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We prove that Einstein’s equations coupled to equations of Israel-Stewart-type, describing the
dynamics of a relativistic fluid with bulk viscosity and nonzero baryon charge (without shear viscosity
or baryon diffusion) dynamically coupled to gravity, are causal in the full nonlinear regime. We also
show that these equations can be written as a first-order symmetric hyperbolic system, implying
local existence and uniqueness of solutions to the equations of motion. We use an arbitrary equation
of state and do not make any simplifying symmetry or near-equilibrium assumption, requiring only
physically natural conditions on the fields. These results pave the way for the inclusion of bulk
viscosity effects in simulations of gravitational-wave signals coming from neutron star mergers.
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1. Introduction. The recent detection of
a binary neutron star merger using gravitational
waves [1] and electromagnetic signals [2] marked
the dawn of the multi-messenger astronomy era [3].
Such events are expected to provide key information
about the properties of matter at extreme densities
and temperatures [4], as the density of the inner
region of the object left over after the merger can
be several times larger than the nuclear saturation
density (∼ 0.16 fm−3) while still subject to temper-
atures of the order of tens of MeV.

Even though the properties of the equation of
state of the highly dense matter formed after the
merger are still uncertain [5], for many years it was
assumed that this system could be reasonably de-
scribed as an ideal fluid (coupled to Einstein’s equa-
tions) since the time scales for viscous transport to
set in were previously determined [6] to be outside
the ten millisecond range, which is the typical time
scale associated with damping due to gravitational
wave emission. These estimates were recently revis-
ited in [7] using state-of-the-art merger simulations
where it was concluded that, while neutrino-driven
thermal transport and shear dissipation remain un-
likely to affect the post-merger gravitational wave
signal (unless turbulent motion occurs), damping of
high-amplitude oscillations due to bulk viscosity is
likely to be relevant if direct Urca processes remain
suppressed. Therefore, bulk viscosity is expected to
play an important role in gravitational wave emis-
sion and, as such, it should be taken into account
and thoroughly investigated in merger simulations.

However, as stressed in [7], the effects of bulk vis-
cosity have not yet been included in merger simu-

lations because this requires a formulation of rela-
tivistic fluid dynamics including bulk viscosity that
is compatible with the underlying causality property
of relativity theory in the strong nonlinear regime
probed by the mergers (see also Refs. [8–10] for fur-
ther discussions regarding viscous effects).

In this letter we solve this issue by proving that
the equations of motion of Israel-Stewart (IS) type
[11–13], describing a relativistic fluid with bulk vis-
cosity and baryon charge (without shear viscosity
or baryon diffusion) dynamically coupled to gravity,
are causal in the full nonlinear regime when[
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where ζ = ζ(ε, n) is the bulk viscosity, τΠ = τΠ(ε, n)
is the bulk relaxation time, Π is the bulk scalar, ε
is the energy density, P = P (ε, n) is the equilib-
rium pressure defined by the equation of state, and
n is the baryon density. Requirement (1) is a simple
nonlinear generalization of the known condition en-
suring the linear stability of the IS equations around
equilibrium. In fact, we note that near equilibrium,
where |Π/(ε + P )| � 1, and at zero baryon density
where the speed of sound squared is c2s = dP/dε, (1)

reduces to ζ
τΠ(ε+P ) +O

(
Π
ε+P

)
≤ 1−c2s, which is the

standard condition for causality and stability in the
linearized regime around equilibrium [14–16].

We also show how to express the equations of
motion of this theory that describes a bulk viscous
relativistic fluid coupled to gravity as a first-order
symmetric hyperbolic (FOSH) system. This imme-
diately implies local existence and uniqueness of its
solutions, and sets the equations in a form for which
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known numerical algorithms can be applied [17, 18].
We stress that our results remain valid if one con-
siders solely the fluid dynamic equations in a fixed
(e.g., Minkowski) background. To the best of our
knowledge, this is the first time that such statements
(causality, local existence, uniqueness) have been
proven for IS-like theories in the nonlinear regime.

2. The equations of motion. IS theories
of relativistic fluid dynamics [11–13] were proposed
decades ago as a way to solve the long-standing
acausality and instability problem of the relativis-
tic Navier-Stokes (NS) equations [19, 20]. The basic
idea is that a dissipative current such as the bulk
scalar Π does not instantaneously take its NS form1

ΠNS = −ζ∇µuµ (where uµ is the fluid 4-velocity
which obeys uµu

µ = −1) during the fluid evolution;
rather, Π obeys a relaxation-type equation that de-
scribes how it may relax to ΠNS within the relax-
ation time scale τΠ. While such theories were orig-
inally [12] derived by imposing the second law of
thermodynamics for a judicious choice of the out-of-
equilibrium entropy density, their modern versions
in Refs. [21] and [22] have focused on different as-
pects of relativistic hydrodynamics. Ref. [21] em-
phasized the effective field theory (EFT) character
of relativistic hydrodynamics and its applicability in
the strong coupling regime (see [23] for a detailed
discussion), elucidating the role played by confor-
mal invariance and how that requires the presence
of additional terms in the equations of motion that
were not usually taken into account in the original IS
theory. In Ref. [22] a new moment expansion in rel-
ativistic kinetic theory [24] was employed, together
with a power counting scheme involving Knudsen
and inverse Reynolds numbers, to derive the equa-
tions of motion of hydrodynamics and obtain their
corresponding transport coefficients. These new val-
ues for the transport coefficients led to an overall
improvement with respect to the original IS theory
when comparing hydrodynamic calculations to exact
solutions of the Boltzmann equation [25–27].

The aforementioned versions of the IS theory differ
from their original counterpart while retaining its
basic physical insights. As described in the previous
paragraph, there are different theories representing
an improved, albeit different, formulation of the IS

1 We use units c = ~ = kB = 1. The spacetime metric
signature is (− + ++). Greek indices run from 0 to 3,
Latin indices from 1 to 3.

equations. These theories will be referred to here as
generalized IS theories.

With applications to neutron star mergers in
mind, here we only consider the dissipative ef-
fects coming from bulk viscosity. The fluid energy-
momentum tensor is given by Tµν = εuµuν + (P +
Π)∆µν , where ∆µν = gµν + uµuν is the projector
orthogonal to uµ and gµν is the spacetime metric.
Using uµuµ = −1, energy-momentum conservation,
∇µTµν = 0, is equivalent to the equations

uα∇αε+ (ε+ P + Π)∇αuα = 0, (2)

(ε+ P + Π)uβ∇βuα + α1∆β
α∇βε

+α2∆β
α∇βn+ ∆β

α∇βΠ = 0, (3)

where α1 = (∂P/∂ε)n and α2 = (∂P/∂n)ε. Eqs.
(2)–(3) are supplemented by the following bulk
scalar relaxation equation

τΠu
α∇αΠ + Π + λΠ2 + ζ∇αuα = 0, (4)

where λ = λ(ε, n) is a transport coefficient. Eq.
(4) corresponds to Eq. (63) in [22] without shear
viscosity or baryon diffusion and with δΠΠ = 0. It
is common practice to omit the term proportional
to (∇αuα)2 in [22] and, therefore, we have also done
so here [28]. We choose to work with this specific
generalized IS equation because it contains all the
relevant physics while making the interpretation of
our results clear. In fact, although it is possible to
include other terms in the bulk channel [22, 29, 30],
the above equation contains the essential terms for
our discussion: τΠ is associated with causality, λ
parametrizes the presence of nonlinear terms that
do not contain derivatives of the fields, and the term
ζ∇αuα ensures that the NS limit can be recovered.
In Sec. 2.3 we explain how our methods apply with
no change to other generalized IS theories.

We also include a non-zero baryon current Jµ =
nuµ, whose conservation gives (our results can be
easily adapted for n = 0)

uµ∇µn+ n∇µuµ = 0. (5)

The fluid is dynamically coupled to gravity via Ein-
stein’s equations

Rµν −
1

2
Rgµν + Λgµν = 8πGTµν , (6)

where Rµν is the Ricci tensor, R = gµνR
µν , Λ is

the cosmological constant, and G is Newton’s grav-
itational constant. Eqs. (2)–(6), with uµuµ = −1,
define the generalized Einstein-Israel-Stewart (EIS)
theory considered in this work.
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2.1. Causality. Causality is the idea that no in-
formation propagates faster than the speed of light
and that no closed timelike curves exist in space-
time, i.e., the future cannot influence the past (see
the Supplemental Material for the precise definition
of causality, which includes Refs. [31–35]). This
concept lies at the core of relativity theory and,
therefore, the dynamics of the fluid sector must be
compatible with it. Despite its importance, causal-
ity has not been established in the nonlinear regime
for the IS theory or its variations (see [36–38] for
a discussion). While causality is known to hold
in ideal relativistic hydrodynamics at the nonlinear
level [39–42], only statements valid in the linearized
regime around equilibrium are known for the IS the-
ory [14, 15, 19, 43, 44]. Attempts to go beyond the
linear regime, although restricted to 1+1 dimensions
or assuming very strong symmetry conditions, and
in flat spacetime, appeared, respectively, in [14] and
[45] (compare (1) with the causality condition found
in [14]). Thus, a general proof of causality of IS-like
systems (coupled to gravity) is so far lacking.

We show that if ζ
τΠ(ε+P+Π) +α1 + α2 n

ε+P+Π ≥ 0 and

condition (1) is satisfied, then the generalized EIS
system is causal. Causality of Eqs. (2)–(5) in a fixed
background also holds under the same assumptions.

We refer to Theorem 1 in the Supplemental Ma-
terial for a formal statement of the causality of the
EIS system as well as its proof. In a nutshell, in the
Supplemental Material we establish that the values
of the fields ε, uα,Π, and gαβ at a point p are in-
fluenced only by the dynamics of such fields in the
causal past of p. In Minkowski space, the causal past
of p is simply the bottom half of the lighcone with
vertex at p. This generalizes to curved spacetimes,
where the half-bottom of the light cone is replaced
by a curved cone-like region with vertex at p.

Condition ζ
τΠ(ε+P+Π) + α1 + α2 n

ε+P+Π ≥ 0 is physi-

cally very natural as α1 + α2 n
ε+P is the speed of sound

squared in equilibrium and ζ is non-negative.

2.2. The EIS equations as a FOSH system, exis-
tence, and uniqueness. A system of first order par-
tial differential equations for an unknown vector Φ
is said to be a FOSH system if it can be written as
Aµ(Φ)∂µΦ + B(Φ) = F , where Aµ are matrices and
B is a vector, all possibly depending on Φ but not
on its derivatives, Aµ are symmetric, A0 is positive
definite, and F is a given source term.

Several important properties are readily available
for FOSH systems [46–48]. One such property is that
for these systems the initial-value problem admits
existence and uniqueness of solutions. Besides as-

suring a firm theoretical basis for the system, know-
ing that the equations admit existence and unique-
ness of solutions is helpful to ensure the reliability
of many numerical schemes; see [49] for examples
of the potential pitfalls of simulating equations for
which no existence and uniqueness results are avail-
able, and [36] for a complementary discussion. While
for most of standard physical theories existence and
uniqueness of solutions had long been settled [40],
for theories of relativistic fluids with viscosity very
few results are available [36, 50, 51], and none so far
for the generalized IS theory in the nonlinear regime.

Eqs (2)–(5) can be written as a FOSH system with
Φ = (ε, ui, n,Π), a suitable B, F = 0, and A0 and
Ak given, respectively, by

u0

(ε+P+Π) − ui

u0
0 0

−uj

u0
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( ∂P
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n

−uj
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ε

( ∂P
∂ε )

n

−uj

u0

1

( ∂P
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,

where Aij = gij − gi0 uj

u0
− ui

u0
g0j + g00

uiuj

u2
0

.

Using the above formulation of the generalized IS
equations as a FOSH, we establish existence and
uniqueness of solutions to the initial-value formu-
lation for the generalized EIS system under suitable
assumptions. More precisely, given an equation of
state P = P (ε, n), a bulk viscosity ζ = ζ(ε, n),
and a relaxation time τΠ = τΠ(ε, n), consider ini-
tial conditions ε̊ ≡ ε(0), ůi ≡ ui(0), Π̊ ≡ Π(0), n̊ ≡
n(0), gij(0), ∂0gij(0) satisfying (1) along an initial

surface Σ ≡ {x0 = 0}. Assume that ε̊+P (ε̊, n̊) + Π̊,
τΠ(ε̊, n̊), ζ (̊ε, n̊) > 0, ∂P

∂ε (̊ε, n̊) + ∂P
∂n (ε̊, n̊)̊n/(̊ε +

P (ε̊, n̊)+Π̊) ≥ 0, and that n̊, ∂P∂ε (ε̊, n̊), and ∂P
∂n (̊ε, n̊)

are nonzero. Then there exists a spacetime M con-
taining Σ such that a unique solution to the gener-
alized EIS equations exists on M . A similar state-
ment, i.e., existence and uniqueness of solutions for
initial conditions as above, holds for the generalized
IS equations in a fixed background.
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We refer to Theorem 2 in the Supplemental Mate-
rial for a formal statement of existence and unique-
ness of solutions, its proof, and for the generalized IS
as a FOSH. Here, we make some relevant remarks.

Assumptions ε̊+P (ε̊, n̊)+Π̊, τΠ(̊ε, n̊), ζ(ε̊, n̊) > 0,
and ∂P

∂ε (̊ε, n̊) + ∂P
∂n (̊ε, n̊)̊n/(̊ε+ P (ε̊, n̊) + Π̊) ≥ 0 are

physically natural (our results are easily adapted
to the case when n is absent), while ∂P

∂ε (̊ε, n̊),
∂P
∂n (ε̊, n̊) 6= 0 are very mild requirements. Note that
these can be viewed as conditions on ε̊ and n̊, with
the form of the equation of state remaining rather
general. It is well-known that because of the co-
variance of Einstein’s equations only gij and ∂0gij ,
rather than gαβ and ∂0gαβ , are given as initial data
[52, 53]. Similarly, only a vector field on Σ, i.e., ůi

rather than ůα, is given along Σ, with the full four-
velocity on Σ determined from uµuµ = −1.

The proof of Theorem 2 follows from known ar-
guments once the generalized IS equations are for-
mulated as a FOSH system. The main difficulty to
achieve the latter is that there is no method to deter-
mine whether a given set of equations can in princi-
ple be written as a FOSH system. Here, we relied on
the following two ingredients to achieve this. First,
computing the characteristics of the system (which is
used for establishing the causality of the equations),
we find them to be a combination of the flow lines
of uα and of null-cones with respect to an acousti-
cal metric. The former is associated with transport
equations (which are the prototypical example of a
FOSH system); the latter is associated with wave
equations (which can be rewritten as FOSH). This
suggests that a FOSH formulation might be possi-
ble. Second, Eqs. (2), (3), and (5) resemble the
equations of an ideal fluid, for which a FOSH for-
mulation is known [54, 55]. This suggests trying to
adapt the procedure that works for an ideal fluid.
In this regard, it is crucial that the viscous contri-
butions due to bulk viscosity are given by a scalar: if
vector (baryon diffusion) or tensor (shear viscosity)
viscous contributions are included, the characteris-
tics become very complicated and Eqs. (2), (3), and
(5) no longer resemble those of an ideal fluid. It is
not clear whether causality (in the nonlinear regime)
or a formulation as a FOSH system can be obtained
in these cases following the approach pursued here.

We assumed that all transport coefficients depend
only on ε and n (however, see Sec. 2.3). Transport
coefficients also generally depend on some charac-
teristic microscopic variables [56]. In many applica-
tions, however, these microscopic variables are either
neglected, treated as parameters that can be inde-

pendently estimated and thus considered given (such
as the viscosities in Navier-Stokes theory), or di-
rectly eliminated. Otherwise, one would not be deal-
ing with a purely hydrodynamic theory [29]. There-
fore, our assumptions fall well within the scope of
applicability of hydrodynamic models. See also Sec.
2.3 for a more general setting where the dependence
on the microscopic dynamics can be decoupled upon
simple assumptions.

2.3. Other theories. Here we point out that our
methods give, with no change, causality, existence,
and uniqueness of solutions to Einstein’s equations
coupled to other generalized IS theories (without
shear viscosity or baryon diffusion). A quick in-
spection in our proofs provided in the Supplemen-
tal Material reveals that they remain true, with no
change, if τΠ and ζ are allowed to depend on Π. In
particular, consider Eq. (63) in [22] with δΠΠ not
necessarily zero. Defining ζ̄ = ζ + δΠΠΠ, we obtain
Eq. (4) with ζ replaced by ζ̄. Hence, all our results
go through with ζ̄ in place of ζ. Our assumptions
in this case, however, seem less natural since, for ex-
ample, there is no reason to expect ζ̄ to be positive.

Finally, the methods we employ depend only on
the principal part of the system2. Thus all our con-
clusions remain valid if Eq. (4) is replaced by

τΠu
α∇αΠ + ζ∇αuα + f(ε, n,Π, τΠ, ζ) = 0,

where f is an arbitrary function of ε, n, Π, τΠ, and ζ
(but not depending on their derivatives) and τΠ and
ζ are allowed to depend on Π (so that, in particular,
ζ can be replaced by ζ̄ here as well).

Consider now the case when ζ and τΠ depend on
a microscopic variable `, and suppose that ` cannot
be neglected or treated as a parameter but needs
to be found by solving its own evolution equation
which couples to the hydrodynamic variables. If
one assumes, as it is often done [28], that the ra-
tio ζ/τΠ depends only ε, n, and Π, then all our
conclusions remain valid as long as f is such that
1
τΠ
f(ε, n,Π, τΠ, ζ) does not involve dynamical mi-

croscopic variables. Thus, our results are applica-
ble to many cases of interest in heavy ion collisions
(e.g., [57]) and neutron star mergers. In this regard,
note that our condition (1) depends only on the ratio
ζ/τΠ.

2 I.e., the subsystem comprised only of the terms involving
derivatives in the equations.
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3. Conclusions. In this paper we proved
that the generalized EIS equations for a relativis-
tic fluid with bulk viscosity and nonzero baryon
charge (without shear viscosity or baryon diffusion)
are causal in the full nonlinear regime. We also
proved that these equations admit a FOSH formu-
lation, existence, and uniqueness of solutions. Our
results hold under hypothesis typically satisfied by
viscous relativistic fluids. In particular, we do not
require any symmetry or near-equilibrium assump-
tion. The most immediate application of these re-
sults is in the study of neutron star mergers. In this
regard, it is crucial that our results hold under gen-
eral assumptions on the equation of state since the
latter is not yet known from first principles.

Given that theories of IS type are the most widely
used formulation of relativistic viscous fluid dynam-
ics [58], it is crucial to put them on a firm theoreti-
cal (and mathematical) foundation. Combining our
results with known properties of the generalized IS
equations [13, 15, 16, 22], the case considered here
seems to be the first example in the literature of
a theory of relativistic viscous fluids such that (i)
causality, local existence, and uniqueness of solu-
tions hold in the nonlinear regime with or without
coupling to Einstein’s equations; (ii) linear stability
around equilibrium holds; (iii) the equations of mo-
tion are derivable from microscopic approaches (such
as kinetic theory); and (iv) solutions are guaranteed
to exist in function spaces (the Sobolev spaces, see
the Supplemental Material) well-suited for the im-
plementation of numerical codes. (The theory intro-
duced in [36] also satisfies (i)-(iii), but it is appli-
cable only to conformal fluids and its solutions ex-
ist on function spaces more restrictive than Sobolev
spaces.) This is the first time that all such proper-
ties are shown to hold since Eckart’s seminal work
in 1940 [59].

As Theorems 1 and 2 settle the basic question of
causality and existence of solutions to the EIS sys-
tem, it is now possible to generalize to relativistic
viscous fluids key results known to hold for ideal
fluids, such as the formation of shocks [60], global-
in-time results [61], or the problem of accurately de-
scribing the fluid-vacuum interface on stars [62].

These results have two further applications: the
hydrodynamic evolution of the quark-gluon plasma
formed in heavy ion collisions [63] and cosmology.
Current state-of-the-art modeling of quark-gluon
plasma dynamics involves solving IS-like equations
taking into account shear and bulk viscosities and,
more recently, baryon diffusion [57]. Differently than

the case of neutron star mergers [7], in heavy ion
collisions shear and baryon diffusion effects are not
negligible though bulk viscosity also plays an impor-
tant role [28, 64, 65]. In this regard, we note Theo-
rem 2 guarantees existence of solutions even in the
presence of cavitation where P + Π ∼ 0 [66, 67] and
ε > 0, a phenomenon whose numerical description
can be quite challenging [68]. Another application of
the EIS system studied here is in cosmology, where
the inclusion of bulk viscosity has been widely stud-
ied [69–73]. Indeed, our results do not make any
symmetry assumptions, thus allowing the study of
cosmological models with viscosity outside the sym-
metry class of homogeneous and isotropic solutions
(e.g. [74, 75]).

The equations here investigated suffice for many
important applications (including neutron star
mergers). Recent developments in EFTs, however,
indicate that a more complete description of fluid
phenomena should include further terms in the equa-
tions. While such contributions are negligible in
many cases of interest, they consist of a genuine pre-
diction of EFT, and their omission can lead to incon-
sistencies in 2nd order Kubo formulas [29, 30]. Gen-
eralizing our results to theories that include these
effects is, therefore, important for a more complete
description of relativistic viscous fluids. While our
techniques do not apply directly to such cases, we
expect them to provide a starting point for studying
these scenarios.

Our results open the door for new in-depth studies
of fluid dynamics under extreme conditions such as
in relativistic turbulent phenomena [76] and neutron
star mergers. In particular, the latter is expected to
take center stage in the coming years and our causal-
ity and existence results, which remain valid in the
full nonlinear regime, provide the necessary corner-
stone for quantitative studies of non-equilibrium vis-
cous fluid phenomena in strong gravitational fields.
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CAUSALITY

Here we give a precise formulation of the causality
of the generalized EIS system and its proof.

Theorem 1. Let (ε, uα,Π, n, gαβ) be a solution to
the generalized EIS equations defined on a globally
hyperbolic spacetime M , and let Σ be a Cauchy sur-
face. Suppose ζ

τΠ(ε+P+Π) + α1 + α2 n
ε+P+Π ≥ 0 and

that (1) holds. Then, for any p ∈ M in the fu-
ture of Σ, (ε(p), uα(p),Π(p), n(p), gαβ(p)) depends
only on (ε, uα,Π, n, gαβ , καβ)|Σ∩J−(p), where J−(p)

is the causal past of p and κ is the extrinsic curvature
of Σ in M .

Theorem 1 gives a precise mathematical formu-
lation of the statement that in the generalized EIS
system faster-than-light signals are absent and the
future cannot influence the past. The concept of
causality is properly formulated in globally hyper-
bolic spacetimes since even solutions to vacuum Ein-
stein’s equations can otherwise fail to be causal
[1, 2]. A Cauchy surface plays the role of the set
{x0 = constant} when coordinates are introduced,
with x0 playing the role of time. However, Theo-
rem 1 is formulated with no mention to coordinates
because a precise statement of causality in general
relativity has to be coordinate free. The causal past
of p, J−(p), is the general relativistic analogue of
the past light-cone at a point [1, 2]. The conclu-
sion of the theorem says that the values of the fields
ε, uα,Π, and gαβ at p are determined only by the
the dynamics of such fields in the (causal) past of p.
The curvature καβ can be thought of as the normal
derivative of gαβ along Σ. To understand the role
of καβ note that, in the most common situation, Σ
is a surface where initial data for the generalized
EIS system is provided. In this case the metric and
its first derivatives have to be prescribed on Σ since
Einstein’s equations are of second order.
Proof of Theorem 1: To prove Theorem 1, we need
to compute the characteristics of the generalized EIS
system [3]. First, we write equations (2), (3), (4),

and (5) in matrix form asMµ∇µΨ+NΨ = 0, where
Ψ = (ε, uν , n,Π) and the matrices Mµ are given by

uµ (ε+ P + Π) δµν 0 0
α1∆αµ 14×4 (ε+ P + Π)uµ α2∆αµ ∆αµ

0 nδµν uµ 0
0 ζδµν 0 τΠu

µ

 ,

and N is given by
0 01×4 0 0

04×1 04×4 04×1 04×1

0 01×4 0 0
0 01×4 0 1 + λΠ

 .

Fix a point p in spacetime. Choose coordinates {xµ}
near p. Expanding the covariant derivative, the sys-
tem readsMµ∂µΨ+MΓΨ+NΨ = 0, whereMΓ de-
notes the matrix with terms involving the Christoffel
symbols coming from expanding ∇µ.

Letting ξµ be an arbitrary covector in the cotan-
gent space at p, the characteristic determinant of the
system is P(ξ) = det(Mµξµ). Computing, we find

P(ξ) = (uαξα)5 (ε+ P + Π)
4
τΠ

[
(uαξα)2

−
( ζ

τΠ(ε+ P + Π)
+ α1

+
α2 n

ε+ P + Π

)
∆µλξµξλ

]
. (7)

The system’s characteristics are determined by the
ξµ’s such that P (ξ) = 0. Assuming condition (1),
we have ε + P + Π 6= 0, τΠ 6= 0, and the character-
istics are thus determined by uαξα = 0 or by the
solutions coming from setting the term in square
brackets in (7) to zero. The characteristics corre-
sponding to uαξα = 0 are simply the flow lines of
uα, which are causal as long as uα remains time-
like. The characteristics associated with the van-
ishing of the bracket in (7) are precisely the char-
acteristics of an acoustical metric [4, 5] with an ef-
fective sound speed squared given by c2acoustical =

ζ
τΠ(ε+P+Π) + α1 + α2 n

ε+P+Π ≥ 0. Thus, the system



2

will be causal as long as uα remains timelike (and
normalized) and c2acoustical ≤ 1, which is precisely
condition (1).

The discussion above has not taken into account
Einstein’s equations (6). We consider now the full
system (2), (3), (4), (5), and (6), and assume that
our coordinates about p are wave coordinates [6], in
which case Einstein’s equations can be written as

−1

2
gµν∂µ∂νgαβ = 8πGTαβ −

1

2
8πGgµνTµνgαβ

+ Λgαβ + Zαβ , (8)

where Zαβ involves only gαβ and its first derivatives.
Since Tαβ involves no derivatives of Ψ and equa-
tions (2), (3), (4), (5), involve at most one derivative
of gαβ (via the Christoffel symbols that have been
grouped in the matrix MΓ), the characteristic deter-
minant of the system is now P(ξ)Q(ξ), where P(ξ)
is as above and Q(ξ) = (gµνξµξν)10. Q(ξ) = 0 cor-
responds to the characteristics associated with the
light-cones, hence causal. Standard arguments from
general relativity show that the characteristics com-
puted in this fashion are geometric or coordinate in-
dependent [2].

PROOF OF THEOREM 2

Denote by Hs
ul the uniformly local Sobolev space

(functions whose distributional derivatives up to or-
der s exist and are square-integrable in a partition),
and by Cs the space of continuously diffentiable
functions up to order s [6, 7]. We have:

Theorem 2. Let I = (Σ, ε̊, ůi, Π̊, n̊, g̊ij , κ̊ij) be an
initial data set for the generalized EIS system, with
an equation of state P = P (ε, n), a bulk viscosity
ζ = ζ(ε, n), and a relaxation time τΠ = τΠ(ε, n).
Assume that ε̊ + P (ε̊, n̊) + Π̊, τΠ(̊ε, n̊), ζ (̊ε, n̊) > 0,
∂P
∂ε (ε̊, n̊)+ ∂P

∂n (̊ε, n̊)̊n/(ε̊+P (ε̊, n̊)+Π̊) ≥ 0, and that

n̊, ∂P
∂ε (ε̊, n̊), and ∂P

∂n (̊ε, n̊) are nonzero. Suppose that

g̊ij ∈ Hs+1
ul (Σ), ε̊, ůi, Π̊, n̊, κ̊ij ∈ Hs

ul(Σ), and that
P, ζ, λ, τΠ ∈ Cs(R2), where s ≥ 3. Suppose that (1)
holds for I. Then, there exists a globally hyperbolic
development of I.

An initial data set for the generalized EIS system
involves a three-dimensional manifold Σ that plays
the analogue of a slice of “constant time” (this is
just an analogy since constant time is a coordinate

dependent notion). The initial data along Σ can-
not be arbitrary but need to satisfy the constraint
equations [1, 2].

Since a solution to Einstein’s equations is not a
set of fields on spacetime but spacetime itself, exis-
tence and uniqueness of solutions is properly stated
in the context of general relativity as the existence
of a globally hyperbolic development. Also, for Ein-
stein’s equations, uniqueness is meant in a geometric
sense [1, 2].

We begin showing that equations (2), (3), (4),
and (5) can be written as a FOSH system. We
use that ∇αu0 = − ui

u0
∇αui, multiply (3) by Cαi =

gαi − ui

u0
δα0 , and use that Cαj uα = 0. Assuming that

ζ, τΠ, (ε + P + Π) > 0 and n,
(
∂P
∂ε

)
n
,
(
∂P
∂n

)
ε
6= 0,

we readily see that equations (2), (3), (4), and (5)
assume the form Aµ∇µΦ + CΦ = 0, where the ma-
trices Aµ and Φ are as in Section 2.2, and C is the
matrix that has all entries equal to zero except for
C6,6 = 1+λΠ

ζ( ∂P
∂ε )

n

. Expanding the covariant derivative

we have Aµ∂µΦ +AΓΦ +CΦ = 0, where AΓ denotes
the matrix with terms involving Christoffel symbols.
Thus, we have Aµ∂µΦ+B = 0, with B = AΓΦ+CΦ.
Note that B involves no derivatives of Φ. Below, we
show that A0 is positive definite.

Embed Σ into R × Σ and fix a point p ∈ Σ. We
consider Einstein’s equations written in wave coor-
dinates in a neighborhood of p, i.e., equation (8).
Without loss of generality we can assume that the
coordinates are such that {xi} are coordinates on Σ
and that gαβ is the Minkowski metric at p [2]. It
has long been known that Einstein’s equations can
be written as a FOSH system [8]. Indeed, setting

Θ = (gαβ , ∂igαβ , ∂0gαβ), (8) reads Ãµ∂µΘ + B̃ = 0,

where Ã0 and Ãk are given by, respectively,
110 010 010 010 010

010 g11110 g12110 g13110 010

010 g12110 g22110 g23110 010

010 g13110 g23110 g33110 010

010 010 010 010 −g00110

 ,

and
010 010 010 010 010

010 010 010 010 gk1110

010 010 010 010 gk2110

010 010 010 010 gk3110

010 gk1110×10 gk2110 gk3110 2gk0110

 ,

where 110 and 010 are the 10× 10 identity and zero
matrices, respectively, and B̃ contains the terms on
the right-hand side of (8). The full system thus reads
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Aµ∂µΞ +B = 0, where Ξ = (Φ,Θ), B = (B, B̃), and

Aµ =

(
Aµ 0

0 Ãµ
)
.

The matrices Aµ are symmetric and B does not in-
volve any derivative of Ξ. In B we have already elim-
inated u0 appearing on the right-hand side of (8) in
terms of ui, so that B depends only on Ξ. To see that
such elimination is indeed possible, note that at p the
normalization uµuµ = −1 reads (u0)2 = 1 + δiju

iuj ,
and we define u0 as the positive solution (since uµ is
future directed). Below we argue that the fields vary
continuously with the spacetime coordinates. Thus,
by continuity, the equation uµuµ = −1 has precisely
two solutions u0 in a neighborhood of p, one, and
only one, of which determines a future pointing vec-
tor.

Since Ã0 is known to be positive definite [8], to
conclude that A0 is positive definite it suffices to
analyze A0. We do this by verifying that all the
leading principal minors ofA0 are positive. The 5×5
upper left part of A0 has all minors positive, since it
corresponds to the ideal fluid which is already known
to form a symmetric hyperbolic system for (ε, ui, n).

It remains to compute the determinant of A0. For
this, we first compute detA0 at p, in which case uµ =
1/
√

1− v2(−1,v) (recall that gαβ is the Minkowski
metric at p). Then

detA0 =
(ε+ P + Π)

nα5
1

α2u
4
0

[
(ε+ P + Π)

τΠ
ζ

(1

−Kv2)− v2
]
,

where v2 = v2,with v ∈ [0, 1), and K = α1 + α2 n
ε+P+Π .

Since

(ε+ P + Π)
τΠ
ζ

(
1−Kv2

)
− v2

> (ε+ P + Π)
τΠ
ζ

(1−K)− 1

if K ≥ 0, we see that detA0 > 0 if

(ε+ P + Π)
τΠ
ζ

(1−K)− 1 ≥ 0,

but this later condition is the same as (1). Because
the fields are continuous functions of the spacetime
coordinates, we conclude that detA0 > 0 will also
hold in a neighborhood of p.

In order to invoke theorems of hyperbolic differ-
ential equations to establish Theorem 2, we need to
check that the system is FOSH when the fields take

the initial data (the solution Ξ has yet to be shown
to exist; the only fields at our disposal at this point
are coming from the initial data). But this is imme-
diate since A and B do not depend on derivatives
of Ξ and the foregoing conditions hold for the initial
data by hypothesis. Furthermore, the continuity re-
quired for the foregoing arguments is true because
functions in Hs are in particular continuous when
s ≥ 3 in view of the standard Sobolev embedding
theorem [9]. By standard existence and uniqueness
theorems for FOSH systems [6, 10] we obtain a so-
lution in a neighborhood of p. It is known that a
solution to Einstein’s equations in wave coordinates
yields a solution to the full Einstein equations if and
only if the constraints are satisfied, which is the case
by hypothesis. Moreover, defining u0 via the relation
uµuµ = −1 (which uniquely defines u0 in a neigh-
borhood of p, as above) and working backwards, we
see that the original equations (2), (3), (4), (5), and
(6) are satisfied in a neighborhood of p. Finally, a
solution valid in a neighborhood of Σ is obtained
by a standard argument of constructing solutions
as above in the neighborhood of different points p
and gluing them via diffeomorphisms [2]. Standard
properties of Einstein’s equations give the existence
of the desired globally hyperbolic development [6].
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