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1. Introduction

The Einstein equations have been a source of several interesting problems in
Physics, Analysis and Geometry. Despite the great deal of work that has been
devoted to them, with many success stories, several important questions remain
(see [13, 17, 52] for an account of what is currently known and some directions of
future research). One of them is finding a satisfactory theory of isolated systems,
such as stars, both from a perspective of the time development of the space-time, as
well as from the point of view of the geometry induced on a space-like three-surface.
To quote Rendall, “of the physical situations which can be described by the general
theory of relativity, those which are at the present most accessible to observation
are the isolated systems. In fact, all existing tests of Einstein’s equations concern
such situations. It is therefore important to have a theory of these systems which
is as complete as possible, not only in terms of the range of phenomena which are
covered but also with respect to logical and mathematical solidity” [47].

Stars are the prototypes of isolated systems. They are typically modeled by
considering a region of space filled with a fluid and separated from an exterior that
corresponds to vacuum. The properties of the fluid, such as perfection, viscosity,
charge, etc., depend on the particular situation one is interested in. The dynamics of
the fluid region is then described by Einstein equations coupled to matter, whereas
vacuum Einstein equations hold on the complement of this set. From the point of
view of the Cauchy problem, which will be the main case of interest in this work,
there are two primary questions to be addressed.

(i) First, the solvability of Einstein equations in the two different situations
of interest, i.e. coupled to fluid sources and in vacuum, should be addressed. Since
the short-time existence for vacuum Einstein equations is well understood (see, e.g.,
[32]), this leaves us with the coupling to matter. A specific matter model has then to
be chosen, and one of the most customary choices, sufficient for many applications,
is that of a perfect fluid [2], in which case Einstein equations are coupled to the
(relativistic) Euler equations. The well-posedness® of this system was proven by
Choquet-Bruhat [10] and extended by Lichnerowicz [36] to include entropy — in
which case the resulting system will be called the Einstein—-Euler-Entropy system,
whose equations are stated in Sec. 2.2.

(ii) The second question is more delicate and consists of trying to bring together
the two different scenarios described in the previous paragraph, namely, vacuum
and coupling to matter. More precisely, we attempt to formulate and solve the

a“Well-posedness” should be understood here in the context of General Relativity, where unique-
ness is meant in a geometric sense, i.e. up to isometries.
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Cauchy problem with an interior region — thought of as the star — governed by
the Einstein—Euler (or Einstein—Euler-Entropy) equations and an exterior one that
evolves according to the vacuum Einstein equations. This corresponds to a genuine
free-boundary problem in that the boundary of the star cannot be prescribed for
time ¢ > 0, being rather a dynamic quantity that has to be determined from the
evolution equations. The star boundary at time zero is obtained as the boundary
of the support 2 of the initial matter density g, which is a function on the initial
Cauchy surface typically of the form

{f(m) >0, x€q, (1)

oo(z) = 0, v ¢ Q.
Solving the Cauchy problem then requires a refined analysis of the boundary behav-
ior of the quantities involved, where the change from G5 = T,,3 to Gop = 0 causes
severe technical difficulties (here Gog and T,s are the Einstein and stress-energy
tensor, respectively).

Lindbom [40] has proven that any isolated static fluid stellar model ought to be
spherically symmetric, generalizing a classical result of Carleman and Lichtenstein
for Newtonian fluids [7, 38, 39]. More precisely, he has shown that a static asymp-
totically flat space-time that contains only a uniform density perfect fluid confined
to a spatially compact world tube is necessarily spherical symmetric.

Under the assumption of spherical symmetry, it is possible to deal with many
of the technicalities that arise, and a number of satisfactory and general results
have been obtained. Rendall and Schmidt have proven existence and uniqueness
results for global solutions of the Einstein—Euler system [49]. They also gave a
detailed account of how the properties of these solutions depend on features of the
equation of state. Kind and Ehlers have treated the mixed initial-boundary value
problem in [35], where they have also given necessary and sufficient conditions for
attaching the solutions they constructed to a Schwarzschild space-time. Makino [43]
refined the results of Rendall and Schmidt by providing a general criterion for the
equation of state, which ensures that the model has finite radius (and therefore finite
mass). This result is used to study the linear stability of the equations of motion.
Regarding the relation between mass and radius, in [33] the authors derive, among
other results, interesting mass-radius theorems. A very extensive treatment of the
Cauchy problem for spherically symmetric data is given in the work of Groah,
Smoller and Temple [31]. These works do not exhaust all the results known in
spherical symmetry; see the references in the above papers for more details.

If we drop the hypothesis of spherical symmetry, however, not much is known
about the well-posedness of the Cauchy problem when the matter density is allowed
to vanish outside a compact set, as in (1.1) — a situation generally referred to
as a “fluid body”. One could attempt to change gy to a function that is always
positive, but decays sufficiently fast and is very small in the region outside ).
Unfortunately, this does not improve things considerably because generally the
time-span of solutions cannot be shown to be uniform, and as a result, the domain
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of definition of the solution contains no space-like slice ¢ = constant (except obvi-
ously the ¢ = 0 slice). Another problem which arises in this context is that the
usual conformal method for solving the constraint equations [14, 37, 63] cannot be
applied.

Following the ideas of Makino [42], who studied non-relativistic® gaseous stars,
Rendall has shown that the above problems can be circumvented for fluids obeying
certain equations of state [48] — although, as the author himself points out, the
solutions obtained in these cases have the undesirable property of not including
statically spherically symmetric space-times, and the restrictions on the equation
of state are too strong. Initial data sets for the Einstein—Euler equations describing
a fluid body have been successfully constructed by Brauer and Karp [3] and Dain
and Nagy [16], but well-posedness of the system with such prescribed initial values
has not yet been demonstrated. Therefore, the solution to the Cauchy problem
for a self-gravitating isolated fluid body is still largely open (although some recent
results of Brauer and Karp [4-6] address directly some of the technical issues we
referred to).

An important step forward has been achieved by Friedrich in [23]. Using a
Lagrangian description of the fluid motion, he has been able to derive a set of
reduced equations which form a first-order symmetric hyperbolic system. While it
has been known that the vacuum Einstein equations can be cast in such a form since
the work of Fischer and Marsden [22], and the Einstein—Euler system had also been
investigated within the formalism of first-order symmetric hyperbolic systems in the
aforementioned work of Rendall, what makes Friedrich’s construction particularly
attractive is the use of the Lagrangian description of the fluid flow, as it is known
that Lagrangian coordinates are uniquely suited for treating free boundary problems
involving the non-relativistic Euler equations, and have in fact been employed to a
great success to study them [15, 18, 20, 57].

It remains to be seen whether Friedrich’s ideas will lead to satisfactory existence
theorems for the Cauchy problem for fluid bodies. But for such a project to be
successful, one needs to be able to carry out step (i) as explained above, namely, to
use the reduced system of [23] to separately solve Einstein equations in the cases
of vacuum and coupled to fluid matter. Only then the passage across the boundary
from the Einstein—Euler-Entropy to the vacuum equations can be analyzed. Notice
that in the case of vacuum, the notion of a Lagrangian description is somewhat
artificial, but it can be given meaning by the choice of a time-like vector field which
should agree with the fluid four-velocity once matter is introduced.

Well-posedness of the vacuum Einstein equations using the formalism of [23]
has been established in [24, 25] (see also [26-28]). This leaves us with the question
of well-posedness of the Einstein—Euler-Entropy system. In other words, we seek a

bIt should be noticed that even self-gravitating Newtonian fluid bodies are not well understood.
In fact, with the exception of the viscous case studied by Secchi [53-55], not many results besides
that of Makino [42] seem to be available.
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solution to the following:

Establish a well-posedness result for the Einstein—FEuler-Entropy system with a
general equation of state, by writing the set of equations as a first order symmetric
hyperbolic system via a Lagrangian description of the fluid flow, as in [23], and under
the assumption that the fluid fills the entire initial Cauchy surface 3, i.e. o9 > ¢ > 0,
with possibly additional hypotheses consistent with physical requirements.

This is the problem addressed and solved in this work. Some terminology is
needed before we can make a precise statement — see Theorem 2.1 in Sec. 2.2. We
stress that Theorem 2.1 had been proven much earlier by Choquet-Bruhat [10] and
Lichnerowicz [36]. What is new is the method of proof, employing the Lagrangian
description of the fluid flow. It should also be noticed that, while the equations we
use are essentially those of [23, 30], to the best of our knowledge, a complete proof of
well-posedness relying on Friedrich’s techniques is not available in the literature. In
fact, while for the trained eye Theorem 2.1 will sound as an expected consequence
of the formalism developed by Friedrich, the intricacies of General Relativity teach
us to never take something for granted and always welcome full-detailed proofs. We
also believe that a wider audience can benefit from our more or less self-contained
exposition, which starts from basic definitions and proceeds step-by-step towards
the proof of well-posedness.

1.1. Outline of the paper and notation

The paper is organized as follows. In Sec. 2, we recall several basic definitions, fix
our notation, introduce the main equations and hypotheses, and state the main
theorem. In Sec. 3, we introduce the frame formalism and gauge conditions that
constitute the basis of Friedrich’s method. The gauged or reduced Einstein—FEuler-
Entropy system is also presented in this section. The proof of the main theorem
is carried out in Sec. 4. It consists of three parts: determination of the initial data
(Sec. 4.1), well-posedness of the reduced system (Sec. 4.2), and the “propagation
of the gauge” (Sec. 4.3). This last step is what guarantees that a solution of the
Einstein—Euler-Entropy system in a particular gauge — the reduced system —
yields a solution to the original set of equations. Finally, in Sec. 5, we make some
closing remarks.

We have chosen to present our arguments in a logical rather than constructive
order. This means that instead of starting by showing how the reduced equations are
obtained from the Einstein—Euler-Entropy system by means of a gauge choice, we
first state the reduced equations, then derive its solutions, and finally show that they
correspond to solutions of the original equations of motion. This particular order
is adopted because the equations we use in both the reduced and the propagation
of the gauge systems are equivalent to those of [23, 30], although we shall write
them in a slightly different fashion. Hence, as they have been considered before,
there is no immediate need to show how the reduced equations are extracted from
the original ones by a suitable choice of gauge. This procedure is briefly presented
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nonetheless in the appendices for the reader’s convenience. Those not familiar with
the work [23] are encouraged to read Appendix B prior to Sec. 4.

Notation 1. The Sobolev space between manifolds M and N will be denoted by
H*(M, N). When no confusion can arise, the reference to N will be suppressed, and
H?(M,N) will be written H*(M), or even H® when M is clear from the context.
H?, denotes the uniformly local Sobolev spaces, whose definition is recalled in
Appendix A.

2. The Basic Setting and the Main Result

Our main object of study is a four-dimensional Lorentzian manifold (M, g), called
a space-time. In General Relativity, we are interested in the sub-class of Lorentzian
manifolds where Einstein equations are satisfied. We recall that these are

1
Raog — ERgag = %Taﬁ, (2.1)

where R, and R are, respectively, the Ricci and scalar curvature of the metric g,
T, is the stress-energy tensor which encodes information about the matter fields,
and # = 877%7 with ¢ being the speed of light and G Newton’s constant.® A space-
time is called an Einsteinian space-time when (2.1) is satisfied. M will always be
assumed to be oriented and time-oriented.

The left-hand side of (2.1) is divergence free as a consequence of the Bianchi
identities. Hence, regardless of the particular matter model which is considered, the
stress energy tensor has to satisfy

VoT.s =0, (2.2)

which then gives equations of motion for the matter fields (see Sec. 2.2 below);
V in (2.2) denotes the Levi-Civita connection associated with g. Equation (2.2) is
sometimes referred to as the local law of momentum and energy conservation.

Convention 1. Throughout the paper we shall adopt the convention (+ — — —)
for the metric.

Definition 2.1. A fluid source is a triple (U, g, u), where (4, g) is a domain of a
space-time and u a time-like vector field on ¢ of unit norm. Physically, the trajec-
tories of u represent the flow lines of matter. Given a fluid source, the stress-energy

€As it is customary to drop the factor 8w, and we adopt units where G = ¢ = 1, we could set
# = 1. But since we will be working with a lesser familiar formalism, it is useful to keep the
constant %, in which case it is always possible to set # = 0 in order to compare the resulting
equations with the well-studied vacuum case.
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tensor of a perfect fluid is given by

Tap = (p+ 0)uats — PYas, (2.3)

where p, called the pressure of the fluid, and p, called the density of the fluid, are
non-negative real valued functions. A perfect fluid source is a fluid source together
with a stress-energy tensor given by (2.3).

Perfect fluid sources, or perfect fluids for short, are often used to study space-
times where a continuous distribution of matter exists (see, e.g., [61]). The assump-
tion that matter is described by a stress-energy tensor of the form (2.3) means that
no dissipation of any sort is present; in particular one neglects possible effects due
to heat conduction, viscosity or shear stresses.d

For perfect fluids, Eq. (2.2) becomes

Vs = ((p+ 0)VYUq + u*Vap0)ug
+(p+ 0)u*Vaug +ugu*Vaop — Vgp = 0. (2.4)

Taking the inner product of (2.4) with « and using u,u® = 1 (which also implies
u*Vgua = 0), gives

(p+ 0V +u*V4o =0, (2.5)

known as the conservation of energy or continuity equation. Then, using (2.5)
into (2.4) produces

(p+ 0)u“Vaug + ugu®*Vop — Vgp =0, (2.6)

known as conservation of momentum equation. Together, Egs. (2.5) and (2.6) are
known as the Fuler equations for a relativistic fluid.

In physically relevant models, the functions p and ¢ are not independent but
are related by what is called an equation of state, which is an (usually smooth)
invertible function

p=p(0). (2.7)

Fluids where (2.7) is satisfied are called barotropic fluids, with the particular case
p = 0 called dust or pressure-free matter. Physical situations of interest where
barotropic fluids are employed include some models of cold (more precisely, zero
temperature) matter, such as completely degenerate cold neutron gases (which are
used to model nuclear matter in the interior of neutron stars) [2, 8, 56]; the so-called
ultra-relativistic fluids, i.e. fluids in thermal equilibrium where the energy (which
in relativistic terms is described by o due to the equivalence of mass and energy)
is largely dominated by radiation [2, 61]; and fluids of electron-positron pairs [61].
Barotropic fluids are also important in Cosmology, where several models of the early

dIn fact, the (here postulated) stress-energy tensor (2.3), can be motivated from basic physical
principles, which can be taken as characterizing ideal fluids; see, e.g., [2, 21].
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universe assume that the distribution of matter is described by an ultra-relativistic
fluid [2, 8, 61, 62].

As usual in General Relativity, space-time itself is a dynamic quantity, there-
fore its geometry, encoded in the metric g, as well as the the dynamics of other
fields present on space-time, have to be determined as solutions to the Einstein
equations (2.1) coupled to matter via (2.2). In particular, the fluid source (U, g, u)
is not a given, but has to arise from the solutions of the coupled system. The
Einstein—Fuler system for barotropic fluids, or barotropic Einstein—Fuler system, is
given by Egs. (2.1), (2.5), (2.6), and (2.7), with Top given by (2.3), and subject
to the constraint u®u, = 1. The unknowns to be determined are the metric g, the
four-velocity u, and the matter density p.

The Einstein—Euler system for barotropic fluids has been studied by many
authors. In fact, most of the results cited in the introduction deal with this case.
The interested reader can consult the papers [3, 16, 31, 33, 43, 48, 49] and the
monographes [2, 8, 36], as well as the references therein.

Similar to the well-known case of vacuum Einstein equations [9], when address-
ing the solvability of the barotropic Einstein—FEuler system, one has to investigate its
constraints and make suitable choices for the spaces where solutions will be sought.
Since we shall deal with the more general case of fluids that are not necessarily
barotropic, we postpone this discussion for the time being, turning our attention
first to some thermodynamic tools that will be necessary in the sequel. We shall
return to the barotropic case in Sec. 5.

2.1. Thermodynamic properties of perfect fluids

There are important scenarios where it is known that the pressure is not determined
by the matter density only. These include the so-called polytropic fluids, which are
used in several stellar models (see, e.g., [2, 8, 61, 64] and references therein). In such
cases, (2.7) has to be replaced by a more general equation of state involving other
physical quantities, which are usually assumed to be of thermodynamic nature, as
we now describe.

As in many situations in General Relativity, it is important to identify those
quantities measured by a local inertial observer. Let r be the rest mass (or energy)®
density,! defined as the mass density measured in the local rest frame. It is assumed
that this quantity obeys the conservation law

Va(ru®) =0, (2.8)

which states that mass is (locally) conserved. Notice that on dimensional grounds,
1 is the specific (i.e. per unit of mass) volume. The difference between the mass

¢Due to the equivalence of mass and energy, and our choice of units with ¢ = 1, we shall use the
terms mass and energy interchangeably.

f Also called particle number density [30], baryon number density [2] or yet proper material density
[36].
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density ¢ and the rest mass density r is by definition the specific internal energy e
(as measured in the local rest frame):

o=7r(l+e). (2.9)

Therefore, as p, 7 and g, € is a real valued function on &4 C M. In the context of
relativistic fluids, the relation (2.9) has been first introduced by Taub [59] and has
been widely used since [2, 8, 30, 36].

For non-barotropic fluids, further relations among the variables of the problem
have to be introduced in order to have a well-determined system of equations. It is
natural to assume that the first law of thermodynamics holds, i.e.

de = K ds — pdv,

where K is the absolute temperature, s the specific entropy, and v the specific
volume. These are all non-negative real valued functions on . In light of (2.9) and
v = %7 the first law can be written as8

do = pte dr +rKds. (2.10)
We now turn to the generalization of (2.7), i.e. to the appropriate equation of state
that has to be provided. Although we presently have seven thermodynamic vari-
ables, namely, p, o, r, €, K, v and s, the above equations imply relations among
them. In fact, for a perfect fluid, only two of such quantities are independent [2], with
the remaining ones determined by relations depending exclusively on the nature of
the fluid. On physical grounds, we should assume that such relations are invertible,
what renders the question of which two thermodynamical quantities are the inde-
pendent ones a matter of preference. We shall assume henceforth that » and s are
independent. We thus postulate an equation of state of the form

o= P(r,s), (2.11)

where & is a given smooth function, invertible in the sense that we can solve for
r=1(0,s) and s = o(p,r). From (2.10) and (2.11), we then obtain

do
=r— — 2.12
p=ra-=0 (2.12)
and
10
K=-—. 2.1
r 0s (2.13)
The validity of (2.10) along with (2.5) implies
1
Ku®Vys = _r_2<p + 0)Va(ru®). (2.14)

&The case of interest in this paper is when the matter density does not vanish, hence % is well
defined because of (2.9). The case of vanishing ¢ is, however, important, as explained in the
introduction.
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Therefore, in light of (2.8), and assuming that the temperature is not zero (which
is consistent with (2.13) and (2.11)),

u*Vas = 0. (2.15)

In other words, the entropy is conserved along the flow lines of the fluid. When (2.15)
holds, the motion of the fluid is said to be locally adiabatic. A fluid is said to be
1sentropic if s =constant, and non-sentropic otherwise.

Remark 2.1. If (2.8) is not assumed, then from (2.14) it only follows that
Va(ru®) <0,

and
u*Vas > 0.

Although these two inequalities have a clear physical interpretation — from the
point of view of inertial observers the rest mass cannot increase and the entropy
cannot decrease — if (2.8), and therefore (2.15), is not assumed, the motion of the
fluid is underdetermined.

The first law of thermodynamics, Eq. (2.10), will always be assumed to hold,
therefore, because of (2.14), we shall work with (2.15) rather than (2.8) to form our
system of equations.

2.2. The Einstein—FEuler-Entropy system

The FEinstein—FEuler-Entropy system is the system comprised of Egs. (2.1), (2.5),
(2.6), (2.11), (2.12), (2.15), subject to the constraint u“u, = 1, with T,z given
by (2.3), and & in (2.11) a given smooth invertible function. The unknowns to be
determined are the metric g, the four-velocity u, the rest mass density r, and the
specific entropy s.

For previous works on the Einstein—Euler-Entropy system, the reader can con-
sult the monographes [2, 8, 36].

Our focus here is on the Cauchy problem, therefore we need to state what the
initial data are. This should consist of the usual initial data for the Einstein equa-
tions and initial data for the matter fields. These have to satisfy suitable constraint
equations, as we now recall. Because of our signature convention, the metric gy on
the initial three slice ¥ is negative-definite, a fact which we stress by calling the
pair (3, go) a negative Riemannian manifold.

Definition 2.2. A pre-initial data set for the Finstein equations, or pre-initial
data set for short, is a triple (3, go, k), where (X, go) is a three-dimensional nega-
tive Riemannian manifold and x a symmetric two-tensor on Y. A development of
a pre-initial data set (X, go, k) is a space-time (M, g) which admits an isometric
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embedding of (X, gg), with x being the second fundamental form of the embed-
ding. A development (M, g) is called an Finsteinian development if (M, g) is an
Einsteinian space-time, i.e. Einstein equations are satisfied on M.

Let (M, g) be an Einsteinian development of (X, go, ). Then the fact that ¥
is embedded into M with second fundamental form x and Einstein equations are
satisfied implies that the following identities hold® on X,

Ryy — k]2, + (trgy #)% + 2= 0, (2.16)

known as the Hamiltonian constraint, and

divg, (5 = (trg, £)g0) +J =0, (2.17)
known as the momentum constraint, with u and J defined by
=T (n,n), (2.18)
and
J:=AT(n,), (2.19)

where n is the unit normal of ¥ inside M, T is the stress-energy tensor, and T'(n, ) is
viewed as a one-form on X. In the above, Ry, |- |g,, trq,, divy, are, respectively, the
scalar curvature, the pointwise norm, the trace, and the divergence, all with respect
to the metric go. Notice that Definition 2.2 and Eqgs. (2.16)—(2.19) are general, in
the sense that they do not assume that 7T is the stress-energy tensor of a perfect
fluid. When T has the form (2.3), then (2.18) and (2.19) become

=2 (p+0)(1—I|x(w)]’) - Ap, (2.20)
and!
J=H(p+ o)1 |mg(u)]2,mg(u), (2.21)

where 7, : TM|s; — T'Y is the orthogonal projection onto the tangent bundle of X.

From (2.20) and (2.21), it is seen that, additionally to (3, go, k), to solve the
Einstein—Euler-Entropy system, one has to prescribe g, p, and a vector field v (which
will satisfy v = m(u) once solutions are obtained). However, as we adopt the point
of view that the independent thermodynamic variables are s and r, we do not
prescribe p and p directly. Rather, r and s are given as initial data, and then p and
p are determined on ¥ by (2.11) and (2.12), respectively.

Definition 2.3. An initial data set for the Einstein—FEuler-Entropy system is a
7-uple (%, go, &, 70, %0, v, &), where (X, go) is a three-dimensional negative Rieman-
nian manifold endowed with a symmetric two-tensor x; ro and ¢y are non-negative

hQee, e.g., [32] for a proof. The plus sign on s is due to our signature convention; some authors
define J with a negative sign.

iAs usual we identify vectors and co-vectors, since J is given as a vector in (2.21) but as a one
form in (2.19).
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real valued functions’ 79,50 : ¥ — Ry; % : R x R — R, is a smooth invertible
function as in (2.11); and v is a vector field on ¥; such that the constraint equations
(2.16) and (2.17) are satisfied, with @ and J given by

= (po + 00)(1 = [v[3,) — A po,

J = A (po+ 00)\/1— 0|20,

where 09 = 0(r0,0) and pyg = po(ro, o) are given by (2.11) and (2.12), respectively.

and

In order to state the main result, we need to impose further conditions that
are either of physical nature or are required in order to apply certain analytic
techniques.

One quantity of physical relevance in non-relativistic fluid dynamics is the speed
of acoustic waves. For relativistic fluids, we define the sound speed v by

dp r  Op
2 _ (0P _ op
Ve = (3Q>s P (2.22)

where, as usual in Thermodynamics, (a%)y means treating y as a constant when
taking derivatives with respect to . /2 is well defined in that, for physically relevant
equations of state, pressure cannot decrease as g increases. The fact that (2.22) is
correctly interpreted as the speed of acoustic waves follows from analyzing the
characteristic manifolds of the system formed by Egs. (2.5), (2.6), (2.15) and (2.11)
with a given background metric; we refer the reader to [2, 36] for details.

We shall require that the following inequalities hold:

v? >0, (2.23a)
v? <1, (2.23b)
p“:g > 0. (2.23¢)

(2.23a) and (2.23b) assert the physical requirements that the sound speed is positive
and does not exceed the speed of light.X The interpretation of (2.23c) is that specific
enthalpy of the fluid, defined as ’HT'—Q7 is positive. In view of (2.22), it should be
noticed that (2.23a) together with (2.23c) excludes the possibility of pressure-free
matter. Our techniques can be easily adapted to allow such a case nonetheless,
leading to a theorem similar to Theorem 2.1 below (see Sec. 5).

IWe write <o instead of sg for the entropy at time zero to avoid confusion with the quantity s
introduced below.

KTt is not difficult to see that equality in (2.23b) happens if, and only if, the four-divergence of u
vanishes, i.e. Vou® = 0 (see, e.g., [8]). When this happens, the fluid is called incompressible. Recall
that incompressibility is defined in non-relativistic physics as the vanishing of the three-velocity,
in which case sound waves travel with infinity speed.
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When the initial slice ¥ is compact and the functions involved continuous,
inequalities (2.23a) and (2.23¢) automatically imply that on ¥

p+o
T

V2 >c¢ and

>, (2.24)
for some constant ¢ > 0. These conditions are needed to apply certain existence
results for first-order symmetric hyperbolic systems. When ¥ is non-compact, our
techniques still apply, but without a bound of the form (2.24) and further assump-
tions on the initial data, the size of the time interval where the solution exists can
tend to zero near the asymptotic region of ¥. We therefore assume (2.24), briefly
commenting on more general situations in Sec. 5. Also, for ¥ non-compact, in order
to accommodate conditions at infinity which are not too restrictive, we shall employ
the uniformly local Sobolev spaces! H?, originally introduced by Kato [34]. Their
definition and basic properties are recalled in Appendix A; although it comes as no
surprise that H?, and H® are equivalent (as Banach spaces) when ¥ is compact. It
is assumed that the metric employed to define the spaces H,(X) is equivalent, up
to the sign convention, to the metric gg.

Yet another difficulty which arises in the non-compact case is that v can become
arbitrarily close to the boundary of the light-cone in the asymptotic region. This
would lead to a breakdown of the positivity of certain matrices required for our
proofs, again implying that the time interval on which the solutions exist cannot
be made uniform. To prevent this, we impose a bound on the size of the initial
tangent velocity v. To see that such a bound gives the desired control over u near
the initial hypersurface, simply notice that in normal coordinates at a point p on the
hypersurface with % normal to X, the set of unit length future-directed vectors
on T, M is given as usual by the upper sheet of the time-like hyperboloid which is
asymptotic to the light-cone.

We are now in a position to state our main result.

Theorem 2.1. Let (%, go, k,70,%0,v, &) be an initial data set for the Einstein—
Euler-Entropy system, with gy € ijl(E)m,v,ro,go € H: (X)), where s > % + 2.
Suppose further that g > 0,79 > c1, poj;go > c1, 18 = v3(ro,50) > c1, and |vlg, >
—ca, for some constants c1, co > 0. Then there exists an Finsteinian development
(M, g) of (£, g0, k70, %0, v, P) which is a perfect fluid source, with M diffeomorphic
to [0, Tg] x ¥ for some real number T > 0. Moreover,g € C°([0, Tg], H5 () N
CY([0, Tg), H:,(2)) N C2([0, Tg], HE, (X)), the matter density o and the pressure
p of the fluid source are given by (2.11) and (2.12), respectively, where the func-
tions r and s in (2.11)~(2.12) belong to C°((0, Tx), H:, (X)) N C([0, Tg], HE H(X)),
satisfy v > 0,5 > 0, and are such that r|s = rg, s|s = <o, and v? = v%(r,s) > 0.
Furthermore, denoting by u the unit time-like vector field of the fluid source, we

10ther function spaces can be used. In particular, the “little £p-Sobolev spaces”, £, (H?), could
be employed, these being, in fact, better suited for treating more general data on non-compact
manifolds, see, e.g., [60].
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have that u € C°([0,Tg], H:, (X)) N CH[0, Tx], H:H()) and m4(u) = v, where
g : TM|s, — TX is the orthogonal projection onto the tangent bundle of X.

Remark 2.2. Notice that the pointwise inequalities of Theorem 2.1 all make sense
in that s > % + 2 implies that the quantities involved are continuous. As discussed
above, when ¥ is compact, the hypotheses involving ¢; can be relaxed by assuming
that those quantities are simply greater than zero, H;, can be replaced by the
ordinary Sobolev spaces and the bound on |v]4, is automatically satisfied (recall
that go is negative definite).

3. The Einstein—Euler-Entropy System in the Frame Formalism

In this section, we shall use the so-called frame formalism to write a different set
of equations for the Einstein-Euler-Entropy system. It will be shown in Sec. 4 that
solutions to the new system imply existence of solutions to the original Einstein—
Euler-Entropy equations. As in most analytic investigations of the Einstein equa-
tions, the point of view is essentially local as a consequence of the phenomenon of
finite propagation speed. Thus a chart U should be implicitly understood whenever
coordinates are involved. If X is a space-like three surface, or a slice for short, then
we shall use a slight abuse of notation and still denote by X the set XN U.

In the frame formalism, the information about the metric is encoded in an
orthonormal frame {e, }2_,, where the frame is related to the coordinate basis by

n=0>
_ a0

€y = e#a(E—A. (31)

Notation 2. From now on, unless otherwise specified, all tensor fields will be
2 o, with Greek letters used to indicate
the components of such fields in the basis {e,}?_. A bar over an index, e.g.,
@, indicates that it can take only the values 1,2 or 3, with summation of barred
indices being only over 1,2,3 as well. The only exception for our choice of basis
will be for the frame itself, which will be given in terms of the frame coefficients
e;‘ in (3.1). As in (3.1), capital Latin letters range from 0 to 3 and will be used to
denote components with respect to the coordinate basis; a bar, e.g., A, indicates
restriction to 1,2 or 3. Indices are still raised and lowered with the metric g, as
usual.

expressed in the orthonormal frame {e,}

2207 the metric g is
always represented by the Minkovski metric g g = diag(1, ~1,~1,~1). The relation

to the metric in the basis {6%4}?4:0 is given by

By construction, in terms of the orthonormal frame {e,}

g1 = eéeﬁgaﬁ. (3.2)
The connection coefficients T') 5 are defined via

Vaes =Tz, (3.3)
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The condition that V is compatible with the metric then takes the form

FZ,@QW + 6, 9u8 = 0. (3.4)

One of the key ingredients of the formalism we shall employ is to treat the connec-
tion coefficients as unknowns in their own right. As Flﬁ is given in terms of first
derivatives of the metric, treating them as independent variables allows us to express
the original Einstein—Euler-Entropy system, which involves second derivatives of g,
as a first order system.™

Symmetry (3.4) will be assumed throughout. In other words, we shall only
need evolution equations for 24 independent I'’s™ with the remaining components
explicitly defined via (3.4).

Since it is not possible to decide from the connection coefficients alone whether
V is the Levi-Civita connection of g [51], further conditions will be necessary. The
requirement that the connection is torsion-free, along with the (once contracted)
Bianchi identities and the standard decomposition of the Riemann curvature tensor
in terms of the Weyl and Schouten tensors, will be imposed as further equations of
motion of the system. In this regard, we introduce the tensor dg_ ; (d for “decom-
position”) defined as

A5y = Riys — W5hs — 905518 + 951,551 (3.5)

where [ 3] means that the indices are anti-symmetrized; Wg. ; is the Weyl tensor;
Sap is the Schouten tensor, given by

1
6

and Rj, s is the Riemann tensor, which can be written as

Sap = Rap = ZRgap; (3.6)

Rj.s = ey(T55) —es(T95) — Typ(Ths —T'5) + 19,15,
o Tr. (3.7)

By construction, dg‘7 s Dossesses the usual symmetries of the Riemann tensor, since
such symmetries are shared by VVg‘75 and —g[nyS(sm —|—96h5§j. Recall that the torsion
of the connection is the tensor 7 defined via

/];#ﬁe# = _[6047 65] + (Fgﬁ - Fga)e,tu

MThis argument only presents the basic heuristic intuition of the method. In fact, although the
metric will not be one of the basic unknowns, our system would be third-order in the metric if
written in terms of it. This is because the system will involve first derivatives of the Weyl tensor,
see Egs. (3.9), (3.10) and (3.14e). It should be noticed that this is not an oddity of our formalism.
If one tries to approach the Einstein—Euler-Entropy system in the usual formalism of second order
equations, it cannot be directly solved as it stands; a quasi-diagonalization process has then to be
carried out, leading to a system that is also third-order in the metric [10].

2
“Due to (3.4), there are %
n = 4 in our case.

independent components of I'7

B in n space-time dimensions,
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where [, -] is the usual commutator of two vector fields. Notice that
15 = —Th, (3.8)
Aiming at the Bianchi identities, we define the Friedrich tensor by
Fgys = Wgys = 90,556 (3.9)
and let
Fapy =V, Fls . (3.10)

To understand the role of F, 3., consider for simplicity the case of vacuum. Then
the once-contracted Bianchi identity

VR 5 = VgRay — Vo Rap,

combined with Einstein equations (2.1) yields F,3, = 0 whenever the decomposi-
tion of the Riemann tensor holds, i.e. dj ; = 0.
The last definition we need to introduce is

Ga = (p + 0)u"'Vytta — v (p + 0)ua V" — Vap. (3.11)

qo will replace (2.6) in the new set of equations. To motivate this, suppose that we
have a solution to the Einstein—Euler-Entropy system. Then differentiating (2.11)
in the direction of u, using (2.12), (2.8), (2.15), and (2.22) yield

uVap = —(p + 0)*Vau®.
Using this into (2.6) then gives ¢, = 0.
Tracing Einstein equations (2.1) gives
R=-X4T, (3.12)

where T is the trace of the stress-energy tensor. Using (2.1) and (3.12) into (3.6)
produces

1
Sap = K (Taﬁ — §Tgaﬂ>, (3.13)

which is an equivalent way of writing the Einstein equations.
We can now define the Finstein—Euler-Entropy system in the frame formalism
as the system comprised of

Egs. (2.5), (2.8), (2.11), (2.12), (2.15), (2.22), (3.13), (3.14a)
Th, =0, (3.14c)
3.5 =0, (3.14d)
Fogy =0, (3.14e)

subject to the constraint u®u, = 1, with T, given by (2.3), and where g, ’];é“ﬁ, d3.s
and F,p, are given by (3.11), (3.8), (3.5), and (3.10), respectively. The unknowns
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to be determined are the frame coefficients eﬁ the connection coefficients I‘ZB,
the Weyl tensor ngé’ the four-velocity u, the rest mass density r, the specific
entropy s, and the matter density o. The usual symmetries of Wﬁaw, and those of
ry 5 determined by (3.4), are explicitly assumed, therefore the system is written for
only the 20 independent components of the Weyl tensor.® and the 24 independent
connection coefficients.P

Remark 3.1. Obviously, when attempting to solve (3.14), it is not yet known that
W is the Weyl tensor. In particular, the trace-free condition must be demonstrated.

One way to motivate the choice of the Weyl tensor as one of the unknowns
is to consider the simpler case of vacuum. Then, the validity of dg.s = 0 gives
R§. s = Wg,s which, upon contraction, produces the vacuum Einstein equations.
Since the Bianchi identities are necessary conditions for the solvability of Einstein
equations, we also have Figys = Vong»ﬂs = V,le,ﬂs = 0 in the case of vacuum. We
see in this way that the usual vacuum Einstein equations can be recovered from the
Weyl tensor.4

Equation (3.14e) is sometimes referred to as the “Bianchi equation”, and
its importance in General Relativity has been long recognized. It figures in the
Newman—Penrose’s spin formalism and has been used in the study of mass-
less fields [45], including gravitational radiation [50]. Friedrich has employed it
extensively, initially to obtain energy estimates in terms of the Bel-Robinson ten-
sor [26-28], and later to derive several hyperbolic reductions for the Einstein equa-
tions, both in the vacuum case [24, 25] and coupled to matter [23, 30], with some of
these results extended in [46]. Friedrich and Nagy also used (3.14e) in their study
of the initial-boundary value problem in General Relativity [29]. Using a different
point of view than Friedrich, the Bianchi equation was used to derive first order
symmetric hyperbolic reduced Einstein equations that treat the Riemann tensor as
one of the unknowns by Anderson, Choquet-Bruhat and York, both in the vacuum
and matter cases’ [1, 11]. Finally, Eq. (3.14e) has also been employed (in a rather
elaborated fashion though) by Christodoulou and Klainerman in their impressive
proof of the global nonlinear stability of Minkovski space [12].

°In n space-time dimensions, Wg s has %n(n + 1)(n + 2)(n — 3) independent components. As
explained in Remark 3.1, the trace-free condition is not assumed in the system, thus there is an
extra freedom of %n(n + 1) components.

PAIll the symmetries and which components enter in the system are described in Sec. 3.2, where
we also write the system in a more explicit form.

40ther choices of variables are, of course, possible. Choquet-Bruhat and York derived a different
system — also based on the Bianchi identities — where the Riemann tensor is one of the unknowns
of the problem [11].

*In [11], after deriving a reduced first-order symmetric hyperbolic system of equations, the authors
do not attempt to show the propagation of the gauge. This has been demonstrated in [19] without
coupling of the entropy, giving in this way yet another proof of short-time existence for the
Einstein—Euler system.
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3.1. Gauge fixing

The system (3.14) is overdetermined. In order to obtain a reduced system, which
is determined and hyperbolic in a precise sense, a gauge choice has to be made. A
specific decomposition of the Weyl tensor, suitable for our gauge choice, will also
be necessary.

Put

Taf ‘= Jap — UaUga,
S0 Mg is the metric induced on the space orthogonal to u, with projection given by
Wcﬁx = gg - chuﬁ

(recall that indices are always raised with gag).

Remark 3.2. Despite the terminology, in general, w5 and 72 will not agree with
the metric and projection on the t = constant space-like slices, because such slices
are not expected to be orthogonal to u except in some special cases. In particular,
Tag|x does not, in general, agree with go.

Letting €,3,5 be the totally anti-symmetric tensor, with the usual convention
€o123 = +1, we define

Eafy = 5W,,Tu”7rg7rgﬂ.
Expanding out, it is easy to obtain
Py = —2mfmy, (3.15)
and
e e g = —2mg. (3.16)

Recall that an observer moving with a (time-like) 4-velocity V' measures an
electric and a magnetic field given by FosV? and F;5V7, respectively, where F is
the Maxwell stress tensor and F* its dual. By analogy, it is customary to introduce
the following.

Definition 3.1. Let Wagys be the Weyl tensor and W, s its dual, given by

Wasss = 5455 Wapyu-
The u-electric and u-magnetic parts of W5, s are defined by
Eop = Wyeru'umpms,
and
Bag =W, o ufu"momg,

respectively.
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It follows that E,s and B,g are symmetric and trace-free. With the help
of (3.15) and (3.16), it is not difficult to verify the following.

Lemma 3.1. The following decompositions of the Weyl tensor and its dual hold:
Wapys = 2mppy Eoja — uptpy Esla = Taly Es)p + uatipy s)p)
—Q(U[,YBg]#Egﬂ +U[aBg]#€:5)7 (3.17)
and
Wasys = 2ujaEpuels — 4B, 05,5 — 4 Bg)lyus)
— Byueh ses- (3.18)

Decompositions (3.17) and (3.18) allow the Weyl tensor to be eliminated from
the system (3.14) in favor of its electric and magnetic components, producing yet
another set of equations where F,3 and B, will be unknowns; see Sec. 3.2.

Until now, {eu}izo has been an arbitrary frame with respect to which all tensor
fields have been written. In particular, there is no relation so far between u and
the frame other than the general fact that u can be decomposed in this base, i.e.
u = ute,. A gauge choice in our formalism will be a specific choice of frame —
very much in the same way that a choice of gauge in the coordinate formalism
corresponds to a determined choice of coordinates, e.g., wave coordinates.

Definition 3.2. Let (U, g,u) be a fluid source. An orthonormal frame {e, }%_, in
U is called a fluid source gauge if it satisfies

€0 = u, (3.19)

with the remaining {eM}f’L:1 being Fermi propagated along eg. By definition, this
means

(Veoearep) =0, (3.20)
for &, 8 = 1,2,3 (recall our conventions in Notation 2).

Condition (3.20) means that {ez} remains orthogonal along the time-flow of wu.
Roughly speaking, this can be understood as similar to parallel transport, with the
important difference that {e5;} does not remain parallel but is allowed to “rotate
about time-axis given by u”.

Let ¢t be a parameter for the flow lines of v and ¥ be a slice. Then there exists
a foliation of a neighborhood of ¥ by leaves ¥; = {t = constant}, which are space-
like and diffeomorphic to . Let {8%,; }%:1 be tangent vectors on X associated with
coordinates {.I‘A %:1. The coordinates {Jc“i %:1 can be dragged along u to give
coordinates on 3, and since u is time-like, u ¢ span{ %g}. Setting % =2 =u
then gives a basis {52, 24}5_, = {3Zr}%_, for the space-time tangent space,
with coordinates {z}%_,. From now on, it will be assumed that whenever a fluid
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source gauge is employed, the coordinates are arranged as just described, unless
stated otherwise.

The following is a simple consequence of our choice of gauge and the fact that
g is represented by the Minkovski metric in the frame formalism.

Lemma 3.2. In fluid source gauge, it holds that
eft =68, u® =g, FS‘B =0,

TaB = Jap — 002008, Tag = —0ap 78 =68 — 5006,

3.2. The reduced system of equations

In this section, we investigate a reduced system for Egs. (3.14). As mentioned
in the introduction, its derivation, which follows that of [23, 24, 30], is given in
Appendix B.

In light of the various symmetries involved, only equations for some components
of the tensors involved are needed. First, let us determine them.

Taking the inner products of (3.3) with e; and using (3.4) gives

r§ﬁ|§t= 0, (3.21)
M, =1, 3.2
7, =-T5, (3.23)

where (-)|4. indicates that there is no sum over repeated indices, and from (3.4)
and (3.21) we have
gy =19, (3.24)

Identities (3.21)—(3.24) hold for any frame. Fixing the gauge allows further sim-
plifications. From now on, we shall assume that our frame is a fluid source gauge,
unless stated otherwise.

From Lemmas 3.1, 3.2 and the symmetries of the Weyl tensor,

EaO(: EOOz) =0, Bao(: BOa) =0, (3.25)
1 v
Eap = Woaos, Bap = §Woa;w€gB' (3.26)

From (3.25) and Lemmas 3.1 and 3.2, it is seen that in fluid source gauge the Weyl
tensor is determined from E; 5 and B 3. It is therefore enough to consider equations
for these quantities, whereas from Lemma 3.2 and identities (3.21)—(3.24), we obtain
ry Fg 3

that it suffices to have evolution equations for connection coefficients Fg 0as

o]
and frame coefficients e
To write the reduced system, the introduction of yet another variable is needed.

Write
Sa = V5. (3.27)
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As was done for the quantities eg, Flw E.p3, Bap, we shall treat s, as an unknown,

with the relation (3.27) to be demonstrated after solutions are obtained.

Define the operator m which acts on fields of the orthogonal complement of

eo by
ViAarayeto = TEV A o, To T2 -+ THL.
Then
Vumaz =0 and V,e,5, = 0.
Although, in fluid source gauge, it then follows that
ViAsiaa, = ViAaicyaps

we shall explicitly write V to facilitate the comparison with Appendix B.
We can now investigate the reduced system, whose equations are

A [ 0 A 0 ¢A
81565 + (FEO — FgB)eﬂ — Fogdo = 0,

a a A a 10 a 170 ap_
atrsﬁ + FS\BFSO —+ FOOFSB — FSOFOB — EJf B = 07
N - o’ 1
Oy — v2es(Tag) + 0I5, — grgosa + Pto

r ov?\ Op..- p+to (9% 2\ piE 0
X (]. + ﬁ?) gl—‘i—ios& + ( 2 6_92 -V FZOFO&

DY DY A
~v? [ChoThs —T5s) = Taulso — FMFQO]

1 5,00 4
< )
p—&-gy 951 0%
VQGthB - VQGB(Fga) - VQE@B - 1/2[1“23(1“6‘(1 - Fgo)
- Fgﬁfgg + Fgﬁ(rgg - Fg@) + V2Fgo(rgzﬁ - F%a)
1 (8@ 1 0p

0 _ 0 .
oo \ds ﬁ%) (Foass = Tozsa)

1
- 6%(9 +3p)dagl =0,

0 Eap + Epglho + Eal5y + VB, o) + 26,500 Bayy

= 30T 5 By — 2618 (4 By + 020" 07T, Ep

+ 20" T, Eyp — = (p+ 0) (rgﬁ +19%,
2 pv 0
— 56&[?}6# Fp,l/) — 0,
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. 13 a0
0:Bgj + BypTho + Bapl'yy — VaE,qel) — 20,5 Ooaé‘a Ej,
AAT0 AAT0 a0 _
— 6" Bay — 26710, 5 By + 07T,

— 5o Baxe ‘(’Zjegi 0, (3.29f)
Do+ (p+ o)ty =0, (3.29g)
Os = 0, (3.29h)
Osa — (Thy —Tho)su =0, (3.291)
Or + 1T, =0, (3.29j)

where it is understood that in the expressions involving partial derivatives of p
with respect to the matter variables, g is to be replaced by P (since (2.11) is not a
part of the above system); p and v/? are given by (2.12) and (2.22), respectively; and
(*)[a|u|p) Mmeans anti-symmetrization of the indices a and 3 only. The unknowns to be

determined are e rfm T0a:Tons Eagr Bag, 0,75 8, 50 It is explicitly assumed that
E and B are symmetric, therefore Eqgs. (3.29¢) and (3.29f) are written only for the
independent components of these fields, say & < 3, with the remaining components
defined by these symmetry relations. Similarly, all the symmetries (3.21)—(3.24)
and the gauge condition FO& = 0 from Lemma 3.2 are assumed, with Egs. (3.29b)-
(3.29d) written only for the independent components and the remaining ones being

defined by these symmetry relations. We write the unknowns collectively as a vector
z= (el rgwrga,rgv,E&B,B&B,g,r,s,sa). (3.30)

Remark 3.3. In order that some components of I', E and B be defined by sym-
metry, as mentioned above, it is necessary that the initial conditions also obey such
relations. Given arbitrary E;zli=0, 1 < @ < 3 < 3, one can in principle always
define the remaining E;3li=0 by Ez5 = Ejzs. However, in the case of interest, £/
has to be determined from an initial data set, in which case all its components
will be given on the initial slice (see Proposition 4.1 below). In this situation, the
symmetry of E at ¢ = 0 has to be demonstrated — and only then is one allowed
to the write system (3.29) solely for {E;5}5<5 and impose symmetry relations for
the remaining components. Similar statements hold for the other fields involving
symmetries.

4. Proof of Theorem 2.1
4.1. Initial data

In order to address the solvability of the systems (3.29), we need to provide suitable
initial conditions. These should be determined entirely by the initial data for the
Einstein-Euler-Entropy system (as this is the set of equations we are ultimately
interested in) and our gauge choices. We also have to show that the initial data
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for £ and B, which are naturally constructed from the initial data set, are indeed
symmetric and trace-free. Although all of this can be inferred from similar works
treating the vacuum and conformal vacuum Einstein equations, as well as their
coupling to the Yang-Mills equations [25-29], an explicit proof does not seem to
be available in the literature in the case of our system with our gauge choices. It is
therefore useful to provide it here.

Proposition 4.1. Let T = (X, go, k, 70, S0, v, &) be an initial data set for the
Einstein—Euler-Entropy system, with Einsteinian development (M, g) that is a per-
fect fluid source where the Finstein—FEuler-Entropy system of equations is satisfied.
Let {ea}3_, be a fluid source gauge defined on a coordinate chart U of M, and let
z be as in (3.30). Then

Z|EnU

can be written in terms of quantities determined entirely by . Furthermore, E|x
and Bly, are symmetric and trace-free.

Proof. It will be useful to first express space-time quantities in terms of an adapted
frame. Let {€5}2_; be a frame on ¥ orthonormal with respect to gg. Denote by
€o the future directed unit normal (with respect to g) of ¥. The frame {é'a}izo
is extended to M by parallel transport in the direction of €. Let {74 A , be
coordinates on ¥. These coordinates are extended to M by dragging them along
€0, so that they are constant on the integral curves of €. Denoting by 2° the
parameter of such curves, we obtain that {#4}%_, is a coordinate system on M.
The frame and coordinate basis are related by

4 0

o= Cagn
By construction, it holds that

eo = (5 el =o.

Quantities expressed in terms of €, and Z* will be denoted with a tilde ~, and the
same index convention as of Notation 2 is assumed. In particular, in the frame €,
the metric gg is written as

Joap = diag(—1,-1,-1),
and the connection coefficients are given by
Ve €p = Fzg'e}.

Notice that the space-time metric is represented by the (constant) matrix
diag(1,—1,—1,—1) in both frames e, and €,. This allows us to drop the ™ from the
metric gog, but we still write gos when we want to stress that some expression is
written in the €, basis. (The distinction has to be maintained though when g is
written in the coordinate basis {52 }%_o and {52 }3_.)
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Arguing similarly to (3.21)—(3.24),

(4.1)

Now we proceed to relate the tilded quantities to z. Without loss of generality, it
can be assumed that®

0 0
—i=—=4 OonXx. 4.2
ox oz (42)
Write
0 410
€3 =g, tCagya
On X, eé &%A can be written in terms of €5, which in turn is determined by go. As
for €2, compute
0 0
A
(ea.€5) = —1= <€aam—A’ aBa$B>
= (€3)” +2¢5edga0 T edelgan, (43)

where we have used that goo = (e, e0) = (%7 %> = 1. But since the projection

of u onto X is v, it holds that

~ 0 ;0 i
va = (u, €5) = <UB&U—B’6££A> = eégog on X, (4.4)

where u? = 6§ and (4.2) have been used. From (4.4), we can now get goz on X.
Therefore, restricting (4.3) to X allows us to solve for for €| since ey is space-
like and unit, with the sign of €2 being unambiguously defined by our choice of
orientation. Therefore, €2 |s: is also determined by the initial data. Because ef' = ',
we conclude that all the functions e are determined on X by the initial data (and of
course our gauge choice), the same being true for g4 in light of (4.4) and ggp = 1.

The change of basis from {€,} to {e,} is given by a Lorentz transformation A:

eq = Aie,. (4.5)
Taking the inner product of (4.5) with a%g and restricting to ¥ produces
Bgpa=Aelgs, on %, (4.6)

where (€, a% 4) = 0 has been used. From our previous relations, it follows that
all quantities on (4.6), except possibly the A’s themselves, are determined by the
initial data on . Viewing (4.6) as a system for the A%, (a =0,...,3, p =1,2,3)
(which will be invertible since the matrix of the system is that of the change from

SThen on X it also holds that g 55 = gi5, but it will be convenient to write the ~ in the metric
as a way to keep track of the changes of basis.
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Z i to €; up to a lowering of the indices) shows that AZ[s is entirely determined
by the initial data and the gauge choices. Recalling the identity

ASAS = gy (4.7)

then gives

so that AJ is also determined only by the initial data when restricted to . Notice
that the sign of AJ is positive because A belongs to the proper Lorentz group.t
From (4.7), the remaining A’s are given in terms of A¥ and we conclude that Als
is determined by the initial data.

Next we investigate the connection coefficients. Taking the inner products of
(3.3) with es,

g&’yFZQ = <vo¢eﬂa 66>~ (48)

Writing the frames on the right-hand side of the above expression in terms of e,
via (4.5) leads to

85 = guo A g ARG (AG) + gro AT g AGALTY, (4.9)

a pve

On X, the coefficients I:Z,; are determined by go. Then, by virtue of (4.1), the con-
struction of €y and €, and our previous relations involving A, it follows that all
terms on the right-hand side of (4.9) are determined by the initial data, except
possibly those involving the derivatives of the Lorentz transformation in the direc-
tion of €p. To see how such terms are determined, recall that in fluid source gauge
Fgﬁ = 0, so that (4.9) gives

0= AJg" AGeo(AG) + oo AJg " AGEs(A%)
+gro AJg T AGALTY,.
Because AJ > 1, we see that
A%g7E0(AG)]s (4.10)

can be written in terms of quantities determined by Z. Using then (4.10) into (4.9)
with o — &, 3 — [ and € — £ shows that F§B|§] is also written solely in terms
of quantities coming from Z. The coefficients 1"8 B|g and Fg B|Z are similarly deter-
mined: from '), = 0 and (4.9) one obtains that €y(A})|s is determined by Z;
using this fact into the expressions for Fgo and 1"20 shows that the same is true for

these quantities restricted to 3, and hence the claim follows upon evoking (3.22)
and (3.24).

tSince u belongs to the inside of the future light-cone.
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The restrictions of p, s and r to ¥ have the desired properties in that they
are just scalar functions. For s,, our gauge choice and (2.15) imply sgp = 0. Then,
recalling that % = ey,

108
A
S = Ve,5 = €55 A
which is determined by Z on ¥ by the above results for eé and noticing that
2 |y = 2.
From Definition 3.1,
Eup = Woa0°° + Woaost%0” + Waaost u® + Wi s i (4.11)

On ¥ we have u# = v#, while @°|x, is computed from the © and the normalization
condition u“u, = 1. Therefore, to show that Ea3|§] is written in terms of quantities
determined by Z, we only need to investigate the components of the Weyl tensor
in (4.11)N, and by its symmetries, it suffices to do so for components of the form
Wogos> Woaes and Wiass.

From the Gauss equation, the decomposition of the Riemann tensor (i.e. (3.5)
with dagys = 0), Einstein equations, and (3.12), we obtain

—~ 1 ~ 1 ~ 1 ~
Wogos = §J/TBS - EJ/TQBS - §J/T009BS
— (3)§Bg — %%E@g + %é%@;\ on X, (4.12)

and

Tga,u) Jap o0 %, (4.13)

where ®) R 5 and (3)}§mag are, respectively, the Ricci and Riemann curvatures of

(2, g0). In a similar fashion but using now the Codazzi equation:
—~ - - 1~ - 1 = -
Wossg = PVskzs — OVzRsa + 5% Togdao — 5 Tosdag on %, (4.14)

where )V is Levi-Civita connection of go.

From (2.3), (2.11), (2.12), (4.11)—(4.14), we obtain that E‘amg is a tensor solely
determined by Z, which is symmetric and trace-free by the constraint equations
(2.16) and (2.17). The same holds for E,g|s; by the invariance of the trace and the
properties of A% previously shown. By an analogous argument, a similar statement
holds for Baﬁ|g. O

Definition 4.1. By Proposition 4.1, given an initial data set, a choice of (fluid
source) gauge uniquely determines initial conditions for the reduced system. These
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initial conditions for the reduced system are henceforth called a reduced initial
data set.

For practical applications, e.g., to numerically solve the equations, Proposi-
tion 4.1 tells us how to arrange the initial data. Given a negative three-dimensional
Riemannian manifold (2, go), choose coordinates {& 4}%_, and an orthonormal
frame {€5}2_,. Declare a metric on [0,T] x ¥ by g = dt> + go, where the tilde
emphasizes that we identify [0, 7] with the time coordinate #° (so that €y = 5),
and the metric is written in terms of the resulting coordinates on [0, 7] x X. Using
this metric and the (given) three-velocity v we determine the four velocity u on
Y by the condition (u,u) = 1 (notice that flowing along w produces the param-
eter t, i.e. zo). Besides, we complete u to an orthonormal frame {e,}3_, at the
instant 2° = 0. The relations given in Proposition 4.1 can now be used to define
the remaining quantities such as A, fiﬁ, Fi 5, etc., on the initial Cauchy surface.

4.2. Well-posedness of the reduced system

Short-time existence for the reduced system is a direct consequence of the way
it has been set up, at least under our hypotheses. In fact, the gauge choice and
construction of (3.29), originally devised by Friedrich [23], are motivated exactly
by the attempt of obtaining a reduced system that is symmetric hyperbolic, in
which case well-known results can be applied. There are, however, one subtlety and
one observation, that have to be dealt with. First, the initial conditions for the eZ,
I', E and B involve a different number of derivatives of the initial metric gg, hence
they belong to HY,(X) with different values of £. The usual techniques of symmetric
hyperbolic systems, however, yield solutions with the same regularity for all the
unknowns (see, e.g., [41, 58]), which in this case would be that of the less regular
initial data, namely, E and B. This does not give the desired differentiability for the
frame coefficients, nor for the metric. Second, although at first glance the matrix
coeflicient of % appears to be a diagonal matrix with entries either 1 or v2, the
“spatial” derivatives ej involve derivatives in the direction of 20 hence contributing
to the zeroth matrix coefficient.

Proposition 4.2. Let 7 be an initial data set for the FEinstein—FEuler-Entropy
system satisfying the hypotheses of Theorem 2.1. Fixz a positive real number Tg
and consider the system (3.29) defined on [0,Tg] x ¥, where x° is identified
with the time coordinate on [0,Tg]. Let Iy be the reduced initial data set deter-
mined on {0} x ¥ by Z. Then there exists a unique solution z to (3.29) on
some time interval [0,T4],0<Ty <Tg, and satisfying z|i=o =ZLo. Furthermore,
ed € OO0, Th) Hi (D) N CH(0.Thl, Hy (D), € CO(0.T4), H3y(S)) N
CH[0,T), Hy ' (9),Tay T8 Th, € CO0, T, Hy(S) 0 CH((0,Tg), Hy!
(%)), Eap Bag € CO[0, Tg), Hy ' (2)) N CH([0, T, Hy *(8)), 50 € CO((0, Tg), Hy !
(£)) N CH([0, Tg), Hy *(2)), 0.r,s € CO([0, T], Hyy (8)) N CH([0, Tg), Hy ' ().
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Proof. First, we claim that (3.29) is symmetric hyperbolic with respect to ¢ on
the initial hypersurface and remains so as long as v?> > 0, and the slices 3; =
{t = constant} are space-like with respect to the quadratic form g; induced by
the frame coeflicients. Notice that symmetry here means symmetry of the matrix
coefficients M4 of the derivatives %;. Therefore we have to first change basis
via (3.1). Other than the first term in each equation, the derivative % also figures
in the terms involving e in equations (3.29¢), (3.29d), (3.29¢) and (3.29f), where in
these last two equations the contribution of e; comes from the covariant derivatives.
Expressing all derivatives in (3.29) in terms of a% gives that the term in J; can
be written symbolically as

o

0

o O

—= O
o
[=}

—ple

n

=]
o

<

5
By | (4.15)

o O O O O o o o =
o O O O o o o =~
o O O o o
o O o o o
o O O = O O O o o
o O = O O O o o o
S B O O O O o o o
—_ O O O O O O o O

S

]

I

where mfi 3 is the matrix part corresponding to

14 s 1 -
OeEap + 5625% OtBya + 56%53‘ 0 Byg,
4.16
1 0 _pv 1 0 _pv ( )
atB&B - §6p55 O Epa — §€ﬂ€d 8tEDB.

From (4.15) and (4.16), it is seen that M° = M" is symmetric. Symmetry of the
remaining M4, A = 1,2, 3, is similarly verified.
The quadratic form g; is given by

3
geap = I5f5 =Y fifs, (4.17)
a=1

where the coefficients f§ are defined via

0 . . 0

A fhea+ fReo = fiea + f,%a-

From these constructions, we obtain that the characteristics of the system are non-
zero multiples of

1 - K .
(84 17%6) @+ T T ae)
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where Ki,..., K, are positive integers. It follows that the system is symmetric
hyperbolic as long as v? > 0 and g; remains negative definite.

Consider now the problem on a local patch [0,Tg] x U. From our hypotheses
and the constructions of Proposition 4.1, it follows that the initial data Zo = 2(0, )
is such that

ayy~ 0ar + ay

)
O I
)

e2(0,) is only in H*® because it depends on v (see (4.3) and (4.4)). From (4.18)-
(4.21), we conclude that Zy|s, € H* !. This is enough to apply the theory of
quasi-linear symmetric hyperbolic systems as in [22, 34] (recall that s > % +2),
whose hypotheses are satisfied due to the above positive definiteness of M*. Shrink-
ing U if necessary, we obtain a unique solution zy in C°([0,T%], H*~1(U)) N
CH([0,Ty], HS=2(U)) for some 0 < T < T.

In order to obtain the desired regularity, we shall use a bootstrap argument.
Consider the system for the frame coefficients formed only by Egs. (3.29a), where
the I'’s now enter as inhomogeneous or lower-order terms given by zy, thus they are
in C°([0, T, H*=Y(U))NC ([0, T], H*~2(U)). This is just a first-order symmetric
linear system for the frame coefficients, but there is a mismatch between the initial
data, which is in H® by (4.18), and the lower order/inhomogeneous terms, which
are in H*~!. The results of Fischer-Marsden [22] deal precisely with this situation,
and we obtain therefore a unique C°([0,Tx], H*(U)) N C*([0,Tx], H*~1(U)) solu-
tion." By uniqueness, this solution agrees with that of zy for [0, min{Tp, T%}], and
shrinking the intervals if necessary, we can assume T, = T.

Next, consider the system of equations (3.29g), (3.29h) and (3.29j). As before,
the initial data, given by (4.19) is in H®, whereas the coefficients are only in H*~!.
Notice that although the matrix coefficient of % is the identity, depending on the
equation of state, this system is semi-linear due to the presence of the pressure in
(3.29g) (see (2.12) and (2.11)). In any case, the results of [22] still apply, and we
obtain that p, s and r are also in H*.

A similar argument can be applied to the system (3.29) comprised of
Eqgs. (3.29b)-(3.29d). The H*~! terms E, 3, B, 3, Sa, and the now H* terms o, s and
r given by zy enter in the system (3.29') as inhomogeneous or lower-order terms,
whereas the initial data for (3.29") given by Zy is in H® by (4.20). We write the sys-
tem once more in terms of the derivatives 6%4’ obtaining a semi-linear system where
the coefficient matrix N of % involves the frame coefficients eZ and the sound speed

UThe results of [22] apply to a large class of quasi-linear equations. Allowing for less regular
lower-order terms was, as the authors acknowledge, one of the goals of the paper.
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v?, which is given in terms of s and r by (2.22). From the above arguments, we obtain
that N' is positive definite and is in H*. Evoking the results of [22] one more time
gives that Ff)%,lﬂga,lﬂgﬁ are in fact in C°([0,T%], H*(U)) N C* ([0, Ty], H*~1(U)).
Using this improved regularity of the connection coefficients again with (3.29a) and
(4.18), for A = 1,2,3, finally gives e2 € C°([0,T], H*TH(U))NC* ([0, Ty], H*(U)).

We now obtain the result on [0, Tf] x X by a standard gluing procedure. Unique-
ness guarantees that solutions constructed from different patches Uand U’ agree
on the domain of dependence¥ of U N U’. The time interval [0,7] can be made
uniform due to the uniform conditions on the initial data, and the local in time,
global in space, solution z will belong to the desired H, spaces by the way
these spaces are constructed out of the Sobolev spaces of maps defined on local
patches. O

The geometric meaning behind the definiteness of the matrix M? is easy to
grasp. If u were hypersurface orthogonal, then e5 would be tangent to X;, and M?
would be a diagonal matrix with positive entries. By continuity, we would expect
M? to remain positive definite as long as u is sufficiently inside the light-cone.

We also notice that the above bootstrap argument for the regularity of some of
the components of z works because of the particular form of system (3.29), which
can broken in several sub-systems that are “mildly coupled” among themselves.
Since several of the quantities involved have direct physical meaning, it would be
interesting to see if such split into sub-systems can have an useful physical interpre-
tation, perhaps in terms of some effective notion of weak coupling among certain
quantities.

Corollary 4.1. The solutions E and B constructed in Proposition 4.2 are trace-
free, and o satisfies (2.11).

Proof. Tracing Egs. (3.29¢) and (3.29f), we obtain a first order symmetric hyper-
bolic system for the traces of E and B. Since ES |y, = 0 = BY|x. by Proposition 4.1
and (3.25), by uniqueness these tensors remain traceless.

Locally s and r are written in terms of the coordinates s = s(2°,...,2%),r =
r(z% ..., 2%). From (3.29g), (3.29h), (3.29j), (2.12), we obtain

d
E,@(ns) = 00,
which implies o = Z(r, s) since this holds at t = 0. m|

4.3. Propagation of the gauge

Letting ef' = 05t and M = [0,T}] x ¥, from Proposition 4.2, we obtain a space-
time (M, g) with the metric given by (3.2). Notice that g agrees with go on X

VDefined in the PDE sense.
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because of (4.17). (M, g) is turned into a fluid source by setting u = ep. The
components of the fields that are not given in Proposition 4.2, e.g., E,o etc, are
defined by their corresponding expressions in fluid source gauge, e.g., (3.25), and
their symmetry relations. The frame {e,}2_, is then a fluid source gauge, with
the quantities of Proposition 4.2 being exactly field components written in this
gauge. All other quantities throughout this section will be written with respect to this
frame unless stated differently. Moreover, we shall also assume the hypotheses of
Theorem 2.1, so that the results of the previous section will also be used throughout.
The coordinates are arranged as explained after Definition 3.2; in particular ey = %.
By construction, (3.4) is satisfied and the connection associated with g is compatible
with the metric, but it is not known at this point whether it is torsion free. In
particular, in all expressions below involving a covariant derivative, it is to be
understood that V is such a connection and not the Levi-Civita one, at least until
the torsion free condition is demonstrated. From E and B, we define W and W*
by (3.17) and (3.18). W has then the usual symmetries of Weyl tensor and is trace-
free by Corollary 4.1, but it is not yet known that W is the Weyl tensor of the
metric g. With v and ¢ known and p given by (2.12), we define T,3 by (2.3).
Recall (3.7) and define df, s via (3.5), where Sqas in (3.5) is given by (3.13). Define
also 7 )5, F§ 55 Fapy and qa, by (3.8), (3.9), (3.10) and (3.11), respectively, where
v in g, is given by (2.22), with s,r, and g being those of Proposition 4.2, which
satisfy o = Z(r, s) by Corollary 4.1. We now proceed to show that (3.14b)—(3.14e)
are satisfied. In order to do so, we shall derive a symmetric hyperbolic system of
equations for these quantities and show that they vanish on the initial slice.

Remark 4.1. At the risk of being repetitive, we stress again that when referring to
equations such as (3.17) and (3.13), it should be understood that they are being used
to formally define W, Sos etc, from the quantities obtained from Proposition 4.1.
Notice also that because we do not know that V is the Levi-Civita connection, the
torsion tensor will have to appear in several manipulations below.

Lemma 4.1. With the above definitions, dg. s enjoys all the symmetries of the Weyl
tensor, Ty = T4, and (2.5), (2.15) and (2.8) are satisfied. Furthermore,qo = 0,
and

75, =0, (4.22)
5o =0, (4.23)
VAT o = G- (4.24)

Proof. The symmetries of dj, 5 and anti-symmetry of the torsion tensor are direct
consequences of their definitions and the fact that Wg. 5 has these symmetries. In
fluid source gauge, (4.22) and (4.23) are equivalent to (3.29a) and (3.29b), respec-
tively, while (2.5), (2.15) and (2.8) are the same as (3.29g), (3.29h) and (3.29j),
respectively.
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Since the pressure is a function of r and s by (2.11) and (2.12), differentiating
p with respect to ¢ and using (2.22), (3.29h) and (3.29j) yields

O+ (p+ 0Tl = 0. (4.25)

(4.25) is equivalent to gy = 0 in our gauge. Computing V*T),, from (2.3) and using
(3.29g) (or equivalently (2.5)),

Vi = (p+ 0)u"'Vua + uqu”V,p — Vap, (4.26)

which in light of (4.25) and our gauge conditions, produces (4.24). m|

The next lemma and the proposition that follows will be the main ingredients
in proving the propagation of the gauge. Although both proofs are heavily compu-
tational, they follow the same lines of [23, 29, 30].

Lemma 4.2. The following relations hold:

v _\gv vo oLy
sg €u vﬁFOS\B' + dﬁ/ Wa]p,&O - Wuuo[OdaT

— STV W + diy Sy + it Sy, + Tl Foao
L5 v 1 w_i e
— 7La0Foxo | Vogao — §V €na ) €0 Fops =0, (4.27a)

bV uFovo + 537 (T s Fogo — T35 Foan)

1
2

v ) 1 ai
+5[;F?ﬁ|5])59/\F05;\ - Zl/gﬁﬁ(v Tuads — V'7,50a)
1 5B
=3 0+ 0r*ef g =0, (4.27b)
A A
OTg, = D (s, + TopTA) + T T
(089)
A A
+ 5,0 + 15,755
= D TsTE = Y TR T - Y TRl =0, (4.27¢)
(B7) (70) (08)
_ _ - 1 _ - B .
Ol Y Rigo T3 + 5805, (Fare + 0rr00)e™ + Tipd7 5,
(

087)
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+FM dZ’YO +FW ZC Z F aﬁ’v
(%)

_ Z ngdgyo Z F’%ﬁdgoﬁ =0, (4.27d)
(r70) (v0B)

1 oa
Ondy 0p7 56/3 Tel%ey duoU Z 5y ROUO 5 T 50ﬁy(FA75
(08%)

+ gAr(I£)50 + (ngod”ﬁ + 53F20dywo + 53F70d00ﬁ

—60 Y T8,des. +65 > T%,d5
yﬂ’y (770)

+00 > T4, dgs = (4.27¢)
yOﬂ

1
ap 0 2 _af A
55— o d’. Y 21/ €p eoé(doﬂA

— 1 -
V2€6a’y Z Rua’a ﬁa:y 5 g (F)\T§ + g)«er) 7
L(aB7)

v2eP T8 do s + T dos, +T9,d2

ao oy Bovya yo“vas

- Z Fgudgg—y Z ngdg’ya - Z F'C;Vdgaﬂ
(Dya)

(ap7) (vaB)

1 1 af 1 A o 1 v A
+ Emgp l:irg()’]:lﬁq}\ - 2 B(dO;w +dj a0 + duO,u)
+2v2(p + Q)Fo,ldgﬁ, —20%(p+ Q)FO dga# (Oep + atg)dgoﬁ

+2(p+0)(T3, — 25 p)dys, + (0 + O 2005
—(p+ Q)F 0804

+ea(v(p + 0))dgs, — es(W(p + Q))dgau] —0, (4.27f)

o 1 !
Nia 0 M0 )
o atdp);\ﬁ —eale; d,\ou) 5775“’8 df‘o’\ p (p— +Q>

1 =_ 3
1 sy A BEh(, 20 g€ 0
2p+o ° " RS a4 2%”€ T gadsse — Thadsox
210 _ 7€ 0 5 0
+v 53y — Taxdios) o D 00T5

(087)
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L 85 _ore_x
+ 15(559)5505@(1%5 +9rrqe) + €

1 _
o 0 o 0 6% o 0
+d5)50 5, + 45)05T56) + 5208 | D Tond

7o 2 . By
(787)
o 0 o 0 -
T Z Flﬁlﬁ)dﬂ’w + Z 55 dg05 | =0, (4.27g)
(#70) (703)
Orda + (Do — Toa)ax — 207 (p + 0)dgay =0, (4.27h)

where (-)(a|u|8) (respectively (-)ajug) means symmetrization (respectively anti-
symmetrization) of the indices « and (8 only,z(am) indicates sum over cyclic
permutations of afB7y, and

Z(aﬁ) Fq)_\aA)\B = Fq)_‘aA)\ﬁ —+ Fi\ﬁAOMa
Z(Oéﬁ’Y) F")'\DLAAB’Y = FiaAAB’Y + F'z)'\,BAa)\'y + F7>'\’YAO¢[3>\.

Proof. We start computing V#F),,3. Commuting the covariant derivatives and
using the symmetries of W/, and Sus we find

V' Fuap = =R W, 05 + REYW, 08 + RIYW 4005
—RE"W, o0 + To, Ve Wiy + Vo VH S, — VVHS,,
- REZSW + RZESMV — Ry Seu+ R%Sau
+V,uSETL, — VuSKTH,.

Using (3.5), (3.13) and (4.24) and the various symmetries of the tensors involved,
the above becomes (recall that T' is the trace of T,z)

vo o v 1 (e v
qulu,ogﬂ - _dﬁ/ Wa]p,aﬁ + W [ﬁdar + —T VUW&LB

pvo 9 fuv
— dﬁ,j"a]Sm, — W[%Z]Suu + d‘V‘E’aSﬁ]V
+ 5 AUV + ,00) (Thaos + Thodo)
+ Vup(%ua - 7;”5)]
— é%(?;“g - ’TB”Q)V;LT + %%%”ﬁVMT + A Viaqs.  (4.28)
On the other hand, using (4.24) into F),npg gives, after some contractions,

1
—Efqa = WZWZWQFM)\WW — T F o utu. (4.29)

1550014-34



Rev. Math. Phys. Downloaded from www.worldscientific.com
by VANDERBILT UNIVERSITY on 08/05/15. For personal use only.

Einstein—FEuler- Entropy system
Then, from (3.17), (3.29e), (3.29f), (3.29¢) and (4.29), we obtain, after some algebra,

1
—ﬂuanFﬂyu"u”

Fluap = uuwéFg)\l,uUu”uﬁ - uuﬂg‘Fg,\Vu"u”ua + >

1

1
— Eﬂugﬂ'gFg)\yu"uV - 2u#€aﬁ5 TarmE Fyaeu”

o 1

+ €M[auﬁ]€ ﬂ'g\ﬂ'f_F,Y)\fu’Y — Efﬂ'u[aqM. (430)

Computing V# F},4g from (4.30), using the resulting expression into (4.28), recalling

our gauge conditions, and evoking Lemma 4.1 leads to (4.27a) and (4.27b) after
suitably choosing the indices to correspond to the ones of those expressions.

When the torsion of V does not necessarily vanish, the first Bianchi identity
takes the form

S RE, = (VaTh — TTH). (4.31)

(aBy) (aBy)

After evoking (3.17), using symmetries, and setting o = 0, 3 = 3 and v = 7, this
expression simplifies to

A
VoTy, = —VaTly = VaTjh+ D (doy + To5TH).
(08%)

In view of (4.22), this gives (4.27c).
Taking torsion into account again, the second Bianchi identity reads

> VaRbs + Y RL TR =0. (4.32)
(aB7) (aB7)

From the symmetries of Wg._;, d3. ; and (4.31), we have the identity
> VW, + 5’\" e85, VWi, = 0. (4.33)
(aBv)
From (4.32), (3.5), (3.17), (3.18), (4.33), (3.13), and (4.24), we get, after some
simplifications,
Z \Y du,(i"y + Z RI/)\O&%’Y + Eocﬁ’y(F)\Tf +g)\7’qg)5# = =0. (434)
() (aBv)

Setting « =0, p=fi, v =, 3= 3 and v = 7 in (4.34) and using (4.23) produces
(4.27d).
From the definition of ¢, compute V(5¢3, use (3.29d) and v? > 0 to find

(v + 0)dos = —Viadg, (4.35)
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which implies

0
d505 + d,@ch =
Then (4.36), (3.15) and the symmetries of dj_; imply the identity
. 1 5.
977 es(dho5) — 7 ep(dos) = — 55 ex(EF o dlge)-
From (4.34) with a =0,u=0,v =7, :B and v =7,
(dﬂﬂw) + eﬁ(dmo) +e5(d Z Ryo0T5, By T ggd;’ﬁ
(08%)
O+ Ty = Y Tty — 3 15
(vB7) (770)
1 e _
- Z Iz, gog + %M(F,\Tg + gxrge)ey S = 0.

(p0B)

(4.36)

(4.37)

(4.38)

Using (3.21)—(3.24), observing that RY_, = Ry _,, d° , = dj_,, using (4.37) into

(4.38), and contracting in 7 and 4 produces (4.27e).
From (3.29¢) and the definition of ¢4, we find

(p+ Q)Vng&D = v[Oqa]~
From (4.35) and (4.39), we then obtain
co(Viagz) = —dogseo(p + 0) — (p+ 0)eo(doys),
VaVias = ea(Vioqs) — Fggv[oq,\] - Féov[/\%p
V5Vida) = €3(Vioda) = T35 Vioar — T30 Vndal-
Recall the following identity for the Lie derivative £

LeyViaag = VoViaas + Viatu ' + Viugs o

(4.39)

(4.40)
(4.41)
(4.42)

(4.43)

Now compute the left-hand side of (4.43) directly from (3.11), use (4.40)-(4.42),

ap

contract the resulting expression with €5, and evoke (4.34) once again to find

(4.271).

Next, set « = 0,4 = 0,v = 7,3 = 3 and v = 7 in (4.34), contract with e’gi

symmetryze on & and 7, and use (4.35) and (4.39) to obtain (4.27g).
Finally, (4.27h) follows from (4.39) and Lemma 4.1.

Next, we show that the tensors d%w Fop, and 72/3 vanish on M.
Proposition 4.3. With the above definitions,
dg,y(;:O,Faﬁ,Y=0 Tﬁ—O and g, =0
on M.
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Proof. In light of our gauge choice, Lemma 4.1, and the symmetries involved, sev-
eral components of the above tensors vanish identically on M. Taking into account
the symmetries of the remaining components, it is seen that to show the proposition
it suffices to prove that the components

T2, Foao, Foap: F,

_ 50
aB’ &ﬁv’d

205 do gy dl s and gq (4.44)

apy “apy
vanish on M.

Recalling that Fogy = —Fayp, Egs. (4.27) can be viewed as a system for the
quantities

1.5 Focos Foaps A 5 o aﬁdgw, (ﬂgdg)m and ¢q. (4.45)

Arguing as in the proof of Proposition 4.2, we obtain (after multiplying Eq. (4.27e)
by v?) that (4.27) is a first order symmetric hyperbolic system. Uniqueness of
solutions then implies that all quantities in (4.45) vanish on M if they vanish on
Y. To show that this is the case, it is useful to introduce the adapted coordinates
{433 _, and frame {gu}izo as in the proof of Proposition 4.1, and we shall employ
the same notation and conventions as used there.”

From (4.22), it follows that

TV ~a
Using (4.5), this gives
T T
But since the connection on three manifold (3, go) is torsion free, we have T |g =0,

whereas T |g = 0 by (4.1). Therefore, T |2 = 0 since AY # 0. We conclude that

T B’ and thus ’T , vanishes on X.

From (4.30) and the way the initial data was constructed in proposition (4.1),
we find, after a somewhat lengthy but not difficult calculation, that

FO&O =0= FO&B on . (446)
Using Corollary 4.1 and Lemma 3.1, we obtain, with the help of (4.24),
1
go"gﬁ_‘a,&Y = —51/(17.
In light of (4.46) and (4.30), this gives
45 = 0 on E,
which then implies, upon employing (4.30) one more time, that
Fi37 =0 onX,
where (4.46) has been used.

W As some identities of the proof of Proposition 4.1 will be evoked as well, it should be noticed
that these are still valid assuming only the hypotheses of this section.

1550014-37



Rev. Math. Phys. Downloaded from www.worldscientific.com
by VANDERBILT UNIVERSITY on 08/05/15. For personal use only.

M. M. Disconzi

Finally, using the Gauss equation and arguing as in Proposition 4.1, we conclude
that the constraints implied by the decomposition of the Riemann tensor (i.e. (3.5)
with df 5 = 0) are satisfied on X. This, combined with (4.23), gives the vanishing
of dj 5 on X.

We conclude that the quantities (4.45) vanish on M. This implies, evoking (4.30)
once more, that Fj;5; = 0 also holds on M. The remaining components in (4.44)
also vanish due to the identities

0  _ B 5740
—Qd&()ﬁ = €550 dgo-»

0 _ .a By0 y 5
—2d35, = €038 Qo) T Tondoxs — Mooy
which are verified by inspection with the help of (4.36), (3.15) and (3.16). m|

Remark 4.2. Notice that, as in the familiar case of wave coordinates, propagation
of the gauge requires that the constraint equations be satisfied.

We already know that the connection associated with I") 5 Is metric. Since it is
also torsion-free by Proposition 4.3, we obtain:

Corollary 4.2. The connection defined by the coefficients Fzﬁ is the Levi-Clivita
connection of the metric g.

4.4. Solution to the original system

Showing that the solution z of the reduced system yields a solution to the original
Einstein—Euler-Entropy system is now a matter of unwrapping all our definitions.

Proposition 4.4. Let Wg. 5 and Sap be as in Sec. 4.3 and g the metric con-
structed out of the solution of the reduced system given in Proposition 4.2. Then
Wg. s and Sap are, respectively, the Weyl and the Schouten tensor of the metric g.
Furthermore, Eqs. (3.14) are satisfied, and the quantity s, from Proposition 4.2 is
in fact the derivative of s.

Proof. The connection given by I') 5 1s the Levi-Civita connection of g by Corol-

lary 4.2. Thus, if we denote by I//V\g‘v s and §aﬁ the Weyl and the Schouten tensor of
the metric g, we have

Ri.s = Wghs + gﬁvsﬂﬁ ~ Y51y S(%

which in turn equals Wg ; + 9%55][3 — gﬁth’j since dj. s = 0 by Proposition 4.3.
Hence, tracing the equality

Wy + 95508 = 9512951 = Wivs + 95,9518 — 95155 (4.47)

and using that W is traceless in light of Corollary 4.1, we obtain that S.g is
indeed the Schouten tensor, which then implies Wg ; = Wg ; by using (4.47)
again. Then (3.13), with S,s being the Schouten tensor, also holds. The remaining
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equations of (3.14) are satisfied by Propositions 4.2 and 4.3, and Corollary 4.1.
Notice that these results show the validity of the (3.14) in fluid source gauge, but
by the tensorial nature of the equations, they hold in any frame.

Put S, = Vas. Then, since u*V,s = 0 by (3.29h), we obtain £,5, = 0, where
L is the Lie derivative, which in turn implies

O — (Tl — TV4g)5, = 0.

From (3.291) and the construction of the initial data (Proposition 4.1), it follows
that 5, = sq. O

Proof of Theorem 2.1. By Proposition 4.4 and (4.24) we obtain that the equa-
tions of the Einstein-Euler-Entropy system are satisfied. Notice that u“u, = 1
holds by the way the solution was constructed; so V#T},, = 0 in fact implies (2.5)
and (2.6). That M ~ [0, Tg] x X is indeed an Einsteinian development follows from
the fact that the constraint equations are satisfied, and by construction (M, g, u)
is a perfect fluid source.

Let {e,}%_y be a perfect fluid source gauge, with the coordinates {z*}%_

arranged as explained below Definition 3.2. Since eZ is in C°([0, Tg], H () N
CY([0,Tg], H,(X)) and e = &8, by (3.2) we conclude that the inverse of the
one-parameter family of metrics ¢g; induced on ¥; = {t = constant} belongs to
CO([0,Tg), HE (X)) N CH([0, Tg], HE (X)), and so does g; itself because s > 3 +
2. Since d,5 = 0 and Eu5, Byz € C°((0,Ts], Hy () N CH([0, Tl Hy (%)) N
C2([0, Tg), H: 1 (X)), by (3.17), (3.25), (3.25), Propositions 4.3 and 4.2, we conclude
that g € C°([0,Tg], H:H()) N CY([0,Tx], H:(X)) N C%([0,Tg], H; ' (2)). The
four-velocity u belongs to C°([0,Tg], H:,(X)) N CY([0,Tg], H:;*(X)) and has the
correct projection because of (4.4) and Proposition 4.2.

The functions r and s have the desired regularity and take the correct initial
values by the way they have been constructed, and g and p are given by (2.11) and
(2.12) as a consequence of Corollary 4.1, which implies that v also has the correct
form. By continuity on the time variable and the hypotheses of the theorem, we
obtain that r > 0 and v? > 0 for small T. We cannot have s(p) < 0 for a point
p near the initial Cauchy surface because this would contradict u*V,s = 0 and
So > 0, hence s > 0. O

Remark 4.3. The less regular frame coefficients e do not affect the regularity of
the space-time metric because they contribute only to the mixed entries gz, which
are gauge terms therefore having no direct physical or geometrical meaning.

5. Further Remarks

The case of barotropic fluids is treated as a particular case of Theorem 2.1, at least
as long as (2.23a) and (2.23c) hold. Although the condition v? > 0 is violated by
pressure-free matter, in this situation, Eqs. (3.14) simplify considerably; a reduced
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system which does not require the introduction of v? can be derived [23], and a
system for the propagation of the gauge, which does not involve 2 either can also
be constructed [30]. The arguments of Sec. 4 can then be reproduced, yielding a
statement analogous to Theorem 2.1 for pressure-free matter. Notice also that when
a fluid is isentropic, the entropy can be treated as a parameter in the equation of
state, and the equations of motion take the form of those of a barotropic fluid.

It should also be noticed that condition (2.23b) has never been used. In fact, such
inequality is necessary due to causality, but it plays no role on the well-posedness
of the Einstein—Euler-Entropy system. There is at least one situation where it may
be desirable to consider equations of state where 2 < 1 is not satisfied, namely, the
construction of appropriate gauge conditions for the vacuum Einstein equations. In
this situation, setting £ = 0 in our system, the Euler equations decouple, and the
role of the four-velocity w is to fix the gauge. As Friedrich has pointed out [23],
this procedure may be particularly important in numerical treatments of Einstein
equations, where ever more sophisticated gauge choices are crucial for accurate
results.

Finally, we remark that although Theorem 2.1 does not provide an existence
result for the fluid body discussed in the introduction, when one is interested solely
in its behavior near a small compact set {2 C 3, the hypothesis that 7y is uniformly
bounded away from zero can be replaced by the condition that r( is positive in €2
and decays sufficiently fast on its complement. As mentioned in Sec. 2, this will not
generally yield a uniform time span for the solution, but a uniform 7T > 0 will exist
in the neighborhood of ). Whether this suffices for studying the dynamics of the
fluid near Q will obviously depend on the particular application one has in mind.
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Appendix A. The Uniformly Local Sobolev Spaces

Below we review the uniformly local Sobolev spaces originally introduced by Kato
[34]. Some of their properties can also be found in [8].

Let (M,~) be a Riemannian manifold. For any open set U C M, let H*(U,~)
be the Sobolev space of tensors of a given rank defined on U, with the derivative
V and the measured of integration p used to define the Sobolev norm being those
of the metric 7. Recall that H (M, ) is defined as the space of tensor fields that
belong to H*(U,~) for any relatively compact U C M.

Definition A.1. Let {U;} be a locally finite covering of M by relatively compact
open sets U;. We define H?,(M, ) as the space of tensor fields f € Hy (M, ) such
that

([ f [l

ul

= sup || fll e ;) < 00
J
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H: (M,~) is a Banach space with the above norm. HZ,(M,~) will have the
usual embedding and multiplication properties of Sobolev spaces provided all of
the H*(Uj,~) have them. This will be the case when (M, ) has injectivity radius
bounded from below away from zero. In this case, it also holds that the Sobolev
constants relative to the subsets U, are uniformly bounded, and |y, is uniformly
equivalent to the Euclidean metric.

Appendix B. Derivation of the Reduced System

In this appendix, it is shown how Egs. (3.29) are obtained from (3.14) after making
a gauge choice. This has been done first by Friedrich in [23], which the reader is
referred to for more details.

Assume that a solution to the Einstein—Euler-Entropy system in the frame for-
malism, Eqs. (3.14), is given.

In fluid source gauge, the vanishing of T/, corresponds to Eq. (3.29a), while
(3.7), (3.17) and d3. 5 = 0 give (3.29Db).

It follows from our definitions that

1
mv[aqm = UV Vug — u'V Ve — V2ugVaVut + 2ua VeV ut

— VQVMu“Vauﬁ + 1/2V,Lu“vﬁua + Vouh'V,ug — Vuh'Vu,

0
+ p;g (8—52> Vuu”[uaukvxug — uguAVAua]
N R TN S
s p+o v2or )ds o+p Os
X (uaVyutsg —ugVutsq)
1 do 1 0p
m (g — ﬁ%) (sau“vlﬂw — SﬁU'uVMUﬁ).

Combining the quantities in the system (3.14) with the above expression, we obtain
that in fluid source gauge equations (3.29¢) and (3.29d) correspond to

i 1
2 it _
v dO&ﬂ - Pt QV[OQ&] =0
and
2 10 v?
vid_ .z + ——Viaqz = 0,
a0 p+Q (@493
respectively.

Next, notice that Egs. (3.29g), (3.29h) and (3.29j) correspond to (2.5), (2.15) and
(2.8) when written in fluid source gauge, whereas (3.29i) is the same as £,Vqos = 0,
which is implied by Eqgs. (3.14) (£ is the Lie derivative).

Finally, we have the decomposition

VT 0 = Wia + o
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where w is given by the left-hand side of (2.5). From (3.10) and (3.13), we obtain

1
—§Ji/qa = 7TZ7TZ7T2FGT)\7T”V — WQFMAyu“uV7

and

1
51/111 = WZW?,‘FMAuTWW.

With the help of these expressions and (3.17) and defining V as in (3.28), it follows
that

1
W?QWE)FMTVUT - §7TQQ7T”V7TZ7T£\FU€)\U£
= u“V#Eaﬁ -+ Eﬂﬁvau”

+ EuaVau! + VB, el — 2u’\V,\uM5€‘;’Bﬂ)y - 37Té‘av|ﬂ|u’\Em>\

—2mhV U0 By, + Tapm Vau? By + 211, Vs, Eap
+ix Y Loy
2 (p + ‘Q) ﬂ—(a |)\|uﬁ) 37T ﬂ—M )\ul/ﬂ-l)éﬁ 9

which, in fluid source gauge, gives (3.29¢). Equation (3.29f) is obtained by a similar
argument after computing

MY _N _o

€(a 7T'/3)7TM7TZF)\UT.
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