¢, , is bijective and so it is ¢,. Since we have 03(x) = 04(2)gas(2),
where go5(z) : Uy, NUs — G is a transition function and [(hg, f)] = [(h, gf)]
we obtain that ¢! o ¢s(z, f) = (z, gas(x) f). O

Definition 8. The fiber bundle m : E — M 1in proposition is called fiber
bundle assoctiated with 7 : P — M and with the representation p or
simply assoctated bundle.
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From the proof, we see that each v € P gives an isomorphism (which we
also denote by u), as u : F' — FEr(), [+ [u, f]. This isomorphism satisfies
ug(f) =u(gf), g€G.

We remark that instead of starting with the principal bundle and then
construct the associated bundle, we may start with a fiber bundle 7 : £ — M
then construct a principal bundle 7 : P — M such that 7 : £ — M is
associated with 7 : P — M. For example, we may start with the tangent
bundle and then construct the principal frame bundle (see the examples
above). For details see [3] p. 41.

Theorem 1. Let m: E — M and 7' : E' — M be vector bundles with fibers
F and F' and transition functions {gas}, {hag} respectively. Then there are
bundles over M with fibers F & F', F @ F', F* and N\’ F*

Proof: From proposition 1, it suffices to provide the cocycles. We have:

[ Gap 0 /
ko = ( . haﬁ) € GL(F @ F')

is a cocycle which gives rise to a bundle with fiber F' & F’. This bundle is
called direct sum of bundles and it is denoted by 7 : E & E' — M.

k‘ag =0ap ® hag € GL(F & F/)
is a cocycle which gives rise to a bundle with fiber F' ® F’. This bundle is
called tensor product of bundles and it is denoted by 7 : F ® E' — M.
kap = (9ap)' € GL(F)
where ~ denotes complex conjugation (in case of complex vector space) and *

is the transpose. k. is a cocycle which gives rise to a bundle with fiber F™.
This bundle is called dual bundle and it is denoted by 7 : E* — M.

p p

kap = [\(9as) € GL(/\ F")
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is a cocycle which gives rise to a bundle with fiber A”(F*). This bundle
is called bundle of forms, exterior bundle etc and it is denoted by

7 N(E) — M. O

Definition 9. A seteq,...,e, of sections of a vector bundlem : E — M is a
base of sections if any o € I'(E) can be written as o = f%,, f* € C®(M).

Locally there always exists a base of sections, but it exists globally if and
only if E is trivial (use (x,v) — v%e,(x)). Do not confuse base of sections
with sections: global sections always exist for vector bundles because at least
the null sections exists, although a basis of sections may exist only locally.
On the other hand, as we mentioned in the examples, for a principal bundle,
there exists a global section if and only if the principal bundle is trivial.

Let G be Lie group. Define a representation ad : G — Dif f(G) by ad(g) :
G — G, h v ad(g)(h) := ady(h) := ghg™'. Since ad,(e) = e, differentiating
at the identity we get an isomorphism: Ad, := Dady(e) = ad,, : g =g,
where g ~ T'G. is the Lie algebra of G. Notice that Ady, = Ad,oAd), (use the
chain rule). Therefore we have a representation Ad : G — Aut(g), g — Ad,.

Definition 10. The representations ad and Ad are (both) called adjoint
representations. The context will differ between ad and Ad when "adjoint
representation” is referred to.

Given a principal bundle 7 : P — M, Ad defines a left action of G on g.
Therefore, by proposition 3 we have a vector bundle AdP := (P x g)/G with
fiber g.

Definition 11. AdP is called the adjoint bundle of P.
The following will be useful in chapter 3:

Definition 12. Given two fiber bundles over M, m : E; — M and m :
Ey — M their fibered product or Whitney sum is the fiber bundle q :
E\xE,, where EyxE, is the subspace of all pairs (x1,m9) € Ey X Ey such
that mi(x1) = ma(z2), and q(x1,z2) = m(x1) = ma(za). It follows that the
fiber over p is wy ' (p) x 7, *(p). Because this generalizes the direct sum of
vector bundles sometimes the fiber product is written as Fy ® Fs.
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Definition 13. Suppose that m : P — M 1s a principal bundle and that
f: N — M is a continuous map. Then we can form the pullback bundle
7w f*P — N — which is a principal bundle with same structural group G
— as the fibered product of the following diagram:

P
|7
N LM

i.e., [*P C N x P is the set of pairs {(a,p) € N x P: f(a) = n(p)}. The
action of G on the total space is induced fro the action of G on P. The
pullback of an associated bundle is defined analogously.

1.2 Connections on fiber bundles

Connections will give us a way of differentiating sections. It will also allow
us to define the curvature, which is a measure of the non-triviality of the
bundle.

Definition 14. Let m : P — M be a principal bundle. Denote by G 1its
structural group. If G, is the fiber over x € M we define the vertical space
at u € G, denoted by V,P as the subspace of TP, tangent to G,.

VP can be constructed as follows: let A € g be any vector. Regpa)u =
uexp(tA), t € (—e,€) defines a path in P passing through u in ¢ = 0. Since
z = w(u) = m(Rexpuayu), this path is contained in G,. Define A#(u) €
T(Gm)u CTP, by %(Rexp(tA)u”t:O-

Definition 15. Defining A% in every u € P we have a vector field called
fundamental vector field (of A).

It follows that # : g — V,P, A — A#(u) gives an isomorphism of vec-
tor spaces g ~ V,P. It is easy to verify that # preserves the Lie bracket
([A, B]* = [A#,B#]) and hence it is an isomorphism of algebras. No-
tice that V,P is also given by V,P = ker(Dm(u)). It can be shown that
DRy(u)(A#(u)) is the fundamental vector field corresponding to Ad,-1(A) €

g ([4] p. 81).

Definition 16. If we have a decomposition V,P® H,P =TP, ,u € P, then
H, P is called horizontal space at u.
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The horizontal and vertical spaces give us sub-bundles of T'P denoted by
HP and V P respectively. We shall say that a vector field is horizontal or
vertical according it belongs to HP or V P.

Definition 17. A connection on a principal bundle 7 : P — M is a family
of subspaces {H,P}yep, H,P C TP, satisfying: (i) TP, =V, P® H,P; (ii)
DR,(u)(H,P) = Hy,P and (iii) H,P depends differentiably on w — together
with (i) this means that a vector field X on P can be written (in an obvious
notation) as X = Xy + Xy, where Xy, Xy are differentiable vector fields.

Because m o R, = R, o m it follows directly that 7 o DR, = DR, o g
and that my o DR, = DR, o my ([5] p. 51). An application which associates
to each point a subspace of the tangent space is called a distribution.

Proposition 4. Dr(u)|H,P gives an isomorphism H,P = T M.

Proof: 7 is a submersion® and H, P is complementary to ker(Dm) ~ V, P.
O

The following definitions aims to fix some notation and terminology.

Definition 18. Recall that we denote by T'(-) the space of sections of some
bundle. If F' is a vector space and E is a vector bundle over M we shall
write F'® E to denote the tensor product of E with the trivial bundle M X F,
hence T(FQE) denotes sections of this tensor bundle*. Sections of the bundle
E® N(T*M) are called E-valued (differential) p-forms. If E is trivial,
E = M x F, then call elements of T(E @ \"'(T*M)) = T'(F @ A\"(T*M))
F-valued (differential) p-forms. In other words, when E = M X F,
we slightly abuse the terminology and write F @ A’(T*M) instead of E ®
N (T*M) and call T(E @ NP(T*M)) F-valued forms instead of E-valued
forms.

Proposition 5. Given a connection on P there exists an unique g valued 1-
form w, i.e., an element of T(g@T*P) , such that w(A#) = A and w(Xy) =
0, for every A € g and every Xy € HP.

3there exists only one differentiable structure on M which makes 7 a submersion, see
[5] p. 50.

4Here some authors use the notation F' ® I'(E), but this is also an abuse of nota-
tion, actually meaning C*°(M, F) @ I'(E) (see remark 5). Different authors use different
notations, we follow to some extent the notation of [6].



18 CHAPTER 1. FIBER BUNDLES AND CONNECTIONS

Proof: Simply put w: TP, —% VP # g. O]

Definition 19. w above is called the connection 1-form or sometimes
Ehresmann connection

Notice that the use of "the" in the sentence "the connection 1-form"
might be a bit misleading: it is true that for a given connection in P there
exists a unique w satisfying the conditions of proposition 5. We can, however,
have different connections in P what will give rise to different connection one
forms. Notice, also, that a connection one form is more than just an element
of I'(g ® T*P): it is a section of g ® T*P which satisfy the properties of
proposition 5. Some authors introduce another notation for the space of
connection one forms, we shall keep using the notation w € I'(g ® T*P)
always bearing in mind that w satisfies the extra conditions of 5.

Now it is not difficult to see that given an element w € I'(g ® T*P)
which satisfies the conditions of proposition 5 we can obtain a connection in
P whose corresponding connection one form is exactly w. This is done by
defiding the horizontal spaces H, P C TP, as the kernel of w, : TP, — g (see
[7] for more details). Therefore the converse of proposition 5 is true and the
study of connections in P can be accomplished by the study of connection
one forms.

Proposition 6. R;(w) = Adg-1 ow

Proof: Since X = Xy + Xy and w is linear, it suffices to check sepa-
rately. X is horizontal: then Rj(w)(u)(X(u)) = w(ug)(DRy(u)(X(u))) =
w(ug)(X(ug)) = 0. On the other hand w(u)(X(u)) = 0 and therefore
Adgy-1(w(u)(X(u))) = Ady-1(0) = 0. Suppose now that X is vertical. Then
it is the fundamental vector field corresponding to some A € g and we
get Ry(w)(u)(X(u)) = Rj(w)(u)(A*(u)) = w(ug)(DRy(u)(A*(u))); this
last term equals w(ug)((Ad,-1(A))#) because DR,(u)(A#(u)) is the fun-
damental vector field corresponding to Adg-1(A). Then R;(w)(u)(X(u)) =
w(ug)((Ady-1(A))#) = Ady-1(A) = Ady-1 (w(u)(A#(u))), where we used that

w(V#) =V O

Theorem 2. Let U,,Usz open sets on M and o,,0p5 local sections. Define
Ao = ojw and Ag = ojw (which are g-valued one forms on open sets of M).
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OnU,NUs # O we have Ag = Adgfﬁl oAa—I—g;ﬁngag, where go5 : UyNUg — G

15 the transition functions.

Remark 4. Notice that there is no sense in multiplying gaﬂDgag Here
gaﬁDgag is a notation for the following: Dgag(x) : T'(Ue NUp)e — TGy, )

Then by gaﬂ( z)Dgap(x)(v), v € T(UyNUz)., we mean the vector in TG, ~ g
obtained by left translation of Dgaps(x)(v), i€, g;ﬂl(x)Dgag(x) = D(Lg;é o
Gap)(x) : T(Uy NUg)y — TG, = g, where Lg;é(x) :ho— gag(x) " h is the left
translation by g;ﬁl. The notation is justified by the fact that for matrix groups
g;ﬁngag corresponds to ordinary multiplication of matrices, but most physics

books simply write the formula in its full generality without mentioning this
abuse of notation (see [5] p. 52).

In order to prove the above theorem we must remember some elementary
facts about differentiating;:

Definition 20. Let M, N and W be differentiable manifolds and p : M X
N — W, (x,y) — p(z,y) a differentiable map. The restriction to T M, of
the differential Dp(x,y) is denoted by %(w,y) : TMy — TWyay and it is
called partial derivative of p with respect to x; we define g—z analogously.
Notice that Dp(x y)(X,Y) = ax(x y)(X) + gi (x,y)(Y). The generalization
to My x - x My is obvious.

Lemma 1. Let M be a differentiable manifold and let G be Lie group; let
gh: M — G and j : M — G x G be such that j(z) = (g(x),h(x));
put f = po g, where p : G X G — G s the multiplication of G. Then
Df(2)(X) = 2(g(x), h{x))(Dg(x)(X)) + 2(g(x), h(x))(Dh(x)(X)), where
(u,v) € G X G and X € TM,.

Proof: First observe that Dj(z)(X) = (Dg(z)(X), Dh(x)(X)); indeed, if
v (—e e) — M is a differentiable path such that y(0) = x and +/(0) = X
O

we have dt(]o’Y( M=o = L(goy(t),hov(t)]mo = ((g07)'(0), (g07)'(0)) =
(Dg(x)(X), Dh(z)(X)). Then:

Df(x)(X ) Dp(j(x)) o Dj(x)(X) = Dp(g(x), h(x))(Dg(x)(X), Dh(z)(X))
( (), h(x))(D (SC)(X)H%(g(x),h(x))(Dh(x)(X))
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Proof of theorem 2: For x € U, NUz we have o3(x) = 0,(2)gas(z). As
771 (z) &~ G we identify these two spaces without mentioning it again. From
the above lemma:

Dog(x)(X) = %(%(fﬂ),gaﬂ(ﬂi))(Daa(ﬂ?)(X))Jr%(Ua(l’),gaﬁ(x))(Dgaﬁ(fC)(X))
Since on g—g(aa(x), Jap(x)) the term g,p5(x) is fixed we can write:

%(aa(x), gap(x)) 0 Doy (x) = DRgaﬁ(x)(oa(x)) o Do, (x)
Analogously:

dp

50 70(2), 9a5(2)) © Dgap(2) = DLo,(@)(9as()) © Dgas()

(notice that we have right or left translation according to we multiply the
fixed element on the right or on the left). Then:

Dog(x)(X) = DRy, y2)(0a(2))(Doa(2)(X)) + DLs, @) (9ap(2)) (Dgas(x)(X))
= DRy, y0)(0a(2))(D0a(2)(X)) + DLos(a)ges() 1 (9a5(2)) (Dgap() (X)) (¥)

Applying w to (*) and using that

w(op(2)) = w(0a()9ap(®)) = W(Rgys() (00 (2))

we have:

w(op(x))(Dag(x)(X)) = %U(Rgam)(%(li)))(DRgam)(Ua(x))(DUa(fv)(X))> +

w(5(2)) (DLoy@aste 1 (905()) (Dgas () (X)) ()

We analyze the first and the second terms on the right side of the above
expression. The first term equals to R}, (w)(oa(x)(Doy(x)(X)) which, by
proposition 6 equals to Ad,,)-1 (w(oa(z))(Dog(x)(X))). This last expres-
sions is means Ady,_,(,)-1 0 of(w)(7)(X) which equals Ady_ )1 0 Aa(z)(X).
Since DLy, (0)gos(x)-t = D(Loﬁ(z) o Lgaﬁ(x)—l>, the second term equals to
w(aﬁ(x))<D(L%(x) o Lgaﬁ(x)q)(gag(x))(Dgag(x)(X))>. This can be worked
out to equal:

=€
A

w(o5(2)) (DLy(0) (Lgustr (95(2))) © DLy, 011 (905(2)) (D9 () (X))

=A€g
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Here A is an element of g because Lgfﬁl 0 gap : Uy NUg — G implies D(Lgfé o
Gap)(x) : T(Uy NUB)w — TGLg—l(x)
expression equals to w(os(7))(DLayw)(e)(A)). But

(gap(z)) = T'Ge. Therefore the preceding

d d

DL (€)(4) = (€)oo = £ (05(x) e )lico = 5 (Resa (o5(2)))

= A% = fundamental vector field corresponding to A at os(x)

hence w(op(x))(DLgy@) (e)(A)) = w(og(x))(A#). By the definition of w:
w(og(x))(A#*) = A. Returning to (xx) we get: w(og(x)) = Adg )1 ©
Ao (z)(X) + A, As the left side of this expression is Ag(x)(X) and A =
DL, 501 (9ap(2))(Dgap() (X)) = D(Ly-10gap)(2)(X) we get Ag = Ad, 10
A + g;,(%Dgaﬁ' ]

Definition 21. The condition Az = Adgfg oA, + g;ﬁngag is called com-
patibility condition.

Now, it should be clear that given local connection one forms {A,}aer
satisfying the compatibility conditions we can reconstruct the connection
one form w. Thus we shall sometimes refer to w and A, simply as “the
connection”. This is a standard use in the literature, but in order to avoid
confusion, we should point out the following: w is an "honest" connection, in
the sense that it is a section of a bundle over P (an element of I'(g ® T* P)).
When written in local coordinates in P, w transforms according to the tran-
sition functions of the tensor bundle g ® T*P. The compatibility conditions
described above, however, are not a transformation law for a section of a
bundle over M; or, put differently, the family {A,}aer does not define a
section of a bundle over M. In other words, while w € I'(g ® T*P), patching
together the A,’s does not give rise an element of I'(g ® T*M) (even though
the original w which is deinfed in P can be reconstructed from the A,’s).
The reason, of course, is that the maps o, — through which we pullback
the connection one form w — are defined only locally , differently from what
happens when we pullback a differential form via a (globally defined) map
f:M—P.

The following remark will be used throughtout the text.

Remark 5. Given vector bundles Ey and FEy over M we have I'(Ey @ Ey) =
[(E)@T(Es) (the tensor product on the right hand side is taken over smooth
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function on M, i.e., I'(E1) ®ceo ) I'(E2) and hence this is an isomorphism
of C°(M)-modules). Therefore any element of I'(Ey; ® Es) can be written as
a linear combination of elements of the form o @ 7, o € T'(Fy), 7 € T'(Ey).
In particular, if one of the bundles, say E1 is a trivial bundle £y = M x F,
we can choose a global basis of sections for T'(Ey) by picking a basis {e,}
of F and then defining the constant sections o,(x) = e;. In this case any
section of I'(FEy ® Es) can be written as a linear combination of elements of
the form o, ® 1, (notice that we are not saying that the sections 7, are a
basis for the sections of the bundle Es5. All we are using in writing this is the
aforementioned isomorphism and the triviality of E1).

Let F be a vector space and consider F-valued p-forms on P, i.e, sections
of T(F @ A’(T*P)). Pick a basis r;, of F. Then any v € I'(F @ \"(T*P))
can be written as v = 7, ® v (by remark 5 above both "components" of the
tensor product can run over the same index ¢ even though F and A”(T*F,)
in general have different dimensions. )

Definition 22. Exterior derivative: In the previous notation and assump-
tions: dv = r, @ dvt.

Notice that in defining the exterior of F-valued forms we are explicitely
using the triviality of the bundle M x F'. We notice that there is not a canon-
ical way of defining the exterior derivative of forms with values in arbitrary
bundles.

Definition 23. Given a connection w on a principal fiber bundle 7 : P — M
we define the exterior covariant derivative DV : (g \'(T*P)) — I'(g®
NN T*P)) as DYv(Xy, ..., Xpi1) = dv(mp(X1), ..., mu(Xp41)), where (ac-
cording to the last definition) dv := e, ® dv* and gy : TP — HP is the
horizontal projection on the sub-bundle given by the connection.

Notice D" depends on the connection since there is a projection on the
horizontal space given by it.

Definition 24. The curvature of a connection on a principal bundle
T : P — M is an element of T(g @ N*(T*P)) defined as Q := D"w. We
write Q(w), Q, etc if we want to stress the dependence on w.

Proposition 7. R;Q) = Ady-10Q.
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Proof: [1] p.312. O

We do not have a wedge product for forms with values in arbitrary bun-
dles. We can define it only when we have a natural “product” between the
bundles. There are the following cases of interest. First consider an usual
(i.e., R-valued) p-form p and a E-valued g-form v. Then:

Definition 25. The wedge product is defined as v A = e, @v* A, where
V=-e, V"

Consider now that we have E-valued forms and F' (i.e., the fiber) is an
algebra.

Definition 26. The wedge product of E-valued p and q- forms is defined
by uAv =T, U, ® (u* ANv™), where - is the product of the algebra. In
particular, if F is a Lie algebra we have - = [,] and if it is an algebra of
endomorphisms we have - = o = usual composition of endomorphisms.

Remark 6. This product is C*®-linear in each factor ([8] p. 258).
Another way of writing this is the following:

Proposition 8. For E-valued p and q forms p and v we have: that p N
v(Xi,. .., Xprq) equals to°:

p'—q' Z sign(a),u(Xa(l), Ce ,Xg(p)> . M(Xa(p+1)7 e ,Xg(p+q))
" oeS(pta)

Proof: This is a simple computation. Write y = T, @ u® and v = Us @ /°.
PAV(XL, . Xprg) = ((Ta ® 1) A (Us ® yﬂ))(xl, o X)) =
(Tn - Up) (;ﬂ AP (X, ,Xw)) -

1 ) o
(Ta ’ UB) p|_q| Z &gn(a)p (Xa(1)7 s 7Xa(p))VB(Xa(p+l)7 s 7Xa(p+q))
T oeS(p+q)

5The factorial terms, of course, come from the definitions wAn = % Alt(w®mn) and
Alt(w) = 1% desp e(o)woo
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Changing the order of sums:

1 . N
= p|_q| Z Slgn<0-) (TOé . U/@)[L (Xa(l)a ce 7Xa(p))V5(Xa(p+1)7 cee aXa(p+q)>
" oeS(ptq)
1 ) N
= 2 ) (e ® u) (Koo X)) (U3 © 7)) Koty Xetora)
" 0eS(p+a)
1 .
= ol Z Slgn(a)ﬂ(x”(l)’ T 7X0’(P)) ‘ V(XU(P-H)? e 7Xa(p+q))
P stora)

Corollary 1. If p is a g-valued 1-forms we have pu A p = 2[u, p], where
[, p)(X,Y) = [(X), u(Y)].

Proof: For any two g-valued 1-forms:

((Ta @) A (Us @ ﬁ)) (X,Y) = [Tn, Ug] (ua AB(X, Y)) _

)
[Ta, Us(u (X)P(Y) = p* (Y )P(X)) =
(1 (X) T, v (Y) U] = |11 ( )To, v (X)Us) =
[1(X), v (V)] = [u(Y), v(X)]) = [u(X), (Y)] + (X)), u(Y)]

For p=v:

]

For the unattentive reader, we should point out that for a g-valued one
form p we do not have u A = 0 as it happens for ordinary differential forms.
The reason, of course, is due to the presence of the commutator term.

Finally, consider the product between an E-valued and an End(FE)-valued
form (i.e., the fiber bundle whose fiber is (End(£)), ~ End(F)).

Definition 27. Let T ® p be a p-form with values in End(FE). Let 0 @ v
be a q-form with values in E. We define their wedge product, which is a
p + q-form with values in E, as (T @ p) A (c @ v) = T(0) @ (u A v). For
arbitrary End(E) and E valued forms we simply extend this product linearly.
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In all these definitions we expand the F-valued forms as tensor products
of section and ordinary forms. This way of writing is not unique, but it is
easy to check that everything is well defined.

Definition 28. The graded commutator of F-valued p and q- forms is
defined by {p, v}y =puAv—(=1)Pv A p.

A straightforward computation shows that for a 1-form p the graded
commutator satisfies: A p = 2{p, p}

Proposition 9. (Cartan’s structure equation) Q@ = dw + [w,w], where w
is the connection one-form (notice that corollary 1 allow us to write Q =
dw+ fwAw®).

Proof: It suffices to prove for the following cases:

(i) X and Y are horizontal. In this case w(X) = w(Y) = 0 and the equation
follows from the definition of €2.

(ii) X and Y are fundamental vector fields. In this case X = A% and Y = B#,
A, B € g. From the definition of exterior derivative:

dw(X,Y) = Xw(Y) - Yw(X) — w(X,Y]) = —w(X,Y])

where the last equality holds because w(X) = w(A4#) = A and w(Y) =
w(B¥) = B are constant functions on P. Therefore

dw(X,Y) = —w([A*, B*]) = —[A, B]" = —[A, B] = [w(X),w(Y)]
while Q(A#, B*) = D"w(A*, B¥) = dw(rg(A%), ni(B*)) =0

(iii) X is horizontal and Y = A% is vertical. Then Xw(Y') = 0 because w(Y)
is constant and Yw(X) = 0 because w(X) = 0. [X, A¥#] is also horizontal so

dw(X,Y) =XwlY) —Yw(X) —w(X,Y]) =0

U

The result follows.

6Different authors use different conventions so this equation can also be found as €
dw+w Aw, Q = dw + 3w, w] etc. For exemple, [7] defines w Aw as w A w(X,Y) :
[w(X),w(Y)]. Also, some authors use [w, w] to denote the graded commutaros instead.
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Remark 7. Notice that we are using the definition of exterior derivative
without a normalization factor.

p+1

d,u(Xl, ce ,Xp+1) = Z(-l)j+1Xj/L(X1, PN ,Xj ce ,Xp+1)+
j=1
> ()X, X, X X X X )

1<j<k<p+1

Some authors, e.g., [3], use the definition like this, whereas others, e.g., [4],

put a factor == before the summands. Because of such conventions, we may
p+1

ound different expressions for Cartan’s equation, such as dw + L[w,w).
i4 q 2

Definition 29. A connection such that 2 = 0 is said to be flat.

We can extract relevant information about the geometry and topology of
P by knowing if it admits a flat connection. First, notice that the vertical
distribution VP C TP is integrable, the fibers being exactly the integrable
manifolds. If the curvature vanishes, the horizontal distribution is integrable
as well. To see this, suppose that 2 = 0. Then in particular D*w(X,Y) =
0=dw(X,Y)+ [w(X),w(Y)] for any pair of horizontal vectors X,Y". Since
w vanishes on horizontal vectors this gives

0=dw(X,Y)+w(X,Y]) =
dw(X,Y) = Xw(Y) - Yw(X) —w([X,Y]) = —w([X,Y])

Hence w([X,Y]) = 0 for any pair of horizontal vectors. Since w vanishes
only on horizontal vectors, this means that [X, Y] is also horizontal, so the
horizontal distribution is involutive and hence integrable by Frobenius’ the-
orem.

Being integrable the horizontal distribuition defines a foliation on P which
can be used to parallel transport along the leaves of this foliation (see below
for the definition of parallel transport). Combining this facts, we can actually
show that P is a trivial bundle. Conversely, it is not difficult to show that a
trivial bundle admits a flat connection. Hence (see 6] p 48ff, |7] p. 73ff, 9]
p. 37ff)

Theorem 3. A principal bundle admits a flat connection if and only if it is
trivial.
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Proposition 10. Given a connection on 7 : P — M and a vector field X €
X°(M) there exists an unique vector field X € X*°(P) such that Dr(X) =
X. Moreover DRy(X) = X o R,,.

Proof: The existence and uniqueness follow from T'My,) ~ H,P. The
second claim is true by the definition of connection (see property (ii) of the
definition). O

Definition 30. We call the vector field X given by the above proposition the
horizontal lift of X.

Definition 31. Given a differentiable path v : [0,1] — M we say that a path
7 :[0,1] — P is the horizontal lift of v if To ¥ =~ and ¥'(t) € Hywy P for
every t € [0, 1].

Proposition 11. given a path 7y : [0,1] — M and a point uy € 7O there
exists a unique horizontal lift 7 of v such that (0) = ug.

Proof: It follows directly from the last proposition and the existence and
uniqueness of ordinary differential equations. n

Definition 32. The 7 given in the last proposition is called the horizontal
lift of v through ug. Notice that given such an horizontal lift, it is uniquely
defined the point uy = ¥(1) € 71 (y(1)). uy is called the parallel transport
of ug through v

Notice that if ¥ lifts v through u then R, o ¥ lifts v through upg. We
have therefore a map between fibers: Y(5) : 7= 1(v(0)) — 7 '(y(1)) such
that T(¥) o R, = Ry 0 Y (7).

Definition 33. Let m: P — M be a principal bundle, F' a manifold in which
G acts on the left and E = (P x F')/G the associated bundle. A connection
on E is a distribution which associates to each p € E a n-dimensional vector
space @, such that:

(i) TE, = TF, ® Q,, where T'F, is the tangent space to the fiber E, ~ F
at p.

(ii) given a differentiable path v : [0,1] — M and a point fy € pi~*(7(0)
there ezists 4 : [0,1] — E such that ¥(0) = fo and 7y 05 = v; 7 defines a
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isomorphism between E. ) and ) and this isomorphism depends differen-
tiably on t.
(iit) p — Q, is differentiable.

Theorem 4. Given a connection on ™ : P — M there exists a connection
ont: E — M.

Proof: (4] p. 109) Let u and e be points in P and F respectively. There
exists a point f in F such that uf = e. For f fixed, we have a differentiable
mapping of P into E given by u € P — ef = e € F, and it induces the
map of the fiber V,,P of P into the fiber F, over z = 7w(u) € M. We
define the tangent subspace ). to be the image of V,P by this map. Since
(Ry)«(H,P) = Hy,,P and uaa™'f = e, this map does not depend on the
choice of u in 7~ !(z). It is easy to see that TE, = F, @& E, and that the
distribution @, is differentiable. Let y(t),t € [0, 1] be a curve in M starting
at xo and ending at ;. There exists a unique horizontal curve (t) in P
which starts at ug and covers y(¢). Therefore 4(t)f = e(t) is an integral
curve of the distribution e — ., which covers v(t). Since e(t) is the map
uof € Fypy — wif € F,,, where u; = 7(1), it gives an isomorphisms of F,
onto F,,. Hence e — Q. defines a connection in FE.

O

1.2.1 Connection on vector bundles

From now up to the end of this chapter 7 : E — M will be a vector bundle.

Consider a principal bundle 7 : P — M with a connection w and an
associated vector bundle 7 : E — M. We want to define a differential
operator on the sections of E. Given a local section o, : U, — 7 (U,) of
P define A, = ofw. Fix a vector field X € X*°(M). Notice that A,(X)
is a function A,(X) : U, — g. The associated bundle is constructed using
a representation p : G — Aut(F). Differentiating at the identity we have a
representation of the Lie algebra p, : g — End(F).

Define AX : U, — End(F), AY = p. o A,(X). Given any section
o € I'(E) the operator Vx : I'(E) — I'(E) given by

(Vx0)(p) = Do(p)(X(p)) + Az (p)(o(p))
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is globally defined because of the compatibility conditions (see theorem 2;
see also theorem 16). If we want to stress the dependence of Vx on w or on
the corresponding family {A,} we write V¥, V4.

Definition 34. The operator Vx : I'(E) — T'(E) is called the covariant
derivative with respect to X.

It is easy to check that for every a,b € R (or C), every o, 7 € ['(E), every
X,Y € X*°(M) and every f € C*°(M) hold:
(i) Vx(ao +b1) = aVxo +bVxT.
(11) VaX+bYU = CLVXO' + beO'.
(i) Vx(fo) = X(f)o + fVxo (Leibniz’s rule).
(iV) Vf)((f = vaO'.

Definition 35. Let Ey and Ey be vector bundles over M and L : T'(E,) —
['(Ey) a linear map. We say that L is a differential operator of rank r if
for every f € C*(M) such that f(p) =0, p € M we have L(g"o)(p) =0
for every section o € I'(Ey). The space of all differential operators of rank r
is a vector space and it is denoted by Dif f"(Ey, Es).

From the two definitions above it follows easily that Vy € Dif f1(E, E).
Notice that we have a linear map: V : I'(E) — I'(E ® T*M) given by
o +— (X +— Vxo). Given such V we can define parallel transport and hence
reconstruct the connection on E. Therefore we also call V connection
on ' — exactly as in the principal bundle case where we use the word
connection for both the distribution of horizontal spaces and the 1-form w.
We emphasize this with a definition:

Definition 36. The linear map V : I'(E) — I'(E @ T*M) given by 0 —
(X — Vxo) is (also) called connection on E.

It easily follows:

Proposition 12. Properties:
(i) V € Dif f'(E, E © T*M).
(11) V(fo) = fVo+o® Df, where f is a function on M (Leibniz’s rule).

In general, when we have a map f : I'(F) — I'(F) which depends on one
or more vector fields, i.e, f = fx,,. . x,, we can consider (as above) the map
[(E) — D(E® \"(T*M)) given by o ((Xl, LX) e fx Xp(a)). We
refer to this simply as “letting X,..., X, vary”.
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If we have two vector bundles E; and £, with connections V; and V,
we can form a connection on the sum bundle V; & Vy @ I'(E) & Ey) —
I'((Ey & E2) ® T*M). We also have a connection on the tensor bundle:
Vl X VQ = Vl X 1E2 + 1E1 X Vg . F(El &® Eg) — F((El X Eg) &® T*M)

The following theorem give us a natural way to “transport” structures
fromn7: P> Mtorn: EF— M.

Theorem 5. Let m : P — M be a principal bundle and 7 : £ — M an
associated bundle with fiber F. Let C®(P,F)¢ denote the space of maps
f: P — F which are equivariant to G, i.e., f(ug) = g ' f(u), u€ P, g € G.
Then there exists a one-to-one correspondence between C*°(P, F)¢ and T'(E).

Proof: Let f € C®(P,F)%. Define f: P — P x F by f(u) = (u, f(u)). f
is equivariant: fug = (ug, f(ug)) = (ug, g f(u)) = g~ (u, f(u)), where in
the last equality we used the definition of right action of G on P x F. Take a
local section o : U, — P and define a section of E by s,(2) := [f(0a(z))] =
[(0a(x), f(0a(z)))]. This is well defined because if o5 : Uy — P is such that
U, NU5 # () then o5(z) = 04(2)gas(x). Hence

[f(05(2))] = [(05(x), f(05(2)))] = [(0a(2)gas(@), F(0a(2))gas(x))] =
[(0a(2), f(0a()))gas(®)] = [(0a(2), f(ga(2)))]

Notice that s is indeed a section since mg(s(x)) = m(04(x)) = = and all maps
involved are C'*°.

For the reciprocal, we remember that the associated bundle involves a
representation p. We have that (recall proposition 1):

0o : Uy — F
o5(z) = p(ga(z))o0a()

Now we want that o, defines a function of C°°(P, F)¥. But then it must be
a function G, : U, x G — F satisfying (identifying 7—!(U,) with G x F):

oo €T(FE) @{

Gol(z, gh) = p(h) 'o,(x) and G5(x,9) = 0a(x,70s(2)9)

Then we have 0 € T'(E) — {6,} which satisfies 6,(z,9) = p(g) 'oa(2).
Therefore

Gol, gh) = p(gh)'oa(x) = p(h) ' p(g) " oul(z) = p(h)'Ga(x, g)
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5a(z,9) = p(g)"os(x) = p(9) ™" p(Vpa(2))0a(z) =
= p(97 Vpa(2))0a(x) = p(Yap(x)9) ' 0a(z) = Galz, Yap(z)g)
hence {5,} € C=(P, F)¢“. O

Summarizing, the above theorem states that an equivariant function f
defines a section o; by op(x) = [u, f(u)], u € 7~ (z), and a section o de-
fines an equivariant function f, by f, = u='(o(w(u))) where u is seen as an
isomorphism v : F' — Eq, ([3] p.51).

We have an action of G on End(F') defined by

¥ G — Aut(End(F)), (9)(L) := p(g)Lp(g)~*, L € End(F), g € G

Proposition 13. Let 7 : P — M be a principal bundle and 7 : E — M and
associated vector bundle with fiber F. Let w,w’ be connections on 7 : P —
M. Then w' —w defines a section of End(F) @ T* M.

Proof: By the last theorem is suffices to show that w’ — w defines an
equivariant map P — End(F) @ (RV)*(~ fiber of End(E) @ T*M). Let
X € X*(M). Given x € M consider X (z) and p € 7~ !(z). At p consider
Y € TP such that Dr(p)(Y(p)) = X(p). Define ax : P — g by ax(p) =
w'(p)(Y(p)) —wp®)(Y(p) =) Yu(p) +Yv(p) + wp)(Yu(p) + Yv(p) =
w'(p)(Yu(p)) € g, where g,y denote the splitting with respect to w (and not
w') so that w(p)(Yx(p)) = 0 but not necessarily w’(p)(Yy (p)) = 0; notice also
for every connection the action on vertical components is the same and hence
w'(p)(Yv(p))—w(p)(Yy(p)) = 0. Now we claim that aex defines amap P — g,
i.e, it does not depends on Y. Indeed, if W is another vector field such that
Dn(p)(W(p)) = X(x) then Wy (p) = Yu(p) (they coincide on the vertical).
Now, since G acts on F' through a representation p, differentiating at the
identity we have a map p, : g — End(F') and hence p, o ax : P — End(F).
If we let X to vary, we obtain a map p, o« : P — End(F) ® (RV)*. It is
easy to check that this map is equivariant. O

Analogously:

Proposition 14. The curvature Q@ on P defines a section of End(E) ®
N (T*M).
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Proof: By hypothesis there is a representation p : G — Aut(F'). Define
F . P — End(F)®A\*(RY)(~ fiber of End(E)®A*(T*M)) by F(p)(X,Y) :=
p+(p)(X,Y)), where ~ denotes the (horizontal) lifting. Now

F(pg)(X(pg), Y (pg)) = p«(pg)(X(pg), Y (pg))) = pu(R:QUp)(X(p), Y (p)))
= pu(Ady—1 (p) (X (p), Y (p))) = (g~ NF(p)(X(p).Y (p)))

since the diagram:

Ad .
g — 9
px | L pe

End(F) =) End(F)

commutes; in the second step we used that by the definition of horizontal

space p.(Qpg)(X(pg). Y (pg))) = p.(Qpg)(DRy(X (p)), DRy(Y (p)))). O

We have seen that w’'—w defines a section of End(E)®T* M. We also have
seen that for each connection w’,w on 7 : P — M we have a connection on
7 : E — M (see theorem 4). So it would be natural to expect that V¥ —V*
be a section of End(F) ® T* M. This is indeed the case:

Proposition 15. V¥ — V" € I'(End(E) ® T*M).

Proof: Locally we have:

(V¥o)(p) = Do(p)(X(p)) + AX (p)(e(p))
(V%0)(p) = Do(p)(X(p)) + A (p)(c(p)) then:

)
(VE = VE)a(p) = (A () — AT (9)(0(p))

g

=B(p)

where B is an endomorphism of the fiber (since it is the difference of two
endomorphisms). O

Another way of expressing this results is to say that V¥ — V% is an op-
erator of rank zero, i.e., it depends pointwise only on the value of the section
and not on its derivatives. The content of this proposition is already present
in the definition of the covariant derivative, since the ordinary differential is
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locally a covariant derivative, so we have that the difference Vx — D is an
endomorphism. We can go one step further:

Let €(F) the space of connections on E. Given V? € €(E) and given
a End(E)-valued 1-form A on M we define V4 : I'(E) — I'(E @ T*M) by
VAr = V% + A® o, where (A® o) (p)(X) = A(p)(X)(c(p)). Then:

Corollary 2. VA € ¢(E) and T'(End(E) ® T*M) ~ €(E)

Proof: It is a direct consequence of the last proposition. O

This means that A € I'(End(£) ® T*M) defines a connection only with
respect to another one; in other words €(F) is an affine space. Bearing in
mind this subtlety, physicists usually make an abuse of language and call A
itself “the connection”.

We conclude that in order to obtain a non-empty space €(E) all that we
have to prove is the existence of one connection; all the others being obtained
by adding an endomorphism.

Proposition 16. ([7/) Any principal bundle 7w : P — M has a connection.

Proof: As we have seen the differential is locally a connection, so that its
sum with an endomorphism defines another connection. In order to define
the connection globally we take an open cover {U, } e over which P is trivial.
For each o we have a connection w,. Let {A,}acsr be a partition of unity
subordinate to the covering {Un}aer. Define w = Y ., Aqw,. This is a
one-form on P with values in g. Near the pre-image of any point x € M this
one form is an affine combination of connections one-forms and hence is a
connection one-form. But if that is true in the neighborhood of the pre-image
of each point of M then it means that w is a connection one-form on all of
P. m

Corollary 3. dim &(F) = oo
Proof: dimI'(E) = oo O
Now let us express the curvature in terms of the connection, exactly

in the same way we did for the curvature on P. First we introduce an
algebraic expression to the curvature. Then we shall express it as an exterior
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covariant derivative (analogously to €0 = D"w). Finally, we shall show
that this definition coincides with that induced by € (the curvature on the
principal bundle P) — both define the same section of End(E) ® A*(T*M)
(see proposition 14).

Given vector fields X,Y € X*°(M) put:

.’/t(X, Y)O' =VxVyo—-VyVxo — V[X7y]0', g c P(E)

(to be honest we should use other symbol instead of F, since we are defining
it and only afterwards we shall show that this definition agrees with our
previous concept of curvature, i.e., from proposition 14; but we hope that
with this warning there will be no misunderstanding). We write F(V), Fy
etc when we want to stress the dependence on V.

We notice that F is C*°(M)-linear:

F(X,fY)o =VxVyo —VyyVxo — Vix 0o, [ € C®(M)
= Vx(fVyo) = fVyVxo = Vixyiix(nHyo

= fVxVyo + X(f)Vyo — fVyVxo — fVixyio — X(f)Vyo
=fF(X,Y)o

In order to prove C*°(M)-linearity in the entry F(-,Y) we simply use the
anti-symmetry F(X,Y) = —F (Y, X) (which is obvious from the definition).
Now we show that it is C°°(M)-linear with respect to sections:

F(X,Y)(fo) =VxVy(fo) = VyVx(fo) = Vixy(fo)
= Vx(fVyo +Y(f)o) = Vy(fVxo+ X(f)o) = (fVixyo+[X,Y]o)
= fVxVyo+ X(f)Vyo+Y(f)Vxo+ XY (f))o— fVyVxo—
Y(f)Vxo = X(f)Vyo =Y (X(f))o — fVixyio — ([X,Y]f)o
= fF(X.Y)o + X(Y(f))o =Y (X(f))o = ([X,Y]f)o = fF(X,Y)o

==

What these calculations actually show is that F(X,Y) is a section of
End(FE) because:

Proposition 17. Let g : I'(E) — ['(E) be a C®°(M)-linear map. Then g
defines a section of End(E).

Remark 8. Notice that there is a straightforward reciprocal: given a section
T € End(E), T defines a map from T'(E) to T'(E) by o € T'(E) by (To)(x) =
T(x)o(z).
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Sketch proof: Put g, = g|p, p € M. We define an endomorphism of the
fiber E,, T,: E, — E, by v € E, — g,(c(p)) = (90)(p), where o is a section
such that o(p) = v. The definition of T}, does not depend on o, for if ¢’ is other
section such that o/(p) = v then 0 = g,(o(p) — o'(p)) = gy((p)) — (e’ (7).
To define T}, globally we use a partition of unity (more details see [8], p.220).
O

Now, if we let X,Y to vary we obtain that F € I'(End(E) ® A\*(T*M)).
Now our aim is to express F as some “derivative” of a a End(FE)-valued
1-form. For this we need:

Definition 37. Given a connection V on a vector bundle # : E — M
we define the exterior covariant derivative DV : T'(E @ \'(T*M)) —
T(E @ \NPTHT*M)) by

p+1
DY (X1, .. Xpi1) =3 (1P (X, X X))+
j=1
Z (—1)j+kﬂ<[Xj,Xk],X1, AN 7Xj, PN 7Xk, PN 7Xp+1)

1<j<k<p+1

Notice that DV naturally extends V, i.e., DYV = V for p = 0. Obviously
this operator is linear. It also satisfies a Leibniz’s rule; to see this, first we
apply the definition to a E-valued 1-form; it suffices to compute it for e ® u:

DY (e@w)(X,Y) = Vx(ew(Y)) — Vy(ew(X)) — ew([X,Y]) =

(Xw(Y))e+w(Y)Vxe — (Yw(X))e —w(X)Vye —ew([X,Y]) =

w(Y)Vye —w(X)Vye+e(Xw(Y) - Yw(X) —w([X,Y]) =
(Vehw+e®dw)(X,Y) = (DVeAw+e®dw)(X,Y)

where in the last step we used that DV = V for p = 0. Proceeding induc-
tively, for a E-valued p-form o = e@w we get DV (0 ®@w) = DVeAw+e®dw.

Now, if f is a differential form on M and w a form on M with values on
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E, writing w = T, ® w® we obatin:

DY(f Aw)=DY(f AT, @w*) = DV(T, @ (f Aw®)) =
DYT, A fAw* +T,®DY(f ANw*) =
DVTy A fAw® + Ty @ (df Aw® + (—1)%80) f A ) =
DVTu A f AW + Ty @ (df Aw®) + (=1)*DT, @ (f Aw®) =
df A (To @ w®) + DVTy A f Aw® 4+ (=1)2DT, @ (f A w®)
Since DVT, = VT, is a 1-form with values in E we have DVT, A f =
(—1)de)1 f A DVT,, so we get
df A(To @ w*) + (=1)* ¥ f A (DYTL Aw®™ + To @ ) =
df Aw + (=1)%e f A DV

which is the Leibniz rule (see [10] p. 110ff for more properties of DV).
We summarize these results:

Proposition 18. (Leibniz rule) (i) DV (o @ w) = DVo Aw + o @ dw; (i)
DY(f Aw) = df Aw + (—=1)30 f A DV

As we said DV extends V; because of that some writers also denote DV by
V. It is important to notice, however, that DV is not a connection (and that
is why we avoid to use the notation V). By saying that it is not a connection,
we mean the following. Consider the bundle £/ = E ® T* M; it has a natural
connection V' : I'(E') — I'(E' @ T*M) = I'(E @ T*"M ® T*M) which is
the tensor connection V' =V ® V, where V: I'(E) — I'(F ® T* M) is the
connection on F and V : ['(T*M) — I'(T*"M @ T* M) is the connection
on T* M induced by the Levi-Civita connection. So we can also say that V’
extends V, as does DV:

IE) -LT(ERT'M) L T(ERTMeTM)
N(E) - T(EeTM) 25 T(Ee AT M)

But V'’ is, by construction, a connection on E’ whereas DV is not since it
does not satisfy the Leibniz rule for a connection: if f is a function on M
and 0/ = 0 ® w is a section of £’ then

DY(fo'y=df no' + fDVo’
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Which, in order to be a connection should equal df ® o’ + fDVo’ (see prop-
erty(ii) of proposition 12)7. The reason why we are bringing attention to
such trivial statements is that the notation used by different authors can be
very confusing: both V’ and DV are sometimes denoted by V since both can
be considered extensions of the original V 8. Some authors try to distinguish
V from their extensions by denoting the extension by V2, but again this is
not very helpful since both V/ and DV are sometimes denoted by V? (e.g.,
[7] p. 85).

Theorem 6. Given a connectionV onm : E — M, for any section o € T'(E)
and any pair of vector fields X,Y € X*°(M) we have
(DY o V)(X,Y)o = F(X,Y)o
i.€., the curvature F is given by the composition:
F:I(E) LT(ETM) ZT(E N\ATM)

Remark 9. Now we have the following setting: the connection V is identi-
fied with an End(E)-valued 1-form A (corollary 2) and the curvature F is
written as an exterior covariant derivative of such connection (actually, as
the composition DY oV ). So, this is the ezact analogous of Q = D¥w.

Proof: Recall from definition 36 that (Vo)(X) = Vxo. Then applying
the definition of exterior covariant derivative to the E-valued 1-form Vo we
have:

(D¥V0)(X1, Xz) = Vi, ((V0)(X2) ) = Vi, (V) (X)) ) = (Vo)([X1, Xa))
= VX1VX20' - VXQV;QJ — V[Xl,Xg]O'

]

Now we eventually prove that the two ways of constructing the curva-
ture expressed above in fact coincide. Recall from proposition 14 that the
curvature Q on 7 : P — M defines a section F of End(E) @ A*(T*M) by
F(X,Y) = p,(Q(X,Y)), where X,Y are vector fields on M, ~ denotes their
horizontal lift to P and p : G — Aut(F) is a representation.

"DV does satisfy, of course, the Leibniz rule for an exterior covariant derivative.

80f course, this situation is not different from the standard situation in Riemannian
geometry, where the same symbol V is used to denote the Levi-Citiva connection and its
extension to the tensor bundle.
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Theorem 7. For any section 7 € T'(E) we have Fr = DVVT.

Proof: We work locally. Consider a trivialization of o, : Y — P. It
induces a trivialization of E. We shall show in proposition 20 that locally
DVV = dA, + Ay A Ay, where A, is the End(E) valued form on U given by
A, = p.oolw (recall also definition of covariant derivative; the reason why
dA, + A, N\ A, does not have a factor % as the Cartan’s structure equation
becomes clear below in the proof).

We will show that the diagrams

Mg TU) = Tgo \XTU)
ps | L ps
D(End(E) ® T'U) - T(End(E)® N\*(T°U))

and

e TU) x PgeTU) 5 Tgo \ATU)
(perpe) | L pa

[(End(E) ® T*U) x T(End(E) @ T'U) - T(End(E) ® )\ X(T"U))
commute (again, the reason for the factor 3 becomes clear in the proof). This
is a direct consequence of definitions sine d and A act only on the “form part”
(recall definitions 22 and 26). Explicitly, writing 4 = T; @ ' and v = U; @ 17
for g-valued forms we have that for any vector X: u(X) = T;u*(X); since p, is
a homomorphism p. (u(X)) = p(Tip' (X)) = pi(X)pu(Ty) = (ps(Ti) @ p")(X),
e, peo(T; @ p") = po(T;) @ pu'. Applying this for du instead of p and using
definition 22: p.odu = p.o(Ti®dy') = p.(Ti)@dp' = d(p.(T;)@p') = dp.op.
Analogously: p. o (uAV) = poo ([T, U] @ ' Av?) = pu([T, Uj]) @ p A
This equals [p.(T}), p«(U;)] @ u* Av? since p, is a (Lie algebra) representation.

Now, since d and A commute with pull-backs, using Cartan’s structure
equation and the previuos calculation we obtain p, o (c%(€Q)) = p. o (o (dw +
Lw Aw)) = p. o (do(w)) + bp. o (73(w) A o3 (w)) = dip. 0 0% (w)) + Lp. o
(o} (w) Aok (w)). The first term gives: d(p. o o (w)) = dA,. For the second
term, write o¥w = o(T; ® w') = ¢:T; ® ow;. Again using the previous
calculation:

pr 0 (g (W) Nog(w)) = puloTi ® oqwi AT © ojw;) =

p.o (03T, 03T @ o' A o) = [p. 0 03 T3, p. 0 03T} © 0w’ A ol

i? «
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Notice that p, o 0T} are endomorphism of the fibers of the bundle £ and
w' are ordinary differential forms on . Hence we can write ojw’ = fdz*,
with f} real valued functions on ¢, and denote f},p. o o*T; by B,,. Then

190 02T}, p 0 02T} @ 0wt A aw? = [p 0 7T pe 0 T3] @ fidat A flda” =
[fops 0 0nTy, flpe 0 04T @ da* A da” = [By, B,] @ da' A da”

Since the sum is over all p, v, using the anti-symmetry of [, | and dz* Adz” the
last expression equals to 2B, B, ® da* A dx”, where B, B, = B,, o B, =usual
composition of endomorphisms. Hence

2B, B, @ da* A dx” = 2(f.p. 0 o8 Ti)(flps 0 00 T;) @ dat A da” =
2(pi 0 0, T3)(ps 0 0,T5) @ frdat A fldz” =
2((p. 0 02T:) (ps 0 72T)) ® Ot A 0wt =

By definition of wedge product of End(FE)-valued forms this last expression
equals to

2(p. 0 0, T; @ opw') A (pa 0 0,T) @ o)

Using the equality p,o (T; @ u') = p.(T;) @ p* we have then p, oo’ T; @ ofw® =
pso (05T @ ociw') = p, o o) (Tyw') = p, o ofw. Hence

2(pu 00Ty @ oiw') A (puo 0Ty @ oiw’) = 2p, 0 ofw A py o oiw = 24, AN A,

Therefore the term 3p, o (0% (w) A o (w)) equals to Aq A A, what finishes
the proof. O

We now have the following nice picture. A connection on P induces a
connection on E, and the connection 1-form w on P (which is thought of as
the connection itself), induces a covariant derivative V on E. On P exterior
covariant derivative of w gives rise to the curvature 2. On E exterior covari-
ant derivative of V gives rise to the curvature F. And this two curvatures are
connected by the representation p as shown in the last theorem. Moreover,
we have a Cartan’s structure equation Q2 = dw + %w A w on P and, taking
into account proposition 20 below, a structure-like equation d A, + A, A A,.
Moreover, the reason why we have a factor % is completely consistent with the
definition of the wedge product for g-valued and for End(F)-valued forms:
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in the first case we combine the anti-symmetric wedge product of one forms
with the anti-symmetric bracket of the Lie algebra what yields a symmetric
term and hence a double counting, while in the second case we just have the
wedge product combined with usual multiplication of two endomorphisms
(see [6] p 36).

Summarizing:

1
wa:Q:dw+§wAwonP
DYV =F=dA,+ A,NA, on E

and these quantities are related by the representation p.

Recall that If we have two vector bundles £, and E, with connections V;
and Vs we can form a connection on tensor bundle. V,;® Vs : T'(E} ® Es) —
I'((E; ® Ey) @ T*M). In particular, since End(F) ~ F ® E*, we have an
exterior covariant derivative induced on the bundle of endomorphisms.

1.2.2 The local form of the connection and curvature

Here we investigate properties of the curvature F in local coordinates and
derive some useful formulas.

This is First, we fix some notation: we shall denote (as usual) {J,},
p=1,...,n=dim(M), a local basis of T'M,; we should write {9,(x)} for
stressing that it is a basis of TM,, but we shall omit z when no confusion
can arise. Remember that locally it is always possible to write a basis of
sections for a vector bundle. We denote {¢;}, i =1,...,m = dim(F) a local
basis of sections. Again, we should write e;(z) for E,, but we omit the point
x when it is possible. We shall indicate indices which run from 1 to m by
Latin letters and indices which run from 1 to n by Greek letters. Having
{e;}, we can arrange a local basis of sections of E* as {(e;)* =: €'} and a
local basis of sections of End(E) as {e; ® €/}. Owver all this section we shall
assume that we are working in local coordinates, so that a local trivialization
has always been chosen. Therefore, for simplifying notation we shall omit the
indices of local trivialization. So we shall write, for example, A instead of
A, for p, o o,w appearing in the expression of the connection on F.

Recall that the connection V induces a connection and an exterior co-
variant derivative on the bundle End(E) — which we also denote by V and
DV
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We start writing the connection in local coordinates. Following physicists
notation, we shall write V, := Vj,. Since V associates to each pair section-
tangent vector a new section we may write:

— At L.
and for a general section o = o'e; and vector X = X#9,:

Vo = quau(aiei) = X'V ,(d'¢;) =
X"((Ou0')e; + Alo'ey)

where in the last step we use the Leibniz rule. Renaming the dummy indices
in the last term we get:

Vxo= X“(@uai + Aijaj)ei

If we we define the component functions V,0 = (V,0)’; the above expres-
sion gives:

(Vuo)' = 80" + A ;07
which is very familiar to physicists®.

Remark 10. Physicists would write V,,0* instead of (V,0)". Definitely this
is an abuse of notation since there is no sense in taking the covariant deriva-
tive of o'.

Comparing the above expression for (V,0)" with the expression for the
covariant derivative given in chapter 1.2:

(Vxo)(p) = Da(p)(X(p) + A7 (p)(e(p)

we may suspect that Al ; are the components of the End(E)-valued form
A, in this particular coordinate systems. This is indeed the case. First notice
that

91f o is a section of the tangent bundle, i.e., a vector field, then AZ]- are exactly the
Christoffel symbols.
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XMALjO—jei = Azj(ei ®e @ dr')(o® X)
Now observe that (e; ® ¢/ ®@ da*) € T'(End(E|U) @ T*U), i.e., it is a local

section of the (trivial) bundle End(E|U) ® T*U over U, where Y C M is an
open set on which we perform the trivialization. We can also write

.A(X)O‘ = X“.ALjO'jGi = X“-Azj(ei ® ej)(a)

Putting all pieces together we have the following expression for the co-
variant derivative expressed in terms of a given local basis of sections and
local basis of the tangent space:

(Vxo) = Xo' + (A(X)o) = X*9,0" + (A(X)o)’

Remark 11. Physicist like to suppress the internal indices i,j which are
associated to the sections e; and write A in terms of components:

In other words, by "supressing" the internal indices, we can think of
A, as matrices representing the corresponding endomorphism in the given
trivialization; the matrix A, has entries A’ ;.

Now let us investigate the local form of the curvature. Define:

Fw = F(0u,0y)
Fu is a section of End(FE). Notice that since [0,,0,] = 0 we also have
Fuw = [V, V,]. The linearity properties of the curvature allow us to write
for any pair of tangent vectors X = X#0, and Y =Y"0,:

F(X,Y) = X'Y"F,,

Now we compute:
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Fuwei =V, Ve =V, Ve Vi, .6
VM(AI{iej> - VV(A{H'@J‘) =
(auAiz‘)ej + A;]iiniek - (3,,Afn-)ej - A];iniek =
((aﬂAii) - (aVAfu') + AikAlzji - AikAzlji)ej (%)
where we used [0,,0,] = 0 and in the last step we simply relabeled the

indices. Analogously to what we did for the connection we may expand the
curvature in a local basis {e; ® ¢/} of End(FE):

f/ﬂ/ = f/iuiej ® ei
the functions F; Zvi are called components of the curvature (in that local basis).
Notice:
Fuvei = fﬁuiej

So, comparing with (x) we have:

fj

Nz

= (8;0’4{4) - (aVA{u') + A{m-A’Zi - AikA’Zi

Again, physicists like to suppress the internal indices 7, j, k associated to
the basis of sections of I/ over U, meaning that 4, is thought of as a matrix
and then we may write the above expression as:

Fuw =0, A, — 0, A, + AL, A

Now that we expressed the functions F,, in a local basis {e; ® e/} of
End(FE) we can write the curvature itself in terms of the “components” F,,,:

1
F = 5.7:#,,dac” A dx”

1

the factor 5 appears because we are summing over all indices and not

only over p < v.
Now we show that DV o V is proportional to the curvature.
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Lemma 2. For any section o« of E we have
Va=V,a® dz"
Proof: For any vector field X:
(Va)(X) = Vxa = X"V, = (V,a ® de*)(X)
O

Lemma 3. For any E-valued p-form o, written locally as o = a'e;@wrda! =
ale;wy @ da’ = o @ de! with de’ = dx™ A -+ A dx*, we have:

DVa =V, o ®dz’ Adx!

Proof: Compute:

D¥a = DY (a; @ dz") = (Var) Adx! + a; @ ddo’ = (Vag) A da’
= V,a; ®@dz” A dx’

Proposition 19. For any E-valued p-form o we have:

DVoDVa=FAa«

Proof: As before, write a = a; ® dx’, where dz! = dx™ A --- A dz'».
DVDVa = DV(V,a; ® dz” A dz")
=V.V,ar ® dz” Adx¥ Adz’

1
= 5V, Vo(ar) @ da” Ada” A da

Fr(ap) @da™ Adaz” ANdx' = F A a

N | —

]

It is a easy calculation to show that if p is and End(FE)-valued p-form and
o is a E-valued form we have DV (u A o) = (DVpu) Ao+ (=1)Pu A DVo.
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Theorem 8. (Bianchi Identity) DVF = 0.
Proof: For any E-valued form we a have
(DV)> = DY(DVDVa) = DV(F Aa) = (DVF)Aa+F A (DVa)
On the other hand:
(DY)} = (DV)*(DVa) = F A DV
So DVF = 0. O

Remark 12. Although the Bianchi has been deduced used some computations
carried out on local coordinates — namely, proposition 19 — it is easy to
see that it holds globally. Indeed, it states that DVF = 0 at leat locally.
But the null section is defined globally and and equals DV F on every local
trivialization. So we should have DVF = 0 globally. We claim — without
proving, however — that proposition 19 itself holds globally. These remarks
will be useful on section 4.3.2.

Lemma 4. For any E-valued form o we have DVa = da+ AN «
Proof: Using lemma 3 and recalling A = ALjei Qe @drt = A, @ dxt
DVa =V,a; @ dz" Ada" = (9, + Aoy @ dat A da'’ =
Ouay @ dz* A dz' + Ay(og) @ da* A dx' =
do+ AN«

Notice that we are using that locally the usual derivative is a covariant deriva-
tive. [

Proposition 20. F =dA+ AN A.
Proof: For any E-valued form a:
DVDVa = DV(da+ANa)=d(da+ANa)+ AN (da+ANa) =
dANa)+ ANda+ ANANa =
dANa—ANda+ANda+ ANANa =
=(dA+ANA) N«

On the other hand DV DVa = F A «. The result follows. O
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Remark 13. This is only another way of writing:

Fuw = 0, A, — 0, A, + [Au, A



Chapter 2
Clifford Algebras

Let V be a finite dimensional vector space over R with a quadratic form
<,>. Denote by || z ||= /< z,z > We are using the notation of inner
product because in most applications we have so, but <, > needs to be only
a quadratic form. Consider the tensorial algebra

TV)=Veve V=
n>0 n times

ReVoVeVoe:.-

Denote by I(V') the two-sided ideal generated by v@uw+w®@v+2 < v,w > -1.

Definition 38. In the above notation the Clifford algebra of V is CI(V) :=
TWv)/IV).

In other words, Cl(V) is an associative R-algebra with unity generated
by V subjected to the relations v @ w + w ® v = =2 < v,w > -1. We shall
usually write vw instead of v®w and < v, w > instead of < v, w > -1. Notice
that if {eq,...,e,} is an orthonormal basis of V' we have eje, = —egej for
J # k. Tt also follows from the definition that v* = — || v ||%.

Lemma 5. (Fundamental lemma of Clifford algebras). Let ¢ : 'V — A
a linear map, where A is an associative algebra with unity. If it happens
() - p(v) = — || v ||* f for every v € V then ¢ has a unique extension for
an homomorphism of algebras (also denoted by ¢) ¢ : CI(V) — A.

Proof: The fundamental theorem for tensorial algebras guarantees that ¢
uniquely extends to 7'(V') as an homomorphism of algebras. The condition

47
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d(v) - dp(v) = (¢p(v))* = — || v ||* imply that ker(¢ : T(V) — A) contains
I(V) and hence ¢ descends to the quotient. O

Remark 14. If dim(V') = n we usually write C1(V') = Cl(n).

Notation: From now up to the end of this chapter {eq,...,e,} will
denote an orthonormal basis of V.
Notice that any & € CI(V) is uniquely written as

k=1 j1<--<Jjk

where a;, ;€ R. If follows that CI(V') is a vector space of dimension 2"
(notice that CI(V) is isomorphic, as vector space, to A" V). If we denote
by Clo(V') (Cly(V)) the subspaces of CI(V') containing only an even (odd)
number of elements on the base we have a Zs-graded splitting CI(V) =
Clo(V)®Cly (V) . Notice that Cly(V') is a sub-algebra and Cl; (V') is a module
over Clo(V). The elements of Cly(V) (Cl(V)) commute (anti-commute)
among themselves!.

Proposition 21. If (V},<,>1) and (Va, <,>3) are vector spaces endowed
with quadratic forms which are preserved by a linear map f : Vi — V5 then
f uniquely extends to f : Cl(V}) — Cl(V3).

Proof:

f@)f(@) == < f(@), f(2) =<z, 2>1=— 2|’

The results follows from the fundamental lemma. ]

Remark 15. If (V3, <, >3) is other vector space with a quadratic form pre-
served by g : Vo — V3, then go f : Vi — V3 uniquely extends to a map between
the algebras. By uniqueness this must be the composition of the extensions

of f and g.
Denote by m(Cl (V)) the automorphisms of C1(V') which preserve V.

1Z4-graded algebras such that the splitting if given in terms of commuting and anti-
commuting parts are called in physicists’ literature superalgebras



2.1. THE ISOMORPHISM AUT(CL(V)) ~ O(V) 49

Proposition 22. Aut(CI(V)) ~ O(V).

Proof: f € O(V) uniquely extends to an automorphism of CI(V') (use the
fundamental lemma and the above remark applied to g = f~1). Reciprocally,

if f € Aut(Cl(V)) then

< f(©), f(v) >=—f()f(v) = f(=0*) = f(lv I*) =l v [* fF(1) =< v,0 >

]

In the next section we shall give an explicit description of the action of
O(V) on CI(V). Such description will be useful when we consider spinor
bundles.

2.1 The isomorphism /Avut(Cl(V)) ~ O(V)

Since CI(V) is an algebra with unity we can consider the group of units of
Cl(V) (i.e., the group of elements of C(V') which are invertible), denoted by
CIX(V'). Notice that if < v,v ># 0 then v € CI*(V); indeed v™! = — 1.

CI¥(V) is a Lie group of dimension 2" whose Lie algebra €l(V') is CI(V)
itself. We have the adjoint representation ad : CI*(V) — Aut(CIl(V)),
ad,(x) = uru~! (a simple calculation shows that ad is indeed a representa-
tion). Derivating at the identity:

d
E(adexp(ty)(X))h:o =YX - XY =[Y, X]
so we have a representation of the Lie algebra: Ad : €{(V) — End(CIl(V)),
Y — [Y,]. Since
¥, X]Z + X[V, 7] = [¥, X 7]

we have that [Y,-] is actually a derivation of the Lie algebra, so we have
Ad : €I(V) — Der(CL(V)).

Proposition 23. Let v,w € V, <v,v ># 0 and v* the space orthogonal to

v. Then —ady(w) = —vwv™! = w — 25222y = R\ (w), where R,. denotes

the reflexion through v*.
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Proof: Since v™! = —v/ < v,v > we have (using vw +wv = —2 < v,w >):

— < 0,0 > ad,(w) = — < v,v > vwv " = vw

= w—-2<vw>v=<v,0>w—-2<v,m>v

Corollary 4. ad € Aut(Cl(V)).

Proof: From the above proportion we have ad,(V) =V. O

Up to a minus signal, we have that ad, is a reflection through v*. In
order to get a reflection we consider:

Definition 39. The twisted adjoint representation ad : CI*(V) — Aut(CIL(V))
is given by ad,(z) = a(u)zut, where a : CLU(V) — CU(V) is the automor-
phism which extends o=V — V', a(v) = —v (the existence of such extension

is gquaranteed by the fundamental lemma).

A straightforward calculation gives:

Proposition 24. ad,(w) = w — 25242y = R, (w)

Denote by P(V) the subgroup of CI*(V') whose elements are such that
ad(V) = V. Restricting ad we get a representation ad : P(V) — Aut(CL(V).

Proposition 25. The kernel of ad : tildeP(V) — Aut(CL(V) is the set of
non-null multiples of 1 (i.e. R or occasionally C).

Proof: [11] p. 14 O

Proposition 26. ad, : V. — V preserves <,> for every u € JS(V). So we
have a homomorphism ad : P(V) — O(V)

Proof: [11] p. 16 O
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Consider now the subgroup P(V) of P(V) generated by elements v € V
such that < v,v >#0, i.e.,

PV)=A{vy- v, € Cl(V) :<v,v; ># 0,vq,...,0, is a finite sequence of V'}
Restricting ad to P(V) c P(V) we get a homomorphism ad : P(V) —

O(V). Since for each v € V ad, = R, and every element of P(V) is a
product of vectors v € V', we get:

advl...vr = vaL ©---0 RUTL

By the Cartan-Dieudonné theorem O(V') is generated by reflections, so ad :
P(V) — O(V) is onto. On the other hand, restricting ad : P(V) —
m(Cl(V)) to P(V') we get another homomorphism ad : P(V) — m(Cl(V)).
We have therefore two homomorphisms:

/' Aut(CL(V))
ad: P(V)
N O(V)

But by 22 we have:

/' Aut(CL(V))
ad: P(V) IS
N O(V)

As the non-null multiples of 1 belong to P(V'), proposition 25 gives, to-
gether with the surjectivity of ad : P(V) — O(V) that:

Theorem 9. ad : P(V)/ker{ad : P(V) — O(V)} =~ O(V) ~ Aut(CL(V)

This is the main result of this section. It means that the action of O(V)
on CL(V) is adjoint-like, i.e., any automorphism of Aut(C'L(V)) is written
as

ady, .., = a~dv1 0:--0 a~dvr
where vy, ...,v, € P(V).
The Cartan-Dieudonné theorem also tells us that each element of SO(V)

is written as an even number of reflections. Considering SP(V) := P(V) N
Cly(V) and proceeding in analogous fashion we get
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Theorem 10. ad : SP(V)/ker{ad : SP(V) — SO(V)} ~ SO(V) C
Aut(CL(V)

This means that SO(V') acts on CI(V') by

Aly, ..y, = Ay, O -+ - 0 ady,,

2.2 The groups Pin and Spin

Definition 40. Pin(V) is the subgroup of CI*(V') generated by elements
v €V such that || v ||>= 1. In other words:

Pin(V):={€eCl(V):E=u-u, u; €V, ||u;|=1}
We also define: Spin(V') := Pin(V') N Cly(V), in other words:
Spin(V) = {£ € OI(V): & =uy - ugy, u; €V, | uj||=1}

Some important remarks: (i) There exists an obvious homomorphism
ClV) — Zs, Clo(V) — 1, Cly(V) — —1. If we restrict to Pin(V) then
Spin(V') is the kernel of Pin(V') — Z,. (i) If £ = uy -+ -uy, € Pin(V) then
7= (—up) - (—w) € Pin(V) (since v~ = — iz for < v, v >#0).

The group Spin(V') acts on CI(V') by Spin(V)xCIl(V) — Cl(V), (0,§) —
ad, = oo~ '. Notice that here is not necessary to consider the twisted ad-
joint representation because the elements of Spin(V) are products of an
even number of vectors v € V — so that the cumbersome minus sign
disappears. By the results of the last section ad, preserves V for every
o € Spin(V), hence we have a representation of Spin(V) on CI(V), i.e.,
ad : Spin(V) — Aut(CL(V)), o +— ad,.

Some of the next results could be derived directly from theorem 10, but
we shall provide explicit calculations.

Lemma 6. The image of the representation of Spin(V') on CI(V') consists
of automorphisms which preserve V and orientation. Therefore we have a
map from Spin(V') onto SO(V).

Proof: We have already seen that ad, preserves V. Notice that for each
w € V with || v ||= 1, we have that ad,(v) = —R,.(v). Then, for £ =
uy - - ug € Spin(V), ade is an even composition of reflections and hence it
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preserves orientation. Since each element of SO(V) is written as an even
number of reflections, we have the result. ]

Lemma 7. The kernel of the representation ad : Spin(V) — XIl/t(C’l(V)) is
Spin(V)Necen(CIl(V)), where cen(CIL(V')) is the center of the Clifford algebra.

Proof: obvious. O]

From the surjectivity of Spin(V) onto SO(V') we get an isomorphism
Spin(V)/(Spin(V)Ncen(CL(V)) = SO(V). So it is important to understand
cen(ClU(V)).

Lemma 8. If dim(V) is even then cen(Cl(V)) = R; if dim(V) is odd than
cen(Cl(V)) = span{l,e;---e,} = R®R.

Proof: Fix an orthonormal basis {es, ..., e,} and notice that e;-(e;, - - - €;,) =
+(ej, -+ - e;,) - e;, where the sign is (—1)" if j # j, for every 1 < j < t and

(—=1)t1if j = j, for some r € {1,...,t}. The result follows by inspection.
[

Lemma 9. Spin(V) Ncen(Cl(V)) = {+1, —1}.

Proof: From the definition of Spin(V) it follows that Spin(V)Ncen(C1(V)) =

Spin(V)Ncen(Cly(V)) = Spin(V)NR. Spin(V) is generated by unitary vec-

tors v and the multiplication of two such vectors can result only in either +1

or —1 (v = —1, v(—v) = 1). Then Spin(V) NR = {+1,—1}. O
Putting these lemmas together:

Theorem 11. Spin(V)/{+1, -1} = SO(V).

The important fact here is that Spin(V') is not a double copy of SO(V'):

Theorem 12. If dim(V') > 2 then Spin(V') — SO(V) is a non-trivial double

cover.
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Sketch proof: Let W be a 2-dimensional subspace of V. Notice that the
pre-image of SO(W) C SO(V) is Spin(W) C Spin(V). It suffices to show
that Spin(W) — SO(W) is a non-trivial double cover (since m(SO(W)) —
71 (SO(V)) is surjective). Now notice that CI(W) ~ H, Spin(W) =~ S' c C
and W ~ Span{j,k}. Therefore the conjugation of Spin(W) on W is simply
the square of the usual action of S on WW. O]

It follows from the above theorem that if dim(V) = n then Spin(V) is a
compact Lie group of dimension n(n — 1)/2, which is connected if n > 1 and
simply connected if n > 2 — so for n > 2 the group Spin(V) is a universal
cover of SO(V') and then the Lie algebras spin(V') of Spin(V') and so(V') of
SO(V') are isomorphic.

2.3 Classification of Clifford algebras

Let CI(V') be the complexification of CI(V), i.e., Cl(V) = CI(V) @ C. This
is equivalent of considering complex coefficients on the linear combinations.
Given an orthonormal basis {ey,...,e,} define:

C - 1 n

where i is the imaginary number and [-] is the integer part. A simply calcu-
lation shows that we is independent of the choice of basis and that w2 = 1.
we acts on CI(V) by left multiplication. From w? = 1 it follows that we
can decompose CI(V) in CI* (V) and Cl~(V), eigenspaces associated to +1
eigenvalues (v € CI*(V) if and only if wev = +v).

Notice that if dim(V') is even, then we € cen(Cly(V)) and wc anti-
commutes with Cl; (V). If dim(V) is odd, then w¢ € cen(CI(V)).

Proposition 27. If dim(V') is odd then the splitting CIT (V) @& CI— (V) is
orthogonal (i.e.: CI*(V) are subalgebras which annihilates each other) and
CI*(V) are both isomorphic to Cly(V) (isomorphism of algebras).

Proof: Take u € Ci* (V) and v € CI™ (V). Then weu = u and wev = —v.
Since wg is on the center of CI(V') (because the dimension of V' is odd) we
have weuwev = u(—v) = wiuv = uv, so uv = —uw and therefore uv = 0.

For the isomorphism, notice that w¢ alternates Cly(V') and Cl;(V'), hence
Clo(V) N CI*(V) = {0}. Tt follows that the compositions:

Clo(V) = CI(V) = CIE(V)
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are algebra isomorphisms. O

Remark 16. notice that this embedding of Cly(V') is the graph o f an iso-
morphism CIT (V) ~ Cl= (V).

We have an analogous result for the case of even dimension:

Proposition 28. If dim(V') is even then there is an orthogonal splitting
Cly(V) = Clf (V) @ Cly (V) and there is an algebra isomorphism Clf (V) ~
Cly (V). Moreover, Clg (V) is isomorphic (as algebra) to CL(W), where W C

V' 1s a codimension 2 subspace.

Proof: The orthogonal splitting follows, analogously to the above proposi-
tion, from the fact that for each n even we have we € cen(Cly(V')). Notice
that there is an isomorphism Cly(V') ~ CI(W’), where W' is a subspace of
codimension 1. Indeed dim(Cly(V)) = 2"/2 = 2"~ = dim(CI(W’)), given
a vector space isomorphism. Since dim(W’)=odd, by the above proposi-
tion we have CI(W') = CIT(W’) @ CI~— (W), hence we have the algebra iso-
morphism Cig (V) ~ CIT(W’). Using again the above proposition we have
CIT(W') = Clo(W"), so Clf (V) =~ Cly(W’) (algebra isomorphism). Take
now W C W' a subspace of codimension 1. We have an algebra isomorphism
Clo(W') =~ CI(W). The result follows. O

Proposition 29. Similar result hold for Cly(V), i.e., Cly(V) = CIf (V) &
Cly (V).

Proof: Analogous. O

Summarizing, if the dimension of V' is:

evell:

we € cen(Cly(V)), Clo(V) ~ CIE (V) @ Cly (V), CL(V) ~ ClF (V) @ CIT (V),
z

Clg (V) = Clo(W) ~ Cly (V
odd:
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The lemma 11 below is the key lemma to classify Clifford algebras. In
order to prove this lemma we must understand the tensor product of Clifford
algebras.

We start recalling that if 2 and B are algebras with unit over K then
the tensor product A ® B is the algebra whose the underlying vector space is
the tensor product of A and B and whose multiplication on simple elements
is given by

(a®b)-(a' @) = (aa’) ® (bV')
If, however A = A° @ A and B = B @ B! are Z,-graded algebras then we
can introduce a second Zs-graded multiplication by the rule
(CL ® b) . (a/ ® b/) _ (_Udeg(b)deg(a’)(aa/) ® (bb/)

for pure degree elements. The resulting algebra is called Z,-graded tensor
product and is denoted by ®. It is also Zs,-graded:

(A2B)° =2A° @ B + A' @ B!
(AB)' = A' @ B" + A’ @ B!
Lemma 10. Let V =V, @V, be a <, >-orthogonal decomposition of V' (i.e.,

< U1 F V9,01 + vy >=< V1,01 >+ < U9, vy > forvy € Vi and vy € Vy). Then
there exists an isomorphism of Clifford algebras:

Cl(V) = CI(V1)®CI(Vs)
where the quadratic form on V; is <, > restricted to V.

Proof: Consider the map f : V — CI(V;)®CI(V;) given by f(v) = v; ®
1+ 1 ® vy, where v = v; + vy is the decomposition of v with respect to the
splitting V' = v; @ V5. From the <,>-orthogonality and the definition of
Zo-graded tensor product we have that

f)- fo)=v®1+1@u)’=1@1+1Quv =
—<vtU,Ut+>1Q0l==-<v,v>1®1

Hence by the fundamental lemma f extends to an algebra homomorphism
f: Cl(V) =~ CI(V})®CI(V3). The image of f is a subalgebra which contains
Ci(Vi) ® 1 and 1 ® CI(V3). Therefore f is onto. The injectivity follows
easily by considering a basis for CI(V') generated by a basis of V' which is
compatible with the splitting. Il
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Lemma 11. CI(V & R?) ~ CI(V) ® CI(R?)

Proof:  Let {vy,...,v,} be an orthonormal basis of V' and {e;,es} an
orthonormal basis of R%. Define: ¢ : V @ R* — CI(V) ® CI(R?) by v; —
w;derey, 1 <j<nande; — 1®e;, j=1,2. We shall show that for every
u;, u; belonging to the basis of V @& R? we have (¢(u;))* = — || w; ||* and
d(ui)p(u;) + d(u;)p(u;) = 0 if i # j. A straightforward calculation shows
that this is equivalent to the fundamental lemma and so it gives an extension
¢ : Cl(V & R?*) — CI(V) @ CI(R?).
Compute:

P(v)P(v5) = (10; ® erez)(iv; © erez) = —vjv; @ erezerey =

= vv; ® esererey = V5 @ 1= — || v; |17

The remaining calculations are analogous. So we have the desired extension.
Notice that since ¢ takes the generators of CI(V @ R?) onto the generators
of the CI(V) ® CI(R?) we have an isomorphic of algebras since both have the
same dimension. O

Now we notice that CI(R) ~ C, what implies CI(R) ~ C & C; and
CI(R?) ~ H, what implies CI/(R?) ~ H & C. Define a map H — M¢(2) (=
complex 2 x 2 matrices) by

. a —0F*
i (3 0)
a,3 € C, we have an algebra isomorphism H @ C
therefore the following

Inductive rule: using the lemma 11 and H ® C
inductively all the complex Clifford algebras.

Q

M¢c(2). We obtain

Mc(2) we can get

Q

Theorem 13. If dim(V') = 2m than Cl(V) = Mc(2™); if dim(V) =2m + 1
than CI(V) = Mc(2™) & Mc(2™).

Proof:  Use the inductive rule and the isomorphic Mc(m) @ Mc(k) =~

Corollary 5. If dim(V) = 2m then CIf (V) ~ Mc(2™71).
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Proof: Use theorem 13 and proposition 28. O]

We recall some definitions:

Definition 41. If A is an algebra with unity and V' is a finite dimensional
vector space than a linear map p : A — End(V') such that p(ab) = p(a)p(b)
and 1 +— id s called a representation of A on V. The dimension of
the representation is the dimension of V. Two representations p; : A —
End(V}) and ps : A — End(V3) are said to be equivalent if there exists a
linear and invertible map f : Vi — Vy such that py(a) = f o pi(a)o f= for
every a € A.

If py : A — End(V}) and py : A — End(V%) are two representations of A
it follows that p = p; @ py : A — End(V; @ V3), given by p(a) = p1(a) ® p2(a)
is also a representation.

Definition 42. A representation p which can be written as p = p1 ® ps s
called reducible; otherwise it is called trreducible.

Theorem 14. If dim(V') = 2m then CI(V) has an unique (up to isomor-
phism) irreducible representation of dimension 2™.

Proof: By theorem 13 we have an isomorphism CI(V') = M¢(2™). By the
Werderburn theorem End(C?™) has an unique (up to isomorphism) represen-
tation of dimension 2™ and in fact End(C*") ~ M¢(2™). O

Notice that the action of CI(V) on C*" induces a isomorphism CI(V) ~
End(C*") ~ C*" @ (C*")*.

Theorem 15. Ifdim(V') = 2m+1 then CI(V') has two irreducible representa-
tion (up to isomorphism) of dimension 2™. Moreover: Cly(V') ~ End(C?").

Proof: We have the isomorphisms:

prop.27

CI(V)=CI" (V)@ Cl~ (V) = Cly(V)® Cly(V)
Using theorem 13 on the other hand

‘Wederburn

Cl(V) = Mc(2™) ® Mc(2™) =~ End(C*") @ End(C*")
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Definition 43. The action of CI(V') on C*" and C*" ®&C*" through the above
isomorphisms is called Clifford multiplication. It is sometimes denoted by
a dot: 7.

Let dim(V) = 2m and consider the irreducible representation of Ci(V)
on C?". Through this representation w¢ becomes a map we : C*" — C?"
and therefore we have C*" = (C*")™ @ (C*")~. We use this to prove:

Theorem 16. Let dim(V') = 2m and consider the irreducible representa-
tion of CI(V') on C*". Clifford multiplication induces the following isomor-
phismm.:

Proof: We recall that if dim(V')=even then we commutes with Cly(V') and
anti-commutes with Cly (V). Denote by “ the images of elements in CI(V') by
the isomorphism End(C?").

If w € Cif (V) then weu = uwe (because it belongs to Cly(V)) and
weu = u (because it belongs to C17(V)). Take h € (C*")*. We have:

wowe(h) = a(h) = wc(a(h))

what means that @(h) is an eigenvector of w¢ with eigenvalue +1 and there-
fore a(h) € (C*")*, ie., @ leaves (C?")* invariant. On the other hand, if
h € (C*")~ then:

towe(h) = —a(h) = u(h)

since weu = u. Therefore 4(h) = 0 and hence & € End((C*")T). The
isomorphism Cl; (V) & End((C?")™) is proven in analogous fashion.

Take now v € Clf (V). Then wev = —vwe and wev = v. If h € (C*")~
we have

we(0(h)) = —0(=h) = 0(h)
what implies 9(h) € (C*")*. Now for h € (C*")~ we have

e o 9(h) = o(h)
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and
’UA}(C O ﬁ(h) =—0o llj(c(h) == —@(h)

what implies 9(h) = 0 and therefore h € Hom((C2™)~, (C2")*). The proof
is analogous for Cly (V). O

Remark 17. Fordim(V) = 2, considering the isomorphism Cl(V') ~ End(C?")
we can give a nice interpretation to the last theorem. The splitting CI(V') =
Cly (V)@ Cly &Clf (V)& Cly (V) implies that if we write a vector v € C*" =
(C*")T @ (C*)” asv =vT"+v", then a matriz M € Mc(2™) can be written

as:
Mo (A0y L (0oo0y . (o) . (00
— 0 0 0 B 00 D 0
N—— —— —— ——
(Cm)¥—(C2m)+ (L)~ —(C2m)=  (C2m)—(CHm)F (€M) (T2~

where A, B,C, D € Mc(2™71).

Since Spin(V') C CI(V') we can restrict the representations of CI(V') and
such a way we obtain:

Proposition 30. There exists an unique (complex) representation of Spin(V),
Ac : Spin(V) — Aut(C?"), which is induced by irreducible representations
of CI(V).

Proof: It follows from Spin(V) C Cly(V') and theorem 14. O

Proposition 31. If dim(V') = 2m then Ac splits in two inequivalent repre-
sentations, Ac = AL DAg, each one of dimension 2™, If dim(V) = 2m+1
then Ac is a 2™-dimensional irreducible representation of Spin(V').

Sketch proof: For dim(V) = 2m we have Cly(V) = Cif (V) @ Cly (V),
Clf (V) =~ End((C*")*) and Cl; (V) ~ End((C*")7). So, restricting to
Spin(V') C Cly(V') these isomorphisms give Af : Spin(V) — Aut((C*")*)
and Al : Spin(V) — Aut((C?")™). It follows from theorem 16 that these
are the only irreducible inequivalent representations (up to isomorphism) of

Spin(V). We also have dim((C?*")") = dim((C*")~) =2m/2 = 2m~L,
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For dim(V') = 2m + 1 theorem 15 give us two 2™-dimensional irreducible
representations of CI(V') and Cly(V) ~ End(C%"). The result follows from
Spin(V) C Cly(V).

A detailed proof can be found in [12] p. 19. O

Remark 18. We are not saying — and it is not true — that Ac is the
unique complex irreducible representation of Spin(V') for dim(V) = 2m + 1
neither that A(jc: are the only two irreducible representations of Spin(V') for
dim(V') = 2m. What we claim is that these are the only ones which extend
to (automatically irreducible) representations of Cly(V').

2.4 The group Spin

Definition 44. The subgroup of CI*(V) generated by Spin(V) and S* is
called the Spin®(V') group, i.e.,

Spin“(V) :={a € CI*(V) : a = apuy - - usk,ap € S*,u; € V, || u; ||= 1}
Proposition 32. Spin‘(V) = Spin(V) x S*'/{(1,1),(—1,-1)}.

Proof: Define a map Spin(V) x S — Spin(V) by (0,a) — ao. Since
elements of S' commute with elements of Spin(V) such map is onto. Its
kernel are elements of the form (o,071) because aoc = 1 gives a = o~ 1. Tt
follows from lemmas 8 and 9 thatSpin(V) N S = {+1,—1}. The result
follows. [l

Using the theorem 11 we get:
Corollary 6. Spin(V)/+1 ~ SO(V) x S!.

It follows that Spin®(V) is a non-trivial double cover of SO(V') x S*.

The action of Spin(V) on CI(V) extends to an action of Spin°(V') on
CI(V). Notice that Spin(V) is identified with (Spin(V') x £1)/{£1}. More-
over: since Ac is obtained by restricting a representation of CI(V), it follows
that A¢ extends to a representation Ac : Spin¢(V) — Aut(C>") and that
this representation is “unique” in the sense of remark 18. It also follows that
if dim(V') = 2m then Ac = Al @ Ag, where AZ are extensions of AZ.
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Chapter 3

Spinor bundles

3.1 Spin structures and Dirac operator

We shall assume that the vector space V' for constructing Clifford algebras
and spin-like groups has dimension > 2. Instead of writing SO(V), Spin(V)
etc we shall write SO(n), Spin(n) etc where n = dim(V).

Throughout this chapter E' denotes a vector bundle over a Riemannian
manifold M and Pso,) (&) its bundle of positively oriented orthonormal
frames, i.e., a SO(n) principal bundle whose fiber on = € M is the set of all
positively oriented orthonormal basis of £, ([11] p 78). Recall that for n > 3
we have a universal double cover A : Spin(n) — SO(n).

Definition 45. Let n > 3. A spin structure on E is a Spin(n)-principal
bundle Pspin ) (E) together with a 2-sheeting cover A : Pspinm)(E) — Psom)(E)
such that A(pg) = A(p)A(g) for every p € Pspinm)(E) and every g € Spin(n).
When E =TM we call M a spin manifold.

It is also possible to define spin structures for n = 1,2 (see [11] p.80). No-
tice that A restricted to fibers equals \. We have the following commutative
diagram of bundles:

63
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Spin(n) 2, SO(n)
/!
Ly ! !
N
Pspintn)(E) = Psom)(E)
N v
M

Denoting by p : SO(n) — Aut(V) the trivial representation and by
Psomy(M) the bundle of positively oriented orthonormal frames of a ori-
ented Riemannian manifold M, we have that TM = Pgo@)(M) x, R™
Analogously if £ is a Riemannian oriented vector bundle we have E =
Psom)(E) x, R". As we have seen the action of SO(n) on R™ extends to
an action on Cl(n), so there is a map ¢l : SO(n) — Aut(Cl(n)), ie., a
representation. Then, analogously to the cases T’M and E we can define:

Definition 46. The Clifford bundle of a Riemannian oriented vector bun-
dle E is defined as Cl(E) := Psowm)(E) Xa Cl(n), where cl : SO(n) —
Aut(Cl(n)) is the representation which extends the natural action of SO(n)
on R".

Therefore, the Clifford bundle is a fiber bundle whose fibers are Clifford

algebras.

Definition 47. Let A : Pspinm)(E) — Psom)(E) be a spin structure on
E. Let m be a left module over Cl(n) and p : Spin(n) — SO(m) C
Aut(m) a representation of Spin(n) given by left multiplication of elements
of Spin(n) C Cl(n). A spinor bundle for E is a fiber bundle S(E) given
by S(E) = Pspinm)(E) x, m. If mc is a left module over Cl(n) then
Sc(E) := Pspinn)(E) x, m¢ is called complex spinor bundle
Definition 48. A section of S(E) is called a spinor field.
Proposition 33. S(FE) is a bundle of modules over the bundle of algebras
CUE).
Proof: Consider the right action of Spin(n) on Pspinm)(E) x (Cl(n) x m)
and on Pgpinm) (£) x m given by

(p, ¢, m) = (Ry(p), ady—1¢, 9~ 'm) = (pg. g~ ¢g,9~'m)

(p,m) = (Ry(p), g~ 'm) = (pg,g~'m)
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respectively. So the diagram:

PSpm(n)(E) X (Cl<n) X m) - PSpm(n)(E) X m
(Ry,ady1,97) | | (B9
PSpm(n)(E) X (Cl<n) X m) - PSPm(n)(E) X m

commutes; in the diagram the horizontal arrows mean multiplication of m by
Cl(n): (p,¢,m) — (p,¢m). In other words, the multiplication Cl(n) x m —
m is equivariant with respect to the action of Spin(n), hence it descends to
the quotient: CI(F) @ S(E) — S(F). O

It is instructive to see directly the action on the quotient. The multi-
plication CI(E) @ S(F) — S(F) is given by [(p, ¢, z)] — [(p, ¢x)]. This is
independent of the choice (p, ¢, z) because if (p', ¢, z") € [(p, dx)] then

W, ¢ ") = (pg. 9~ ¢9,97") = (pg, 9~ bg9~ ") = (pg,g~") ~ (p. d)

In particular, I'(S(E)) is a module over I'(CI(E)):

Corollary 7. For every ¢ € I'(CI(E)), every o € T'(S(EF)) and every

g € Spin(n) we have: p(g)(¢o) = cl(g)(d)u(g)(o), where cl : Spin(n) —
Aut(Cl(n)) is given by cl(g))(d) = gpg~' = ad,(¢).

Proof: p(g) acting on ¢o is, by definition, left multiplication by g, hence

1(9)(¢0) = goo = gog~" go = cl(g)(d)(g) (o)

]

Given a connection w on Pso(,)(£) we have a covariant derivative V* on
CI(E). If E has a spin structure then the connection on Pso,(E) lifts to a
connection @ on Pgyin(n)(E), inducing a covariant derivative V¥ on S(E).

Theorem 17. The covariant derivative V* on CI(E) acts as a derivation,
i.€.,

V9(1he) = (VU)o + ¢(V9)
for every ¥, ¢ € T(CI(E).
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Proof: Let ¢,¢ € I'(CI(E)) and o € I'(S(E)). Since the representation
cl : Spin(n) — Aut(Cl(n)) is given by cl(g) = Ad,, we have by a standard
argument (similar to that of section 3.1) that cl, : spin(n)(= so(n)) —
Der(Cl(n)) € End(Cl(n)), Y — [Y,-]. Tt follows that

clu(Y9) = (cl(Y) ()¢ + (el (Y)(9))

Recall from the chapter 1 that V¥ is written as:

Vi (1¢)(p) = D) (p)(X(p) + A7 (p)(v0)(p))

where X is a vector field on the base space M. Remembering the definition
of A, (chapter 1) we have AX(p) = cl.(A.(p)(X(p)). Therefore

V% (o) (p) = (Dv(p)(X(p))d(p) + v (p) (Dé(p) (X (p))+
el (Aa(p)(X(p))) (V) (p))
N ——

=Y espin(n)

= (Dy(p)(X(p))d(p) + »(p) (Do (p) (X (p))+
(. (V) (@) (p))o(p) + ¢ (p) (cl(Y)(0) ()

Rearranging the terms we have the result. O]

Theorem 18. The covariant derivative V* on S(E) acts as a derivation
over the module structure of m over CI(E), i.e.,

V(¢o) = (V'¢)o + ¢(V'0)
for every ¢ € I'(CI(E) and every o € I'(S(E))

Proof: From corollary 7 we have u(g)(¢po) = cl(g)(¢)u(g)(o). Derivating
at the identity we get:

pi(¢0) = (cl())o + ¢(p(0))

Now the argument is very similar to the last proportion. Il

When E = TM it is usual do denote CI(E) by CL(M) and S(E) by
S(M). We viewed that in S(M) we have V? : T'(S(M)) — T'(S(M)QT*M).
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Definition 49. The Dirac operator D : I'(S(M)) — I'(S(M)) is defined
by

(D)) = 3¢, Vi)

where {e;} is an orthonormal basis of TM, and - is the Clifford module
multiplication.

It can be shown that the Dirac operator does not depend on the particular
choice of basis.

3.2 Spin® structures

Up to this point we have proceed in full generality. From now on we shall
give a more explicit — although particular — description of spinor bundles.
For concreteness, we shall state the results even though some of them are a
repetition, in a particular case, of the above results.

Consider the complexified Clifford algebra Cl(n). We know from theorems
14 and 15 that if n = 2m then Cl(n) has an unique irreducible representation
of dimension 2™; and if n = 2m + 1 it has two inequivalent irreducible
representations of dimension 2™, i.e., Cl(2m) ~ End(C*") and CI(2m +1) ~
End(C*") @ End(C?"). Notice that the endomorphisms can be seen as a left
module over the vector space in which they act, so the Clifford algebra is a
left module over C*" or C*" & C?" (depending on if n is even or odd), giving
the module m of the above constructions. These constructions involve, also,
representations ¢l : SO(n) — Aut(Cl(n)) and p : Spin(n) — Aut(m). The
first is given by 10 and the second by proposition 31: we have two inequivalent
irreducible representations of dimension 2™~ if n = 2m and a unique 2™
irreducible representations of dimension 2 if n = 2m+ 1. Therefore we have
the spin structure A : Pspm(n)(E) — Pso(n)(E) and respective associated
spinor bundles. For example, for n = 2m + 1 we have:
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Spin(n) —  Pspinm)(E) L " < S(E) \
p lA M
SO(n) — Psom(E) 2 Cl(n) — CIE) /

M

together with the Clifford multiplication I'(CI(E)) xT'(S(E)) — ['(S(E)).

Recall that Spin©(n) is given by (Spin(n) x S*)/{£1} = Spin(n) xz, S*
(see proposition 32), i.e., in Spin(n) x S! we identify (g,2) ~ (=g, —2). We
have the following homomorphisms:

o A:Spin®((n) — SO(n), A([g, 2]) = A([g))-

e iy : Spin(n) — Spin(n),i1(g) = [g,1].

i : ST — Spint(n),is(2) = [1, 2].
[ : Spinc(n) — S, 1([g, z]) = 2°.

p: Spin°(n) — SO(n) x S*,p([g, z]) = (A(g),2?), i.e, p= A\ XL

As usual, we shall denote by M a positively oriented Riemannian man-
ifold and Pso(m)(E) its bundle of positively oriented frames. A known re-
sult states that there exists a unique torsion free connection on M com-

patible with the metric. Seen on Pso@)(£) this connection is a 1-form
w Tpso(n)(E)(M) — 50.

Definition 50. If 7 : E — M is a oriented Riemannian vector bundle, a
spin® structure on E is a Spin®(n)-bundle Psyipeq) (E) together with a map
A ngmc(n)<E) — PSO(n) (E) such that:
PSpinC(n)(E) X Spmc(n) — PSpinC(n)(E)
[AxA |
Psom)(E) x SO(n)  —  Psom)(E)

commutes

Remark 19. FEvery spin structure induces a spin® structure through the in-
clusion iy : Spin(n) — Spin®(n).
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As before, we shall denote by Pgpipe(n) (M) the bundle Pgpipeq)(£) when
E = TM. Notice that Pspiemy(M)/St is a Spin(n)/{£1} = SO(n)-
principal bundle isomorphic to Psogm) (M) and Py := Pspinen)(M)/Spin(n)
is a S'/{£} = S'-principal bundle over M. We have therefore a double
cover 7 . ngmc(n) (M) — PSO(n)(M)QPL

Take a connection o : TP, — R on P;; we are identifying the Lie algebra
of S* — which is R — with the purely imaginary numbers. the connections
w and « define a connection w X a : T(PsMXP;) — so(n) & iR. Such
connection lift through 7 : Pspinen) (M) — Psom)(M)x Py to a connection

w X v on Pspinen)(M) ([13] p. 57). The following diagram commutes:

TPSpinC(n) (M) w—XO; 5pinc(n)
JDW lp* = (A, 1)

T(Psow)(M)xP1) “=5  so(n) ®iR

where p, is the differential of p : Spin®(n) — SO(n) x S' and spin®(n) is the
Lie algebra of Spin®(n) ~ so(n) x iR is the Lie algebra of Spin®(n) (recall
that spin(n) ~ so(n)).

Since Spin®(n) is contained in Cl(n), the representation p : Spin(n) —
Aut(m) extends to a representation of Spin®(n), also denoted by u. Recall
that here m is either C2" ' & C¥"" or C2" depending on n = 2m or n =
2m+ 1. So, this representation of Spin®(n) gives rise to a spinor bundle with
structural group Spin®(n) — which we still denote by S(M).

Now the connection w X a on Pspinen)(M) determines a connection /
covariant derivative V¢ : T'(S(M)) — I'(T"M ® S(M)). We denote it by
V® instead of V*** because w is thought as “fixed”, i.e., it will always be
the only torsion free connection compatible with the metric, whereas « is
“chosen” on P;.

Given a vector field X on M and a spinor field 1, i.e., a section of S(M),
the Clifford multiplication allow us to multiply X -1, (X¢)(p) = X (p)-¥(p).
Indeed, recall that R C Cl(n) C Cl(n) ~ End(m), so X(p) € R™ can be
identified with an endomorphism of the fiber over p and hence it acts on
YP(p) € S(M), =~ m. Now we can state:

Theorem 19. Let X, Y be vector fields on M and i) € T'(S(M)). Then, for
every connection o on Py, we have:

V(X -¢) = X - (Vyg) + (Vv X) - ¢
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and

X <1, >=< V1,100 > + < Py, Vb >
for every 1, € T(S(M)).

The proof of the first statement is “essentially” the same of theorems 17
and 18. However, we put it here.
Proof: V¢ is written as:

V(X - 0)(p)(Y(p) = D(X)(p)(Y(p) + AL (0) (X¥)(p))

where A, is, as usual, given by

Az (p) = 1 0 As (p)(Y () = p1x 0 0™ (w x ) (p) (Y (p))

Since o*(w x a)(p)(Y(p)) € spin®(n) we can write o*(w x a)(p)(Y(p)) =
y + it, where y € so(n) and ¢t € R. Since p, : spin‘(n) — End(m) =~ Cl(n),
we have that p,(y + it) is simply Clifford multiplication by y + it. Therefore

Az ) (X¥)(p) = (y +it) - X(p)¢(p) = y - X(p) x ¥ (p) + X (p) - (iteb(p))
The covering map A : Spin®((n) — SO(n) satisfies:

M(2)r = 22 — 22

for every z € spin(n) and every z € R™. The proof of this equality is simple
but takes long time. The reader may see [13]| p. 16ff. By the commutativeness
of 3.2 we have A\, (y) = wD7(v), where v € T Pspine(n)(M); indeed:

y+it=o"(wxa)(p)(Y(p) = (wxa)(e(p)(Da(p)Y(p))

what implies
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Notice that

Since A : Spin(n) — SO(n) C Aut(R") gives a representation, the above
equality means that w(D7(v))(X (p)) corresponds to the endomorphism term
AY in the expression of Vy X. Working out the derivative D(X1) and rear-
ranging the terms we get the result.

In order to prove X < 91,199 >=< V1,9 > + < ¥, VS > we
simply notice that the representation p : Spin®(n) — Aut(m) is unitary.
O]

Now, analogously to what we did before, it is possible to define the Dirac
operator for this spinor bundle. We shall use the Dirac operator when we
deal with interacting fields.
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Chapter 4

Classical field theory

We shall denote by M a pseudo-Riemannian oriented n-dimensional mani-
fold. We shall denote the pseudo-metric by g and usually refers to it simply
as the “metric”.

4.1 Maxwell’s electromagnetism

4.1.1 The Hodge ~ operator

We start recalling some operations on forms.

On each tangent space T'M, the map v — ¢g(v,-) is an isomorphism
(this is direct consequence of g being non-degenerated). We may use this
isomorphism to define an inner product on 7*M,. Denote by H : TM, —
T* M., the isomorphism and put < u,v >,:=< H ' (u), H ' (v) >,. We shall
write simply <, > instead of <, >,.

Fist let us obtain an explicit expression for this inner product in local co-

ordinates. Let {ej,...,e,} be a basis of local sections around x (for example
e; = 3%5). Let {e',...,e"} = {e},...,e;} be the dual basis. Then

Hw)(u) = g(v,-)(u) = g(v,u) = gagvo‘uﬁ = gagvo‘eﬁ(u)

So g(v,+) = gagv®e’. Writing in matrix form:

v=(v1,...,0) — (v1---v,)[g] = [g]

73
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where [g] denotes the matrix of g on the chosen basis and in the last equality
we use the symmetry of the metric. Notice that in this matrix notation it is
clear that the the non-degenerescence implies an isomorphism.

If 4 = pae®, v =vge’ we have H=1(n) = g*’pge, and H-1(v) = g*P e,
where g*? denotes the elements of [g]~'. Then:

=ga~y
— — /—/b\
< pyv>=< H Np), H (V) >=< g% ugea, §vse, >= g*°u3g"°vs < en, ey >
5 5 5
= 9" 9 gar 1ovs = 9°°90, 1avs = 9" ppvs
S— ——
=94 =g°0=g"

All in all, we have proven:

Proposition 34. There is an isomorphism TM, ~ T*M, given by v +—
g(v,-). This isomorphism induces an inner product on T* M, given in local
coordinates by < p,v >= g* p,vg.

Now we extend the inner product to AP(T*M,).

Definition 51. Let i, v be p-forms. Take now{es, ..., e,} to be an orthonor-
mal basis of local sections, so that the corresponding basis of 1-forms is also
orthonormal (notice that in this case generally we can not take e; to be a?ci :
Define < u,v >, as the unique inner product such that {e"* A- - ~/\eip}z-1<...<ip

is an orthonormal basis of N'(T*M,).

It is easy to verify that this inner product is given on this basis explicitly
by:

<etelt> ... <etelr >
<ETA-ANEP A NePP >= det :
<er el > ... <elr el >

Indeed if iy = j5, £ = 1,...,p then det(-) = £1. If there is at least on ¢ such
that iy # jr, k= 1,...,p then < €% e/* >= 0 and then det(-) = 0.

It should be noticed that if we express the the p-forms in terms of 1-forms
which are not necessarily orthonormal then we still have a similar formula
for their inner product, although the "cross terms" will not vanish. So, in
the basis {dz" A--- Adz™}; <..c; we have
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<dz", dz’ > .. <dz" dair >
<d$i1/\.../\dxip7dxj1/\.../\dxjp >:det :
<dz®,dz’* > .- <dax' da’r >

Now that we define an inner product on each A”(T*M,) we can define a
global inner product, i.e., an inner product on A”(T*M):

Definition 52. Give p-forms p,v € N'(T*M) we define their inner product
as

< v >i= / <, v >, vol(x)
M

provided this integral converges. Here vol is the natural volume form induced
by the metric.

Remark 20. The space of forms such that < p,v > < oo is not a Hilbert
space because such space is not complete on the metric given by <,>; it is
necessary to take its completion.

Now we can define:

Definition 53. The Hodge x operator is defined as the the (unique) linear
operator x : N\P(T*M) — N P(T* M) such that p N\ v =< p, v >, vol.

It follows that
Proposition 35. x gives an isomorphism N\'(T*M) ~ \" *(T*M).

Some important properties which steam from x are the following. No-
tice that we can define a second order differential operator A’(T*M) —

N (T* M) given by

we \PTM) = dwe \"THT*M) = xdw e "7 (T*M)
= dxdw e \"P(T M)(M) > xd+dw € [\P(T*M)

Definition 54. The operator A : N'(T*M) — A'(T*M), A = xd xd is
called Hodge Laplacian. A form such that Aw = 0 is called harmonic.



76 CHAPTER 4. CLASSICAL FIELD THEORY

It is possible to show:

Theorem 20. There exists an unique harmonic form in each cohomology
class, i.e, H*(M) ~ ker(Ay).

Notice that A gives rise to a partial differential equation. The theorem
then states that the space of solutions of this partial differential equation is
a topological invariant.

4.1.2 Maxwell’s equations

Let us take now M as the Minkovskian space-time R'?. Let us consider the
electric and magnetic fields (¢, %) — E(t,7) € R? and (¢,7) — B(t,7) € R3.
It is well known that actually B is not a vector because it is unchanged
through ¥ +— —Z. But it can be written as a 2-form. So we have:

E = (E,,E,,E.) = E,dv + E,dy + E.dz
B = (B,, By, B,) = Bydy Ndz + Bydz N dz + B.dx N\ dy

We define F' := B + E A dt — which is known in physics literature as the
“energy-momentum tensor”. Differentiating:

dF =dB+dE N dt = d(B,dy N\ dz + B,dz A\ dx + B,dx A dy)+
d(Eydr + Eydy + E.dz) N dt = (0,B,dz") Ndy N\ dz + (0,Bydz") N dz A dx
+(0,B.da") Ndx A dy + [(0,Erdat) Adx + (0, Eydxt) A dy
+(0,E.dat) Ndz) Ndt = 0,B,dx AN dy A\ dz + (0, Eudx” A dx®) A dt
+[0yBydy N dz + 0 Bydz A dx + 0, B.dx A dy] A dt

where the indices v, a run only through spacial coordinates, i.e, v,a = 1,2, 3.
If we write dg for the exterior derivative acting only on spatial coordinates
we have dF = dsB + (0, B+ dsF) A dt. Since the first term does not involve
dt, dF" = 0 if and only if dsB = 0 and 0;B + dsE = 0 separately — what is
equivalent to:

V-B=0and Vx E+9B=0

which is the first pair of Maxwell’s equations. Therefore these two equations
can be written as dF' = 0.
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Now define J = pdt+ j,dx+ j,dy+j.dz, where p is the charge distribution
and j = (Jz, jy, j.) the current density. A calculation similar to that above
shows that the second pair of Maxwell’s equations

V-E=pand Vx B—-0,F =

can be written as x,dg*s E = p and x,dgxs B— 0, FE = j, where x, denotes the
Hodge star operator acting only on spatial coordinates. This can be written
briefly as xd x F' = J. Summarizing, the Maxwell’s equations are:

dFF =0and xdxF =J

Now we want to study the symmetries of Maxwell’s equations. In other
words, we want to find out what maps ¢ : RY® — R? preserve the equations.

Theorem 21. A diffeomorphism ¢ : RY3 — RY3 preserves the Mazwell’s
equations if it is an isometry of the Lorentz metric g = diag[l, —1, —1, —1].

Proof: For the first equation dF' = 0 this is trivial because if F' = ¢*F
then dF" = d¢*F = ¢*(dF') = ¢*(0) = 0. For the second pair of equations we
shall need that ¢* commutes with x. Since x depends on the metric we have
@** = x@* for isometries of the Lorentz metric. We shall show this explicitly.

Recall that ([8] p. 81) x(dz™* A --- A dz®) = £dz'»+ A ---dx', where

{ip+1,...,1,} denotes the set of indices complementary to {iy,...,4,}, i.e.,
{ipt1,--,iny ={1,2,...,n}—{i1,...,i,}. Thesignal £1is given by
sign(iy, ..., i,)€(i1) - - - €(iy), where sign(iy, .. .,14,) is the signal of the permu-
tation (1,...,n) — (i1,...,i,) and €(i) =< dz*,dz" >. So we compute:
0 1_ o 0123 2 3 2 3
*xdx” A dr’ = sign 01 2 3 €(0)e(1)dx” A dz® = —dx* N dx
o . . (0123 L os L n s
*dx” A dz® = sign 092 1 3 €(0)e(2)dx” ANdz® = —dx” Ndx
o 4 . (0123 e Ly oo
*xdx” A\ dz® = sign 03 1 9 €(0)e(3)dx" AN dz® = —dx” Ndx
1 2 _ 0123 0 3 0 3
*dx” N\ dx® = sign 120 3 e(1)e(2)dx” AN dz® = dx” N dx
L. . (0123 0 n 12 10 r 10
*dx” N\ dx® = sign 130 9 e(1)e(3)dx” A dz® = dx” N dx
s 4 . {0123 0 gl — 90 A gl
*dx® N\ dx® = sign 5 30 1 €(2)e(3)dx” Ndx = dx” N dx
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(notice that for the last three equalities we could have used that for any
metric of signature (s,n — s) holds x* = (—1)P(»=P)+s [8] p.91). Therefore we
have xdx* A dx¥ = +£dx” A dz™ where o, T are complementary indices to pu, v
and u < v,0 < 7. Given ¢ : R — RY3 we have:

¢ (kdat Ndz”) = ¢"(dz® NdxT) = £¢"(dx”) A ¢*(da") =
+dd*(27) A de*(a7) = +dg® A dgT

If ¢ is an isometry then < e;,e; >,=< do(x)(e;),dp(x)(e;) >4 which
implies < dx*,dx” >=< d¢*,d¢” >. Since the signal of the permutations
which exchanges p, v and o, 7 is the same for dz* and d¢® we have:

+d¢® N dp" = *xdot N\ dp¥ = x¢*(dx" N dx”)
It follows that if F' = ¢*F,J = ¢*J then
xdx F' =xdx ¢*'F = ¢*(xd*x F) = ¢*J = J

]

We have more than the above result. First, it is trivial to show invariance
under translations (the exterior derivative “kills” the translated elements), so
we actually have invariance of Maxwell’s equations under the Poincaré group
(which is the semi-direct product of the Lorentz group with translations;
see chapter 6 for more details)!. It also can be shown that diffeomorphisms
that change the metric by a positive scalar function also leave the Maxwell’s
equations invariant. These form the conformal group — this was the first
step towards the discovery of gauge theories.

4.2 Fields and Lagrangians

The precise definition of what a field is depends on the particular problem
considered. Generally a field is a C'*™ section of some fiber bundle 7 : £ — M.

1“The fact that Maxwell’s equations are not invariant under the Galilean group con-
necting inertial frames was one the major aspects of the crises that erupted in fundamental
classical physics towards the end of the nineteenth century. Despite many contributions
from Lorentz, Poincaré, and others, the situation remained murky till Einstein clarify the
situation completely” [14] p. 8
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For instance, the field may be a map ¢ : M — X where X is some manifold.
In this case fields are sections of the trivial bundle M x X (this is the case of
the so-called o-models [15] p. 155). In a gauge theory fields are connections A
with gauge group a given Lie group G. If 7 : P — M is a G-principal bundle
then A is a section of some associated vector bundle. We shall consider this
situation later when we study the Yang-Mills theory. If M is a spin manifold
(i.e., a manifold which admits a spin structure) then we may consider spinor
fields: sections of a spinor bundle over M (usually tensored with some vector
bundle). In the case of gravitational field, fields are metrics over M — which
are a subset of sections of (0,2) symmetric tensors. A theory is supposed to
posses many fields and in this case we consider the fiber product £ = x E;.
Roughly, each E; is decomposed in an extrinsic and an intrinsic part. This
last one is associated to the frame bundle of M through a representation of
GL(n) or Spin(n) and the representation determines the kind of field. For
example, the scalar field is associated to the trivial representation (|15 p.
155, [16] p. 205).

Let us consider the case M = R!3 and a scalar field ¢ : R'® — R (or C),
which can be viewed as a section of the trivial bundle. Let us describe the
main idea in the passage from particle mechanics to fields, i.e., the passage
from g;(t) to ¢(x) = ¢(t, 7). A field ¢ such as the electromagnetic field is a
quantity which can be measured at any spatial point and any instant of time;
in other words it can be measured at any space-time point. Analogously, ¢;(?)
is a quantity which can be measured at any time ¢ and for any index j. In
the passage particle — field, ¢ corresponds to ¢ and Z corresponds to j;
the time ¢ remains as before. Sums over j become integrals over #. This is
the reason why field theories are sometimes described as mechanics with an
infinite number of degrees of freedom ([16],196ff). Of great importance are
the free field theories.

Definition 55. A field theory is said to be a free field theory, and conse-
quently its fields are called free fields if the space of fields is linear. A field
which is not free is said interacting’.

For theories defined by Lagrangians this restricts the Lagrangians to be
quadratic on the field; so the Euler-Lagrange equations will be linear. The
whole theory is made for free fields. Interacting fields are treated perturba-
tively.

2 Actually there are some more technical conditions on the definition of a free field, see
[17] p.18
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Since we are interested in relativistic theories we must construct them so
that the Lorentz group acts on the solution space of the equations of motion
of fields and particles®. There is a physical reasoning to consider this: inertial
observers in relative movement compute different coordinates z# and z* for
the same event. The passage from a coordinate system to another is made by
the Poincaré group. Since a “physical fact” (e.g: A causes B) must be true (or
false) in both coordinate systems, we demand that invariance of motion under
the Poincaré group and that solutions be taken on solution by this action.
The simples manner of doing this is to construct actions which are invariant
under the Poincaré group. As a consequence, by the Noether theorem, our
theory will have conserved quantities; they are the energy, the momentum
and the angular momentum. Notice that this action of the Poncaré group on
the space of solutions allows us to interpret each orbit as an unique physical
solution seen from the coordinate systems of all possible inertial observers
([16] p. 203).

The discussion of the last paragraph justify, at least partially, to consider
the action:

5(6) = 5 [ de(@,00% — m*e?)

which defines a free scalar field. As always: 0,¢00"¢ = ¢"70,0,¢ It is not
difficult to see that this action is invariant under the Poincaré group.

In order to deduce the Euler-Lagrange equation first we shall remember
some terminology and notation from particle mechanics.

If ¢ : [0,1] — RY is a path with ¢(0) = ¢ and ¢(1) = ¢, and f :
[0,1] — R' is a function such that f(0) = f(1) = 0, then we can deform
q(t) considering ¢s(t) := q(t) + sf(t), where s is a small real number. The
functions are assumed to be differentiable enough. f is called the variation
of ¢ (since f(t) = M) and it is usually denoted by dq. Notice that

dgs(t) (t) — qo(t) (t) + sf(t) —q(t)
ds o ds do T S —q _ —
7o ls=0 =lim - = lim p = f(t) = dq(t)
More generally, if GG is a function depending on paths jointing ¢y and ¢; we
define: JC(alt
s 10,
ds

3We shall see that the group is not the Lorentz group but the universal covering of the
restricted Poincaré group, but here we can think of the Lorentz group
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With this we can compute the variation of the action S = fttol L(q, q)dt.
Recall that L is a real function on the tangent bundle, L : TM — R, where
M is the configuration space; in our case M = RY? and TM = R!3 x RS,
We notice that physicists usually write L(q,q) for both the function L :
TM — R and the composition Loq, where ¢ : R — T'M is the map naturally
associated with a path ¢ : R — Mt — ¢(t), ie,, §: t — (q(t),dzl—(tﬂ). In
the first case (g, ¢) denotes coordinates on the tangent bundle and ¢ is not a
tangent vector to a path (because there is no path involved). In the second
case (q, ) denotes the 2n-tuple associated with a curve ¢(¢) under ¢ ([18] p.
170).

From S = 0 we obtain the Euler-Lagrange equations. The deduc-
tion is well known, but we want to stress a specific point; denote (gq,q) =

(q17"'7Qn7q.1’--'7q'n)7

d : dgs dgs
0L = —L(qs, §s)|s=0 = DL, 5.0 (—, —)|s=
dS (Q7q>| 0 (‘ha‘]a)(ds d8)| 0
oL dqs, oL dgs,
- a_ql|(I0:¢J(t) $|$:0 +et 8_%|QO:‘1('5) % s=0
4 64
=041 =0qn

So 0L = g—(fléql + %5%. The fundamental fact here is that L is a real
function defined on a finite-dimensional manifold, what allow us to calculate
the partial derivatives.

Let us return to the action

5(0) = 5 [ do@,00%0 - ) = [ da® [ 750,00 - me?
Since the action is the time integral of the Lagrangian we get
L=1(0)= [ dr5@.00% — ) = [ dze(o.0,0

where L(¢,0,¢) is called (for obvious reasons) the Lagrangian density.
In field theory Lagrangians are typically spatial integrals of such densities.
Let us remark the striking difference to the particle mechanics case: for
each ¢ : R'® — R and each fixed ¢ the Lagrangian evaluated at ¢ yields
a number; such as before the Lagrangian evaluated at (q,q) € TM yielded
a real value. What means: if before we had L : TM — R now L is a
function(al) defined on the space of fields and its derivatives (i.e., on the
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space of maps ¢ : R — R). In other words, the configuration space of field
theory is the space of fields — which clearly is an nfinite dimensional space
([16] p. 199). Now in order to get the analogous of 0L = g—cfléql +e %6%
we need to derivate in this infinite-dimensional space, so we use the so-called
Fréchet derivative of a functional. Recall that this is defined in the usual way
of derivative: the derivative of a functional F' at ¢ is obtained linearizing F:
F(¢+0d¢) = F(¢)+ Fy(d9) +O(d¢*) and the linear map F is defined as the
derivative.

Physicist, however, would rather write Fy in terms of its integral kernel
([16]p.198):

SF
06(x)

Fiy(66) = / 156 ()

The “function” % in general does not exists, being rather a distribution
(see chapter 5). An alternative definition of % is (|16] p. 198, [19] p. 25):
OF

500y = m(FIo@) — edla — y)] - Flo(a)])

So, applying such techniques to S we obtain the Euler-Lagrange equations
for the field ¢ (|19] p.26 [16] 196):

)
5 :O:>a—£—8 oc

59(2) o6~ o0, ="

Of course, the question of the differentiability of S and L is not a trivial ques-
tion. The derivatives above are not expected to exist in general. So, this is a
problem that must be investigated for each particular Lagrangian. Another
point of view is to treat all the derivatives as formal expressions, the par-
tial derivatives appearing in the above formula being formal derivatives of £
thought of as a function of the independent variables ¢ and 9,,¢. Specifically,
for the Lagrangian density 1(9,¢0"¢ — m?¢?) the Euler-Lagrange equations
yield the so-called Klein-Gordon equation:

(O +m?*)p =0

where O = % — A is the D’Alambertian.
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4.3 Gauge theory and Yang-Mills equations

The basic data of a gauge theory is a principal bundle 7 : P — M; usually it
is assumed that G is compact. In physical applications M plays the role of
space-time and G is called the gauge group. The basic dynamical variable
is a connection on P called the gauge field. Recalling the results of chapter
1, mainly corollary 2, we can consider the gauge field as a connection on an
associated End(FE)-bundle. A local trivialization of P or End(FE) is called a
gauge.

We return to the setting of section 1.2.1, i.e., 7 : £ — M is a vector
bundle which is thought of as an associated bundle of a principal bundle
m: P — M. The connection on m : P — M induces a connection on
7 : E — M and this gives rise to the curvature F € ['(End(E)® A*(T*M)).
We also consider a (pseudo-)Riemannian metric on M.

4.3.1 Gauge transformations and gauge equivalence

We still denote by m : P — M a principal bundle with structure group G
and 7 : E — M an associated vector bundle given by some representation p
of G.

Definition 56. An automorphism of P is a diffeomorphism ¢ : P — P
which is G-equivariant and which such that mwo ¢ = 7.

Clearly the set of automorphisms of P forms a group under composition.
This group acts on the left on P commuting with the right action of G.

Definition 57. The group of automorphisms of P is denoted by Aut(P) and
15 called the group of gauge transformations of P. Therefore and element
of Aut(P) is also called a gauge transformation.

There is some confusion in the terminology and and Aut(P) is sometimes
called the gauge group, but we should keep this name for the group G only.

Definition 58. An automorphism of E is a fiberwise linear isomorphism
¢ : E — E which is G-equivariant and which such that mo ¢ = 7.

Again, the set of automorphisms of E forms a group under composition.
This group acts on the left on E.
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Definition 59. The group of automorphisms of E is denoted by Aut(FE)
and is called the group of gauge transformations of E. Therefore and
element of Aut(E) is also called a gauge transformation.

Here, we shall deal more with gauge theory on the associated vector
bundle 7 : E — M, but the notions on 7 : P — M are similar.

Definition 60. Two connections V and V' on E are said to be gauge equiv-
alent if V. = g='V'g for some gauge transformation g € Aut(F).

Notice that if V and V' are F gauge equivalent then for any pair of vector
field X and Y on M and for any section o of E we have:

F(X,Y) o =VxVyo—-VyVio - VX, Y]o
=9 'Vxg9 'Vygo — g 'Vygg 'Vxgo — g7 'V X,Y]go =
=g '"F(X,Y)go

or ' = g~'Fg for brief. This means that locally F],, = g~ F,.g.

4.3.2 Yang-Mills equations

We want to define the Yang-Mills action and the then deduce from it the
Yang-Mills equations. Our basic dynamical variable will be a connection on
E. Actions are usually given in term of integral of Lagrangians, so we need
to produce an n form to integrate.

Given a vector bundle 7 : E — M consider the bundle of endomorphisms
of £: End(F). Suppose also that there is a metric. Let « = T" ® ¢, be an
End(E)-valued form. We can define the usual operations.

Definition 61. Hodge star operator: o =T" ® o,

Recall that the isomorphism End(F) ~ F'® F* allow us to define a trace
Tr : End(F) — R given by v ® f + f(v). This implies that if we have a
section 7" of End(FE) we can define a function Tr(T) on M whose value at
x € M is given by Tr(T)(z) = Tr(T(x)). Now if we have an End(E)-valued
form a = T" ® «,, we define:

Definition 62. trace: Tr(a) = Tr(T")ay.
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Now we have the ingredients to define the Yang-Mills Lagrangian
1 1
,CYM(V) = §TT(.T"V A\ *./Tv) = ZTT(‘F'LLVF#V)

where the last equality is the expression of £ in local coordinates. Since
F depends on V we write Ly,/(V) and Fy to stress this dependence. Of
course, Ly (V) also depends on the metric, but we consider the metric fixed
here. Now we define the Yang-Mills action simply as

Syar(V) = /M Ly (V) = % /M Tr(Fg ArFg) = i /M Tr(Fo F™)

whenever this integral makes sense. One way of guaranteeing this is to take
M compact or to use forms with compact support.

Now we want to minimize the Yang-Mills action with respect to variations
on the connection. This will lead us to the Yang-Mills equations. But before
that, the first thing to do is to ask about the symmetries of Ly (V). It
is a direct computation to see that if V and V' are gauge equivalent then
Lyy(V) = Lyy (V). Therefore it is interesting to think of the Yang-Mills
equations modulo gauge equivalence. This also tells us that the Yang-Mills
equations will be invariant under gauge transformations.

Recall that the space of connection is an affine space. So, if we fix a
connection V° we can obtain any other connection just adding an End(FE)-
valued one form A: VA = V° + A. So we may vary the connections just
varying the A. We then have a one-parameter family A, of End(E)-valued
one-forms A; = A+ sd.A, where s is a real parameter and 0.4 is an End(E)-
valued one-form. For any function f of A we define its variation §f with
respect to A as §f = L f(As)|s=0. 0f = 0 means that L f(A)|s=o = 0 for
all variations J.A.

Remark 21. In physical literature A is known as vector potential, so a
physicist would talk about “varying the (vector) potential”

In order to investigate how F varies with A it is worthwhile to find a
expression for F which allows us to make computations. We have seen that
in a local trivialization o, we have F = dA, + A, N A,. If our bundle is
trivial, it follows that this expression holds globally and then we can use it
to make our computations. For a non-trivial bundle we would like to have a
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similar expressions. In order to do it, we recall remark 12. Denoting by Fy
the curvature of V° and by F4 that of V4 we have for any E-valued form o:

DV'D¥a = Fo N, DY DV = FuNa

On the other hand, since DV'a =D a+ AAa we get:

DYDY a =D (DY a+ AAa)
DY’ (DY’a+A=Aa)+ AN (DY a+ AN a)
—Foha+DVANa+ANANa

So F = Fy+ DY A+ AN A. Now we compute:

5f = %(.7:0 + DvoAs + As A As)|s:0

d d d

T A) + (A) A A+ AN (ﬁAS)) =0
—DV'SA+S6ANA+-ANGA

— (DVO(

A calculation similar to that performed in lemma 4 shows that for any
End(E)-valued form o we have DV"a = DY’ + {A, a}; moreover, this is
defined globally. Therefore

§F = DV'6A+{A 0A} = DV'6A
Now we state without proving some properties of the trace.

Proposition 36. For any End(FE)-valued p-form a and any End(E)-valued
q-form B: (i) Tr(a A B) = (=1)MTr(B A a); (1) Tr({a,8}) = 0; (i)
Tr(DVa) =dTr(a); () if p+ q = dim(M) — 1 then

/ Tr(DVa A B) = (—1)P* / Tr(a A DY)
M M
(v) if p+ q¢ = dim(M) and we have a pseudo-Riemannian metric on M:

/M Tr(aAxB) = / Tr(B A *«)

M



4.3. GAUGE THEORY AND YANG-MILLS EQUATIONS 87

We use such identities to compute:

1
5SYM:5/ £YM(VA):—5/ TT(JTA/\*JTA)
M 2 Im
:/ Tr(0FaN*Fa+ Fa\*0F4)
M
:/ Tr(0F 4 N*xF g+ FuA*0F,)
M

:/ T?‘((S./’TA/\*JTA)Z/ TT(DVA(S.A/\*:FA)
M M

_ / TrSAN DY % Fy)
M

Therefore 6 Sy = 0, i.e., the above integral vanishes for arbitrary varia-
tions 6.4 if and only if

DY %« Fi=0
This is the so-called Yang-Mills equation

Remark 22. Usually we talk about the Yang-Mills equations — in the plural.
Historically they are

DVF=0and DV xF =0

But we have seen that the first equation is actually an identity: the Bianchi
identity. Therefore all the information is contained in the second equation.

The reader should now compare these equations with free-source Maxwell
equations: they are “the same” replacing the curvature F by the energy-
momentum tensor and the covariant exterior derivative DV by the usual
exterior derivative d. This is not a coincidence: it can be show that Yang-
Mills equations reduce to Maxwell’s equations in case M = R G = U(1)
and P = M x G = R'"? x U(1), with the associated bundle being the trivial
line bundle R!3 x iR. In this case the connection which minimizes the action
is the flat d (which is globally defined since our bundles are trivial). See, for
example, [3, 8, 1].
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Chapter 5

Distributions

5.1 Test functions and Schwartz functions

We shall denote |a| = a+ -+ + a,, and D* = G -+ -2

= == o -
ozt Oxp™

Definition 63. A test function is a real or complex valued C'* function

with compact support on an RYN. The space of test functions is denoted by
D.

For example, the function defined by:

0 otherwise

is a test function on R. Clearly, D is a vector space.

Definition 64. Let {¢,} be a sequence in D. We say that ¢, converges

to @ € D in D, and denote it by ¢ KA ¢ if: b1, 09,... and ¢ vanish out
of a bounded set S C RY; (ii) D%, — D% uniformly on RY for every
multi-index o ([20] p.286).

Some properties of test functions are:
Proposition 37. If ¢,7 € D then (i) f¢ € D for ever C*° function f;
(ii) ¢(Az) € D for every affine map A : RY — RN and (iii) ¢ x ¢ € D

(convolution).
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Proof: [20] p 286. O

Corollary 8. If ¢, = ¢ and 1, 2 1 then (i) adn + biby, = ag + bib; (i)
fon L fo for ever C* function f; (iii) ¢, 0 A KA ¢o A for every affine map
A:RN = RY and (iv) D%, L2 D% for every multi-index a.

Proof: [20] p 287. O

Definition 65. Let us denote by S the space of real or complex valued C*
functions on RN with the following property: the function and all its deriva-
tives decrease fast than every power of ﬁ when || x ||— oo, i.e.

lim |2*D%¢(x)| =0

llz[|—o00

for every multi-index k and o, where % means %' - x* . S is called the
space of Schwartz ([21], p. 234). The functions belonging to S are called
C* functions with fast decreasing.

It follows that S is a vector space.

Remark 23. Notice that the above condition on || x ||— oo implies that
H kaa¢($) ||§ Cka = Ckl---knal---am kl, ceey kn; Apyoe ., Oy = 0, 1, . (/22/ p.
16).

Definition 66. Let {¢,} be a sequence in S. We say that ¢,, converges to ¢

in S, and denote it by ¢, 5, ¢ if: (i) all the derivatives of ¢, converge to the
respective derivatives of ¢ and the convergence is uniform on each bounded
domain of RY and (ii) all the inequalities || 2* D¢, (x) ||< Cra hold and the
constants Cy, do not depend on n ([22],p. 16).

Notice that taking the limit n — oo we see that the limit function ¢
satisfies || ¥ D?¢(z) ||< Cra; then, making || z ||— oo we obtain that D%¢
decrease fast than every power of x and therefore ¢ € S ([22],p. 16).

In other words, ¢, 5, 0 means that

lim sup |#*D%@,(z)| =0 (5.1)

n—00 peRN

for every multi-indices k£ and a.
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Proposition 38. D is dense on S.

Proof: Take a C"° function satisfying:

1 iy <1l,i=1,...,n
61(”“")_{ 0 iffa;]>2,j=1,...,n

Then e; € D. Define e,(z) =e1(2),n=1,2,.... If ¢ € S then e,¢ € D and
s
en — @ O

The existence of the function e; can be showed as follows: take a compact
K C RY and an open set U D K. Then there exists a test function ¢ € D
with support on U such that Im¢ C [0,1] and ¢(z) = 1 for every z € K.
Indeed, define

2
& —¢ if
pe(z) = { o exp(aTr) i |2 fl<e

0 otherwise

where k is such that k fIIwH<1 exp(ﬁ)dx = 1. Take a bounded set G such

that K C G C G C U. Then the function ¢ defined by ¢(z) = [ xa(y)pe(y—
x)dy satisfies the desired properties, where x¢ is the characteristic function
of G. For more details see [23] p.29.

Remark 24. ¢, = ¢ = ¢, > ¢ ([22] p.17).

5.2 Distributions and tempered distributions

Definition 67. A distribution T in RY is a continuous linear functional

on D. It means: (i) T(ap + 0p) = aT(¢) + VT (V), (ii) if ¢n 2 4 then
T(¢n) — T(¢) in C. The space of distributions is denoted by D" ([20],p.287).

Definition 68. A tempered distribution T in RY is a continuous linear
functional on S. It means: (i) T(ap + byp) = aT(¢) + 0T (), (i) if ¢y, 54
then T'(¢,) — T(¢) in C. The space of tempered distributions is denoted by
S (]23],p.52).
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It follows that &’ C D'.
Notation: Physicist usually use an “inner-product-like” notation < 7', ¢ >
for T'(¢).

Notice that every locally integrable function f on R™ may be identified
with a distribution Tp: Ty(¢) =< Ty, ¢ >= [ f¢. This motivates:

Definition 69. We call a distribution T regular if there exists a locally
integrable function f such that T(¢) = [ f¢. In this case sometimes it is
written Ty for T'. Otherwise the distribution is called singular. By abuse of
notation one writes f(¢) =< f, ¢ > instead of T(¢).

Example. If Q is a measurable set on R" then the functional Ty, de-
fined by To(¢) = qub defines a distribution; moreover, it is regular since

¢) = [0 = [ Xa¢. In particular, if Q = (() 00) X ++- X (0,00) then
H := Ty, satisfies H(¢) = [ xad =[5 - fo z)dz. H is called Heaviside
function. Usually one writes | H¢ meaning f XQ¢.

Example. The Dirac -"function” is a distribution defined by d(¢) =
»(0). We also define 0, by d,(¢) = ¢(a). Other notations are §(0)¢p =<

3(0), 0 >= ¢(0), 6(z —a)p =< d(z — a),p >= ¢(a).
Proposition 39. § is singular.

Proof: Let us suppose that there exists a locally integrable function f such
that for every test function ¢ it holds 6(¢) = ¢(0) = [ f¢. The function:

o(z, a) :{ SXP(—W> if |z]<a

otherwise
belongs to D. Then we have [, f a:)(b(x a)dr = ¢(0,a) = e~ . Taking
a — 0 we have [, f(z)¢(z,a)de — 0# e = ( a) (|23] p. 32). O

Remark 25. Although 6 is singular, we found in the literature expressions
such as [ 6(x —a)p(x) = ¢(a). This is an abuse of notation: if 6, = §(x — a)
were reqular then there would be a locally integrable function, which we could
also denoted by §(x — a), such that [6(x — a)p(x) = ¢(a). Although such
a function does not exist, physicists like to preserve the notation of regular
distributions. They go even one step further and use the notation of inner

product < 6,¢ >= [ d(x — a)p(x).
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Definition 70. Given T € D' we define its derivative with respect to x;
as the distribution 8877; such that 05?77;(@5) = —T(a%). Applying the derivative
successively we get DT (¢) = (—1)IMT(D>¢) (/20],288).

The definition of derivative makes sense because:
Proposition 40. If T € D' then DT € D' for every multi-index «.

Proof:

DT (a¢ +by) = T(a(~1)" D% + b(~1)*' D) =
aT((=1)*'D*¢) + bT((=1)* D) = aD*T(¢) + bD*T ()

Since ¢, LA ¢ implies D%, LA D“¢ we have that DT’ is continuous. O

Example. Take the Heaviside function H on R. We have

dH do * do
o) = =1 == [ e =o0) =50
i.e, the derivative of the Heaviside function is the Dirac delta function: % =

6. Tt is easy to show 920 = (1)l Dg(0).

dx™
We want now to put a topology on D’:

Definition 71. A sequence {T,} of distributions is said to be weakly con-
vergent to a distribution T € D' if T,,(¢) — T(¢) for every test function
peD.

Example. Consider distributions on R. Define f,(z) = wireayy H Qs
a test function then Ty(¢) = [ f¢ — ¢(0) when n — oo ([20] p. 290). If we
identify Ty with f we have that f, — 0. But notice that as a function, f,
converges pointwise to 0 if z # 0 and to oo if x = 0. This is the exact sense
of saying that de ¢ distribution is zero for x # 0 and “infinity” for x = 0: §
is the weak limit of a sequence of regular distributions such that the locally
integrable functions defining such regular distributions are converging to zero
for x # 0 and to infinity for x = 0. In particular, this example shows that
the weak limit of regular distributions need not to be regular.

Proposition 41. If T, — T weakly then D*T,, — DT weakly.
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Proof:

DT (¢) = (—~1)IT, (D) — (~1)IT(D*¢) = D*T(¢)

Remark 26. The above propositions allows us to differentiate convergent
sequences or series of distributions term by term.

Definition 72. A distribution W is called an anti-derivative of a distri-
bution T if % =T.

Proposition 42. Fvery distribution has an anti-derivative.

Proof: [20] 293. O

Up to now we have defined everything on R¥. In order to carry all these
to a manifold all we need to do is to use a partition of unity.



Chapter 6

Free Quantum Field Theory

We start recalling some terminology of special relativity.

As always, we denote by R'? the R* endowed with the Lorentz inner
product < x,y >= x1y; — Toy2 — T3ys — T4¥y4. It is usual to denote the matrix
of the Lorentz metric by 7, i.e., n = diag(1, —1,—1, —1). The Lorentz group
O(1, 3) is the group of linear isometries of <,>. We shall identify R with
R* when operations which do not involve the (pseudo-) metric takes place.

The Lorentz group is not connected, having four connected components
([19] p.54). We sketch the proof of this claim. Take x € R"® and a Lorentz
transformation A € O(1,3). Write 2’ = Az. The requirement of preserving
<, > implies ATyA = 1. Taking the determinant we have det A = 41. From
the fact that the transformations preserve <, > it also follows that we can
not find a continuous curve jointing the transformations which preserve the
2% > 0 to the transformations which preserve the 2° < 0 direction. We have
therefore the four components, characterized by the signs of det and by the
signs of the 00 component of A.

Explicitely, in the standard basis of R* this four components are those
which contain the matrices:

1 000 10 0 O -1 0 0 0 -1 0 0 0
0100 0O -1 0 O 0 1 00 0O -1 0 O
ocoo1ro}j’fo 0 -1 0’0 01O’ O O -1 O
0001 o 0 0 -1 0 0 01 0o 0 0 -1

The component containing the identity matrix is called restricted Lorentz
group and denoted by LL The second and third transformation above

95
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are called parity and time-reversal respectively and have important roles in
applications of QFT !,
Recall that the light cone (based on (0,0,0,0)) is the set

Vi={zecR" :<2,2>>0}
and the forward light cone? is the set
Viy={zeR¥:<z,x>>02">0}

We denote int(V) by V and int(V,) by V,. It is important to notice that
Ll preserves the forward light cone.
We want now to introduce the Poincaré group P.

Definition 73. Let G and H be groups and suppose that G acts on H:
(9,h) € G x Hw— g-h € H. We define the semi-direct product of G and
H, denoted by G x H, as the group whose elements are (g,h) € G x H and
multiplication is given by (g, h)(g',h') = (94’ h(g - 1')).

Since O(1, 3) acts on R* we can take the their semi-direct product. There-
fore we have:

Definition 74. The Poincaré group P is defined as O(1,3) x R* and the
restricted Poincaré group PL as Ll x R*,

Explicitely the multiplication on P is given by

(A, a)(A',d') = (AN, Ad' + a)

The mathematical content of special relativity is that 731 acts on the
space of solutions of the equations of motions of particles and fields.

In fact it is known that these other transformations are not exact symmetries of the
laws of particle physics; not exact in the sense that they are sometimes violated. The
violation of parity and time reversal invariance were among the revolutionary experimen-
tal discoveries of 1950s and 1960s [16]. In particle physics there is another (not exact)
symmetry called charge conjugation, which means replace a particle by its anti-particle.
There is a very famous theorem which states that every physical interaction is invariant
if the three operations (parity, charge conjugation and time-reversal) are applied at once.
This is the so-called CPT theorem (or PCT theorem...). For a mathematical treatment
of CPT theorem see [24] p. 69; for a physical discussion see [19]. For a non-technical and
nice discussion see [25] p. 638.

2also called positive light cone
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6.1 The axioms of a free scalar QFT

We start with the a axioms of a scalar QFT. Beyond the purely mathemat-
ical interest, axiomatic quantum field theory helps us to understand which
difficulties of the theory are inherent in its structure and which ones re-
flected just unjustified approximations or calculations methods. It also helps
to clarify the conceptual foundations of the theory in so far as we adopt the
principle that mathematics is the suitable language where we model physical
phenomena.

A scalar QFT is a quadruple (H, U, ¢, D) satisfying:

Axiom 1 (relativistic invariance of states) H is a separable Hilbert space
and U(-,-) a strongly continuous unitary representation of the restricted
Poincaré group on H.

Axiom 2 (spectral condition) The projection-valued measure Eq on R!3
corresponding to U(id,a) = €' P has support in the closed forward light
cone.

Axiom 3 (existence and uniqueness of the vacuum) There exists a unique
vector ¢y € H such that U(id, a)y = 1)y for all a € RS,

Axiom 4 (invariant domains for fields) There is a dense subspace D C 'H
and a map ¢ from the space of Schwartz S(R'?3) to the unbounded operators
on H such that: (i) for each f € S(R'?) we have D C D(¢(f)), D C

D(6(f)") and 6(f)*|D = 6()ID; (i) o € D and o(f)D C D for all f €
S(R'); (iii) for fixed v € D the map f +— &(f) is linear.

Axiom 5 (regularity of the field) For any vy and ) in D, the map
f—=<1,0(f)y > is a tempered distribution.

Axiom 6 (Poincaré¢ invariance of the field) For each (A,a) € P! we have
U(A,a)D C D and for all f € S(R3), ¢ € D

UM, a)o(f)U(A, a) = d((A, a) f)e

where (A, a)f(z) = f(A ™ (z — a)).

Axiom 7 (microscopic causality) If f and g in S(R'?) have supports
which are spacelike separated then (¢(f)o(g) — ¢(9)o(f)) = 0 for every
Ve D.

Axiom 8 (cyclicity of the vacuum) The set Dy of finite linear combina-
tions of vectors of the form ¢(f1) - d(fn)wo is dense in H.

These axioms are known as Garding-Wightman axioms. Let us com-
ment them and extract some consequences.
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Fix A = id. Then U(id,a) is a strongly continuous unitary representa-
tion of R* and therefore the spectral theorem implies the existence of four
commuting self-adjoint operators P, on ‘H, p = 0,1,2,3, and a projection
valued measure Eq on R? such that ([24] p. 63)

<, Ulid,a)) >=< 1, e Prop >= / e d < 4, Exip >

R4

Py is called the Hamiltonian and the P;, j = 1,2,3 are the momentum
operators.

Axiom 2 is equivalent to say that the operators Py and P} — P? — P} — P
are both positive.

Axiom 3 implies that the point (0,0,0,0) has non-zero Eqg-measure. It
follows that U(A, a)yy = 1y for all (A, a) € PL ([24])

The purpose of axiom 4 should be well understood. Analogously to what
is made in quantum mechanics, where we associate an operator to each gener-
alized coordinate g and p and the quantization process “classical” — “quan-
tum” is realized by ¢ — @ and p — P, in QFT we want to associate an
operator to each space-time point x: x — ¢(z). So, if we have a classical
scalar field ¢ which is a map z € R — ¢ (z) € R, the process of quantiz-
ing the field should be realized by a map x € R'3 — ¢(z) € operators on H,
¢(z) being the “quantum field” at z. But we would like to have, also, some
kind of equivariance (as in axiom 6). However, Wightman has proven that
this is impossible [26]: a theory which equivariantly associates an operator
to each # € RY? is trivial in the sense that every operator is a multiple of the
identity. This was not a surprise: Bohr and Rosenfeld [27] pointed out that
from a physical point of view it is impossible (as a consequence of the uncer-
tainty principle) to measure the field strength at a given point. Moreover, it
seemed to be clear to the founders of QFT that it is a highly singular theory.

The way of avoiding such difficulties is to consider that the field is not
determined at x but on a small neighborhood of x. This means that we may
take a test function f supported on a neighborhood of x and associate an
operator to f rather than to x: f — ¢(f). We may consider ¢(f) as a
smeared field: if there were a well defined field x — ¢(z) then ¢(f) would be
¢(x) averaged against f:

o) = | o@)f )i
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Therefore we have mathematical and physical reasons to consider the quan-
tum field as an operator valued distribution f — ¢(f) instead of an operator
valued function z +— ¢(z). The choice of S(R"?) as a test function space for
¢ rather than C5°(R™?) is not absolutely necessary (|24] p. 64).

Recall that two sets A, B C RY? are spacelike separated if < z,y >< 0
for every x € A and every y € B. Axiom 7 says that measurements at
spacelike separated points cannot interfere with each other (what is mathe-
matically expressed saying that the corresponding operators commute), what
reflects the fact that nothing can travel fast than light.

Axiom 8 ensures that the Hilbert space H is not too large.

6.2 Quantizing the free scalar field

First quantization is a mystery,
but second quantization is a functor.
E. Nelson

Now we would like to construct models which satisfy the axioms of QFT.
In doing so we will demonstrate that the axioms are consistent.

We will quantizing the free scalar field of mass m. As the name suggests,
this field describe non-interacting particles of mass m. Although free field
theories are not interesting from the physical point of view, it is important
to know that these ones can be mathematically rigorously formulated in that
the the most natural way to construct interacting field theories is to perturb
a free theory.

6.2.1 Segal quantization

Definition 75. Let H be a separable Hilbert space. Denote H™ = Qr_ H.
We define the Fock space (over H) as F(H) = @2 H™.

Let o be a n-element permutation, i.e., 0 € S(n). We define an operator
on elements of H™ | also denoted by o, as o(, @ - @ Uy,) = Vo(h) @
-+ @ Yo (k,) (actually we are defining on basis elements, but then we extend
it linearly to a bounded operator of norm 1).
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Definition 76. Define the symmetrization and anti-symmetrization
operators:

1 1 :
Sy = o Z o and A, = ] Z sign(o)o
) )

ceS(n oeS(n

Definition 77. Then we define the symmetric Fock space or Bosonic
Fock Space (over H) as:

F.(H) = P SH™
n=0

Analogously we define the antisymmetric Fock space or Fermionic Fock
space (over H)

F.(M) =P AH™
n=0

Notice that S? = S,, and S} = S, i.e., S, is an orthogonal projection.
Since we want to quantize a free scalar field, we shall work mainly with the
symmetric Fock space.

Fix f € H. We shall define a map b~ (f) : §(H) — §(H). First we define
it on elements of H™ of the form 1) = ¢, ® - - - ® 1), as:

() =<fitr>(t2® - @vn)
Now we extend b~ (f) linearly to get a (bounded map of norm || f ||) from
H™ of H"=V. Putting b= (f) : H(® — 0 we have a bounded map of norm
IS 1l 67 (f) : §(H) — F(H). Write b*(f) for (b~ (f))".
Proposition 43. b*(f) takes H™ into H"V). Its action on product ele-
ments P =Y Q-+ QR Y, is

V(o =f@hi @@ @1,
Notice that f +— bt (f) is linear and f +— b~ (f) is anti-linear.

Definition 78. Denote H\"” = S, H™. Then §,(H) = D, H . We call
H" the n-particle subspace of F.(H). A vector v = {p™}> € F.(H)
for which ™ = 0 for all but finitely many n is called finite particle vector.
Denote by Fy the set of finite particle vectors. We call Q@ = (1,0,0...) the
vacuum
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It is easy to check that b= (f) takes §s(H) into itself. However b (f) does
not.

Definition 79. Let A be any self-adjoint operator on H, denote by D its
domain of essential self-adjointness. Denote by

Dy:={weF:yM™e ®D for each n}
k=1

Definition 80. Define dI'(A) on DN H as
ARIA® - Rid+1dRARid-- - Qid+---+idR--- R A
We call dT'(A) the second quantization of A.
Proposition 44. dI'(A) si essentially self-adjoint on D 4.
Proof. [24] p. 208. O
In particular for A = id we have dI'(id)y = ni, ™ € H™,
Definition 81. We call N = dI'(id) the number operator.

Notice that N is essentially-self adjoint on F{y. If U is a unitary operator
on ‘H we define I'(U) to be the unitary operator on §s(H) which equals ®}_,

when restricted to H™ for n > 0 and equals the identity on HO. If eitA

is a continuous unitary group on H then I'(e*4) is the group generated by
dT(A), ie., T(e?) = tdl(4),
We can now introduce two fundamental operators of QFT.

Definition 82. Given f € H define a™ (f) on Fs(H) with domain Fy by
a () =vN+1b(f)

a”(f) is called the annihilation operator because it takes each (n + 1)-
particle subspace into the n-particle subspace.

Proposition 45. (a=(f))*|Fo = SbT(f)vN +1

Proof. Just use that S is an orthogonal projection. Then

< VN + 10" (f),n >=<n, S (f)VN + 1n >
for every 1, n € Fy. O
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Definition 83. We call (a™ (f))*|Fo the creation operator.

Both a=(f) and (a™(f))*|Fo are closable. We also denote their closures
by a(f) and (a())"|F.

Definition 84. Define the Segal field operator ®s(f) on Fy by

Bs(f) = %(a—u) La(f))

The map from H to the self-adjoint operators on §s(H) (see theorem below)
given by f — ®g(f) is called the Segal quantization over H.

Notice that the map f — ®g(f) is real linear but not complex linear since
fr—a(f*)is linear but f — a (f) is anti-linear

Theorem 22. Og(f) is essentially self-adjoint on Fy.

Proof. [24] p. 210. O

6.2.2 Lorentz invariant measures

We shall introduce a measure which is Lorentz invariant in the sense of the
definition below. It plays a fundamental role in the quantization of free fields.

Definition 85. For eachm > 0 let H,, := {x € R'® :< 2,2 >=m? 27 > 0}.
These sets are called mass hyperboloids (of mass m).

It is a straightforward consequence of the definition that H,, is invariant
under L. Let j,, be the homeomorphism of H,, onto R? (onto R* — {0} in
case m = 0) given by (xg, z1, za, x3) — (21, X2, 22) = ¥. We define a measure
Q,, on H,, by setting:

QO (E)—/ B
" im(B) /P || T2

for any measurable set £ C H,,.

Proposition 46. 2, on H,, is invariant under Ll.
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Proof: Notice that V, = {0} U (UX_,H,,). As H,,, the set {0} is invariant
under LL, sois V.

d*z is LT -invariant since A € LL implies that det A = 1. Let f €
C(0, 00) (where . means “with compact support”). From the invariance of
V., follows that f(< x,z >)Xv, d*zx is invariant under Ll (x=characteristic
function). Now map V. homeomorphically onto R? x R* by h : (x,T) —
(Z,y) where y =< z,x >. Then = 210 SO

d3xdy

d'r =
2y/m2+ < x,x >2

and hence the measure

Qf(E) _/ d3xdy
nE) 2¢/m2+ < z, 3 >2

is L invariant. Take a sequence in C2°(0, 00) converging to d(y—m?), m > 0.
Then Q/» converges to ,, in §’(R"3). Therefore Q,,(g(z)) = m( (Az)) for
every g € S(R?) and A € L. This generalizes to Q,,(F) = Q,,(AE). Since
Q — Qo in §'(RY3) as m | 0 we also have proven the case when m = 0.
O

Remark 27. Physicists like to write 6(x? — m?)d*x or even 6(x* — m?) for
dS2,,.

6.2.3 Quantizing the free scalar field

We can now quantize the free scalar field of mass m. Recall that the Fourier
transform

feSRY) — feSRY
f0) = / &1 () d
PP on)y

gives a linear bi-continuous bijection from S(R'?) onto S(R'?). In physical
language, it allows us to pass from position space (x variable) to the momen-
tum space (p variable) (obviously using the Riesz representation theorem to
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identify the space of linear functionals on R'? with R»3). Notice that here we
are defining the Fourier transform in terms of the (invariant) Lorentz inner
product.

We shall take as Hilbert space L?(H,,,dS),,). Let ®5 be the Segal quan-
tization over L?(H,,,dS2,,). We define for each f € S(R'?) we define Ef in
L2(H,,,dQ,,) by Ef = /27 f|H,,; and for cach real-valued f € S(R'3):

Qn(f) =Qs(E))
For arbitrary f € S(R'Y3) we put

Definition 86. The mapping f +— ®,,(f) is called free Hermitian scalar
field of mass m.

On L2(H,,,dS,,) we define the following unitary representation of P.:

(Un (A, a)) (p) = <P (A "p)
Then we have our main result:

Theorem 23. (existence of free quantum fields) The quadruple:

(8 (L2(Hun, d20)) . T (Ui (-,-)) , @, Fo )
satisfies the Wightman azxioms.

Proof: [24] p. 213. O



Chapter 7

Interacting QFT

The mathematical treatment of interacting QFT is one of the most demand-
ing areas of mathematical physics. Physicists have developed a lot of tech-
niques to extract results from realistic models in QFT. Although most of
such techniques are purely formal or even mathematically unjustifiable, the
ability of physicist to obtain results with them encourages mathematicians to
pursue a rigorous approach to them. It must be mentioned that by “results”
we mean not only the predictions with extraordinary agreement with ex-
periments but also some amazing mathematical conjectures and ideas which
were finally proven by mathematicians (e.g.: the outcomes involving Seiberg-
Witten equations and Donaldson’s theory)®.

7.1 Axioms for quantization of spinor fields

We want now to extend our quantization procedures to spinor fields. In the
final we shall use a different approach to quantization, namely, the path-
integral method. However, we think it is instructive to say what changes in
axioms we should introduce in order to accommodate spinor fields.

In order to introduce spin in the theory we make the following modifica-
tions in the axioms: There is a two-to-one map A of SL(2,C) onto L — the

1«Physicists have formulated a number of striking conjectures (...) and concepts (...).
In many cases mathematicians have been able to verify the conjectures of physicists,
but the proofs have dealt with each individual case and ignore the bigger picture which
governs the physicists intuition. The basis of the physicists intuition is their belief that
underlying quantum field theory and string theory is a (as yet undiscovered) self-consistent
mathematical framework”, in the introduction to [17].
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role of SL(2C) will be clarified below. We take SL(2,C) x R* with product
(A,a)(B,b) = (AB,a+ A(A)b). Let S be a finite-dimensional (not necessar-
ily unitary) irreducible representation of SL(2C) on a d-dimensional space
A spinor field of type S is an object obeying the axioms for a Hermitian
scalar field with the following changes (|24], p. 117):
Change 1 The single field ¢ is replaced by a d-tuple of fields (¢4, ..., da)-
Change 2 The field ¢(f), f real, is not required to be symmetric.
Change 3 The transformation law (axiom 6) is replaced by:

d

U(N, a)pi(/)UN, a) ' = " S(A™)yo (A, a) )y

j=1

where (A, a)f(z) = f(A™'(z — a)) and A = A(A).

Change 4 The vacuum is only required to be cyclic for

{61(f): - 0a(£). 61(F), - dalf)  f € SRM)}

Change 5 If f and g in S(R"?) have supports which are spacelike sepa-

rated then: (a) (Bose statistics) ¢;(f)¢,(9)—¢;(9)¢:(f) = 0 and ¢} (f)¢;(g)—
¢i(9)¢; (f) = 0if S(—1) = 1; (b) (Fermi statistics) ¢;(f)¢;(g) +&;(9)di([f) =
0 and ¢; (f)d;(g) + ¢;(9)¢; (f) = 0if S(=1) = —1.

7.2 The Dirac bundle

We want to start our investigation of interacting quantum fields. The first
thing to do is to introduce interaction classically. After this, we shall quantize
the fields in the path-integral formalism.

7.2.1 The Lorentz group and SL(2,C)

Our objective in this section is to show that SL(2,C) is a double-cover of
Ll. The arguments here a very standard and therefore we just sketch them.
More details may be found in [28] p. 504ff and [19] chapter 7.

Recall that the Lorentz group O(1,3) is the groups of linear isometries
of the Minkowski metric, i.e.,linear transformations A in R such that <
Az, Ay >=< z,y >, and that we are interested in the connected component
containing the identity LL.
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Define
H(2,C) := {2 x 2 matrices A: A* = A}

It is straightforward to check that the Pauli matrices o;, j = 1,2,3
and the identity (denoted by oy) form a basis for H(2,C). Define a map
. RY — H(2,C) by z € R"® — z, where

- 20+ 2% 2l —ix?
\at i 2% —a?
Solving for = we get that 2/ = 1Tr(z,0;). It follows detz, = — < z,z >.

So we have an identification of R with H(2,C).
The basic theorem is:

Theorem 24. The assigment to A € SL(2,C) of the linear map A of
Minkovski space

A(A) :RY ~ H(2,C) — H(2,C)
A(A)(z), := Az, A"

yields a 2 : 1 homomorphism of SL(2,C) onto Ll .

See [28] for a proof.

7.2.2 The Dirac bundle

Let M be a pseudo-Riemannian four dimensional spin manifold which both
time and space orientable. Assume that the structural group of the tangent
bundle is LL. From these hypothesis, the previous section and chapter 3
we obtain that the spin structure on T'M has structural group SL(2,C).
Consider the representation of SL(2,C) on C* given by

p:SL(2,C) — Aut(C?)
A 0
p(A) = (0 (A*)l)

Then we obtain a vector E bundle over M whose fiber is C*. We also have
the Dirac operator on E.
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