NEGATIVE NORM SOBOLEV SPACES AND APPLICATIONS

MARCELO M. DISCONZI

ABSTRACT. We review the definition of negative Sobolev norms. As applications, we derive a nec-
essary and sufficient condition for existence of weak solutions of linear PDEs, and give Egorov’s
counter-example of a PDE that is not locally solvable at the origin.

In what follows, the multi-index and sum conventions are adopted. The same letter is used to
denote several different constants that appear in the estimates. Some references for the ideas here
presented are [1, 2, 3, 4, 5].

1. NEGATIVE SOBOLEV NORMS.
Let © C R™ be open. Recall that for any s = 0,1, ..., one defines the inner product
(u,v)s = Z / 0*udv,
la|<s Q

and the completion of C*°(Q) w.r.t. the norm || - ||s given by the inner product (-, -), is the s Sobolev
space H*(2). Notice that (-,-)g is the standard L?-inner product. Although we have introduced the
general definition, we will be mostly concerned with real valued functions, in which case the complex
conjugation in 9%v can be dropped.

We first want to characterize the duals of Sobolev spaces'. These are among the most important
dual spaces for applications in PDE.

For any v € L?(f2), define F, : H*(Q2) — C by F,(u) = (u,v). It follows that

[Fu(w)] <[[ w o]l v o<l w [Is]| v [lo,

so F, is a bounded linear functional on H*({2).

Definition 1.1. Define the negative Sobolev norm || - |5 by:
|(u, v)ol
o ll-s=Il Fo [l= sup :
werrs(@) Il lls
where v € L?(Q2). Clearly, || - ||_s is indeed a norm. Define H—*(Q) as the completion of L?(Q) w.r.t.
the norm || - ||s.

Remark 1.2. Since H*(Q2) is a completion, it is a Banach space. Later on we shall endow it with
an inner product, making it into a Hilbert space.

Remark 1.3. It is important to stress that much of the modern literature uses a slightly different
definition, implying that H~*(Q) is the dual of H{(2), and not of H*(2), as in the theorem below.
Here, we follow the convention of Lax [4].

Theorem 1.4. H*(Q)* = H*(Q).

Even though H*(Q?) is naturally a Hilbert space, for the most part, we will be treating it merely as a Banach space.
1
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Proof. Put A = {F, | v € L?(Q)}, where F, is as defined above. We claim that A is dense in
H*(Q)*. Indeed, if this is not the case, take F' € H*(2)* — A and then, by (one of the corollaries
of) Hahn-Banach, there exists a £ € H*(£2)** such that {(F') # 0 and /|5 = 0 . By reflexivity, there
exists f; € H*(Q) such that ((F) = F(f,) for every F € H*(Q)*. But then F,(f;) = {(F,) = 0
for all F,, € A. Thus, 0 = F,(f;) = (fs,v) for all v € L?(2), what implies f, = 0, a contradiction.
Therefore, A is dense and A = H*()*.

Now define o : H=5(Q2) — H*(Q)* by a(v) = lim, F,, , where v = lim,, v,, v, € L*(Q), lim, v,
means limit in H~%(Q2), and lim,, F},,, is limit in the operator norm.

First we check that « is well defined. If v = lim, v, = limw,, then, since || v, ||_s=| F, ||, we
get || Fy,, — Fu, =l Fo,—w, |I=|| vn — wy [|=s— 0 as n — oo, showing that « is well defined, i.e.,
a(v) = lim, F,, = lim, F,,,.

Next, we claim that « is one-to-one and onto. Assume a(v) = a(w). Then 0 = lim,, || F,,, —Fy, ||=
lim,, || v, — wy ||—s and so v = w, showing injectivity. By the density property proved above, « is
onto.

Finally, notice that || a(v) ||=|| Fy ||=]| v ||-s, and so « is an isometric isomorphism (i.e., a Banach
space isomorphism). O

Using the above theorem, we can extend the notation (u,v)g to pairs, where v € H~*(2), and
u € H*(Q), by letting (u,v)o denote the action of the functional v on u. More explicitly, following
the construction of theorem 1.4, one writes (u,v)o = F,(u). Naturally, F,(u) is the L?-inner product
if v € L2(Q), but F,(u) = a(v)(u) if v € H5(Q) — L2(Q) (L*(2) € H*(), see remark below),
where « is the map constructed in theorem 1.4, and given by a(v) = lim F,, , with v, — v in H*(Q).
Now if F},, — F, = a(v) in the operator norm topology, then F, = (vy,u)o — Fy,(u). Indeed

F,(u) = Fy(u) — Fy, (u) + F,, (u) = Fy—y, (1) + (vn, u)o,

and |Fy_y, (u)| <|| Fo—ov, Il © |s=I| v —vn ||=s|| v ||s— O when v,, — v in H*(Q2). Thus, when
extending the notation (u,v)g, one can also write (u,v)o = lim(v,, u)o.

Remark 1.5. We have the following facts:
(@) v [l=s<ll v [lo, so H*(Q) € L*(Q) € H=*(Q).
(ii) Generalized Cauchy-Schwarz inequality:

|(w 0)ol <[ w sl v f-s -
(recall that we extended the notation (u,v)p).
Putting all of above together yields:

Theorem 1.6. Every bounded linear functional on H*(QY) can be represented by F,, for some v €
H=5(Q), i.e., if F € H*(Q)* then F(u) = (u,v)o for all u € H*(Q).

Definition 1.7. Let 5 : H*(2)* — H?*(Q2) be given by the Riesz representation theorem. Then, it
is easily checked that the following defines an inner product on H~*(2):

(u,v)—s = (Boa(u),Boa))s,
where « is as in theorem 1.4.

Notice that if v, — v in H%(Q), then F,,, — F, in the operator norm topology, since || F,, —
Fy ||=|| vn—v ||—=s— 0; i.e., Fy(u) = (u,v)o = limy, (u, vy )o, since |(u, v—uvy)o| <|| w ||s]| v—vp ||—=s— 0.
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Therefore,
V(0,0)—s = V(Boa(v),Boa(v))s =] Boav),Boalv) |
“la() =l £ ll= s M0l
wers(@) Nl v lls
where we used that [ is an isometry. Hence (-,-)_s gives (generates) || - ||_s. Because Hilbert spaces

are reflexive, we could conclude from the above that H*(Q)* = H*(Q)** = H*(Q2), but a more
specific form of this result will be needed, as stated in the following theorem.

Theorem 1.8. H*(Q)* = H*(2). Moreover, any G € H™*(2)* can be represented by a unique
u € H*(Q) via G(v) = Gyu(v) = (u,v)o for all v e H*().

Proof. For u € H*(Q), set Gy(v) = (u,v)o, v € H*(Q2). By the generalized Cauchy-Schwarz
inequality, it is seen that that G,, € H*(Q)*. We claim that || G, ||=|| u ||s. To see this, first, notice
that |Gy (v)| <|| u ||s]| v [|=s for every v € H™*(2), so || Gy [|<|| u ||s. For the opposite inequality,
consider

Gu(v)] _ [(u, v)ol

| Gull= sup T———= sup .
vEH ~5(Q) || v ||7s vEH5(Q) || v H,S

By theorem 1.6, ||(|Z||1’32‘ = lﬁ%ﬁf', for all v € H—*(Q). Choose v’ such that F,(u) =| u ||s and

|| F ||= 1; this can be done by one of the corollaries of the Hahn-Banach theorem. Then

F(u
Gtz sup W5y,
rems) | F |

Let A = {G, | u e H(2) € H*(2)*}. An argument similiar to that of theorem 1.4 shows that
A is dense in H—*(Q)*. If a sequence {u,} converges to u in H*(Q) then, for any v € H~*(2), we
have Gy, (v) = (un,v) = (u,v) = Gy(v). Define v : H*(2) — H () by v(u) = G,. Clearly 7 is
one-to-one and onto, and || y(u) ||=|| Gy ||=|| w ||s, so 7 is an isometric isomorphism. O

2. AprprLICATIONS TO PDESs

Definition 2.1. Consider a linear PDE given by Lu = f in Q, f € H'(Q), t € Z. We say that it has
a weak solution v € H*(Q), s € Z, if (u, L*v)g = (f,v) for all v € C°(Q2), where L* is the formal
adjoint of L.

Remark 2.2. Notice that no boundary conditions are imposed on u since v € C°(Q).
Recall that if Lu = a“u,i,; + b'u,: + cu, which is the case for most applications, then L*u =

augiy; + (ag — Wugi + (c— b, + a”, Ju. The idea is that we can integrate by parts to get

xtzd
L*. The coefficients are assumed to be sufficiently regular as to justify these calculations and the
manipulations below.

Theorem 2.3. A necessary and sufficient condition for Lu = f to have a weak solution uw € H=*(2),
for each f € H™4(R), is that there exists a constant C such that

o lle<C | L |
for allv e CX(9).



4 DISCONZI

Proof. Assume the estimate. Put X = L*C°(Q2) C H*(Q2), and consider Fy = F' : X — R given by
F(L*v) = (f,v)o. Notice that this is well defined because the estimate says that if | L*v ||s= 0, then
|| v ||[¢= 0. We claim that F' is bounded on the subspace X C H*(Q2). Estimate

[E(L )] < [(fs0)ol <[ fAI=ell v lle< CHLF A=l LT [ls,

which shows boundedness. By Hahn-Banach, F extends to F on all H*(), ie., F € H*(Q)*.
Because H*(Q)* = H*(Q), by theorem 1.8, there exists a u € H~*(2) such that F(w) = (u,w)o for
all w € H*(Q2). In particular if w € X,

(u,w)g = (u, L*v) = F(L*v) = F(L*v) = (f,v)o,

ie., (u,L*v)o = (f,v)o, for all v € C2°(Q2), showing existence.

Now suppose that for each f € H~!(Q), there exists a u € H~%(2) such that Lu = f weakly, i.e.,
(u, L*v)o = (f,v)o for all v € C(2). We write ©v = uy when we want to emphasize the dependence
of uw on f. We have

|(f50)ol = I(u, L*0)o| <[l ug -5l L¥v ls< Cp [| Lo [[s,

for some constant Cy depending on f. But v € H'(Q2) — (f,v)o = G(v) defines a bounded linear
functional on H'(Q), i.e., Gy € H'(Q)*. By Riesz, Gy is represented by an element 5(f) € H'(Q),
and the map (3 : HY(Q)* — H!() is an isometry. Therefore,

Cy |l L [|ls=> [(f,v)o| = [(B(f), )l (2.1)
(B(f)jm)t < Cy.

(notice that from the assumption that Lu = f is always solvable, it follows that L*v =0 = v = 0).
Since 3 is an isomorphism, any w € H!(2) is of the form B(f) for some f. Thus, we obtain a family
of bounded functionals 7, given by

v

Yo(w) = (w, m)t

with the property that, for each v, |y,(w)| < Cy. Invoking the principle of uniform boundedness, we
conclude that || 7, |[|< C for some constant independent of v. Then

o) v 2

C=[l= sup > |( , )t
T wemie) Twlle | L*v s [ 2 |le
for any z € H!(2). Choosing 2z = v gives
vl

Lo sl v lle =

or || v]+< C | L*v ||s, finishing the proof. O

3. A PDE WHICH IS NOT LOCALLY SOLVABLE AT THE ORIGIN.

As an immediate application of the above theorem we shall give an example of a PDE which has
no solution in any neighborhood of the origin. The result is remarkable once we take into account
that such PDE is linear and has smooth coefficients. This example is due to Egorov [1, 2].

Definition 3.1. Consider a linear differential operator L. We say that L is locally solvable at the
origin if given f € C2°(£1), 1 C R™ containing the origin, there exists u € H%(Q9) solving Lu = f
in the weak sense, for some s € N and some Q5 C ;.



NEGATIVE NORM 5

Consider the operator Lu = uy — a®(t)uge + b(t)uz, where a,b € C(R) (notice that this is a
degenerate hyperbolic equation if a vanishes at some point). The goal is to construct a,b such that
the necessary and sufficient condition of theorem 2.3 is violated. We need he following preliminary
lemma which refines the necessary condition for this particular L.

Lemma 3.2. Consider the above operator L. If Lu = f always has a solution in fived Q C R?,
0 € Q, then there exist a constant C and a N € N such that

o o<l L Il

for allv e C(Q).

Proof. By the theorem 2.3 there exist s,t € Z and a constant C' such that
Ivlls< C | L0 |l

for all v € C°(Q2). If s > 0 then choose N >t and we are done because in this case || v [[o<|| v ||s-
Otherwise, notice that 0%v € C(Q) if v € CX(Q), so || v [[s< C || 9¢L*v ||;. Since L*v =
vy — a%(t)vge + b(t)v, we have

[0t [ls—1< CUl L7 [ls—1 + || vew [ls—1 + [ ve [ls-1) <
CUI L™ ls—1 + vz lls + o lls) < C I L0 [le4

where we used that we may assume t > s. Hence

[ollstr< Ol o lls + Il vaa lls—1 + I vie [ls-1) <
Cl Ll + I L0 et < C || L7 [l

We may repeat these arguments to obtain
[ vlls+2< C || L™ [[t42, -5 [V ls40< C | L™ [l
Then chose n such that s +n=0and set N =t+n O

Theorem 3.3. Consider again the operator L defined above. There exist a,b € C°(R) such that
given f € C°(Q) with Q C R? some neighborhood of the origin, Lu = f has no solution u € H~*(£2)
for any s € N.

Remark 3.4. Notice that this does not quite say yet that L is not locally solvable.
Proof. Define

{ e 45 g

0 t<0
2/(t) — d'(t) t>0
o) = { 0 t<0

where § = sin_4(%). We left as an exercise to check that these functions are smooth. Notice that a
ﬁ, #) The idea is to violate the inequality of lemma
3.2 by constructing a sequence of functions v,y € C°(I, x (—%, %)) which makes he right-hand side
of the necessary condition on the above lemma smaller than the left-hand side for large u, A.

Recall that L*v = vy — a?(t)vee + b(t)v,. We look for approximate solutions to L*v = 0 with

v € C(Iux(—%,%)). It turns out that this can be easily done with separation of variables if we make

oscillates very fast with the intervals I,, = (
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a simplifying coordinate change to get rid of the v,, term. Namely, set t =t and T = z — fo a(t')dt'.
Clearly this is a smooth change of coordinates in a neighborhood of the origin. Then
ovdt Odvdx v ov
T Sidt  orde o0 ‘Oz
v 5 0?v 5 0% ,0v

Y or T ozor Yo ‘o
_vdr  vdi_ov
Ve = Oz dr ' Otdr 0z
.
932
So in the new coordinates
0%v 0%v ov
L= — 20— — N
V=g 250~ 0T g
0% 0% v
= — -2 _ 2t qa—
a2~ ozar X%

From now on we drop the bars on the new coordinates in order to simplify notation. We look for an
approximate solution of the form

v (t, ) Z Vs tw;(A\x)

in C°(Jyn), where J,5 = I, x (—3,1); that is 2; € C°(I,) and w; € C(—1,1). To see how to
choose z; and w; we calculate

L,y = —X2awq(z) + &' z0) + [2gwo — 2aw] (2] + &z1)]+

1 1

X[zi’wl —2awh (25 + E2)| + -+ — 0 2wy,

It is clear that we should choose w; so that wj,; = w;. This can be accomplished by taking
wy, € C°(—1,1) and setting

d \n—i
w; = <£> wn(Z), where T = Az
Then inductively set

20(t) = e6(®)

t
) = et [ 205) o)
ziv1(t) =e /0 2a(s) e~¥ds

Observe that each z; € C°(1,) since exp(—sin~*(1)) dominates 3-e® because this last expression is
of order o(t=* exp(Bsin~2(1)) for every a, 8 > 0.
With these choices of z;,w; we have that v,y € C2°(J,y). Moreover

I L0 e (,0)S Cpunn A~

where C,,n is independent of A. By choosing A sufficiently large we also have

y%wﬁmg/fﬁ%mmmm—mﬂl

Jua
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where D,,,, does not depend on A nor N. But
L T B
T 2 sin’4(%)dt _ / o2 sin—4() df
™

Tr(ul+1) (u+1)

> k:4/ e~ 25 D gf where 7 = %
0
We also have

1
A2 I N ~1 =
wi(Az)dr = wi(Z)AN"dx > A\ C,, where T = Az
_1 -1

A

so that || v, ”%Q(J,M)Z Eup\!

It follows that for large A and p we can violate the inequality on lemma 3.2 for any given C and
N. O

Now we can refine this result in order to obtain that L is not locally solvable at the origin. This
is an application of Baire’s Category Theorem.

Corollary 3.5. There exists f € C.(R?) such that Lu = f has no solution u € H—%(Q) for any
s € N and any Q C R? containing the origin.

Proof. For a fixed €} which contains the origin define
X(Q) = {f € C=(R?) | Lu = f has a solution u € H*(Q) for some s € N}
X(Q) = {f € C*(R?) | Lu = f has a solution u € H™*(Q) such that || u|_s<|s| + 1}

(throughout the proof the equality Lu = f is to be understood in the week sense). Notice that
X(Q) =UX_ Xs(2). We are going to show that for each s the space X(2) is nowhere dense. For
this we first recall the topological properties of X,(€2). The topology on X¢(2) is that given due to
the fact that X4(Q2) is a Fréchet space and it is generated by open sets

Uy, = {2 € Xs(Q) | [[@ lax< e, | @ [lap < €}
where || - ||q, is the collection of semi-norms. This means that in this topology a sequence {z,}
converges to an element z if and only if lim, || z, — = ||;= 0 for every semi-norm || - [[;. The
collection of semi-norms on X(2) is given by the Sobolev norms || - ||, » € N.

First we claim that X,(12) is closed. To see this, suppose that {f;} C X(Q) is such that f; — f.
For each j there exists a u; such that Lu; = f; and || u ||-s< |s| + 1. Since bounded sequences on
Hilbert spaces have weakly convergent sub-sequences, we have that u;, converges weakly in H~*({2) to
some u, so (uj,, L*v) — (u, L*v) for all v € C2°(Q); we also have (f;,,v) = (f,v) for all v € C°().
Then (u, L*v) = (f,v) and so Lu = f weakly. Hencef € X(€) because || u ||-s< |s| + 1.

We know show that X (2) has empty interior. Let f € X,(Q2) be arbitrary. By the theorem,
there exists f € C2°(Q) such that Lu = f has no solution for any s € N. Now, if f +tf € X,(Q)
then there exists w € H5(Q) with Lw = f + tf. Also, since f € X,(Q), there exists z € H™*(Q)
such that Lz = f. But then tL(w — 2) = tf, contradiction. Thus, since f + tf — 0ast— 0 and
f4tfé Xs(§2) for any ¢ # 0 we see that f can not be an interior point.

We conclude from the above that X (Q) = U2 _ X (Q2) is of first category.

Set

Y; = {f € C>°(R?) | Lu = f has a solution v € H*(;) for some s € N}
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here, {€2;}9°, is a countable basis of open sets containing the origing (for example, take all open disks
containing the origin with rational radius and rational center). By above each Y; is of first category.
By Baire category theorem C2°(R?) # U2, Y;. Therefore there exists a nonnull f € C°(R?) —UX,Y;
and such a f has the desired property. O

4. TECHNIQUES FOR SOLVING BOUNDARY VALUE PROBLEMS.

We now give another application of theorem 2.3. Consider the BVP
Lu=f
Bulpg =0

where L is linear and Bu could be Dirichlet, Neumann, Robin or something different for a particular
kind of equation

Definition 4.1. Consider the boundary value problems:

Lu=f Lv=g
{ Bu|ga =0 (+) { B*v|ga =0 (4.1)
and let
Cg () ={u € C(Q) | Bulspn = 0}
Cp(€) = {v € C™(Q) | B*v|on = 0}
We say that B*v|gpq = 0 is the adjoint boundary condition for Bu|gg = 0 if the two following
conditions hold: (i) (u, L*v) = (f,v) for all v € CE.(2) implies v € CF(2); (ii) (v, L*u) = (g, u) for
all u € CF(Q) implies v € CF.(Q)
As an example, consider Lu = Au = f with boundary condition Bulgg = u|sqg = 0. We claim

that in this case B*v|gpn = v|spq = 0. Indeed, suppose that condition (i) of the above definition holds.
Then

(f,v) = (u, L*v) = (Lu,v) + /(m(u&,v —voyu) = (f,v) + /aQ(u&,v — vdyu)

where 9, is the normal derivative. Since u vanishes on the boundary we get [, aq VOu for all v €
C%.(€), then we must have B*v|pq = 0. Analogously we verify condition (ii).
The general idea for solving (x) is the following. Look for an operator M such that we can solve

Mu=wv, veCg(Q)

in order to get a u € CF () (in general, we can have more restrictions on w, such as Bulgg = 0 +
extra higher order conditions) such that (Mu, Lu) > C || u ||2. Then

Iy llsll L0 s> (u, L*v) = (Lu,v) = (Mu, Lv) 2] u |
Usually || v [|—=s< C || u ||s as M is of order > s. We obtain then || v ||-s< C || L*v ||—s.
Now consider the linear functinal ' : L*C%.(Q) — R given by F(L*v) = (f,v), f is in H*(Q)
or maybe even smooth, depending on the particular problem. Then F(L*v) <|| f ||s]] v ||=s< C ||
f sl L*v ||—s, so F' is bounded on the subspace L*C% (©2) C H*(2). By Hahn-Banach it can be

extended to F on all H°(Q). By H*(2) = H™*(§2)* we get that there exists a u € H*(£2) such that
F(w) = (u,w) for all w € H*(Q). Restricting w bach to L*C%.(€2) we have

(u, L*v) = F(L*v) = F(L*v) = (f,v)
for all C%. (€2). By definition of CF(€2), assuming s large enough we can integrate by parts to force
u to solve Lu = f and also to satisfy Bu|sq = 0.
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We want to do some examples now. But before that we need one more definition.
Definition 4.2. Define the double (s, r)-Sobolev norm as

I / (0205w

0<a<s, 0<,B<7‘
a+pB<max(s,r)

Then the (s, r)-Sobolev spaceH*")(Q) is the completion of C*°(Q) w.r.t. the norm | - Il (5,

The above results concerning negative Sobolev norms, including the necessary and sufficient con-
dition for existence, generalize to the double Sobolev norms; see [3].

4.1. Elliptic equations. Consider Lu = Au —u = f in Q{(z,y) € R? | |z| < 1,]y| < 1}. We
shall prove existence of regular solutions for the Dirichlet and Neumann problems. To determine the
correct BVP notice that

(u, L*v) — (Lu,v) = /89(u89v — vdqu)

so that we have Bu = u < B*v = v for Dirichlet BC and Bu = d,u < B*v = 0, v for Neumann BC.
Let

s

Mu = Z(—l)kagku

k=0
and solve Mu = v, v € C%.(Q), with
07ulyqt =0, k=0,1,...,s — 1 for Dirichlet
8§k+1u\agﬂi =0, k=0,1,...,5s — 1 for Neumann
and
“’agf =0, for Dirichlet

uy|8§2f = 0, for Neumann

where 082, (02, ) denotes the bottom (top) horizontal boundary and where 0€2; (02, ) denotes
the left (right) vertical boundary. Notice that this is possible since for an ODE of order 2s we
can prescribe 2s boundary conditions. Also on 8Qi v=0o0rwv, =0,s0wegetu=0oru, =0,
respectively. Furthermore, notice that (Mwu, Lu) > C Il w || s+1,1) for all w having the above boundary
conditions. To see that this is indeed the case, it is 1llustrat1ve to look at the following example

2 2 2 2 2 2 2
(—Upgzg + Ugg — Uy Ugg + Uyy — U) = / (Ui + Uy + Uy + U™ + Uy, + ugy +uy)
Q
+/ (uurmryl — UglUgpzV1 — UUgV] — UggUggy — UUglV1 — UyyUgaaV1 + umyyumml/l)
o0

+/ (—umyumug + UyyUg V1 — UgylV2 — Uyw/2) > u ”%3,1)
a0

since all boundary terms vanish (v; is the normal in the j-direction).
Now observe that if we set

|(w, v)|
” v H —8,—T) sup
weH (s T) H w || (s,7)
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and H(=%=")(Q) =completion of L?(Q) w.r.t. the norm | - [l (—s,—r) in the usual way, then

w, u) (s
I H(*S,O)S sup w

<Jl |0
werreo@) 1| llso) (+0)

As an illustration of how to get this inequality, consider

—(w,v) = (W, —Ugzzz + Uze — u) = (W, u)(2,0) + /(m(wuxmyl — WylggpV] — WUyl )
= (wvu)(zo)
since we can assume that w|gn+ =0, i.e.,
HBY(Q) = completion of C*®(£) in the norm | - 3=
= completion of C™(Q) N{w [ w|yq+ = 0} in the norm | - [|(3 1)

Therefore |(w,v)| <|| w [[(2,0)ll © [|(2,0), Which is the desired inequality in this particular case.
Continuing the computations, now we have

| u ||(s+1,1)H L*v H(fsfl,fl)z (u, L*v) = (Lu,v) = (Mu, Lu) >|| u H%erl,l)
for all v € C3 (2). Hence
o ll=s0 Il llsr,) < L7 [l —s-1,-1)
for all v € Cp (€2). Summarizing the above, we have the following result

Theorem 4.3. For each f € H®0(Q) there exists a weak solution u € HETLD(Q) of Lu = f, i.e,
(u, L*v) = (f,v) for allv e CF.(Q).

In order to obtain higher regularity in the y-direction we need the following lemma concerning
difference quotients, which are defined as

U(ﬂ?,y + h) — U(I,y)
h

ut(z,y) =
Lemma 4.4. (i) If ' cC Q and u € HOY(Q) then

h
I {2 <l uy [lL2(0)

(i) If w € L2(Y) and || u" |[1200n< C for all 0 < |h| < dist(Q,0Q) then u € HOD(QY with
| uy (|22 < C.

Proof. Assume first that u is smooth. Then for 0 < |h| < § dist(',99) we have
1
u(z,y+h) —u(z,y) = h/ uy(x,y + th)dt
0
So

1
rway+m—uwwnShArw@w+ﬁmw
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Hence, by Jensen’s inequality

1
< [ ey oy

1
§/ (/ |y (2, y + th)[*dedy)dt
0 Q

< / |y (z,y + toh)|*dady for ty where the integrand achieves its maximum
Q/

Q/

< uy 220

Now, by approximation this holds for u € H: 1)(Q)
Assume now the hypothesis of (ii). For all ¢ € C2°(Q') we have

where we used integration by parts for difference quotlents and a change of variables 4/ = y + h. In

other words, we have
[ ot == [ uto

By assumption sup,, | u™" || r2(@)< C. Using the weakly compactness of bounded sets in Hilbert

spaces we get a hj, converging to zero and a w € L%(€) such that u~"* converges in L?*({) to w.

But then
UGy = up, = lim ud*
/Q/ be /Q ¢y hr—0 Q ¢

T —hg 4 — _
im u kg Q/d) /ngi)

hr—0 Q

We can now obtain full regularity for any solution in the previous theorem.

Corollary 4.5. For each f € H*(Q) there exists a unique solution v € H*1(Q) of Lu = f.
Proof. We know that u € HEHLD(Q) and for all v € C () we have

—(uy,vy) = (f = Uaz +u,v) = (f,v)
where f = f — g +u € H0,1)(R2). Then —(u’;,vy) = (f",v), and if we choose smooth functions
{v;} € O% such that v; — u” in HOD(Q) we get

Ll [2< [P um)] <IN 1<) A" I < e
by (i) of the lemma; and by (ii) we have u, € H®1(Q), i.e., uy, € L*(). The following then holds
in L?(2)
Uyy = f — Ugz — U € H(S_2’1)(Q)

We can then differentiate w.r.t. y to get

Uyyy = (f = e — 1)y € HE3D(Q)

and continue to boot strap to get u € H*T1(Q).
Uniqueness follows since now u € C*~1(Q) and (—u, Lu) >|| u || holds as v € C$ (£2) implies that
ulaq = 0 or dyulgn = 0. O
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Remark 4.6. One draw back of this method is that it does not give the best result, i.e., the best is
f € C**(Q) implying v € C**t22(Q), or f € H*(Q) implying v € H*7%(Q).

4.2. Hyperbolic equations. Here we consider the Cauchy problem for the wave equation
Lu = up — gy +u = f
u(z,0) = uy(z,0) =0, u(£l,t) =0 or uy(£1,t) =0
and its adjoint boundary value problem
L'v=wvy — v +v=g
v(x,1) =v(x,1) =0, v(£l,t) =0 or vy(£1,t) =0

The wave equation represents the motion of a string (or waves) with fixed ends (for the Dirichlet
boundary conditions) under the influence of an external force f. If we tried the full Dirichlet or
Neumann problem as for the Laplace equation we would not be able to prove existence using this
method.

Let

s

Mu = a(t) ) (~1)* 02 u,
k=0

where a(t) = —e—t (we really only need a/(t) > 0, a(t) < 0) and solve
Mu=wv, veCg(Q) with u(z,0) = u(x,0) =0
O u(£1,t) =0, k=0,1,...,5 — 1 fot Dirichlet
O Ly(£1,4) =0, k=0,1,...,s — 1 fot Neumann
Notice that this can be done using standard theory for ODEs. Then observe that
(Mu, Lu) 2| w ||%s+1,1)
for all u € CF(Q) = {u having the above boundary conditions }. For example:

( Upt — Uggy + U, a(t)(_utxx:c:r: + Utzpr — ut) ) =

al(t
/Q DO (2, 4 a4 02+ 20, 40+ 202 ) 4

2
a o a o a o a o a o
AU UtV1 — ZU V2 — ZULV2 — U V2 — U V2 —+ a1 — *umtl/2+
90 2 2 2 2 2
a a
2 2
AUUgtV1 — §le/2 — QU Utz V1 + QU Utgp V1 — §Umt1/2+

2 2
AUy UtgrrV1 — AUy V2 — QUUg gt V1 + AUy UggtV1 — augg;p”?)
2
2 C sy

since all boundary terms vanish or are non-negative for u € C¥(€2). Furthermore, as in the elliptic
case

w, U
lollon<C  sup 00Ul

<Cluls
weH(5:0)(Q) || w ||(870) ” ”( ,1)
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For example

_(wvv) = _( w, a(t)(_utxmz;t + Utga — ut) ) = (wa a(t)ut)(Q,O)
+/ (QWUtzzz 1 — QWU V1 — AWULVL) = (W, a(t)ut) 2,0
o0

since we can assume that w(+1,t) = 0 as before, so |(w,v)| < C || w [[(2,0)|| @ ||(2,1) which gives the
desired result.
We now have

Il sl L0 l—s-1,-0> (u, L) = (Lu,v) = (Mu, Lu) > C | u [[{,1, for all v € CF(Q)
((u, L*v) = (Lu,v) is justified because all boundary terms vanish). Hence
[V l=s0)< C lu lls41,0=S Cll L¥0 || (—s—1,—1)
This proves

Theorem 4.7. For each f € H®Y(Q) there exists a weak solution v € HETLD(Q) of Lu = f, i.e.,
(u, L*v) = (f,v) for allv e C&x ().

Remark 4.8. Higher regularity may be proven in the same way as for the elliptic case. Then u
solves Lu = f pointwise and because v € CZ.(Q2) we have that u € C%(£2) has the correct boundary
values. Again this method does not necessarily gives the best result.

Exercise: Prove the same result for the parabolic heat equation
Lu=u — Uz, +u=f
u(z,0), u(xl,t) =0 or uy(£1,¢£) =0
with adjoint boundary value problem
L'v=v— Vg +v=g
v(z,1), v(xl,t) =0 or vy(£l,t) =0
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